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DeteIAIIination of the Nucleon-Nucleon Scattering Matrix.
VIII. {p,p) Analysis from 350 to 750 Mev~
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All of the available {p,p) data from 350 to 750 MeV have been analyzed together with matrix representa-
tions for the data at lower energies. Several energy-dependent forms for the phase shifts were investigated,
including forms using contributions from r, p, and co resonances. The most useful form, form A with 31 free
parameters, gave a least-squares value X~=1575 for a fit to data and matrices representing 1147 individual
data from 23 to 736 MeV. Several diferent methods of including the inelastic scattering e8ects were studied.
Although the inelastic scattering has an important effect on the elastic phases, an analysis of the elastic
scattering data gives little information about the inelastic phases. A single-energy analysis at 425 MeV,
where inelastic effects are very small, gave a well-de6ned result. However, a similar analysis at 630 MeV,
where the total inelastic cross section is almost as large as the total elastic cross section, gave only qualita-
tively correct values for 5, I', and D phases, and gave little information about the F and higher phases. The
(p,p} elastic scattering matrix can now be dered accurately at energies from 0 to 450 MeV, but at energies
above 450 MeV more experimental and theoretical information is still needed before a reliable analysis can
be carried out.

I. INTRODUCTION

'N paper VII of this series, ' we published a phase-
~ - shift analysis of the (p,p) scattering data below 400
MeV. In the present paper, we give the corresponding
phase-shift analysis of the (p,p) scattering data above
400 MeV. The analyses in these two papers are not on
the same footing for the following reasons: (a) At
energies below 400 MeV, inelastic eGects are very small
and, in fact, can be ignored, as was done in VII. How-
ever, at energies above 400 MeV, the inelastic effects
must in some manner be included. At 660 MeV, almost
half of the scattering events are inelastic. (b) At low

energies only a few partial waves contribute signi6cantly
to the scattering, and the rest can be calculated from
theory. At the higher energies, all phases up through at
least H waves must be treated phenomenologically. (c)
At a number of energies below 400 MeV, reasonably
complete sets of elastic scattering data exist. However,
at energies above 400 MeV, extensive elastic scattering
data sets exist only at two energies, 425 and 630 MeV.
Neither of these data sets is as complete as are some of
the lower-energy data sets, although the situation is
improving rapidly. However, the inelastic data that
must be analyzed together with the elastic data at these
higher energies are very meager, and theoretical models
used to reproduce the inelastic scattering results are
very crude. At energies other than the narrow bands
centered at 425 and 630 MeV, only scattered (p,p)
measurements of various kinds exist.

For the above reasons, our handling of the phase-shif t
analysis is quite diferent in the present paper than it
was in VII. In VII we made a very careful data selec-
tion, choosing only the data that gave a self-con-

*Work performed under the auspices of the U. S. Atomic
Energy Commission.

f Present address: Virginia Polytechnic Institute, Blacksburg,
Va.' M. H. MacGregor, R. A. Amdt, and R. M. %'right, preceding
paper, Phys. Rev. 169, 1128 (1968).

sistent set. We then examined a number of di6'erent
phase-shift energy-dependent forms to obtain the one
that gave the best Qt with the smallest number of free
parameters. A single unique solution exists in the elastic
energy region, and we only studied minor variations in
the form of that solution. In the present paper, we have
kept essentially all of the available data except for a few
points that we are certain must be incorrect. Many of
the data sets are 6t quite poorly, but since we have
neither the reliable reference data set nor the well-
founded phase-shift energy forms that we had at the
low energies, we have little basis on which to select
among the various data sets. We have tried a number of
di6erent forms for the phase-shift energy dependence,
and these results are given here. But a well-defIned
unique solution for the elastic scattering does not really
exist at energies much above 400 MeV, and we can tell
very little from experiment about the behavior of the
inelastic scattering amplitudes.

As in VII, we have contacted many experimentalists
and have obtained essentially all of the data between
400 and '/50 MeV that were in existence as of July 1967.
Perhaps the most useful part of the present analysis is as
a guideline in planning future experiments. We can also
make some statements about the consistency of the
existing data.

Since the phase-shift solutions are only qualitative, at
least above 425 MeV, we have not tried to calculate
corridors of errors for the various energy-dependent
solutions. The scatter among the solution values indi-
cates the uncertainties. In the single-energy analyses at
425 MeV, the phase-shift errors as deduced from the
error matrix seem to have some meaning. However, at
630 MeV the quoted phase-shift errors are clearly
misleading. The x' surface in parameter space at this
energy is not even approximately parabolic.

In Sec. II, we describe the data selection. Section III
is a discussion of the treatment of the inelasticity.
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Section IV gives the results of the energy-dependent
analyses, and Sec. V gives the results of the energy-
independent analyses. Section VI summarizes our
conclusions.

The analysis in the present paper is actually an
analysis from 0 to 750 MeV, but the energy range given
in the title was chosen so that the reader would not con-
clude that the present results for the lower energies
supersede the results from paper VII.

II. DATA SELECTION

The data that we have considered for the present
analysis are listed in Table I. References to these data
are given in Table II. Since the analysis of (p,p) data
above 400 MeV should obviously be correlated with the
analysis below 400 MeV, we have made a data selection
that extends essentially from 0 to 750 MeV. Because of
the large number of data involved, about i400 in all,
we did not include the low-energy data (below 350
MeV) directly. Instead, we used matrix representations
of the sets of data at 25, 50, 95, 142, 2i0, and 330 MeV
(they are given in Table VII of paper VII). As we have
shown in paper VII, a fit to the matrix representation of
the data is essentially equivalent to fitting the data
directly. The six matrices listed in Table I contain most
of the physical content of the complete 0—400-MeV data
selection, as was also demonstrated in paper VII. The
data from 358 to 400 MeV are included both in paper
VII and in the present work. A comparison between the
results in the two cases gives a measure of the con-
sistency of the two types of analysis.

A total of 599 data between 358 and 736 MeV were
considered and are listed in Table I. Of these, only 40
points were deleted from the final analysis. Thirty-eight
of the deleted points are diGerential cross-section mea-
surements carried out a decade or more ago, and two are
spin-correlation measurements that are known from our
low-energy analyses' to be incorrect. The final set of
data included matrix representations of 588 points from
about 20 to 350 MeV plus 559 data from 358 to 736
MeV. Thus a total of 1147 data are represented in the
final data selection.

Hilbert space S(J) can be divided into a direct product
of terms of the general form'

(2)

where S, represents elastic scattering, R gives the sum
over transitions to all open inelastic channels, and S;
represents scattering between inelastic channels. S, will
be one-dimensional for the SJ and SJ,J channels in
Kq. (1), and it will be two-dimensional for the coupled
channels. We assume time-reversal invariance. For the
one-dimensional elastic channels, the unitarity of the S
matrix leads to the familiar result

(3)

where the summation index I extends over all open
inelastic channels having the appropriate quantum
numbers. A similar set of equations holds for the coupled
channels. '

For elastic scattering, the unitarity of the S matrix is
assured by choosing matrix elements of the general form

SJ——e"'&

with 8J a real phase shift. When inelastic channels open
up, the modulus of the scattering amplitude has an
upper bound of unity, as shown in Kq. (3). The in-
elasticity can be represented by adding a multiplicative
parameter —by adding an imaginary part to the phase
shift, for example. The multiplicative factor may be
chosen so that it can assume any value, in which case a
least-squares search using this parameter may result in
the unitarity limit being violated. Or, a form may be
chosen for the inelastic parameter so that the unitarity
limit shown in Eq. (3) is always maintained. The choice
of parametrization is arbitrary, but we have chosen a
form in which the unitarity limit cannot be exceeded. In
terms of the matrix elements of Eq. (1), we use the
following phase-shift forms:

SJ 0
0 Sj,j
0 0
.0 0

0
0

SJ—1,J
SJ

0
0

SJ
SJ+1,J.

where we use a standard notation. ' If we consider both
elastic and inelastic processes, then in an expanded

' M. H. MacGregor, M. J. Moravcsik, and H. P. Stapp, Ann.
Rev. Nucl, Sci, 10, 291 (1960).

