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If B—0,

(15)

1—2m™\¥ 1
M—-)G2( )

2m? mi—s

4. DISCUSSION

It follows from the previous example that in infinite-
component theories with nondegenerate mass spectra
one might find discontinuities in the amplitude or in
some of its derivatives whenever the four-momentum
configuration of the external lines allows the four-
momentum of an internal line to change from spacelike
to timelike.

Although our result depends on the model we have
used, and although the Born approximation (which
is real in our case) is not the whole scattering amplitude,
we believe that it is worth while to look at processes
where the kinematics is the same as in our example,
to see if cusps near #=0 are present. In particular,
in meson-nucleon elastic backward scattering the
kinematics is similar. Although preliminary evidence
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seems to show peaks near #=0 in pion-proton! and
kaon-proton®? elastic backward scattering, better data
are needed.

Finally, it is worth remarking that the shifting of the
effective position of the pole in the # channel with
respect to the position of the pole in the s channel [see
Sec. 3, (iii)] might be considered also in the exchange
of bosons—in particular, in the vector-meson-domi-
nance model for the electromagnetic form factors and in
the one-boson-exchange baryon-baryon potentials.
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All of the available (p,p) scattering data from 1 to 400 MeV have been analyzed, and a self-consistent set
of 839 data has been chosen. Using this data selection, we investigated a number of different forms for the
phase-shift energy dependence. The correct number of free parameters to use with each form was studied.
The most suitable form, form 4, gave the least-squares values X>=_810 and x?=858 for 30- and 23-parameter
solutions, respectively. A subset of 588 data in six narrow energy bands was used to obtain single-energy
solutions. It is shown that this subset contains most of the physical content of the full set of 839 data. The
value g?=14.724-0.83 was obtained for the pion-nucleon coupling constant.

I. INTRODUCTION

N previous papers in this series,~% we have discussed
phase-shift analyses of (p,p) and (n,p) data from 25

to 350 MeV. Subsequent to the publishing of these
papers, a considerable amount of new data has become

* Work performed under the auspices of the U. S. Atomic
Energy Commission.
v 1 Present address: Virginia Polytechnic Institute, Blacksburg,
a.
! M. H. MacGregor, R. A. Arndt, and A. A. Dubow, Phys. Rev.
135, B628 (1964).
(lgé\;l). H. MacGregor and R. A. Arndt, Phys. Rev. 139, B362
SH.P. Noyes, D. S. Bailey, R. A. Arndt, and M. H. MacGregor,
Phys. Rev. 139, B380 (1965).
(;I%.) A. Arndt and M. H. MacGregor, Phys. Rev. 141, 873
966).
(1; 6%) A. Arndt and M. H. MacGregor, Phys. Rev. 154, 1549
§R. M. Wright, M. H. MacGregor, and R. A. Arndt, Phys.
Rev. 159, 1422 (1967).

available,”8 both in the energy range we had previously
considered and also at the higher energies. Thus it
seemed to us worthwhile to update the previous anal-
yses and to extend them to higher energies.

The (p,p) data in the elastic energy range up to
about 400 MeV are now reasonably complete and ac-
curate. Thus the isotopic spin I=1 scattering matrix
can be reliably determined in this energy range. The
aim of the present paper (paper VII) is to give the best
possible values for the 7=1 phase shifts from 0 to 400

7 The current status of the nucleon-nucleon experimental situa-
tion was reviewed by a number of speakers, in Proceedings of the
International Conference on Nucleon-Nucleon Interactions, Uni-
versity of Florida, Gainesville, 1967 [Rev. Mod. Phys. 39, 495-717
(1967)]. A summary of the conference is given by M. H. Mac-
Gregor, Phys. Today 20, 111 (1967).

8 The existing (p,p) and (u,p) experimental data from O to 400
MeV are illustrated in graphical form in Figs. 1 and 2 of M. H.
MacGregor, Rev. Mod. Phys. 39, 556 (1967).
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MeV that we can obtain from the existing data. At
energies above 400 MeV inelastic effects become im-
portant, and an accurate (p,p) phase-shift analysis is
not yet possible. The existing data sets are not complete.
However, a qualitative determination of the elastic
scattering phase shifts can be made over the energy
range 400-750 MeV. These results are presented in
paper VIII. Finally, in paper IX we shall present the
results of the (#,p) phase-shift analyses from 0 to 750
MeV. Since the (#,p) data are still woefully incomplete,
this last analysis can be carried out only by first using
(p,p) data to essentially fix the =1 scattering matrix,
and then using the corresponding (n,p) data to deter-
mine the /=0 scattering matrix. Charge independence
provides the justification for setting the I'=1 phases
the same for (p,p) and for (n,p) scattering. The I=0
elastic scattering matrix thus determined is only quali-
tatively correct in the energy range from 0 to 400 MeV.
Above 400 MeV the (n,p) data are so scarce that even
a qualitative determination of the phase shifts is difficult
to achieve.

In Sec. II, we discuss the (p,p) data selection from
1 to 400 MeV. We have examined essentially all of the
available (p,p) data points and have selected the ones
that form a self-consistent data set. Section ITI gives
a discussion of the energy parametrization that we
employ for the phase shifts. Section IV lists the phase-
shift results. Section V gives the value for the pion-
nucleon coupling constant g? that we obtain from this
analysis. Section VI contains our conclusions.

II. DATA SELECTION
A. Compatibility of the Data

We attempt to answer in a reasonable and semi-
mathematical way the question as to whether or not a
specific experimental result is to be considered as
“compatible” with other experiments. There are, of
course, certain obvious criteria which are considered in
such a judgment. If, for instance, two identical experi-
ments are compared, then compatibility consists of the
“overlapping” of the error bars. It is the nature of
existing proton-proton scattering data, however, that
such direct comparisons can in general seldom be made
—the data tend to differ in type, energy or angle.
Therefore we adopt as a general criterion for com-
patibility the ability of various experiments to be
described by the same phase-shift representation (or in
terms of a representation which is closely related to the
phase shifts).

In making the compatibility study, the parameters
are first adjusted to give a minimum least-squares value
(Xp? to some relatively complete and self-consistent
subset D of the data. We now add an experiment E,
which was not included in D, and readjust the param-
eters to obtain a new minimum (Xp,z?). We define a
figure of compatibility f. as

fo=(Xpyg*—Xp*)/Ng, (1
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where Ng is the number of experimental points in E.
Thus f, includes not only the X? increase due to the
points E, but also the X? increase due to any readjust-
ments forced on the data set D. For a compatible data
set E, f. must be of order unity.

It should be recognized that f. is a measure of com-
patibility between D and E only within the constraints
of our model. The comparison can only be as reasonable
as the model. The model we use in the present paper is
described in detail in Sec. III. It is chosen to produce a
“smooth” energy dependence of the phase shifts, and
to satisfy very general physical constraints such as cor-
rect threshold behavior and proper singularity structure.
The model is sufficiently flexible, we believe, that
“form-limiting” effects are unimportant in fitting to
the existing nucleon-nucleon data.

The testing of large numbers of data for compati-
bility is speeded up tremendously if, instead of using
the data set D directly, we replace it by a “reduced”
matrix representation in the space of the parameters of
the model. This requires that the data set D be large
enough and complete enough to accurately fix the
parameters (p) of the model. (The reduced matrix
representation refers to the intrinsic minimization of
the functional X2 with respect to the experimental nor-
malization parameters.*?)

The detailed procedure for obtaining f, is as follows.
If po is the phase-shift parameter column vector (in a
vector notation) that gives the minimum value Xp?
for the data set D, then in the neighborhood of this
vector, X2(p) is approximately

X2 (p)=X(potAp)=Xp*+(Ap)"a(Ap), @

where ( )?=transposed (row) vector, and we use the

matrix
17 9%x2
2\8p;0pk

We can now add the X? sum coming from experiment E
to obtain

X2 (potAp) =X+ (Ap)Ta(Ap)
N XB,;(PO—I—AP)—&““ 2 X —1\2
+z< )+( AX), @

3)

po(reduced)

i=1 ’
where <% is the experimentally measured quantity,
N is the number of data in E, X is the normalization
parameter for E, E; is the error on ¢th data point,
AX is the normalization error, and 6;(p) is the value
of the observable predicted by p. Ap is now adjusted
to minimize X2, This gives Xp,z? from which f. can
be derived.

In Eq. (4), some people associate the normalization
constant X with the quantities 6,*** and E;, rather

®R. A. Arndt and M. H. MacGregor, in Methods of Computa-~
tim;al Physics (Academic Press Inc., New York, 1966), Vol. 6,
. 253,

P
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than with 6;(p) as we have done. However, computa-
tionally the form we use (which is also used by the Yale
group) is much simpler. For values of X near unity, the
two methods are essentially identical.

