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of [LL.)|SS.) states. If the resonance belongs to a 56
representation of SU (6), we then symmetrize |LL,).
The 56 spin-isospin wave function is next constructed
by taking linear combinations of product states [such
as a(1)8(2)a(3)8' (1)’ (2)e’(3)] and requiring sym-
metry under exchange of any two quarks. The result
for §=S8,=+3% and I=1I,=-4}% has been given [see
Eq. (5)]. This yields the total wave function for the 56
case.

If the resonance belongs to a 70 representation, then
instead of completely symmetrizing | LL,), we form the
analogs of #, and uy:

$a= (V) [bex(1)$0(2)$0(3) — do(1)pex (2)$0(3) ]
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and
$o= (V) [bex(1)0(2)p0 (3)+bo (1)Pex (2)p0 (3)
—2¢0(1)po(2)pex(3)].

(¢ex denotes an excited state.) These functions are then
multiplied by appropriate 70 spin-isospin functions
When S=S§,=I=1,=-1%, for example, the result is

= (\/i') I:¢a (uafb+ubfa) +¢b (uafa'— ubfb)] .

(This function is totally symmetric under interchange
of any two quarks.)

After obtaining the wave functions, we remove any
c.m. motion, as described in the text.
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The analytic properties in momentum transfer of a class of three-particle scattering amplitudes are
investigated in this paper. The amplitudes considered are those in which there is a two-particle bound
state in both the initial and final state. The following results are obtained: (1) The amplitudes are analytic
inside a Lehmann ellipse in the scattering angle for all real energies. (2) For real energies below the three-
free-particle threshold, the amplitudes are analytic in the momentum transfer plane except for real left- and

right-hand cuts.

L. INTRODUCTION

KNOWLEDGE of the analytic properties of

multiparticle scattering amplitudes is central to
a complete S-matrix theory calculation of hadron
parameters and also to the extended phenomenological
analysis of their reaction processes. While no dispersion
relations for relativistic multiparticle scattering ampli-
tudes have been rigorously established, some progress
towards this goal has been made in the laboratory of
potential scattering. In particular, dispersion relations
in the total energy for fixed directions of the individual
momenta have been proved for nonrelativistic three-
particle scattering amplitudes.!

In this paper, we investigate the analytic properties
in the momentum transfer variable of a class of three-
particle scattering amplitudes. The class of amplitudes
we consider are those which describe the elastic scat-
tering of a single particle from a bound state and those
which describe rearrangement collisions in which two
of the initial and final particles are in a bound state.
We will refer to these as “bound-state amplitudes.”

* Supported in part by the National Science Foundation.
! M. H. Rubin, R. L. Sugar, and G. Tiktopoulos, Phys. Rev.
146, 1130 (1966) 159 1348 (1967); 162, 1555 (1967) These
papers will be referred to as I, II, and III, respectlvely

This class of processes is distinguished by having a
single well-defined momentum transfer. The present
study is restricted to the study of spinless, nonrela-
tivistic particles which interact via two-body central
potentials, which can be written as a superposition of
Yukawa potentials.

In Sec. IT we extend a result of Immirzi? to show that
the bound-state amplitudes are analytic functions of
the scattering angle inside a Lehmann ellipse for all
real values of the energy E. In Sec. III we study the
analytic properties in the scattering angle of all per-
turbation-theory diagrams. For real energies below the
three-free-particle threshold we find that each of the
perturbation-theory diagrams is analytic in the entire
scattering-angle plane with the exception of cuts along
the positive and negative real axes. In the remaining
sections we show that these analytic properties are
enjoyed by the full amplitude as well. In Sec. IV we
prove this result for the individual terms in the Fred-
holm expansion of the Faddeev equations, and in Sec.
V we show that this expansion converges uniformly in
the domain of analyticity. Thus, the result holds for the
full scattering amplitude. The conclusion of this paper
is that the nonrelativistic scattering amplitudes with a

2 G. Immirzi, Nuovo Cimento 34, 1361 (1964).
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bound state in the initial and final states are analytic
in the cut momentum transfer plane for all real ener-
gies below the three-free-particle threshold and inside
a Lehmann ellipse for all real energies.

II. LEHMANN ELLIPSE

In this section, we show that the bound-state
scattering amplitude is analytic inside an ellipse in the
scattering-angle plane. This result was obtained by
Immirzi? for the particular case when the initial and
final bound states are spinless. The result is generalized
here to bound states of arbitrary spin following his
method of proof closely. The representation of the
scattering amplitude obtained in the course of the
demonstration is useful for the later proof of analyticity
in a larger domain.