III. INELASTIC PARAMETRIZATIONS

The nucleon-nucleon S matrix for a given angular
momentum value J has the form

SJ——cospJ e"'J,

SJJ——cospJJ e" »,
SJy1,J= cospy cos2e e ' +,

SJ= isin2ee'~'++~~ &.

(5)

' R. M. Amdt, Rev. Mod. Phys. 39, 710 (1967).

As the inelastic threshold is approached from above,
the inelastic parameters all vanish, and Eq. (5) goes
over into the usual Stapp parametrization. 2

From Eqs. (1) and (2), we can identify 6ve kinds of
transition matrices E leading to inelastic channels. We
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define the following transition amplitudes:

Je~o —Q g (n)8g (n)

The relation between these quantities and the inelastic
parameters (pq, pqJ, p~, n) is given by Eq. (5) together
with equations of the form of Eq. (3). We have the
following:

XJ=sin PJ,

XJJ—sin PJJ)

X-FJ= cos'e sin'p~,

Xp = sln2p cos2p(cos py+cos p—

—2 cos2n cosp+ cosp )'t',

C+ sink nn +C cosA cos

)P=tan '
~

~C+ cosh, sinn —C sink cosa.
where

6=8+—8 and C+= cosp+&cosp .

(7)

These quantities can be related to total reaction cross
sections as follows:

where k is the c.m. momentum of either nucleon.
In using inelastic data, we had two methods of

procedure. One was to take a set of quantities X as
given by a theoretical model, together with errors
estimated to be associated with each X, and treat these
as "pseudodata. " They are simply added in with the
data used for the least-squares sum X' and serve as
constraints on the inelastic parameters. Theoretical
values for the set X with estimated errors were supplied
to us by Amaldi4 and used in some of our search prob-
lems, as described in the next two sections. The second
method of procedure was to use measured total reaction
cross sections oz together with Eq. (8) to serve as
constraints on the inelastic parameters, This procedure
is in fact the one used for our Anal solutions. The values
for cry that we used are listed in Table I.

U. Amaldi, Jr., R. Biancastelli, and S. Francaviglia, Nuovo
Cimento 47, 85 (1967); and private communication.

o„'""'= p L(2J+1)(X~J+X+~+X ~)
2P J oaa

+ (2J—1)X~-tj (8)

o„("»= Q(2J+1)(Xg+Xgg+X+~+X ~),
4k' J

The inelastic parameter n in Eq. (5) is certainly
necessary from a theoretical point of view. However,
treating it as a free parameter was not particularly
rewarding. The Amaldi mode14 for the inelasticity
parameters gives values for the quantities X in Eq. (7),
but cannot give a value for P. Thus n is only mildly
constrained. The reaction cross sections from Eq. (8) do
not depend on n except as coupled indirectly through the
elastic phases. A search on the parameter 0. did result in
a reduction in the least-squares sum X', but n took on
large and rather wildly fluctuating values. In some of
the final solutions, we simply set n=0.

It was necessary to assign some kind of energy de-
pendence for the inelastic parameters. Since theory is of
almost no help here, we used a simple expansion of the
form (T Tp) ~, w—here Tp= 400 MeV was arbitrarily as-
signed as the threshold energy, and p was an exponent
suitably chosen for each channel. Each inelastic param-
eter p could be represented by a sum of such terms, but
in general we used only one term per inelastic parameter.
In our final energy-dependent phase-shift solution, a
good fit was obtained to all total reaction cross sections
at 600 MeV and below. However, the fit to total
reaction cross sections at 660 MeV was not very good.
Thus an energy-dependent form for the inelasticity can
be chosen that is better than the form we used. However,
the eGect on the elastic phases at 660 MeV of making
slight changes in the inelasticity (particularly just in the
total inelasticity) is quite smalL In view of the many
uncertainties that exist for other reasons at 660 MeV,
we did not deem it worthwhile at this time to make
further efforts to improve the treatment of the
inelasticity.

IV. ENERGY-DEPENDENT PHASE-
SHIFT RESULTS

An energy-dependent phase-shift analysis from 0 to
750 MeV was carried out using the data selection given
in Table I. At energies above 400 MeV, the scattering
amplitudes contained both an elastic and an inelastic
component. In Sec. III, we have described the para-
metrization of the inelastic component. Although the
inelastic effects must be included in order to obtain a
proper treatment of the elastic eGects, we could obtain
little quantitative information from the present analysis
about the behavior of the inelastic amplitudes. Data on
inelastic reactions are meager, and the precision of the
elastic scattering experiments is not yet good enough to
delimit the inelastic scattering. Thus the results we
present here are of interest mainly in the determinations
we obtained for the elastic phases.

In our (p,p) analysis at the lower energies (paper
VII), we concluded that the elastic phase-shift energy
dependence labeled form A was the most advantageous
one for us to use. Thus it was natural to test form A also
for the higher-energy analysis. At the lower energies, we
found the most meaningful solutions for form A when
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TAnLE Z. (p,p) data for 0-750 MeV analysis.
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Energy
(MeV)

25
50
95

142
210
330
358
380
380
380
380
380
382
382
386
400
400
400
400
415
415
415
415
419
425
425
425
425
425
430
430
430
430
430
431
437
450
450
450
460
460
460
460
460
500
500
500
510
560
560
560
560
562
575
586
596
600
600
600
600

No. , type
dataa

34
99
85

183
65

122
14 CNN

10o
10 0.

6o.
1 Cga
1 Cxp
1 CNN

1 Cxp
14 C~N
2 Cxx
2 Cap
7P
7P
7P

14P
14 Cg~
1D
7 0'

2D
2R
2A
2RI

6P
7D
7R
7A
7A'
1 cry

8o
1 CNx
1 Cap
1 0'g

50.
3 0'

1 og
10 o.

2 ET

7P
7P

23P
1 CF

40
5 0'

1 tfg

log
2 0'

14 CNN

1 0'

16P
8P
8P
1D
1 &8

Angular
range (c.m.)

Data
std. err.

Norm.
std. err.

Matrix representation
Matrix representation
Matrix representation
Matrix representation
Matrix representation
Matrix representation

58 102 20%
4'-13' 3%

14'-31' ~2%
30 -90 1'%%uo

45' 0%
45%%uo 80%%uo

900 20%%uo

90'
58'-101'
60'-90'
60 90
33'-83'
33'-83'
15 -75
51'-98'
51'-98'
900
28'-90'
65'-115'
65'-115'
65'-115'
65'-115'
65'-115'
30'-120'
30'-120'
30'-120'
30'-120'
30'-120'

15%
60%~ 15

3'%%uo

6%
5%

10
15%
20%
6%

S%%uo, 8%
4%, 120'%%uo

4%, 15'%%uo

6%, 15%
20%
30%
30%%uo

10%
5%

20%
40%

10%
20%

10%

10%%uo

7%

10
10

10%, 6'%%uo

20%
6%

10

20%
4%%uo

17'-90'
90'
900

30'-90'
5'-15'

20'-90'
30', 90
33'-82'
33'-82'
34'-87'
90'
40'-90'
5'-25'

30', 90'
36'-104'
900
23'-91'
33'-82'
33'-83'
67'