B. Final Data Selection

In making a data selection, we started with the set
of data from paper IV as a reference set, and with a
Q-function expansion (see Sec. III) for the energy
dependence. Using the data-compatibility procedure
outlined above, we examined essentially all of the
available (p,p) data from 1 to 400 MeV. The sets of data
having an M value (X? average per datum) of one or
less were combined to form a new reference set, and all
of the data were reexamined. Second and third data
selections were made that included sets with M <1.5
and then M <1.6. Using the M < 1.6 reference set, we
made one final compatibility study of the data to obtain
the final data selection. In this process any individual
data points that deviated from the predicted values
(based on our reference set) by three standard devia-
tions or more were discarded. In the final data selection,
sets of data having M values greater than 2 were
discarded.

Table I summarizes the results of the data com-
patibility studies. All of the (p,p) data that we examined
are described in Tables I and II in the accompanying
references. The final data selection includes all inde-
pendent data points that are within three standard
deviations of the theoretical values plus all data sets
(two or more points taken from a common experiment)
that have M values less than 2. Some experiments
below 5 MeV were arbitrarily discarded, even though
they met our M-value test, because our vacuum-
polarization corrections are only approximate. Out of a
total of 1084 (p,p) data considered, 839 were selected
for the final set of data.

Using the final data selection, we obtained 20-param-
eter, 23-parameter, and 30-parameter phase-shift solu-
tions, as described in Sec. III. The M values shown in
Table I are based on the 30-parameter solution. The M
values for the excluded data were obtained by com-
paring these data to the 30-parameter solution, with
the normalization constants of the excluded data al-
lowed to vary, but with no searching on the phase-shift
parameters. The least-squares value X2 for the 30-
parameter solution was 810. Although normalization
contributions were included in the X2 sum [see Eq.
(4)7], the normalization errors were not counted as data.

Out of the 839 data in the complete selection, we
selected 588 points in six energy bands for “single-
energy”’ analyses and for constructing phase-shift ma-
trices to use as a representation of the data. As we shall
show in Sec. IV C, these 588 data contain essentially
the full physical content of the information embodied in
the larger 839-datum set. The subset of data contained
in the 588-datum set is indicated in Table I by asterisks
in front of the energies. The data contained in the full
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839-datum set are all the data sets listed in Table I
that do not have parentheses around the M values.

After this work was completed, we received some new
(p,p) polarization data from Slobodrian and co-
workers.)® After a number of phase-shift analyses of the
data at 19.7 MeV, we concluded! that they are not
consistent with nearby R and A4 values at 27.6 MeV
(see Table I). They are also not consistent with the
type-I solution of Stapp'? and of MacGregor®® that is
required to fit our 839-datum selection. For this reason,
we have not incorporated them into the present paper.
It is obviously of considerable interest to have this
experimental puzzle resolved. Note added in proof. P.
Catillon, J. Sura, and A. Tarrats [Phys. Rev. Letters
20, 602 (1968)] have measured the (p,p) polarization
at 20 MeV and obtained results that agree with the
phase-shift analyses and that disagree with the Slobo-
drian measurements.

III. ENERGY PARAMETRIZATION

In our previous energy-dependent analysis,* we chose
the energy-dependent phase-shift forms to be the one-
pion-exchange (OPE) phase shift plus a sum of terms
representing two-pion, three-pion, and so on, exchanges.
As a basis set of functions for the representation of the
higher-order meson exchanges, we chose Legendre func-
tions of the second kind, Q;(x). These functions, which
arise naturally from the partial-wave projection of pole
terms (“driving forces”) in crossed channels, have
proper threshold behavior and can be made to have a
singularity structure corresponding to the location of
the cuts for two-pion exchange, three-pion exchange,
etc. Of course these functions do not have the proper
discontinuities across the cuts, and thus they are,
strictly speaking, chosen phenomenologically. However,
the facts that the functions thus chosen give good fits
to the data with a small number of terms and that they
give a good extrapolation to higher energies indicate
that they are a reasonable basis set.

The phase shifts are written in the general form

N
55 () =80 D D)+ S D). (5)
=1

Here / is the orbital angular momentum, J and .S are
the total momentum and total spin, and T is the
laboratory kinetic energy. For the 15, phase, 8¢ is taken
from effective-range theory*:

C*K cotdoo+2Knh(n)=— (1/a)+37.K*,  (6)

0 R, J. Slobodrian, J. S. C. McKee, H. Bischel, and W. F.
Tivol, Phys. Rev. Letters 19, 704 (1967).

1 M. H. MacGregor, R. A. Arndt, and R. M. Wright, Phys.
Rev. Letters 19, 1209 (1967).

12 H, P, Stapp, T. Ypsilantis, and N. Metropolis, Phys. Rev.
105, 302 (1957).

18'M. H. MacGregor, Phys. Rev. 113, 1559 (1959).

1“H, P. Noyes, Phys. Rev. Letters 12, 171 (1964); M. H. Mac-
Gregor, M. J. Moravcsik, and H. P. Stapp, Ann. Rev. Nucl. Sci.
10, 291’ (1960); 10, 325 (1960).
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TasiE L. (p,p) data from 1 to 400 MeV.
Angular
Energy No., type  range Data Norm. Deleted M Predicted
(MeV) datab (c.m.) std. err. std. err. anglesP value¢ norm.¢ Comment Reference
1397 11¢ 12°- 70° ~0.29%, 5.9 e f Wisconsin ~ (1966)
1855 13¢ 12°- 90°  ~0.2% 3.9) e f Wisconsin ~ (1966)
2425 140 12°-100° ~0.2%, 0.7) e, f Wisconsin ~ (1966)
3.037 13¢ 12°- 90° ~0.2%, (0.6) e f Wisconsin ~ (1966)
9.68 le 90° 1.29, 1.2 g Minnesota  (1959A)
9.69 260 10°- 90° 1%, 0.739%, 0.7 1.015 g Minnesota (1959B)
9.73 9¢ 27°-112° 3%  Unknown () e h Berkeley (1954)
11.4 1Cwy  90° 29, 0.6 ij Saclay (1966)
11.4 14,  90° 19 0.0 i Saclay (1966)
14.16 17¢ 18°-114° ~3%, 10% 01 0991 Tokyo (1960)
16.2 1P 50° ~1009%, 0.7 g Princeton  (1959)
18.2 8¢ 30°- 90° 1% 1.5% 0.7 1.001 g Princeton  (1954)
19.2 1Cyy  90° 29, 0.3 ij Saclay (1966)
19.2 14.. 90° 2%, 0.1 i, j Saclay (1966)
19.8 150 14°- 90° 3% 2.5% (1.1) 0999 e h Los Angeles (1955A)
19.8 70 18°- 36° 3% 2.5% (1.8) 1.005 e,h Los Angeles (1955A)
20 1Cwyn  90° 6% 2.2) e, h Saclay (1962)
21.95 1o 90° (>10) ek Rutherford (1964)
s 23.5 1Cny 90° 3% 0.0 i Saclay (1966)
s 23.5 14.. 90° 3% 0.5 i,j Saclay (1966)
25.62 1o 90° 0.5% 3.7 ek Rutherford (1964)
22563 23¢ 10°- 90° 08%  0.93% 0.6 1009 g Minnesota (1960A)
s 26.5 1Cyn  90° 29, 0.1 ij Saclay (1966)
s 26.5 14.. 90° 2% 29 ij Saclay (1966)
s 27 1Cnn  90° 109%, 0.1 Los Alamos (1967
27.4 1P 45° ~150%, (- el Harwell (1963A)
& 27.6 34 23°- 55° >40%, 3% 14 0997 Rutherford (1965B)
s 27.6 2R 23°, 55° 15% 3% 39° 05 0991 Rutherford (1965B)
s 28.16 1o 90° 2% 14 g Minnesota (1959A)
30 ipP 45° Large 5.2 Rutherford (1963A)
30.33 le 90° 0.6% (7.0) ek Rutherford (1964)
31.15 lo 90° <2% 0.2 g Minnesota (1959A)
34.2 1o 90° <2% 0.3 g Minnesota (1959A)
34.27 lo 90° 0.6% (26.1 ek Rutherford (1964)
36.8 1P 60° 30% (-+*) el Harwell (1963A)
36.9 1ls 90° <2% 0.0 g Minnesota (1959A)
383 1P 70° 50% () e, 1 Harwell  (1963A)
39.4 270 °- 90° <19, 0.93% 09 0988 g Minnesota  (1958)
39.6 leo 90° <2% 0.1 g Minnesota  (1959A)
40.75 1o 90° 0.6% (14.3) e k Rutherford (1964)
41 1o 90° % 0.8 Harvard (1956)
44.66 1o 90° 2% 1.3 g Minnesota (1959A)
45.04 1o 90° 0.6% (36.0) ek Rutherford (1964)
46 le 45° 5% (3.1) e, m Harvard (1958)
a 46 1P 45° ~1009%, 1.6 n Harvard (1958)
2 47.5 54 23°- 87°  ~50% 5% 1.6 0982 Rutherford (1965A)
s 47.8 SA 23°- 87°  ~50%, 5% 0.5 1019 Rutherford (1965B)
» 47.8 SR 23°- 87° ~10% 5% 1.1 1004 Rutherford (1965B)
s 494 28 ¢ 13°- 90° 0.5% 0.4% 14°,17° 11 0.999 Rutherford (1967)
49.7 1P 45° 169, (10.7) e, b,n Harwell (1963A)
s 499 1P 45° 6% 0.0 Rutherford (1963A)
s 50 1D 70° 30% 1.3 o Rutherford (1963B)
50.02 1o 90° 0.6% (11.2) ek Rutherford (1964)
s 50.17 1o 90° 2% 0.3 g Minnesota (1959A)
s 51.5 1o 90° 7% 1.0 Harvard (1956)
s 51.5 9¢ 16°- 35° 4% 4.5% 12° 0.9 0.941 Tokyo (1961)
s 51.7 1P 60° 25% 0.6 n Harwell (1963A)
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TasiE 1. (Continued).
Angular
Energy No., type range Data Norm. Deleted M Predicted
(MeV) datab (c.m.) std. err. std. err. anglesP valuee norm.4 Comment Reference

s 51.8 9¢ 35°- 90° 29, 2.59%, 1.7 0.950 Tokyo (1961)

s 52 1Cwxn  90° Large 2.6 Tokyo (1963)

a 52 1Ckp 90° ~100%, 29 Tokyo (1963)