For simplicity in the following discussion, we consider
only the scattering of particles of equal mass M and
choose a system of units in which #2/2M=1. The
generalization to the case of unequal masses is straight-
forward. We shall also take the two-body potentials
between the particles to be the same, but this is not
essential to our argument. Since we are dealing with
a superposition of Yukawa potentials, we have the
momentum-space representation

GﬂVWP/'WawUk—MHMT% (2.1)

The letters afy--- will label the three scattering
particles and B, B’, B”, - - - the two-body bound states
of the potential V. If the bound state is between
particles 8 and v we will denote it by B, whereais the
particle not in the bound state. The bound-state
scattering amplitudes are thus written

(BK' | T(E)| Bgk), (2.2)

where k is the initial momentum of the free particle 3,
and k’ the final momentum of the free particle a. Often
we will abbreviate this to

T8 (k' k; E). (2.2

The Faddeev equation may be written in the no-
tation of Ref. 3 as

Tos=tbast1.Go(Tss+Ts). (2.3)

Here, Gy is the free three-particle Green’s function and
?, is the off-energy-shell two-body amplitude in which
particle o does nof participate in the scattering. The
amplitudes T,g are those for the scattering of three
free particles in which particle & does nof interact first
(in the sense of the diagrams corresponding to an
individual term in the iteration of the Faddeev equa-

3 This representation has been previously obtained for the case
of S-wave bound states by A. Martin, Nuovo Cimento 14, 403
(1959) ; R. Blankenbecler and L. F. Cook, Phys. Rev. 119, 1745

(1960); and L. Bertocchi, C. Ceolin, and M. Tonin, Nuovo
Cimento 18, 770 (1960),
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F16. 1. The contribution to the amplitude 7@ (k’)k,E) arising
from the Green’s function gi1. The low-order perturbation-theory
diagrams which together with this diagram make up T¢» are
shown in Fig. 8.

tions) and particle 8 does not interact last. The bound-
state scattering amplitudes may then be written in a
form of which the following expressions are typical:

T (k'k,E)=(Bs'k'| 2 Tap|Bsk), (2.4)
o, 853
T (k' kK E)=(B/k'|Vs+ Y. Tas|Bsk), (2.5)
43, B2

where V3 is the potential between particles 1 and 2.
It is convenient to write

Taﬁ= Vaa,,,g—i— V,,gang .

The various types of terms which can occur are shown
diagrammatically in Fig. 1. We will now prove analy-
ticity in a Lehmann ellipse for each of the terms con-
tributing to Egs. (2.4) and (2.5). We consider first the
contribution to 7 of the form Vg1V illustrated in
Fig. 1(a) which we will here denote as J. To evaluate
J we use the representation proved in Appendix A for
the wave function of a bound state with binding energy
B>0, angular momentum /, and angular momentum
projection 7.

wm@=mwgf

(2.6)

7 dk. 2.7)
k+2p?

Here, H™(p)= |p|'Y;™(p) is a harmonic polynomial in
the components of p of order /. The weight function
has a §-function contribution at k=B and a continuum
beginning at k= (uo+B'2)?, where uo is the minimum
range of the potential. To simplify the derivation, we
will consider only a single Yukawa potential of range u
and unit coupling. We then have for J,

J=/d3Q1/d3qZ/d3Q3/d3Q4/ 0'3(Kl)dl€// Ug(K)dK
B’ B

XHp™ (—qut+3k)*Hi™ (— qs+3k)g11(q1,92; 93,94)
XA{[K'+2Gk —q)*]-[ (K —q2)*+p*]
‘[(k—qo)*+u?J[x+2(Gk—qo)? I}

In order to rewrite this integral for J, we employ the
coordinate system originally used by Lehmann,

k=% (0’071) )
k’=%'(0, sind, cosh),

q:= gi(cospB;, sinB; cosay, sinB; sina;) .

(2.8)

(2.9)
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We may then write
J=/Hd"@/dx/dK’Hpm'(—ql—l—%k’)*

X Hi™(— q3+3k)g1:*[ (\1— cosaz) (A\a— cosas)
X (A\s—cos(as+0)) (As—cos(ast60)) T2,

where g11* is a new function of , &/, and the q; but not
of 8; and the A; are

M= ('+2¢:+3k")/ 21k’ sing;,
Ao= (u*+g+k"%)/2gk’ sing,,
No= (+2g4*+3k%)/2qs5k sinBs,
A= (u2+q2+k?)/2qsk sinBy.