Float
Float
1 5%%uo

86%

4 7'Fo

6.9'%%uo

10%

10%

10%
Float

10%

1.4%
10%

10%
Float

(61%)

Deleted
angles

90'

90'

64'
90'

1.1
1.2
0.9
1.1
1.1
1.4
1.4

(4.0)
1.7
0.6

(32)
(30)

6.0
0.3
1,6
0.1
3.3
1.1
1.8
1.4
0.9
1.9
3.2
2.1
2.7
3.6
2.4
0.6
0.3
1.5
0.7
0.5
2.2
3.9
1.3
0.3
0.5
1.0
0.1

(4.5)
(4.3)
0.4
2.2
0.3
0.8
0.1
2.0
0.1

(2 3)
(1.8)
0.4
0.5
0.7
1.8
3.1
1.0
1.0
1.5

11.8
0.3

0.810
0.94
1.024
0.992

0.753

0.971
0.966
0.872
0.923
0.788

0.874

0.880

0.955

0.96
1.06

0.970

0.962
0.999
0.874

1.00
1.20

0.915

0.994
1.045

M' Predict
value norm. ' Comment

e

eq f7 g) h) 1

e, g
e, g

e, f, h

e

l

f, h, i

f, h, i

Reference

Livermore (1967)
Livermore (1967)
Livermore (1967)
Livermore (1967)
Livermore (1967)
Livermore (196'I)
Chicago (1967A)
Liverpool (1958)
Liverpool {1958)
Liverpool (1958)
Liverpool (1966)
Liverpool (1966)
Liverpool (1961)
Liverpool (1961)
Chicago {1967A)
Princeton (1963)
Princeton (1963)
Berkeley (19673)
Berkeley (19673)
Carnegie (1954)
Chicago (1967A}
Chicago (1967A)
Carnegie (1956)
Chicago (1955)
Chicago (19673)
Chicago (19673)
Chicago (19673)
Chicago (19673)
Chicago (1967B)
Princeton (1965)
Princeton (1965)
Princeton (1965)
Princeton (1965)
Princeton (1965)
Carnegie (1958)
Carnegie (1955)
Princeton {1963)
Princeton (1963)
Chicago (1959)
Dubna (1955)
Dubna (1956A)
Dubna (1956A)
Dubna (1954B)
Dubna (1954C)
Berkeley (1967B)
Berkeley (1967B)
Saclay (1967)
Dubna (1954C)
Dubna (1955)
Dubna (1956A)
Dubna (1956A)
CERN (1962)
Dubna (1954C)
Orsay (1966)
Dubna (1954C)
Orsay (1966)
Berkeley (1967B)
Berkeley (19673)
CERN (1966)
Dubna (1967A)
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Tanxu L (Con/Saued).

Energy
(MeV)

605
605
605
605
605
608
609
610
614
622
634
635
635
635

635
635
635
635
640
645

650
657
657
660
660
660
660
660
660-
667
679
680
680
700
700
735
735
735
736

No. , type
data~

3E

1 CKs

1 CKz
SA

26P
2 0'

8P
1 0'

2 0'

23P
2D

10P

SE
7P
ia
SD
3 CNN

2 0'

38 0.

1 0'g

2 0'

1 erg

7 0'

7 tT

5. 0.

6'
1 0'g

1 CKP
9P

15P
13P
13 CNN

8P
8P

11P
14P
15 CNN

17P

Angular
range (c.m.)

72'-108'
900
900
900
900
54'-126'
30'-90'
30', 90'
58'-84'
900
30', 90
27'-90'
47.5', 90'
27 -86'

54 -126'
18o-68

112.5'
54'-126'
54'-90'
30', 90'
6 -90'

30', 90'

30 -90
30'-90'

5 -25
7'-30'

900
4'-48'

38'-83'
51'-89'
Si'-89'
29'-86'
30 -86'
10'-41'
6'-74'

35 -92
32'-83

Data
std. err.

80%
130%
30%

30%
7%

6%
7'

10%, 6'%%uo

SFo

20Fo
10%
10%
40Po
20%
10%, 6%
20%

4'%%uo

5%%uo

6%

/0%
10%%uo

15%
5%%uo

4%
6

30%

Norm.
std. err.

Deleted
angles

io%%uo

19%

Float 90'

Float
Float
Float
Float

6.2%
10%%uo

Float
10%
10%
6.2%

5.7%%uo 11', l2', 16',
20', 90'

3.2
0.2
0.1
0.0
0.3
2.4
2.2
0.9
2./
2.0
0.9
0.7
1.0
0.9

0.986

0.985

oq p
oq p
o, q
oq q

o, r

1.4
0.3 0.959
1.7
1.4
2.5
2.1
1.2 1.044

39.5
2.4

13.6
4.6 1.043
3.6 1.052
(5.8) 1,22

(26.7) 1.10
8.3
0.1
1.5 1.075
2.3 1.088
0.8 1.098
1.70 1.264
1.7 1.004
1.6 1.037
1.6 1.123
0.5 0.977
1.0 1.103
0.8 1.010

S

t
o, t, u

o, t, u, v

o, t, vr

oq x

o, y
o) y

fyhs4 oiy
f, h, i, o

X

M Predict
valueb norm. ' Comment

Dubna (1967C,E)
Dubna (1964D)
Dubna (1964D)
Dubna (196/B,E)
Dubna (1N'/B, E)
Dubna (1964A)
Saclay (1967)
Dubna (1954C)
Berkeley (1N6B)
Dubns (1954C)
Dubna (1954C)
Dubna (1N'/D, E)
Dubna (1N'/E)
Dubna (1958)

Dubna (1963A}
Dubna (1964C)
Dubna (1N4C)
Dubna (1NO)
Dubna (1963B)
Dubna (1954C)
Dubns (1965)
Dubna (1964B)
Dubns (1954C)
Dubna (1963C)
Dubna (1954A)
Dubna (1955}
Dubns (1956A)
Dubns (1956B)
Dubna (1956A)
Dubns (1962)
Dubns (1966A)
Berkeley (1966B)
Berkeley (196'IA)
Berkeley (196'IA)
Berkeley (196'IB)
Berkeley (196'/B)
Berkeley (1966A)
Saclay (1967)
Saclay (1967)
Berkeley (19668)

& The number of data shown does not include deleted points or experi-
mentally determined normalization constants.

& The Ivalue is x~/No. of data. The quoted M value is from the energy-
dependent solution given in Table III unless otherwise noted. Deleted data
sets have brackets around the M values.

& This is the over-all theoretical normalization arrived at in the final search
problem. The reciprocal of this number gives the amount by which the
experimental data should be changed to be consistent with the phas~ shift
solution,

~ These data were described in paper VII, and the matrices are listed
there.

These data were also analyzed in paper VII. |.See Livermore (1967).)
& These data were deleted.

In paper VII, these three di8erential cross-section measurements at
380 MeV were treated as one set of data. The entire set was deleted since it
had the wrong shape. In the present work, we separated the di8erent
experimental runs, and it became apparent that only the small-angle points
are incorrect and should be deleted.

b The M value and predicted normalization for this solution are from a
preliminary analysis. These data were eliminated before obtaining the final
solution

& These data have the wrong shape.
& We are grateful to L. Pondrorn for communicating these data to us in

advance of publication.
b The value ag =2.43 &0.25 mb was used here, as obtained by summing

over the partial cross sections given in the references and choosing an
average energy.

& The value «y@ =3.42&0.15 mb was used here, as obtained by summing
over partial cross sections given in this reference and in the third Carnegie
(1958) reference.

~ G. Coignet (private communication) informed us that these data are

absolute and should not have a normalization constant. However, we found
a better fit if the data are allowed to renormalize, so we have assigned a
normalization constant as shown here. Without this renormalization, the
M value is 2.5.