2523 250  14° 90° 05% 05%  16° 18°, 11 1003 p Tokyo (1967)

20°, 26°

s 53.2 1P 75° 1009, 1.8 n Harwell (1963A)
56 2¢ 45° 5% 1.1 e,m Harvard (1958)

s 56 1P 45° 149, 0.1 n Harvard (1958)

s 56.15 1o 90° <2% 0.0 g Minnesota (19594)

& 58.5 1P 45° 25%, 0.7 n Harwell (1963A)
61.92 lo 90° <2% 0.1 g Minnesota (1959A)
66 100 25°- 71° <29 Float 20° 0.1 1.043 m Harvard (1958)
66 11 P 20°- 71° 15%, 2.89%, 1.0 1.031 n Harvard (1958)
68.3 260 10°- 90° <19 1.19, 1.0 1015 g Minnesota  (1960B)
68.42 le 90° <29, 0.4 g Minnesota (1959A)
69.5 1o 90° 6% 0.0 Harvard (1956)
70 6o 25°- 90°  Unknown Float (-+4) e, q Harvard (1956)
70 1P 45° 109, 2. n Harwell  (1963A)
7 1o 45° 6% 3.0 e,m Harvard (1958)
71 1P 45° 119, 0.5 n Harvard (1958)
73.5 1Cyy 90° 259%, 0.1 j Harwell (1965B)
78 le 45° 6% 0.8) e, m Harvard (1958)
78 1P 45° 89, 0.7 n Harvard  (1958)
78.5 1o 90° 7% 0.0 Harvard (1956)
86 le 45° 5% 0.4) e,m Harvard (1958)
86 1P 45° 7% 0.0 n Harvard (1958)

s 93.2 9P 20°- 80° 5% 0.85% 90° 1.3 1.001 r Harwell (1967)

& 05 6o 40°- 90° 49, Float 0.1 0.997 Harvard (1956)

& 95 6o 25°- 90° 3% Float 0.5 1.018 s Harvard (1956)

s 95 1o 90° 6% 0.0 Harvard (1956)
95 4o 40°- 90° 4% Float (+e+) et Harvard (1956)

a 9§ 13¢ 25°- 86° <29, Float 20° 0.2 0.979 m Harvard (1958)

s 95 14 P 20°- 86° % 2.89%, 1.2 0.994 n Harvard (1958)

s 97 1P 45° 5% 3.2 n Harwell (1963A)
98 100 10 41° 39, Float (65.4) 0927 e c Harwell  (1960A)
98 9¢ 20°- 81° 2.5%  Float (4.5) 0918 ecC Harwell (1960A)

s 98 14 pP 10°- 81° 209%, 29%, 1.0 0.979 n,u Harwell (1960A)
98 1Cyn 90° 8% 0.3 j Harwell (1965B)

s 98 SR 31°- 72° 30% 1.3 Harwell (1965A)

s 08 4R 31°% 62° 40%, 0.2 Harwell  (1965A)

s 98 5D 20°- 61° 1009%, 1.2 Harvard (1960B)

2102 3o 30°- 66° 2% Float 2.1 0.991 m Harvard (1958)

2102 3P 30°- 66° 5% 2.89, 0.9 1.021 n Harvard (1958)

107 3¢ 31°- 67° 2% Float 0.1 0934 m Harvard (1958)
107 3P 31°- 67° 5% 2.8% (3.3) 0.980 e,cn Harvard (1958)
118 15¢ 20°- 88° <2% Float 86° 1.2 0.953 m Harvard (1958)
118 15P  20°- 87° 59, 2.89 (2.6) 0949 ecn  Harvard  (1958)
127 3¢ 31°- 67° 29, Float 00  0.955 m Harvard (1958)
127 3P 31° 67° 49, 2.89, (3.0) 0976 ecn  Harvard  (1958)
130 4P 20°- 82° 159, 3.3% 0.7 0.981 v Rochester  (1957)

8137 3¢ 31°- 67° 2%, Float 01 0978 m Harvard (1958)

8137 3P 31°- 67° 3% 2.8%, 1.8 0.967 n Harvard (1958)

2137.5 SR 43°- 82° 209, 0.1 Harvard (1963B)

»138 4D 31°- 82° 509, 1.2 Orsay (1963)

138 20P  20°- 88° 39, 2.3% (") ¢w  Orsay (1963)

2139 64 31°- 82° 10% 4% 0.5 0.973 Harvard (1963A)

2140 2P 16°-107° <2% 0.85% 1.0 1005 Harwell (1966)
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TaBLE L. (Continued).
Angular
Energy No., type range Data Norm. Deleted M Predicted
MeV) datab (c.m.) std. err. std. err. anglesP value® norm.4 Comment Reference
2140 6 R 31°- 82° 20% 1.1 Harwell (1960C)
2140.4 6 R 31°- 82° 159, 1.0 Harwell (1964)
142 7o 5°- 10° 5% Float 6.8) 1.070 e c Harwell  (1960A)
142 T 10°- 31° 59, Float (3.7 1.020 e c Harwell  (1960A)
142 9¢ 10°- 41° 29, Float 9.3) 0953 e c Harwell  (1960A)
142 9¢ 20°- 90° 2% Float (11.1)  1.026 e,c Harwell (1960A)
»142 27 P 5°- 82° 5% 29, 6°, 78° 14 1044 nu  Harwell  (1960A)
8142 8R 24°- 90° 20%, 1.4 Harwell (1960B)
2142 8D 12°- 82° 209, 1.5 Harvard (1960A)
2143 7D 31°- 92° 50% 0.4 Harwell (1961)
2143 64 32°- 85° 15% 1.0 Harwell (1963B)
8143 2Cwxn 60° 90° 8% 0.1 j Harwell (1965B)
81441 6o 16°- 36° 0.7%  0.9% 0.7  1.000 Harwell (1966)
a144.1 15¢ 41°-112° 0.5% 0.6% 1.1 0.998 Harwell (1966)
147 8¢ 12°- 31° 3% Float 4°, 6°, 0.6) 1094 e b,mx Harvard (1958)
8¢, 10°
147 19¢ 20°- 88° 2%, Float ’ (1.2) 1.064 e h,m,u,x Harvard (1958)
2147 28 P 6°- 88° 4%, 2.89, 1.0 1.005 n,u Harvard (1958)
2155 230  10°- 90° 2% 4% 8.4° 13 0971 Orsay (1961)
170 7P 31°- 82° 5% 3.39%, 0.5 0973 u Rochester  (1957)
170 60 10°- 62° 3% Float 6.2) 0.933 et Berkeley (1956A)
174 70 9°- 62° 3% Float (5.8) 1.043 et Berkeley (1956A)
174 5P 20°- 72° 15% 6.6% 09 0.930 Berkeley (1955)
210 9P 13°- 83° 49, 3.3% (1.8) 0.998 e, h v Rochester  (1957)
210 9P 21°-113° 109%, 3.59%, («+4) e ht Rochester  (1957)
210 4P 31°- 71° 15% 3.39% (--) e ht Rochester  (1957)
2210 6P 30°- 80° 3% 3.6% 04 0976 y Rochester  (1967)
2210 7o 30°- 90° 1.5% Float 0.7 0979 Rochester  (1967)
2213 136 9°- 39° 2%, 1.3% 1.3 1002 Rochester  (1967)
8213 13 P 9°- 39° 5% 3.19, 0.8 0999 y Rochester  (1967)
2213 7R 30°- 90° 20% 0.6 z, aa Rochester  (1967)
2213 SR 30°- 90° 209, 60°, 70° 1.2 bb Rochester  (1967)
8213 7D 30°- 90° 109, 0.6 Rochester  (1967)
2213 SE 30°- 70° 10% 80°, 90° 0.7 z Rochester  (1967)
8213 24 80°, 90° 100%, 0.9 aa, cc Rochester  (1967)
217 6P 60°— 80° 6% 2.29, 3.3) 0.946 ech Rochester  (1967)
259 60 10°- 64° 3% 8% () et Berkeley (1956A)
260 6o 9°- 63° 3% 8% (-+) et Berkeley  (1956A)
276 6P 19°- 77° 10% 7.5% 1.5 0.882 dd Berkeley (1957)
305 14 Cny  59°-104° 159%, 9.6% 1.6  0.764 Chicago (1967)
2310 7o 6°- 22° 7% Float 1.8 1.192 Berkeley  (1958)
2310 7P 6°- 22° 20%, 4% 0.6 0.989 dd, ee Berkeley (1958)
2310 6P 33°- 79° 3% Float 83.7° 1.3 0.964 Berkeley (1967)
a310 6 R 22°- 80° 30%, 1.8 Berkeley (1957)
2310 6D 23°- 80° 15% 0.7 Berkeley (1957)
8315 7o 21°- 90° 2% Float 1.1 1.060 Berkeley (1957)
8315 6P 21°- 76° 7% 49, 1.1 0930 dd Berkeley (1957)
8315 1Cny 90° 20% 0.5 Dubna (1964)
2315 1Cny 45° 60%, 0.0 Dubna (1965)
2315 1Cxp 45° 70% 0.0 Dubna (1965)
2316 34 25% 76° 20% 0.2 Berkeley  (1956B)
2320 1Cyn 90° 15% 1.3 Liverpool  (1961)
2328 13P 49°- 89° 109% 6.29, 85° 0.6 0.954 Berkeley (1966)
2330 17¢ 5°- 30° 109, Float 4° 5.8°, 1.0 1066 Berkeley (1958)
11.1°
2330 13 Cyy  59°-100° 20%, 10.9%, 57° 0.6 0.833 Chicago (1967)
2345 10¢ 15°- 53° 5% Float 11°,11° 1.2 1.008 Berkeley (1951)
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Angular
Energy No,, type range Data Norm. Deleted M Predicted