As a consequence of the rotational invariance of the full
Green’s function, a rotation of all vectors q; about the
2 axis leaves gi1* unchanged. Hence, gi1* depends only
on the differences of the a; and one angular integration
can be performed, say ;. If one puts W=exp (1) and
expresses gi* so that it is independent of o, then the
integration over a; reduces to the evaluation of

(2.10)

(2.11)

1 4
I=— @ dW We [ e "[(W—W )

2w =1
XW=-wHI?t, (212)

where the contour runs around the unit circle and

W= Dhk 2= 1)),

71=0, v3=0+az—au, (2.13)

Ye=az—a1, Y+=0-+as—ao.

It suffices to consider the case ¢>0. The entire 6 de-
pendence of the integral J is contained in the integral
I. Noting that only the poles W~ lie inside the unit
circle, the integral may be evaluated by the calculus
of residues to give

4
I=% Wi)eev(Wi—Wit)™

=1

X H [(Wz_ﬂ_ Wj—) (W{'-" Wj+)]_1g_i7i .

J#i

(2.14)

From Eq. (2.14) it is clear that there are no singularities
in g=cosf arising from the vanishing of the denominator
of the form W ; —W ;™ because a singularity of this form
in one term of the sum is cancelled by that arising from
Wi—W  in another. If we clear fractions in the sum
of Eq. (2.14), we have in the denominator

(I We—wH W —wHII Wi—W;i)]

1<j <

x[fI Wi—=w®]. (2.15)

=1
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We have already argued that the terms W, —W;+
produce no singularities when they vanish. Terms like
Wi—W 1 contribute factors of ¢~*¥¢ which can be
taken into the numerator. Therefore, the only singu-
larities which arise from the vanishing of the denomi-
nators come from the term [[; (W —W ).

When [ is substituted into J, the numerator of J will
have a number of factors of ¢® coming from the de-
nominator of I and also a number of factors of cosf and
sinf coming from the harmonic polynomials. Thus, J
can be written

4
J (9)=1j; f d\i I | do;P(sing, cosh)

=2

XTI DMvadat (2= 12 (N2 —1)H2

" —cos(0+Xmn) 1}, (2.16)

where X, is linear in the o; and P is a polynomial in
sinf and cosf whose coefficients depend on the A\; and
Q.
Each denominator in Eq. (2.16) can not vanish if
z=cosf is inside an ellipse whose semimajor axis lies
along the real axis and is of length ApAa+ (\2—1)%2
X (A\2—1)12, We then conclude that J may be written
as

J(0)=J1(2)+sinb Jo(2), (2.17)

where J1(2) and J,(2) are analytic in z inside an ellipse
whose semimajor axis is

‘ 2= m;ién min [Aphnt \2—DV2(\2—1)12], (2.18)
mF=n  qi
The minima of the \; are
2B’ 1/2
min\;= (1+—‘) E)\lo;
k"
“2 1/2
min7\2= <1+—> E)\zo,
k™
(2.19)

”’2 1/2
min)\3= (1+—> E)\ao,
k2

2B\12
min)\4=<1+——> =\/0.
k2

The minimum is obtained by inserting the combination
of A which minimizes the bracket in Eq. (2.18). For
instance, for elastic scattering on the mass shell we have

zo=1-+4B/E. (2.20)

We must still consider the number of factors of sinf
in J. To do this we show the following: (1) For the
amplitude Jum in which the initial and final bound
states have projection quantum numbers m and w/,
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respectively,
Jm’m(_0)= (—l)lm,_mljm'm(e). (2.21)

(2) Jwm(8) — constX l™—ml a5 § — 0. The properties
(1) and (2) suffice to show that

Jwrm(8)= (sing)m=ml J ... (3) (2.22)

where Jom(3) is analytic inside the Lehmann ellipse
whose size we have just discussed.

To prove (1) we return to Eq. (2.8) and make the
substitution § — —6. From Eq. (2.9) this amounts to
sending &, — —k,/. If at the same time we rotate the
integration variables g; by an angle = about the z axis
(ie., send giz— —¢ir and ¢ — —g¢g,), then the de-
nominators in Eq. (2.8) are left unchanged. The factor
gu is also left unchanged by this rotation.

The H,;™ may be written

Hym(v)= (vp)m3Cm (V)
= (V—) mgclm (sz ”z) )

m>0
m<0,

(2.23)
(2.24)

when .= y,=1v,. The numerator of Eq. (2.8) is, there-
fore, multiplied by |m—m’| factors of —1, which
demonstrates Eq. (2.21). To show (2) we write
k'=(|k’|/|k|)k+A, where

A=F'(0, sind, cosf—1). (2.25)

For small 8, A is a small vector. We may then write,
in Eq. (2.8),

[t 2K — g F= [+ 2@t E— )T S (4a
n=0

. K Z%k'fz—-12_1 ",
Alk+2( 9™} (2.26)

[+ (K — o)1 = [ (= o) 2 (202

Al (k’E-—- @) T,

For small 6, we have q-A=%i0(q.—q¢-). Now make a
rotation of the variables q; about the z axis by an angle
¢. The denominators remain unchanged. A term in the
numerator which goes like (g,)*(¢-)” will be multiplied
by exp[Z(u—»)¢]. All the integrals will vanish, there-
fore, except those in which the number of ¢, factors
exactly equals the number of ¢_ factors. It is then easy
to see that the lowest terms which contribute in the
sum are proportional to 8!l which proves (2).