& G. Coignet informed us that these data are absolute. A good fit is
obtained without allowing the data to renormahze (see footnote m). We
would like to thank G. Coignet for his correspondence with us.

o We would like to thank L. S. Azhgerei and G. D. Stoletov for sending
unpublished results and comments about these data.

& These are older measurements and have been superseded by the data
points immediately following these.

& These data are being refined.
& Renormalized values for these data were supplied to us 'by L.S.Azhgerei

and G. D. Stoletov.
a We have used these data in the form quoted in Dubna (19668),but have

allowed them to normalize freely.
4 The values used are quoted in Dubna (19668).
& These data have been renormalized in connection with a new measure-

ment of the beam polarization. See Dubna (1966A).
+ The values at 51.2', 54.3, and 57.4 quoted in Dubna (19668) are not

Dubna measurements, but are actually from Berkeley (1967A).The correct
value for 54 is given in Dubna (1966A).

~ The listed reference and Dubna (19668) both contain a few minor
misprints for these data.

x Our forms for the inelastic phases give good fits to og at 600 MeV and
below, but poor fits at 650-660 MeV. More suitable forms can be chosen,
but the eQect on the elastic phases is not large when compared to other
uncertainties existing at these energies.

& The original reference gives the energy as 657 MeV.
& It was not possible from the paper to obtain a normalization error. We

fioated the data since some adjustment is obviously necessary.
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Tmrx II. Data references for Table I.

Berkeley (1966A)

(1966B)

(1967A)

(1967B)

Carnegie (1954)

(1955)

(1956)

(1958)

Cern (1962)

(1966)

Dubna

(1967B)

(1954A)

(1954B)

(1954C)

(1955)

(1956A)

(1956B)

Chicago (1955)

(1959)

(1967A)

Paul G. McManigal, Richard D. Eandi,
Selig N. Kaplan, and Burton J. Moyer,
Phys. Rev. 148, 1280 (1966).

F. Betz, J. Arens, O. Chamberlain, H.
Dost, P. Grannis, M. Hansroul, L.
Holloway, C. Schultz, and G. Shapiro,
Phys. Rev. 148, 1284 (1966).

Helmut E. Dost, John F. Arens, Frederick
W. Betz, Owen Chamberlain, Michael J.
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between 20 and 30 free parameters were used for the
phase-shift fit to the data. When spanning the larger
energy range 0—750 MeV, we will obviously need to use
more free parameters to maintain the accuracy of the fit.
In paper VII we quoted a 23-parameter form-A solution
as being the most useful representation of the 0—400-
MeV (p,p) scattering matrix. For the present analysis,
we made form-A fits to the data using 31 and 38 free
parameters.

The analysis just described is the so-called modified
phase-shift analysis in which we represented the l =0 to
l= 5 partial waves by a form-A energy parametrization
and represented the l=6 and higher partial waves by the
one-pion-exchange (OPE) phases. Since we were now at
high enough energies that-the f hphases assum—e sub-

stantial values, it seemed to be worthwhile to push the
modified analysis one step further and add in contribu-
tions from two- and three-pion exchanges as well as the
OPE. It is well known that at energies below 400 MeV,
the main features of both (P,P)' and (is,P)s scattering
can be qualitatively represented (except for Swaves) by
Born amplitudes obtained from just four exchange
terms —those due to the x, o., p, and co systems. To see if
the high-energy parametrization would be improved by
contributions from the o-, p, and co resonances, we ob-
tained matrix representations of single-energy (p,p)
solutions at 25, 50, 95, 142, 210, 330, 425, and 630 MeV,
and then made a 6t to these matrices using just the four

poles mentioned. Then, keeping these pole terms with

the parameters fixed at the values we had just obtained,
we added in phenomenological phases with 20 and then

5 R. A. Amdt, R. A. Bryan, and M. H. MacGregor, Phys. Rev.
152, 1490 (1966).

'R. A. Amdt, R. A. Bryan, and M. H. MacGregor, Phys.
Letters 21, 314 (1966).

with 25 free parameters. The test of the usefulness of this
procedure is to see if a good Gt to the data can be
obtained using a signi6cantly smaller number of free
parameters. The values we used for the pole parameters
are the following: g '=15.12, M„=135.04 MeV, g

~

=3.25, M, =450 MeV, g„=2.67, (f/g) =0, M„=783
MeV, g,'=0.35, (f/g), =4, %=763 MeV. The masses
and f/g ratios were held fixed in the initial pole fit, and
only the g' values were allowed to vary.

Our test of energy-dependent forms for the present
paper consisted of running form-A solutions with 31 and
38 free parameters, and then form-A plus o-, co, and p
contributions with 20 and 25 parameters. In all of these
problems we used the same form for the inelasticity,
namely, value& fixed at 660 MeV to match the predic-
tions of Amaldi' and extended to threshold (400 MeV)
by the extrapolation described in Sec. III. Since the
Amaldi model does not enable us to fix accurately the
inelastic parameter u in Eq. (5), we ran all of these
problems with 0. searched, with 0. Axed to match data at
660 MeV, and with a=0. The results were all quite
similar, and we quote values here for 0.=0.

The four energy-dependent solutions in the order just
mentioned above are shown in Fig. 1.The X2 values for
these solutions are the following: (1) 31A—1568; (2)
38A —1383; (3) 20A plus poles —1785; (4) 25A plus poles—
1689.These values are for a fit to representations of 1147
data. From the X' values, we see at once that the addi-
tion of o., ~, and p resonances did not result in any
drastic improvement in the solution. In the 25A-plus-
poles solution (No. 4 in Fig. 1), we have used 25 free
parameters plus three adjustable g' values plus two f/g
ratios and three masses 6xed from other information
plus a slight variation permitted in g, all giving a value
X'=1689. In the 31A solution, with roughly the same
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amount of parameter freedom, we get F2=1568. Thus
adding in the 0-, or, and p contributions does not improve
the analysis.

There is no clear-cut way to choose between the 31M
and 3M solutions. As curves 1 and 2 in Fig. 1 show, the
phases from these solutions are quite similar over most
of the energy range. The X' value of 1383 for 382 is
somewhat lower than the value 1568 for 313. On the
other hand, it is impossible to determine if the extra
wiggles allowed by the greater freedom in the 382 solu-
tion phases are really of physical significance. In paper
VII, we found that 20- and 23-parameter solutions gave
better high-energy extrapolations than did a 30-

parameter solution. Mainly for this reason, we chose the
313 solution as the most meaningful one from the
present work.

One task that still remained was to investigate the
effect of varying the inelasticity. In order to give as
much freedom to the inelastic phases as possible, wc
rcrnovcd thc AIQRldi pscudodRta thRt hRd bccn used in
the solutions shown in Fig. 1 and replaced them with a
set of total reaction cross sections Og. From our work
with the Amaldi calculations4 and also with single-
energy analyses at 630 MeV (described in Sec. V), we
concluded that the most important inelastic phases, in
descending order of importance, are the foHowing: 'D2,.
'E~ and 'F~, 'E2 and 'F2, 'Eo and '64. Taking the 31-
parameter form-A phase-shift solution as determined
above (curve 1 of Fig. 1) we ran the following choices
for the inelastic phases: (1) no inelasticity; (2) 'Dn

inelastic; (3) 'Dq, 'Eq, 'F, inelastic; (4) 'D2, 'Eq, 'Fg, 'P2,
'F2 inelastic; and (5) 'D2 'P~ 'Eg, 'E2, 'F2, 'Po 'G4

inelastic. The curves for these Ave solutions are given in
Fig. 2. The X2 values for these solutions are (1) 1673
with oa removed, (2) 1635 with oa removed and 2057
with oa included, (3) 1575.8, (4)'1575.3, and (5) 1575.1.
The og data are included in (3)—(5). From these results
it is apparent that some inelastic. city is certainly required,
even if we-exclude o@ data. On the other hand, using

more than three inelastic phases gives no improvement
in X'. However, the elastic phases do change somewhat
in going from solution 3 to solution 4, as shown in Fig. 2.
The elastic phases for solutions 4 and 5 are almost
identical. %e chose solution 4 as the most useful one
from this analysis. Table III gives tabulated values for
the elastic phases.