MeV datab (c.m.) std. err.  std. err. angles® value® norm.4 Comment Reference

8345 17 ¢ 35°- 89° 3% 5% 44°, 88.6° 1.7 1117 Berkeley  (1951)
358 14 Cyy  58°-102° 20% 9% 1.1 0.896 Chicago (1967)
380 260 4°- 90° 2% 1.6% (41.6) 1.185 e, ff Liverpool - (1958)
380 1Cyn 45° 509, (31.8) e, b Liverpool  (1966)
380 1Ckp 45° 80%, (29.8) e, b Liverpool  (1966)
382 1Cyn 90° 20%, 0.6 Liverpool  (1961)
382 1Cgp 90° 20% 3.2 Liverpool  (1961)
386 14 Cyy 58°-101° 159, 8.6% 1.6 0.889 Chicago (1967)
400 2Cyn 60°,90°  60%, 15%, 1.7 Princeton  (1963)
400 2Cgp 60°90°  60%, 30% 0.6 Princeton  (1963)
400 7P 33°- 83° 3% 3% 08  1.045 Berkeley  (1967)
400 7P 33°- 83° 6% 3% 1.6 1.010 Berkeley (1967)

s These energies show data used for single-energy calculations and for
the matrix representations of the data.

b Data points more than three standard deviations from the theoretical
values were deleted. The number of data points shown does not include
deleted points nor any experimentally determined normalization constants.

° The M value is x2/No. of data: Data sets with M >2 were deleted. The
quoted M value is taken from the 30-parameter solution. Deleted data sets
have parentheses around the M values.

d This is the over-all theoretical normalization value arrived at in the
final search problem. The reciprocal of this number gives the amount by
which the experimental data should be changed to be consistent with the
phase-shift solution.

e This data set was deleted.

f Since our vacuum polarization corrections were only approximate, these
data were not included.

& Probable errors were changed to standard deviations.

b Older and possibly redundant data, usually with large statistical errors.

i Absolute normalization as given by H. P. Noyes and H. M. Lipinski,
Phys Rev. 162, 884 (1967).

i The Saclay Azz and Ayy data at 11.4, 19.2, 23.5, and 26.5 MeV should
all refer to a common normalization factor. This was not possible with the
existing code. Treating each energy separately gives essentially the same
result. The same remark holds for the Harwell Cxy data at 73.5, 98, and
143 MeV.

k C, Batty (private communication) suggested considering these data
as being one set. Since M >2 for the set, we have deleted all of the points,

1 Excessive energy spread.

m Early Harvard cross-section normalizations were withdrawn.

a ;6Ren%rmahzed as suggested by O. N. Jarvis and B. Rose [Harwell
° The correct value is D = —0.241,
pJ. Sanada (private communication) assigned preliminary absolute

where a=—7.815F, r,=2.795F, and K is the c.m.
momentum of a nucleon. For 15 O, we set!®

810(5-7)=OPE. )

The Q-function forms are written as

Fu(T) =3[ Bw)*/ M (T*+2M T)~*2
XQu[1+ Baw)?/MT], (8)
where 8,=2, 3, 4, - - - for 2, 3, 4, - -+ exchange, and

(u, M) = (plon, nucleon) mass. For the analysis used in
paper IV, we chose 81=2, 8,=3, 8;3=35, and 84=9

In the Q-function expansion just described, the free
parameters are the coefficients «; in Eq. (5). However,
the B; are in a sense hidden parameters. It is possible to
write a form that avoids the 8 parametrization. If we
start with a generalized Yukawa function

7@ il ) &)
f)= ",
g (U= )P

16 P, Cziffra, M. H. MacGregor, M. J. Moravcsik, and H. P.
Stapp, Phys. Rev. 114, 880 (1959)

errors of 0.7% to these data. We have arbitrarily set the normalization
error as 0.5% and the statistical error as 0.5% (0.6% for the smallest angle).

a Inadequate error information.

rFinal data by M. R. Wigan and P. Martin (private communication)
have been taken at 97.7 MeV (13 polanzatlon points) that replace the data
described here. Our compatibility code gave a value M =0.85 for the new
data set, and a predicted normalization of 0.996. The changes produced in
the phases at 97.7 MeV by the addition of these data are less than 2% of
the experimental errors in all cases, and hence are completely negligible.
Thus the use of the preliminary data at 93.2 MeV, as we have done in the
present paper, is essentially equivalent to using the final data at 97.7 MeV.

s Errors as recommended by R. Wilson (private communication).

¢ Inconsistent data.

u Independent measurements of data at the same angles have been
averaged.

¥ These data should probably be renormalized, but are included here as
gngmally published. The effects of renormalization are slight for imprecise

ata.

w Data not symmetric about 90°,

x Large data renormalization.

¥ Renormalized as recommended by Thorndike [Rochester (1967)7].

s Errors changed as recommended by Thorndike [Rochester (1967)]. E
data are A, R combination, corresponding to F data (R’, R combination).

aa New data points, as given by Thorndike [Rochester (1967)]

bb In principle, F (Thorndike’s notation) rather than R’ should beana-
lyzed. However, the inaccuracies in the data do not warrant this refinement
in the analysis,

o¢ These points replace the E data at 80° and 90°.

dd Beam polarization error removed from individual errors.
( “5 bgc:)'rmalization uncertainty from O. Chamberlain et al.

1957)1.

ff A phase-shift study showed that these data are inconsistent in shape

with nearby cross sections at higher and lower energies. (But see paper VIII.)

[Berkeley

where ¢ is the s-channel momentum transfer variable
[t=—MT(1—cos8,), with 6, the s-channel c.m. scat-
tering angle], then a partial-wave projection gives

f;(t)=M—1T [1 :Q;(l-i—ﬂ;—’T)p(t’)t’dt'. (10)

Putting x=1—4u2/t, xo=14+4u2/M T, we have
U rxe—w p(x)

A= Go= [ QZ)
1o 0 . N\, 1 x)3

To obtain s-wave (I=0) convergence, we require

p(*) = (1—x)*.

(11)

(12)

Thus we can take

p'(x)=p(x)/ (1—a?). (13)
Then Eq. (11) becomes
o' (%)
filxo)= (xo—l)/ (1 x)(l_x) . (14)
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Tasie II. Data references for Table I.
Berkeley (1951)  O. Chamberlain, E. Segre, and C. Wie- | Harwell (1964)  O. N. Jarvis, B. Rose, G. H. Eaton, and
gand, Phys. Rev. 83, 923 (1951). C. P. van Zyl, Nucl. Phys. 50, 529
(1954)  B. Cork and W. Hartsough, Phys. Rev. (1964).
94, 1300 (1954). (1965A) O. N. Jarvis, B. Rose, G. F. Cox, and
(1955)  David Fischer and John Baldwin, Phys. G. H. Eaton, Nucl. Phys. 61, 194
Rev. 100, 1445 (1955). . (1965).
(1956A) Owen Chamberlain and John D. Garri- (1965B) O. N. Jarvis, T. W. P. Brogden, B. Rose,
son, Phys. Rev. 103, 1860 (1956). J. P. Scanlon, J. Orchard-Webb, and
(1956B) James E) Simmons, Phys. Rev. 104, 416 1(VI 6R). Wigan, Nucl. Phys. A108, 63
(1956). 1968).
(1957)  O. Chamberlain, E. Segre, R. D. Tripp, (1965C) O. N. Jarvis and B. Rose, Phys. Letters
C. Wiegand, and T. Ypsilantis, Phys. 15, 271 (1965).
Rev. 105, 288 (1957). (1966)  G. F. Cox, G. H. Eaton, C. P. van Zyl,
(1958)  Wilmot N. Hess, Rev. Mod. Phys. 30, 0. N. Jarvis, and B. Rose (private
368 (1958). communication); Nucl Phys. B4, 353
(1966)  F. Betz, J. Arens, O. Chamberlain, H. (1968).
Dost, P. Grannis, M. Hansroul, L. (1967) M. R. Wigan and P. J. Martin (private
Holloway, C. Schultz, and G. Shapiro, communication).
Phys. Rev. 148, 2189 (1966). Liverpool (1958)  D. Harting, J. R. Holt, and J. A. Moore,
(1967)  D. Cheng, B. Macdonald, J. A. Helland, Proc. Phys. Soc. (London) 71, 770
and P. M. Ogden, Phys. Rev. 163, (1958); J. R. Holt, J. C. Kluyver, and
i (o) I Sy
; ~ . V. Allaby, A. Ashmore, A. N. Diddens,
Carnegie (1954)  J. A. Kane, R. A. Stallwood, R. B. Sut 7. Fades, G. B. Huxtable, and K.
ton, T. H. Fields, and J. G. Fox, Phys. Sk P Phys. S Tond
Rev. 95, 1694 (1954). Franees oenoc: Thys. Soc. (London)
Chicago (1967)  A. Beretvas, N. E. Booth, C. Dolnick, (1966)  J. V. Allaby, A. Chisholm, J. Eades, and
R. J. Easterling, R. E. Hill, J. Scheid, A. N. James, Nucl. Phys. 77, 449
D. Sherden, and A. Yokosawa, Enrico (1966).
Fermi Institute of Nuclear Studies, | Los Alamos (1967) Nelson Jarmie, J. E. Brolley, Herald
University of Chicago Report No. Kruse, Howard C. Bryant, and R.
EFINS 67-8, 410 1967 (unpublished); Smythe, Phys. Rev. 155, 1438 (1967).
and private communication; Rev. Mod. | Los Angeles (1955A) J. W. Burkig, Glen E. Schrank, and J.
Phys. 39, 536 (1967). Reginald Richardson, Phys. Rev. 100,
Dubna (1964)  I. M. Vasilevskii, V. V. Vishnyakov, E. 1805 (1955), Abstract.
Tliesku, and A. A. Tyapkin, Zh. Ek- (1955B) Herbert N. Royden and Byron T.
sperim. i Teor. Fiz. 45, 474 (1963) Wright, Phys. Rev. 100, 1805 (1955),
English transl.: Soviet Phys.—JETP . Abstract.
18, 327 (1964)7. Minnesota  (1958) L. H. Johnston and D. A. Swenson, Phys.
(1965)  Yu. M. Kazarinov, F. Lehar, G. Peter, Rev. 111, 212 (1958). .
A. F. Pisarev, and K. M. Vahlbruch, (1959A) L. H. Johnston and Y. S. Tsai, Phys.
Zh. Eksperim, i Teor. Fiz. 47, 848 Rev. 115, 1293 (1959).
(1964) [English transl.: Soviet Phys.— (1959B) L. H. Johnston and D. E. Young, Phys.
JETP 20, 565 (1965)]. Rev. 116, 989 (1959). b E
Harvard (1956) U. E. Kruse, J. M. Teem, and N. F. (1960A) J. H. Jeong, L. H. Johnston, D. E.
Young, and C. N. Waddell, Phys. Rev.
Ramsey, Phys. Rev. 101, 1079 (1956). 118, 1080 (1960)
(1958)  J. N. Palmieri, A. M. Cormack, N. F. (1960B) D E. Young and L. H Johnson, Phys
Ramsey, and Richard Wilson, Ann. Rev. 119 %13 (1960) : » LOYS.
1960A. CPFX‘IYE. (. Y,i? %289}1(1195}?)‘1_1 Th Orsay (1961) C. Caverzasio, K. Kuroda, and A.
( ) C. F. Hwang, T. R. Ophel, E. H. Thorn- Michalowicz, J. Phys. (Paris) 22, 628
dlske,( and )R. Wilson, Phys. Rev. 119, (1961)
352 (1960). S . .
(1960B) E. H. Thorndike and T. R. Ophel, Phys. (1963) €. Caverzasio, A. Michalowicz, K.
Rey. 119, 362 (1960). cherov, J. Phys. (Paris) 24, 1048
(1960C) E. H. Thorndike, J. Lefrancois, and 963 ’
sgard Wilson, Phys. Rev. 120, 1819 | princeton (1954 J. L. Votems and M, G. Wits, Phys.
: . ev. 95, .
(1963A) Stanley Hee and E. H. Thornd1ke, Phys (1959) William A. Blanpied, Phys Rev. 116’
(1963B) St?{nleylglgezazx}‘% Rll;g;rd Wilson, Phys. (1963)  E. Engels, Jr., T. Bowen, J. W. Cronin,
ev. ? ( )- R. L. McIlwain, and Lee G. Pondrom,
Harwell (1960A) A. E. Taylor, E. Wood, and L. Bird, Phys. Rev. 129, 1858 (1963).
Nucl. Phys. 16, 320 (1960). Rochester (1957)  E. Baskir, E. M. Hafner, A, Roberts, and
(1960B) L. Bird, D. N. Edwards, B. Rose, A. E. J. H. Tinlot, Phys. Rev. 106, 564
Taylor, and E. Wood, Phys. Rev. (1957).
Letters 4, 302 (1960); L. Bird, D. N. (1967) Edward H. Thorndike, University of
Edwards, B. Rose, A. E. Taylor, and Rochester Report No. UR-875-194
E. Wood, Nucl. Phys. 42, 280 (1963). (unpublished) ; Rev. Mod. Phys. 39,
(1961) L. Bird, P. Christmas, A. E. Taylor, and 513 (1967).
E. Wood, Nucl. Phys. 27, 586 (1961). | Rutherford (1963A) C. J. Batty, R. S. Gilmore, and G. H.
(1963A) P. Christmas and A. E. Taylor, Nucl. Stafford, Nucl. Phys. 45, 481 (1963).
Phys. 41, 388 (1963). (1963B) T. C. Griffith, D. C. Imrie, G. J. Lush,
(1963B) O. N. Jarvis, B. Rose, J. P. Scanlon, and and A. J. Metheringham, Phys. Rev.

E. Wood, Nucl. Phys. 42, 294 (1963).

Letters 10, 444 (1963).
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Rutherford (1964) C. ]J. Batty, G. H. Stafford, and R. S. | Tokyo (1963) K. Nisimura, J. Sanada, P. Catillon, K.
Gilmore, Nucl. Phys. 51, 225 (1964). Fukunaga, T. Hasegawa, H. Hasai, N.
(1965A) A. Ashmore, M. Devine, B. Hird, J. Litt, Ruy, D. C. Worth, and H. Imada,
W. H. Range, and M. E. Shepherd Progr. Theoret. Phys. (Kyoto) 30, 719
Nucl. Phys. 65, 305 (1965). (1963).
(1965B) A. Ashmore, B. Ww. Davies, M. Devine, (1960) S. Kikuchi, J. Sanada, S. Suwa, I.
. J. Hoey, J. Litt, and M. E. Shep- Hayashi, K Nisimura and K. Fuku-
herd, Nucl. Phys. 73, 256 (1965). naga, J. Phys. Soc. Japan 15, 9 (1960).
(1967)  C.]J. Batty, T. C. Griffith, D. C. Imrie, 1967) 7J. Sanada. and Y. Nojiri (prwate com-
G. J. Lush, and L. A. Robbins, Nucl. munication); J. Sanada, K. Kuriyama,
Phys. A98, 489 (1967). Y. Takeuchi, Y. Nojiri, N. Ryu, H.
Saclay (1962)  A. Abragam, M. Borghini, P. Catillon, Hasai, M. Ikeda, S. Kobayashi, K.
J. Coustham, P. Roubeau, and J. Nagamine, D. C. Worth, and T.
Thirion, Phys. Letters 2, 310 (1962). Yamaya, Tokyo University Report
(1966)  P. Catillon, D. Garreta, and M. Chapel- No. TUENS-1 (unpublished); Progr.
lier, Nucl. Phys. B2, 93 (1967). Theoret. Phys. (Kyoto) 38, 1202
Tokyo (1961) K. Nisimura, J. Sanada, I. Hayashi, S. (1967) ; Nucl. Phys. B4, 379 (1968)
Kobayshi, D. C. Worth ef al., Institute | Wisconsin (1966)  David ] Knecht, Per F. Dahl, and S.
for Nuclear Studies Japan Report No. Messelt, Phys. Rev. 148, 1031 (1966).
INSJ 45, 1961 (unpublished).
This gives so that we must have p’(x) « 22, Thus we have finally
BaotD)  rpo—a\ p’(x) 12
Im fy(x0) = f Pz< > dx, Fu(x0)= (x0—1) Q,( ) . (17)
0 1—x/(1—x) 1—x/ (1—2)

—1<m<1. (15)

As the left-hand discontinuity threshold (xo=—1) is
approached, we require'®

Imfi(xo) — (x0-+1)%2, (16)

TaBLe III. x? values for several energy-dependent forms. A
matrix representation of 515 data at six energies was used in the
fitting. The forms are explained in the text. Results obtained w1th
redundant parameters Fupper part of table) or with excessive
form limiting (lower part) are set in italics.