Figure 2 gives an idea of the stability of the elastic
phases as the inelasticity is varied. In order to give an
idea of the stability of the inelastic phases under the
same variation, we show in Table IV values for the
parameters p, as defined in Eq. (5), for solutions 2—5 of
Fig. 2. We used o.=0 in all of these calculations. As can
be seen in Table IV, the inelasticities obtained for
solutions 3—5 are quite stable, and the inelastic phases
contribute in importance in the same order that wc had
assigned. to them. However, the present analysis really
tells us little about the details of the inelastic processes.
The inelastic phases that we get from a single-energy
analysis at 630 MeV (described in Sec. V and shown in
Table VI) exhibit a quite different splitting from the
phases in Table IV.

We believe that the energy-dependent solution (312)
shown in Table III is a qualitatively correct representa-
tion of the (p,p) elastic scattering matrix from 0 to 750
MeV. A total of 1147 data is represented in the 6t. The
X2 sum is 1575, and if we remove the contributions of 61
from the erg data at 650—660 MeV that are not well

fitted from our present inelastic forms (see Table I), we

have X'=1514.Thus M=1.3 for the entire elastic data
set. This is statistically a very reasonable Gt for this
kind of analysis. And since we used the minimum
parametrization that we could get by with —31 free
elastic parameters —it is probable that the variations
with energy of the phases given in Table III are of
physical significance.

The 31A solution given in Table III has a X' sum of
693 corning from the six matrix representations listed at
the top of Table I. Thc X' sum for these matrices from
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Fm. 2. The form-A 31-parameter energy-dependent solution with several choices for the inelastic parameters. The curves correspond
to the following choices for free (nonzero) inelastic phases: (1) no inelasticity; (2) 'D& inelastic; (3) 'P&, 'Fa added; (4) 'P&, 'F& added;
and (5) Po, 'G4 added. Total reaction cross sections areused as constraints on the inelastic phases. Tabulated values for solution (4) are
given in Table III, and values for inelasticities from solutions (2)-(3) are given in Table IV.
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the 23-parameter form-A solution of paper VII is 607.
Thus the 31A solution is not quite as accurate as the
232 solution in representing the (p,p) scattering below
400 MeV. However the M value for the 31A solution is
1.2 in fitting to these low-energy data, which is a very
reasonable fit. And since we use the effective-range limit
for the 8 wave at low energies, the 31A solution will give
a good fit to data below 10MeV, even though the lowest-
energy matrix used is at 25 MeV. Thus the 31A solution
is a reasonable fit to the (p,p) elastic scattering data
over the whole energy range 0-750 MeV. Those inter-

ested only in energies below 400 MeV can use the
slightly more precise 23A solution of Table V in
paper VlI.

V. ENERGY-INDEPENDENT PHASE-
SHIFT RESULTS

In order to complete the analysis of the high-energy

(p,p) data, we carried out single-energy analyses in
narrow energy bands centered at 425 and 630 MeV.
This work had to be finished after completion of the

TABLE III.EnergyMependent phase-shift solution for (p,p) data from 0 to 750 MeV. Matrix representations are used for 588 data at
25, 50, 95, 142, 210, and 330 MeV, and 559 individual data from 358 to 736 MeV are treated directly. Thus a total of 1147 data are
represented in the fit. p'=1575, so that the M value (z' per datum) is 1.37. A 31-parameter form-A solution is used for the energy
dependence of the elastic phases, and Gve inelastic phases are included (this is the selution labeled 4 in Fig. 2). Only elastic phases are
quoted here. Corresponding values for inelastic phases are given in solution 4 of Table IV. All elastic phases in this paper are Stapp
nuclear-bar phases. The inelastic phases are deined in the text. The value g'= 15 is used for the pion-nucleon coupling constant.

Lab
energy
{Mev)

30
60
90

120
150
180
210
240
270
300
330
360
390
420
450
480
510
540
570
600
630
660
690
720
750

46.47
35.50
26.95
20.05
14.29
9.34
4.97
1.01—2.63—6.04—9.27

-12.34—15.30—18.15—20.90—23.58—26.18—28.71—31.18—33.59—35.93—38.23—40.46—42.65—44.78

0.92
2.09
3.27
4.41
5.45
6.39
7.21
7.92
8.53
9.03
9.45
9.78

10.04
10.24
10.37
10.45
10.48
10.47
10.42
10.34
10.22
10.08
9.91
9.72
9.52

0.07 8.18 —6.15
0.24 10.33 —9.82
0.43 9.67 —12.72
0.62 7.67 —15.34
0.81 4.99 —17.79
1.00 1.96 —20.13
1.18 —1.23 —22.37
1.36 —4.45 —24.52
1.54 —7.63 —26.59
1.72 —10.75 -28.57
1.89 —13.76 —30.49
2.05 —16.66 —32.33
2.21. —19.43 —34.10
2.37 —22.07 —35.81
2.52 —24.58 —37.45
2.67 —26.96 —39.04
2.82 —29.22 —40.56
2.96 —31.36 —42.04
3.10 —33.38 —43.46
3.23 —35.28 —44.84
3.36 —37.08 —46.16
3.48 —38.77 —47.45
3.60 —40.37 —48.69
3.72 —41.87 —49.89
3.84 —43.27 —51.05

1D2 1G4 S go 3~1 '&s ~u

3.62 —1.03
7.36 —1.94

10.22 —2.52
12.36 —2.88
13.95 —3.07
15.12 —3.16
15.99 —3.15
16,61 —3.08
17.04 —2.96
17.33 -2.80
17.50 —2.60
17.58 —2.38
17.59 —2.14
17.54 —1.89
17.44 —1.62
1'7.31 —1.34
17.15 —1.06
16.96 —0.77
16.75 —0.48
16.53 —0.18
16.30 0.11
16.06 0.40
15.81 0.70
15.56 0.99
15.30 1.28

3F2

0.18
0.54
0.87
1.11
1.23
1.25
1.19
1.04
0.83
0.56
0.24—0.11—0.49—0.89—1.32—1.76
2.22—2.68
3015—3.62—4.10—4.57—5.05—5.52—6.00

—0.37—1.01—1.59—2.05—2.42—2.70—2.90—3.05—3.15—3.21—3.24—3.24
3422
3017—3.12—3.05—2.97—2.88—2.78—2.68
2057—2.46—2.35
2023—2.11

0.05
0.25
0.54
0.87
1.20
1.52
1.83
2.12
2.39
2.63
2.86
3.06
3.25
3.42
3.58
3.72
3.85
3.96
4.07
4.16
4.24
4.32
4.39
4.45
4.50

—0.08—0.29—0.50—0.69—0.84—0.96—1.04—1.10—1.14—1.15—1.15—1.13—1.10—1.06—1.01—0.95—0.88—0.81—0.'?3
—0.65—0.56—0.47—0.38—0.29—0.19

0.01
0.04
0.09
0.13
0.17
0.21
0.23
0.25
0.27
0.27
0.27
0.27
0.26
0.25
0.24
0.22
0.20
0.18
0.15
0.13
0.10
0.08
0.05
0.02—0.01