Energy form A4 Q1 Q2 Q3 Q4
No. of free Pion-mass values

parameters 2,3,5,9 1,235 24,713 5,10,1520
38 510 510 510 518 546
37 511 511 510 518 546
36 512 511 510 519 546
35 512 512 511 519 547
34 512 512 511 520 550
33 513 512 512 520 550
32 514 512 515 522 551
31 516 513 518 523 552
30 517 513 524 527 554
29 517 516 535 530 563
28 519 518 552 532 565
27 523 521 562 550 568
26 525 523 592 551 579
25 530 534 592 571 598
24 538 550 620 590 644
23 544 566 638 636 684
22 549 569 653 642 692
21 559 589 698 056 720
20 565 697 775 763 722
19 637 745 854 768 783
18 673 843 976 851 842
17 722 894 1205 891 861
16 838 1016 1320 941 939
15 945 1016 1636 996 1161
14 1256 2778 1172 1573
13 1417 2167

16 R. A. Arndt, R. A. Bryan, and M. H. MacGregor, Phys. Rev.
152, 1490 (1966), Appendix I.

As 1 increases, the factor x*/2 weights the integral
towards the values x~1, which corresponds to high-
energy f in the crossed channel. Thus increasing ¢ in
Eq. (17) has the same general effect as increasing the
values 8; in Eq. (8).

To study the effect of different energy parametriza-
tions, we chose a number of different forms, as sum-
marized in Table I1I. Form 4 is the one using Eq. (17).
Forms Q1-- Q4 use Eq. (8) and have different choices
for the set 81 - -B4, as noted in Table III. Since all of
these forms have roughly the same theoretical frame-
work, it is not surprising that they give rather similar
results. As the number of free parameters is increased
to the point of redundancy, forms 4, Q1, and Q2 all
give essentially the same fit to the data. As the number
of parameters is decreased, A emerges as the best
parametrization. Since we have taken account of OPE

TABLE IV Breakdown of free parameters for form-4 solutions.
The x2 values shown are for a fit to the full set of 839 (p,p) data.

x2 810 858 874
No. of

parameters
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(B:=1) explicitly in the § [Eq. (7)], we would expect
Q1 to be superior to Q2. We would also expect to see
03~Q1 and to see Q4 as the poorest form. These ex-
pectations are more or less borne out in the results
shown in Table III. This gives some credence to the
argument, which has been made elsewhere,'” for using
a form that has the correct singularity structure. Form
A has singularities starting from the 27 discontinuity
(B:=2), as can be noted in Eq. (9).

The results shown in Table III were based on a set
of 515 (p,p) data, and were obtained by using a pre-
liminary six-energy matrix representation of these data.
With each form, the number of parameters was initially
set at 38, and after each X? minimization the least-
sensitive parameter, as determined by the computer,
was deleted. As the result of these calculations, we
selected A as the most suitable form for the phase-shift
energy dependence.

After completion of Table III, the data set included
in the matrix representations was expanded to include
a total of 588 (p,p) data. When the study shown in
Table IIT was repeated for the form-4 energy depen-
dence, the 30-parameter and 20-parameter solutions
appeared as the limiting parameter choices. Thirty free
parameters give a solution that has enough flexibility
to permit a precision fit to the data. Twenty free param-
eters give a solution in which form-limiting is still small,
and in which an excellent fit to the data is still main-
tained (X? per data point=1.04 for the entire set of
839 data). Thus for those who fit potential models to
phase shifts, the 20-parameter solution is by all stan-
dards a completely adequate representation. The 30-
parameter solution gives X2/[ (No. of data)—(No. of
parameters) |=1.00 for the 839 data. From a statistical
point of view, this is as good a value as we should hope
to obtain if the experimenters have been accurate in
their statements of experimental errors. Also, as Table

(1;761’}). A. Arndt and M. J. Moravcsik, Nuovo Cimento 51A, 108

I1I shows, increasing the number of parameters beyond
30 does not decrease X2 appreciably, and the redundant
parameters increase the error limits, particularly for the
high-7 phase shifts.

Table IV shows how the free parameters are dis-
tributed for 20-, 23-, and 30-parameter form-4 solu-
tions. The values in Table IV can be taken as a rough
measure of the “non-OPE contribution” to thee nergy
dependence of the phase shifts. In particular, 3P, which
receives a large contribution from the I=0,J=0 2r
channel, exhibits large deviations from the OPE phase
shift. It is interesting to note that the 30-parameter
solution includes all phases through H waves in the free
parameters, and the 20-parameter solution has all H
waves set equal to the OPE value. The 23-parameter
solution differs from the 20-parameter solution in that
it includes one free parameter for each of the H waves.

When the energy-dependent form Q1 from Table ITI
(which is the form we used in our previous work?), was
fitted to the full set of 839 data, the X2 value for a 30-
parameter fit was 882, as compared to the value 810
for the 30-parameter form 4 fit. Thus form 4 is clearly
a better parametrization than Q1, and it is used in all
of our final energy-dependent analyses.

The results shown in Table III were run in a few
minutes on the computer, since we used a matrix repre-
sentation for the data. Direct use of the data would have
involved a prohibitive amount of computer time. We
show in Sec. IV that the subset of 588 data used for the
matrix representation includes most of the physical
content contained in the entire data set, and that the
matrix representation of the data is an accurate de-
scription of the data.

IV. PHASE-SHIFT RESULTS
A. Energy-Dependent Analyses

Our final data selection was described in Sec. IT and
Tables I and II. Of some 1084 (p,p) data considered,



169

DETERMINATION OF NUCLEON-NUCLEON SCATTERING

TaBLE VL. Single-energy analyses. The phases at each energy were given a fixed energy derivative as determined on

the computer from the energy-dependent solutions.

1141

Energy (MeV) 25 50 95 142 210 330
Energy spread 23.5-28.2 44.7-58.5 93.2-102 137-155 210-213 310-345
No. of data 34 99 85 183 65 122
Free phases 5 9 9 11 14 14
x? 17.6 974 69.3 188.4 49.1 115.8
1S, 48.614-0.26 39.554-0.46 26.87+1.44 16.50+0.58 5.59-40.53 —10.70-£1.46
1D, 0.764-0.03 1.744-0.10 3.77+0.26 4.95+0.17 7.03-0.29 9.09-+0.52
1Gy (0.04)» 0.17) (0.39) 0.8140.07 1.10+0.10 1.20+0.25
3Py 8.53+0.45 10.78-0.69 11.17+2.15 5.744-0.54 —1.2340.55 —12.404-1.57
3Py —5.014+0.21 —8.16:0.31 —13.124+0.66 —17.07+0.17 —22.2 +0.32 —28.364-1.20
8P, 2.43+0.16 5.70+0.15 9.704-0.50 13.73+0.11 15.594-0.23 16.18+-0.56
e (—0.90) —1.74£0.21 —2.7240.32 —2.85-+0.07 —2.86+0.16 —2.54-+0.44
3,y 0.12) —0.154-0.29 —0.194-0.92 0.84-0.27 1.33+0.31 0.424-0.57
3F3 (—0.27) —0.39+0.39 —0.62+0.92 —2.134+0.17 —2.63+0.20 —3.54-+-0.61
3Fy (0.02) 0.174-0.18 0.403-0.28 0.98-+0.14 2.0940.18 2.80--0.24
€ (—0.05) (—0.22) (—0.56) —0.77+0.03 —1.0240.09 —0.99+0.29
3Ha (0.005) 0.03) 0.11) 0.22) 0.10+0.23 1.23+0.34
3Hs (—0.02) (—0.10) (—0.32) (—0.59) —1.00+0.20 —1.9240.52
*Hg (0.001) (0.008) 0.04) (0.08) 0.07+0.14 0.67+0.16

s The phases in parentheses are OPE contribution phases with g2=15 and M» =135.04 MeV,

839 were included in the final set. The energy param-
etrization selected was form 4, as described in Sec. III
and Tables IIT and IV. A total of 30 free parameters
gives a X2 value of 810. Since, with 839 data points and
30 adjustable parameters we expect a X* of 809 for an
ideal statistical fit, the 30-parameter solution is flexible
enough that form-limiting does not occur, a conclusion
that was also illustrated in Table III.

When the number of free parameters is reduced from
30 to 20, as selected by the computer, a solution is
obtained in which some form-limiting occurs, but which
is nevertheless a very precise fit to the entire data set.
For this solution, the average M value for the entire
data selection is 1.04. Since the solution contains only
S-G waves, it is a convenient one to use. The addition
of H waves gives the 23-parameter solution listed in
Table IV.

The phase-shift values for the 20-, 23-, and 30-
parameter solutions, and also the OPE phase-shifts for
comparison, are illustrated in Fig. 1. As can be seen,
the 20- and 23-parameter phases are very similar, and
the agreement with the 30-parameter solution is good.
Tabulated values for the 23-parameter solution, to-
gether with the phase-shift errors as deduced from the
23-parameter correlation matrix, are given in Table V.
Figure 2 shows the phase shifts and error corridors, as
plotted by the computer, for the 23-parameter solution.

B. Energy-Independent Analyses

As a further check on the subject of form-limiting,
we carried out phase-shift analyses in six narrow energy
bands centered around 25, 50, 95, 142, 210, and 330
MeV. The data used for these analyses are indicated in
Table I. Energy-dependent phase-shift slopes were as-
signed in each energy band as determined by the com-
puter from the energy-dependent analyses.

The single-energy phase shifts are listed in Table VI.
They are also shown on the phase-shift plots in Fig. 1.
The general agreement between the energy-dependent
and energy-independent phases is good, which indicates
again that form-limiting is not an important factor in
the energy-dependent solutions. There is some scatter
at the highest energy, 330 MeV. The second-derivative
matrices for the six energy-independent solutions are
given in Table VII, and the corresponding error matrices
are given in Table VIIL.

In the present “single-energy” analyses, a total of
588 data were used. This compares to the total of 365
data used in our previous single-energy analyses.}=® As
discussed in Sec. IV C, these 588 data contain most of
the physical content that is inherent in the full set of
839 data.

C. Validity of the Matrix Representation

As a test of the validity of using a matrix representa-
tion of a set of data, we carried out the calculations
summarized in Table IX. Selecting first the 588 data
used in our six single-energy analyses, we obtained a
matrix representation®?® of these data, labeled matrix
A in Table IX. These are the matrices given in Table
VII. Then, using form 4 with 20 and with 30 param-
eters, we obtained solution 4 by fitting against matrix
A. Solution A was first tested against the actual data,
set A, and then allowed to be searched against set A.
As can be seen, the decrease in X2 (641-631 for 20
parameters, and 609-571 for 30 parameters) was quite
small, showing that matrix 4 is a “faithful representa-
tion” of set 4. In general, X2 is a very sensitive function
of the phase-shift parameters. Thus the change in the
actual phase shifts as obtained from matrix 4 and then
from set 4 is miniscule.
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Table IX illustrates another important fact, which is
N o shown by the continuation of the above process with
° & data sets B and C, namely, that the subset of 588
Eg= ““single-energy’’ data contains virtually the entire physi-
] % cal information content that is included in the complete
I set of 839 data. This is shown by the excellent fit of
« '8 o solution A against sets B and' C. Set B contains 207
= S5S data that were not contained in set 4, and yet the X2
° Y change for the unsearched solution 4 with 20 param-
eters on set B as against the searched solution on set
. ° § § § B is only from 840 to 823. A solution that gives a good
© SR N fit to set 4 will also give a good fit to set B.
The difference between sets B and C is that the latter
contains 44 data above 360 MeV. Since this lies beyond
> B . . . .
< PRI e the energy range in which solution 4 was obtained, the
N 2&8r g solution-A fit to these data is not as precise as at the
S ! lower energies. In particular, the 30-parameter solution
2 vemod does not extrapolate as well as does the 20-parameter
sl FaLw— solution. This confirms our expectation that the smaller-
b ' ! dimensional representation should extrapolate more
smoothly. The extra flexibility in the 30-parameter
~o oo ¥ & solution allows it to develop wiggles that are often only
OO = QYN | O . . .
" f3ngreEe of local significance. However, the extrapolations to 400
° I I MeV are reasonable qualitatively, even for the 30-
parameter solution. This was not true of early forms
S 2 used for energy-dependent phase-shift representations.!?
e 2I5882ER
HIE BRANERHTIN D. Recommended Phase-Shift Solutions
‘2 From our energy-dependent analyses, we have se-
= roganglaw lected the 23-par.ameter solution as be?ng the most
gl . SSES2Igac useful representation of the (p,p) scattering data from
a1 ° N T 77 9 to 400 MeV. The M value for this solution is 1.02 for
= the entire set of 839 data. Although the lowest energy
N ir.lcluded i.n'the data set is at 9.68 'MeV,' the? solutipn
58 § 2928535 § gives precision fits (M <1) to the Wisconsin differential
Y SSSFaidaiece cross-section data at 2.425 and 3.037 MeV (see Table
I). Thus the solution can be used with confidence at
energies well below 10 MeV. This is, of course, a conse-
0L e w quence of the fact that we have chosen a form for the
o REEBREREIEE S wave that has the correct effective-range expansion
! S7T°=2"7 §|“ g %l Sl E [see Eq. (6)]. The single-energy solutions of Table VI
were selected from studies using different choices for
—-o e the free phases. The parametrizations given in Table VI
B § § % § % % g §> 88 g appear to us to be the most useful ones.
= fgeree \T T e 9 E. Use of the Matrix Representations
- o - For a fit to potential models, it is often accurate
§ BR2R§8 g 5 g g g 3 enough to make a fit to phase shifts in “diagonal form.”
S| A dSwm ol' cls - < In this approximation, we have
S STl BT 1y 2
,‘ g (Y .
AEE L EEEEICETE 2N "
NNSHSSWWKw S F e g
N where T is the energy, ! represents the phase-shift
index at this energy, 6, is the phase shift calculated
SRR IR CR S 18 M. J. Moravcsik, The Two-Nucleon Interaction (Oxford Uni-
versity Press, New York, 1963), Figs. 34-47.
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from the model, and 8, and Ad, are the phase shift and
its associated error as given in the present paper. The
set 807 and AT can be selected either from the energy-
dependent values given in Table V, or else as the set of
single-energy phase shifts and errors given in Table VI.
Since the diagonal errors Ady only partially reflect the
correlations among the phase-shift uncertainties, X? as
calculated from Eq. (18) will differ by roughly a factor
of 2 from the X? obtained by fitting the set of phases
0,7%, obtained from Eq. (18), directly against the data.
However, the model parameters will be quite accurately
determined by the minimization of X? as given in Eq.
(18).

For a precision fit, it is necessary to use the full
correlation matrices of Table VII. In Table VII we
have given the values for the matrices a;,;»7, where

= 10%X2/96,06, . (19)

The units for a;,p in Table VII are deg—2. A model fit
that minimizes X? in the equation

X2= Z Oll,Z'T(fsmT’l—&oT‘l) (amT,l’__aoT,l')
7L

(20)

will give a precision fit to the actual data. This follows
from the facts (a) that the matrix a;,;» is a good repre-
sentation of the data from which it was determined, and
(b) that the subset of 588 data which are represented
by the matrices of Table VII includes most of the
physical content of the entire set of 839 data. These
points were discussed in detail above.

In addition to the second-derivative matrices of
Table VII, we have given the corresponding inverse
matrices (the conventional error matrices) of Table
VIII. These are the matrices (@), in units of deg?.
These matrices are useful in calculating the theoretical
errors for any observables. If we define

B:1=90/34, (21)

for an observable O, then the theoretical uncertainty in
that observable, as given from the present analysis, is

AO= (BTa—lﬁ)llz , (22)

where 8 and B7 are the observable derivative vector
and its transpose, respectively. If O represents one of
the phase shifts §;, then (21) and (22) show immedi-
ately that

(23)

which is a well-known result. More usefully, O can

represent any one of the many different kinds of (p,p)
observables.

Ady= (@i ™)',

V. VALUE FOR PION-NUCLEON
COUPLING CONSTANT g2

In previous papers (see Refs. 1-6 and 15), we have
published a number of determinations of g2, the pion-
nucleon coupling constant. Since the present analysis
is based on a fit to 839 selected (p,p) data, and since the
energy-dependent parametrization includes the OPE
contribution in a very plausible manner, we believe
that the g* determination from this analysis is the most
accurate one that we know how to obtain from the
existing nucleon-nucleon data.