3F4 e4 3H4

—0.03 0.00—0.14 0.01—0.28 0.04—0.43 0.08—0.56 0.12—0.68 0.18—0.79 0.24—0.88 0.30—0.96 0.37-1.02 0.43-1.08 0.51—1.12 0.58—1.16 0.65—1.19 0.72—1.21 0.80—1.23 0.87—1.24 0.94—1.25 1.02—1.26 1.09—1.26 1.16—1.26 1.23—1.25 1.30—1.24 1.37—1.23 1.43—1.22 1.50
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Tears IV. Inelastic phases at certain selected energies corresponding to the elastic (real) phases of Fig. 2 (solutions 2—5) and Table III
(solution 4). The inelastic threshold was arbitrarily set at 400 Me&. The inelastic phases, and the forms used for their energy dependence
are de6ned in the text.

gy
MeV) 425 450 500 600 650 700

lD2

SP2

8+0

21.2
17.0
17.0
17.1

7.1
7.0
6.9

6.7
6.8
6.6

0.02—0.01

0.5
0.7

—0.1

—0.02

30.3
243
24.3
24.4

11.0
10.9
10.8

10.1
10.0

9

0.03—0.01

0.8
1.0

—0.1

—0.03

43.1
34.5
34.6
34.6

18.8
18.7
18.6

15.8
15.7
15.6

0.04—0.01

1.2
1.6

—0.2

—0.05

57.9
46.2
46.2
46.2

36.6
36.8
37.1

26.9
26.7
26.5

0.08-0.03

2.1
2.7

—0.3

—0.09

60.9
48.5
48.4
48.3

47.2
47.7
48.2

32.6
32.3
32.0

0.09—0.03

2.6
3.3

—0.4

—0.11

60.9
48.4
48.2
48.0

59.1
59.9
60.8

38.5
38.1
37.8

3.0
3.9

—0.5

—0.13

59.2
46.8
46.5
46.2

68.2
693
70.5

42.7
42.3
42.0

0.12—0.04

3.4
4.3

—0.5

—0.14

Solution
X2

No. of data
energy
range
(MeV)

3
Energy-

dependent
solution of

Table III quoted
at 425 MeV

Real phases
lg
1D
'64
S&O

SPl
SP2

Sjf"2

SPS
SF4
64
«H4
SH5
SH6

Imaginary
phases

lD2
SjP,
SPS
SP2
SP2

—18.73+2.00
10.08+1.32
1.39&0.50—18.31+2.67—35.56+133

16.69+1.23—1.20&0.93
0.58&1.20—4.10~0.54
3.09+0.66—1.79+0.48
0.06+0.57—2.09&0.52
038+0.32

—19.35+2.05
10.91a1.36
1.42+0.51—18.19+2.68—34.63+1.40

17.18+1.30—1.43+0.89
0.87+1.22—3.71+0.63
3.31+0.72—1.86+0.48
0.08+0.59—2.07+0.53
035&0.35

23.46

—18.64
10.26
2.40—22.49—36.09

17.53—1.84—0.96—3.17
3.45—1.05
0.25—1.20
0.74

17.03
7.0
6.8
0.0
0.5

energy-dependent analysis, since we needed the phase-
shift energy derivatives from the latter to properly
allow for the 6nite spread in energies encountered in the
fol mcr.

As can be seen from an inspection of Table I, the two
energies mentioned above are the only regions where

ALE V. Single-energy solutions at 425 MeV. Solution 1 has
only elastic phases. Solution 2 has an inelastic component in the
'D2 vive giving a 6t to a total inelastic I'reaction) cross section.
Solution 3 is the energy-dependent solution shown here for
comparison.

sufhcient data exist to carry out a meaningful "single-
energy" analysis. For the 425-MeV analysis, we tried
two energy bands, 400—450 MeV and 415—437 MeV. At
630 MeV we also used two energy bands, 605—660 MeV
and 575—680 MeV. In each case no advantage was
gained by using the wider energy span. Thus the results
we quote in this section are only for the narrower energy
bands, All data shown in Table I between the band
limits in question were used in the analyses.

At 425 MeV we erst tried using an elastic analysis.
This is solution 1 of Table V. Then we freed the inelastic
'D2 par'a, meter. X' dropped only from 92.j. to 92.0 and
the elastic phases changed hardly at all. Thus there is
nothing in the (p,p) elastic scattering data at 425 MeV
that requires us to introduce inelastic effects. This is an
u posferiori justification for our complete neglect of
inelastic effects at energies below 400 MeV. Finally, we
added in the total reaction cross section deduced at 431
MeV (see Table I). Now the 'Ds inelastic parameter
adjusted to match this value, giving solution 2 of
Table V. As can be seen, there is a slight readjustment
in the elastic phases produced by the introduction of
inelastic effects. This is probably the best solution we
can obtain at 425 MeV. Solution 3 of Table V is the
energy-dependent solution of Table III shown here for
comparison purposes. The distribution of inelasticities
for solution 3 is somewhat diGerent than for solution 2,
but the total reaction cross section predicted is about
the same. A comparison of the elastic phases for solu-
tions 2 and 3 shows reasonable agreement, but not
always within the error limits shown for solution 2.
However, on the basis of these results it seems fair to
conclude that the (p,p) scattering matrix from 0 to 450
MeV is now known with fairly high precision.



&69 (P P) ANALYSIS FROM 350 TO 750 MeV 1163

TABLE VI. Single-energy solutions at 630 MeV. Solution 1 has predictions of inelastic phases by Amaldi, including errors, entered as
data points. Solution 2 has total inelastic (reaction) cross sections in place of the Amaldi predictions. Solution 3 has inelastic phases as
predicted by Amaldi, but adjusted to give a ht to total inelastic cross sections. Solution 4 was obtained by releasing the inelastic phases
of solution 3. Solution 5 is the energy-dependent solution shown here for comparison.

Solution
No. of data

X'
energy
range
(MeV)

Real phases

1+0
'D
'G4

3p0

P1
SP

SP

SFS

P4
64

SH4

SII3
SH4

Imaginary
phases

'D
'G4

3po

SP1

3p2

C2

SP

SPS

1
174

190.8
605-660

—29.32~2.65
9.34~2.63
3.61&1.04

—48.23+5.14
—47.74+2.38

13.75~1.10
—2.59~1.54
—8.87&1.12
—1.24~1.44

2.42&0.55
—2.87&0.90
—0.72&0.54
—0.32~0.98

0.47~0.18

40.0
10.7
9.2

24.6
15.1

—25.6
13.1
24.3

2
169

204.8
605-660

—20.68&9.41
9.01&7.17
3.48+2.45

—34.34~8.83
—40.20+3.80

27.91~2.71
—1.13~2.65
—0.23~3.28

2.99&1.89
4.76a1.59

—1.50~1.23
4.39&0.99
0.18+0.95
2.32~0.53

42.6

14.1
34.2

38.4
25.0

3
169

213.5
605-660

—32.54~2.35
8.59&3.72
2.38~1.25

—39.50+6.33
—45.77~1.98

18.85~2.12
—1.79~1.78
—3.30&2.27

4.76&1.49
4.32~1.02

—2.65+1.09
0.96+0.78
2.44~0.71
0.65~0.26

(55.1)
(13.7)
(11.9)
(32.3)
(19.6)

(—25.2)
(16.9)
(32 3)

169
195.7

605-660

—35.31~ 4.88
3.73+ 5.16
4.13+ 2.17

—57.51+12.84
—61.25+11.43

13.15+ 3.48
—2.92~ 2.49
—6.50~ 2.81
—0.09& 2.77

2.91+ 1.69
—2.59+ 1.08
—0.18~ 1.17

2.09~ 1.47
0.53~ 0.17

37.8
28.7
12.8
54.5
17.0

—76.0
24.0
13.5

5
Energy-

dependent
solution of

Table III quoted
at 630 MeV

—35.93
10.22
3.36

—37.08
—46.16

16.30
0.11

—4.10
—2.57

4.24
—0.56

0.10
—1.26

1.23

47.3

43.2
0.1

2.4
30.6

One interesting feature of the analysis just described
is the use of some very accurate triple scattering data
at 425 MeV (see Table I). These data served to con-,

siderably increase the precision of the analysis.
The situation at 630 MeV is not as favorable as that

at 425 MeV, mainly because at 630 MeV the inelastic
effects are quite large. We do not have a really reliable
model for the inelastic contributions at 630 MeV. The
Amaldi model, 4 for example, which is really supposed to
be used only at energies well above 600 MeV, is off by
almost a factor of 2 in its prediction for the total
inelastic cross section at 630 MeV.

Several solutions at 630 MeV are presented in Table
VI. The elastic data selection and the handling of the
elastic phases are identical for solutions 1—4. Thus the
observed differences are due mainly to the way in which
the inelasticity is treated. In solution 1, the Amaldi
predictions for inelastic amplitudes Lthe quantities I in
Eq. (6) together with their estimated uncertainties]
were treated as data, and the inelastic parameters were
allowed to search and match these amplitudes. When
we replaced the Amaldi pseudodata by total reaction
cross sections and used solution 1 as a starting point, the

'G4 and 'Po parameters went almost to zero, and the 0,

parameters of Eq. (6) (reflected in e2), went to —100'.
So we set o.=0 and put 'G4 and 'Po equal to zero.
Continuing the search then gave solution 2 of Table VI.
Next we chose the inelastic parameters to be those
predicted by Amaldi, 4 but increased them all so that
they would match the known total reaction cross
section. Holding them Axed and searching on the elastic
parameters only gave solution 3. Then we released the
inelastic parameters, with total reaction cross section
data included, but with no Amaldi "data, "and obtained
solution 4. Solution 5 is the 31M solution of Table III
quoted here for comparison.

There is no good way to choose among the solutions of
Table VI. Solutions 1 and 3 are roughly on the same
footing, since the inelastic phases in each case are Axed

by the Amaldi constraints. Solutions 2 and 4 do not
have these constraints, but differ in the number of free
inelastic parameters. We obtained another solution (not
shown) which had precisely the same freedom as solu-
tion 4, but which used solution 1 as a starting point
(solution 4 was started from solution 3). The answers
for this solution were diBerent from those of 4 and of 2,
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Tsar.E VII. Second-derivative matrix and error matrix for the phase-shift solution at 425 MeV (solution 2 of Table V).
The units are deg~ and deg', respectively. An imaginary phase of 23.46' should be assigned to 'D2.

'Sp 8+p 8p C4

'~o
—0 172 1 732

kg —0.515 —0.393
8I'8 1.251 —0.488

0.014 —3.134
iB, —1.140 0.686
8' 0.015 —0.333
8F8 -1.912 —3.083
'F4 —0.800 —0.058

0.544 —1.868
'G4 —0.867 0.476
'H4 0.623 —1.257
8H8 1.567 2.650
8He —0.328 1./39

1gp

1 750
0.270

—0.628
0.468
0.623

—1.530
—0.967

0.862
—0.995

0.306
2.245

—0.745

5.847
—0.491
—1.559
—1.274
—6.736
—4.502

1.036
—0.676

1.932
6.157
1.945

13.991
0.302

—4.517
13.745
0.316
0.378
0.014
6.658

—16.714
0.488

4.222
—0.307

0.259
—1.118

1.266
—2.9/3
—1.179
—2.225

1.061

6.892
-1.594
—2.036

3.993
—1.251
—5.845

4.236
-1.799

34.309
0.580
0.373
0.493
3.037

—27.943
—0.838

19.994
—5.032

0.909
—3.037
—2.880
-5.940

Second derivative matrix

13.525
—2.409 15.197
—5.251 0.909 19.260
—0.422 —2.219 —2.120 33.646
—1.719 0.919 —9.970 —4.499 29.656

'Sp 4.215
8Po 1.367

1.859
882 1.290

—0.050
iD2 2.192
8F2 1.050
'F8 0.893
'F4 0.843

—0.118
'64 0 796
'H4 0.329
8H8 0.239
'He 0.224

7.194
2.223
2.360
1.679
0.541
2.449
0.839
1.263
0.601
0.389
0,672
0.253
0.160

1.973
1.043 1.702
0.298 0.311 0.796
0./59 1.065 —0.057 1.841
0.860 1.277 0.528 0.829 1.480
0.485 0.592 0.106 0.629 0.463
0.57/ 0.769 0.177 0.624 0.723
0.052 0.095 0.100 —0.094 0.143
0.373 0.386 0.044 0.569 0.322
0.209 0.377 0.013 0.301 0.480
0.007 0.061 0.225 0.255 0.123
0.083 0.125 —0.009 0.186 0.194

0.394
0.346 0.514
0.047 0.132 0.229
0.229 0.229 —0.006
0.167 0.307 0.149
0.184 0.108 0.034
0.098 0.151 0.066

0.261
0.101 0.346
0.097 0.030 0.279
0.061 0.155 0.057 0.122

although the X' value was about the same. This shows
the not surprising fact that when the data set is mani-
festly incomplete (in this case the inelastic data set), the
termination point of the search can depend on the
starting point, and a unique solution for a certain choice
of data and of parameters may not exist. The energy-
dependent solution, No. 5 in Table VI, is obtained by
fitting the entire data selection, so it might be supposed
to be somewhat more accurate than the other solutions.
However we have no good way of assigning errors to the
phases of solution 5, and without errors it is diTicult to
draw any meaningful conclusions.

Upon examining the individual phases listed in Table
VI, it is apparent that at 630 MeV the low angular
momentum phases Rrc Rt lcRst qualltRtlvcly detclnllncd
but the Ii waves and higher are not. This conclusion is
also borne out by the high-energy behavior of the phases
shown in Figs. 1 and 2. An examination of the imaginary
phases in Table VI, and a comparison with the results of
Table IV, reveals that we have learned little from this
analysis about the actual behavior of the inelastic
amplitudes. Although the various experimental groups,
particularly at Dubna, have done an admirable job of
improving our knowledge of the (p,p) elastic scattering
data near 630 MeV, a more decisive handling of the

inelasticity must be provided before we can make a
satisfactory phase-shift analysis at that energy.

In Table VII we have listed the values for the second
derivative matrix

ng, p = ,'O'X'/88)88 p—,

and for the error matrix 0. ', from solution 2 of Table V
at 425 MeV. These matrices are for the elastic parame-
ters only. As discussed in detail in paper VII, using these
matrices is essentially equivalent to using the data
directly. The second-derivative matrix is useful as a
faithful representation of the data in Qtting to potential
models. The inverse (error) matrix is useful in calcu-
lating errors for observables and for the phase shifts
themselves. The second-derivative matrix from Table
VII can be used together with the six corresponding
second-derivative matrices from Table VII of paper VII
to provide an accurate representation of the (p,p) elastic
scattering data from roughly 20 to 450 MeV. These
seven matrices collectively form a representation of 684
carefully selected data that contain most of the physical
content of the elastic (p,p) scattering matrix below 450
MeV. Fitting potential models to these matrices is
vastly simpler than 6tting to the original data, and for
most purposes it is fully as accurate.
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VI. CONCLUSION'S

A. Data

In a phase-shift analysis, we can only judge the
correctness of a set of data by (a) comparing it with
other nearby data, and (b) assuming that we have used
a reasonable representation for the phase shifts. The set
of 559 acceptable data between 358 and 736 MeV listed
in Table I, when taken together with the low-energy
data represented in the matrices listed at the top of
Table I, form a set of data that reasonably meets the
6rst requirement. The 312 phase-shift solution (Table
III), which has an M value of 1.3 for the entire elastic
data selection, seems to adequately ful611 the second
requirement. Thus an examination of the results listed
in Table I should be useful in evaluating the consistency
of the data set.