In Table X are listed the values for X2(g?) obtained
from the 20-, 23-, and 30-parameter solutions. It is a
somewhat empirical fact that as the number of phase-
shift parameters is reduced, or more precisely, as the
OPE contribution is used at lower and lower  values,
the minimum in the X2(g?) curve tends to shift to lower
values for g% The trend can be noticed in Table X,
although the shift is rather erratic. On the other hand,
as more and more freedom is given to the phases, the
OPE contribution dependence decreases and the X2(g?)
parabola flattens out. The error in the g? determination
increases. The 30-parameter solution shown in Table X
probably represents a good compromise between the
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TasLeE VIII. Error matrices for the single-energy solutions of Table VI. The units for this table are deg?.

1S 0 3P 0 3p 1 1D2 3P 2 € 3F. 2 3F 3 3F. 4 lG4 €4

15, 0.0679

3Py,  —00165  0.2006 25 MeV

P, 00194 00255  0.0442

1D, —00031 —00020 —0.0011  0.0011

3P, —00105 —0.0497 —0.0256 00019  0.0250

15, 0.2121

3P, —0.1833  0.4692 50 MeV

P, 00558 0082  0.0966

1D, —00108 00311 00156  0.0094

P, —0.0427 00463 00019 00066  0.0228

e 00585 —00744 —00136 —00123 —00105  0.0448

3F, —00993 00814 —00322 —00069 00179 —0.0258  0.0847

sF,  0.1401 —0.1569  0.0055 —0.0056 —0.0277 00656 —0.0974  0.1516

3F, —00296 —00294 —0.0325 —00060 —0.0073 —00158 00254 —0.0340  0.0315

15, 2.081

3P, —0.093 4.622 95 MeV

Py —0.045 0.674 0.441

1D, 0.030 0.154 0.050 0.066

P, —0222 —0090 —0069  —0.042 0.252

e 0121  —0369 0007 —0.046 —0.039 0.105

sF, —0769 —0205 —0306 —0.132 0354  —0.051 0.846

Fy 0715 —0.179 0.253 0027  —0.306 0200 —0.628 0.841

F, —0.153 —0121 —0103 —0.049 —0.063 0.014 0218  —0.093 0.080

1S, 0.3362

P, 01477  0.2956 142 MeV

Py 00356  0.0536  0.0287

1D, —00540 —00087 —00012  0.0291

P, 00014 00205 00132 00008  0.0117

e 00214 00060 00015 —00072 00005  0.0046

F, —00943 —01101 —00237 —00053 —00058 —00042  0.0705

sF, 00570 00429  0.0056 00033 —0.0013  0.0039 —00344  0.0201

sF, —0.0402 —00547 —00152 —00042 —00060 —00019 00326 —00128  0.0184

G, 00032 —0.0051 —00002 —00071 00007 00012 00065 —00018 00038  0.0043
e 00066 00085 00016 —00021 00003  0.0006 —00029 —0.0007 —0.0012 —0.0006 0.0012

150 3Po 3P1 lDz 31)2 €2 an 3F3 1G4 3F4 €4 3H4 BHﬁ 3Hs

1Se  0.281

Py 0.053  0.298 210 MeV

Py —0.024 0.028 0.102

1D, —0.072 —0.010 0.035 0.084

3P, 0.002 0.034 0.023 0.025 0.052

e 0001 0001 0028 0.020 0014 0.026
3F, —0.018 —0.115 —0.025 —0.003 —0.036 —0.012  0.095
3Fs  0.062 0.038 —0.004 0.003 0003 0.011 —0.019 0.042

1G4 0.023 —0.007 0.000 —0.019 —0.004 —0.005 0.004 —0.001 0.010
3Fy —0.008 —0.040 —0.020 —0.006 —0.030 —0.010 0.045 —0.004 0.001 0.034

e —0.004 0.022 —0.001 —0.005 —0.005 —0.001 —0.004 —0.001 —0.002 0.005 0.008

s, —0.011  0.021 —0.025 —0.038 —0.007 —0.019 —0.016 —0.012 0.007 —0.010 0.001 0.053
:H; —0.008 —0.002 0.032 0.040 0.018 0.017 —0.007 0.001 —0.006 —0.004 0.000 —0.036 0.041
3Hs —0.005 0.004 —0.009 —0.024 —0.002 —0.009 —0.012 —0.010 0.006 —0.010 —0.001 0.029 —0.018 0.021
1So 2.125
3Py 0286 2451 330 MeV
3Py —0.511  0.097  1.436

1D, —0.033 —0.128 0.050 0.271
3P, —0.117 0310 0.164 —0.009 0.317

e —0.063 —0.139 0.124 0.086 —0.047 0.192
3F,  0.010 —0.485 —0.033 —0.032 —0.019 0.003 0319
3F; 0447  0.534 —0.287 —0.039 —0.036 —0.034 —0.139  0.368

1G4 —0.093 —0.002 0.111 —0.034 0.024 —0.017 0.013 —0.020 0.061

8F, —0.032 —0.084 —0.055 —0.032 —0.024 —0.029 0.073 0.011 —0.005 0.059

¢ —0.125 0.019 0031 —0.083 —0.001 —0.046 —0.024 —0.028 0.002 0.025 0.085
tHy —0.159 0.079 0.052 —0.058 0.017 —0.077 —0.024 —0.003 0.004 0.024 0.070 0.112
Hy  0.085 —0.301 0.032 0125 —0.107 0.137 —0.009 —0.112 —0.017 —0.053 —0.047 —0.105 0.271
iHg —0.097 —0.044 0.052 —0.024 —0.017 —0.013 —0.011 —0.030 0.016 —0.002 0.021  0.029 0.003 0.025

Scylla of systematic error and the Charybdis of large for g2 from the existing

experimental error. Thus the value g?=14.724-0.83 is
believed to be the most accurate value we can obtain

nucleon-nucleon data. This

value for g corresponds to the value f2=0.076220.0043,
which is (just barely) in agreement with the value for
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TasLE IX. Check on the validity of the matrix representation.
Solution A was obtained by fitting to matrix 4, and then was
tested against sets 4, B, and C, first unsearched and then searched.

x? values obtained

Data set used Solution used 20 parameter 30 parameter

Matrix A» Solution A4® 624 562
Set A® Solution 4 641 609
Set A Search 631 571
Set Be Solution 4 840 792
Set B Search 823 751
Set Cd Solution 4 943 931
Set C Search 874 810

a Matrix A is the matrix representation of the 588 data comprising the
six single-energy analyses.

bSet 4 is the 588 data described in footnote a.

¢ Set B is the 795 data extending from 10-360 MeV.

d Set C is the 839 data extending from 10-400 MeV. |

eSolution A is the 20(30)-parameter solution obtained by fitting to
matrix A, using form-A4 energy dependence.

f? obtained from pion-nucleon scattering,!® f2=0.0822
40.0018.

VI. CONCLUSIONS

The present paper represents the conclusion of a
decade of effort at Livermore to determine the (p,p)
elastic scattering matrix. Our belief is that the data are
now complete enough to definitely point to a unique
type-I solution and to define quite accurately the scat-
tering amplitudes over the whole elastic energy range.
It is unlikely that any future experiments will cause
more than slight modifications in the phases we have
presented here, although, from the discussion at the
end of Sec. II, one is never sure of this fact.

We have been in direct contact with the principal
experimental groups all over the world, and Tables I
and II include all of the data that we could obtain as of
July 1967. The recent Gainesville conference on nucleon-
nucleon interactions’ gave us an opportunity to meet

TaBLE X. Values for x2(g®) and the values for g2, the pion-
nucleon coupling constant, obtained from the 20-, 23-; and 30-
parameter form-4 solutions. The value g2=14.7240.83 is in our
opinion the best value that we can obtain from the 839-point
(p,p) elastic data collection.

20 parameter 23 parameter 30 parameter

2 14.27£0.47 13.64-0.52 14.72+0.83
13 878.4 853.0 814.1

15 873.6 858.4 809.9

17 904.8 893.5 817.3

19 970.3 959.5 837.1
19s (975.0) (969.7) (836.4)

:i xl*_lpredicted by fitting a parabola through the points at g2=13, 15,
and 17.

B V. K. Samaranayake and W. S. Woolcott, Phys. Rev. Letters
15, 936 (1965).
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personally with many of the workers in this field and to
update our knowledge of each other’s activities. Some
of the pioneer experimental groups in this area, notably
at Harvard and at Rochester, are discontinuing such
work. Since we expect to do no further analyses of these
data at Livermore, and since we have considerable con-
fidence in the present results, we have presented the
results in Sec. IV in more detail than would otherwise
have been the case.

We have made no effort in this paper to compare our
phase-shift results with those carried out recently at
Yale, Harwell, Dubna, and Kyoto. Our belief here is
that all groups are in essential agreement with regard to
the (p,p) elastic scattering matrix. It should be empha-
sized that with the accuracies now obtainable it is
important to pay careful attention to details such as data
normalization constants and matrix search procedures.

Note added in proof. Final Cyx data from the Chicago
Group give normalizations that agree with the phase
shift predictions at 305 and 330 MeV, but a discrepancy
still remains at 386 and 415 MeV (see Paper VIII).
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