The main point that seems to emerge from a study of
Table I is that when a polarized target is used, there is
considerable difliculty in determining the over-all nor-
malization factor. Our analysis indicates that the ex-
perimental Chicago C~~ values at 358, 386, and 415
MeV are too low by about 20%, which is 2 or 3 times the
quoted uncertainty in the over-all normalization. This
would seem to indicate that the effective target polariza-
tion was not as large as it was thought to be. This same
remark applies, although to a lesser extent, to the
Chicago polarization measurements at 415 MeV, the
Saclay polarization measurements at 500 MeV, and the
Orsay C~~ measurements at 575 MeV. In each case the
experimental values seem to be about 10% low. On the
other hand, the Berkeley measurements of polarization
at 614 MeV and of C~~ at 680 MeV seem to be too
large by some 26%.

The Berkeley polarization measurements at 700 MeV
diGer in normalization from the Dubna and Berkeley
polarization values at 667, 679, and 680 MeV by about
8%. However, these variations are all reasonably in
agreement with the quoted uncertainties in the normal-
ization constants. There is also some variation in the
normalizations shown for data at 735 and 736 MeV,
although since this is at the limit of our energy range,
we can say nothing delnitive about the normalizations
here. The CERN measurement of D at 600 MeV does
not appear to be correct.

Although a rather complete set of elastic scattering
data exists near 630 MeV, more information about the
inelastic scattering is required before a really meaningful
phase-shift analysis can be carried out, as described in
Sec. V. Triple scattering measurements with an accuracy
of 5%, such as those recently carried out by the Chicago
and Wisconsin groups at 425 MeV and by the Dubna
group at 635 MeV, are of considerable help in sharpening
the precision of the phase-shift analysis. The experi-
mental situation in the 450—600-MeU energy range and
at energies above 700 MeV is still pretty bleak, although
we may hope for rapid improvement in some areas in the
near future.

B. Elastic Scattering

This has been reasonably well summarized in the
preceding sections. The (p,p) elastic scattering matrix
is quite accurately determined by the data over the
whole energy range 0-450 MeV. Above 450 MeV,
inelastic eGects become important, and a really accurate
analysis is not yet possible. The form-A solution with 23
parameters, as quoted in Table V of paper VII, gives a
precision Gt to the (p,p) data from about 2 to 400 MeV.
The form-A solution with 31 free elastic parameters, as
quoted in Table III of the present paper, gives an
accurate fit to the (p,p) elastic scattering data from
2 to 736 MeV. The value of M, the X' average
per data point, is about 1.3 over this whole span of
energies.

The fact that the form-A solution, with only 31 free
parameters, can give a good representation of the (p,p)
elastic phases from threshold all the way to 750 MeV is
really quite remarkable. That this economy of para-
metrization is possible presumably comes from the fact
that we have insisted that our energy-dependent forms
have a threshold behavior and a singularity structure
consistent with the requirements of analyticity and
unitarity. Some work has been done in investigating this
statement, 7 ' but it is an area in which further investiga-
tion may be rewarding.

Our use of well-delned mathematical forms to repre-
sent the phase-shift energy dependence is of paramount
importance from the standpoint of carrying out an
accurate phase-shift analysis. Since the phase-shift
parameters are well de6ned mathematically, we can use
a matrix search in which all parameters are varied
simultaneously in a correlated fashion. One of the
products of the matrix search is a second-derivative

- parameter matrix that, together with its inverse, con-
tains the entire information content about the statistical
errors in the analysis. These matrices can be used to
print out corridors of errors for the energy-dependent
phase shifts, to predict observables with errors, to
handle the data normalization constants in a rigorous
manner (the so-called reduced matrix representations'),
and to generate matrix representations for all or a
portion of the data. Without the extensive use of matrix
te'chniques, the various systematic parameter studies
that we have described in paper VII and in the present

paper would have required a prohibitive amount of
computer time. The matrix search method is indis-

pensible for accurately arriving at a minimum in a
multidimensional parameter space and for evaluating
the statistical signi6cance of the minimum once it has
been reached.

~ M. H. MacGregor, Phys. Rev. Letters 12, 403 (1964).
R. A. Amdt and M. J. Moravcsik, Nuovo pimento AS1, 108

(1967).
9 R. A. Amdt and M. H. MacGregor, Methods ~e ComPNta-

tiotsal Physics (Academic Press Inc. , New York, 1966), Vol. 6,
p. 553.
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C. Inelastic Scattering

The results obtained in the present paper clearly
illustrate that inelastic eGects are of importance above
400 MeV, and also that the way in which the inelastic
scattering is handled affects the results obtained for the
elastic scattering in a nontrivial manner. Unfortunately,
the process in which two nucleons scatter inelastically
and produce a pion is a complicated problem from a
theoretical point of view. No satisfactory treatment of
this problem has yet been carried out. Also, the experi-
mental data are still very meager.

Most of the theoretical approaches to this problem
have centered around the viewpoint, first set forth in
calculations by Mandelstam, ' that the 6nal-state inter-
action is dominated at low energies by the formation of a
(3,3) resonance between the outgoing pion and one of
the nucleons. This approach does not really constitute a
dynamical model at present, but it merely gives an
estimate based on angular momentum considerations as
to which nucleon-nucleon phases are likely to be
inelastic near threshold.

In the previous (p,p) analyses at 660 MeV by groups
from Dubna" and Kyoto, ' the Mandelstam model was
used to guess which phase shifts should be given
inelastic parts. The inelastic phases were then simply
freed, either singly or in simple combinations, and
allowed to adjust to measured reaction cross sections in
a conventional X' minimization search problem. This is
essentially the approach that we used for solutions 2
and 4 of Table VI.

In the present paper we have tried to carry this ap-
proach one step further by using a theoretical calcula-
tion, supplied to us by the Rome group' " that predicts
matrix elements for the scattering to the various
inelastic channels. However this model was designed to
explain scattering processes at energies in the BeV
region, and its use at an energy as low as 630 MeU is

~~ S. Mandelstam, Proc. Roy. Soc. (London) A244, 491 (1958).
j See, e.g., Yu. M. Kazarinov, Rev. Mod. Phys. 39, 706 (1967).
'~ See, e.g., N. Hoshizaki, Rev. Mod. Phys. 39, 700 {1967).
~~ U. Amaldi, Jr., Rev. Mod. Phys. 39, 649 {1967).

open to question, even if we assume that it constitutes a
valid calculation at the higher energies. The total
reaction cross section predicted by this model is too low

by about a factor of 2 at energies around 600 MeV.
However, it may be that the ratios of the inelastic
matrix elements as calculated from the model have some
significance at 630 MeV. If this is true, then solution 3
of Table VI should be approximately correct, since here
we have kept the Amaldi ratios but adjusted the over-all
normalization to match the correct total reaction cross
section.

Since we have no way of judging the accuracy of the
Amaldi model, 4 the only conclusion we can draw from
Table VI is that the way the inelasticity is handled does
make a sizeable difference in the answers obtained for
the elastic phases. This being the case, a really accurate
phase-shift analysis at 630 MeU must be deferred until
a more decisive treatment of the inelasticity is possible.
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