It remains to be shown that the other terms which
contribute to T(# are analytic inside the Lehmann
ellipse. The analysis of terms like Vog.sVs is exactly
the same as the one given here and will not be repeated.
The low-order perturbation-theory diagrams which are
not included in these terms will be treated explicitly in
Appendix B. When these are included we have shown
that the bound-state amplitudes T'¢® (k,k’z,E) are
analytic inside a Lehmann ellipse whose major axis is
given by Egs. (2.18) and (2.19).
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III. PERTURBATION-THEORY DIAGRAMS

In this section, we will show that the individual
terms in the perturbation expansion of the bound-state
amplitudes are analytic in the scattering-angle plane
except for cuts along the positive and negative real
axes, provided the energy E is below the three-particle
threshold (i.e., E=— K*<0). A term in the perturbation
series is represented by a diagram typified by Fig. 2.
If we let q;, ©=1---N be the loop momenta with q;
the first and qy the last, and denote by In/m a general
diagram for an amplitude, where the projection
quantum numbers of the initial and final bound states
are m and m/, respectively, we have

N
Lok, 2, K)=T1] d3g,-/dxfdl<’aa(x)aﬁ(x’)
i=1
X Hp™ (qu-+3k)*H ™ (qi+3k)[A:-- - Au . (3.1)

The 4 ; are denominators which may be from a potential

4=+, 3.2)
from a Green’s function
4;=K*+p, (3.3)
or from a bound-state wave function
A;=r+2p%. (3.4)

In each case p is some linear combination of the g;, k,
and k’. Use may be made of the Feynman identity to
combine the M denominators. After making a trans-
lation and rotation of the q;, the integral can be written
in the form

M N
Im,m=/dx a-a(lc)/dx' os(w) IT | dx; IT &¢:

i=1 i=1
XHy™*(p)Hm(p)D~™M,  (3.5)
where
D=Y" Ciyq2+ak?®—20kk'z+ak"+aK?+bu?
+cB+dB’', (3.6)

with Cy, @, 8, v, @, b, ¢, d being functions of the Feynman
parameters x;. The terms involving g;, k, and k’ arose
from the momentum terms in the denominators. They

q, q,

S 388 8 o
S B R

Fic. 2. Typical perturbation-theory contribution to the ampli-
tude T@9, The horizontal wavy lines represent’ bound states.
The vertical wavy lines represent potentials.
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are therefore of the form

M
'2:]’. x]'p]z = Q (qi:k)k,’xi ) (3-7)
e

the p; being some linear combination of q;, k, and k.
Since Q is a positive-definite quadratic form, one finds
by setting k and k’ equal to zero

2. Cq20 3.8)

for any values of the g;. Similarly, one also has
20, 20, (3.9)
ok —2Bkk z+vE2>0 for —1<z<1. (3.10)

The numbers @, b, ¢, and d are all positive, being of the
form a;F2i,+ - - - x4y

e>0, >0, ¢>0, d>0, (3.11)

and finally
a+b+ctd=1. (3.12)

The denominator D cannot vanish for physical z
because for these values it is positive. The condition
that it vanish is

1
2(Qi, %) = M(Z Cai+ak’+vk"+aK?
+bu+cB+dB).

This is clearly satisfied only for real z. Since 8 can be
positive or negative, D can vanish for positive or
negative z. The vanishing of the denominator can,
therefore, contribute cuts only along the positive and
negative real axes. The position of the branch points
is bounded below by the value 2, given by

(3.13)

| 2o =r;}i3|z(q¢,x,-)l . (3.14)

Since every term is positive in the above expression
the minimum is assumed when all the ¢; vanish. Further,
from property (3.10) it follows that

(k2 +yE2)/2| 8| RE'< 1

and, therefore,

20| > 1+ [a]@-{—b;ﬁ—l—cB—l—dB’
%| 2 14-min|

2(8| kA’

] . (3.15)

Making use of properties (3.11) and (3.12), one has
min (K?,u%,B,B’) = (a+b+-c+d) min (K?u?,B,B’)

LaeK*+bu2+cB+dB’, (3.16)
so that
min (K?u?%,B,B’)
20| > 14 , (3.17)
2|8 maxkk’

where |B| max is the maximum value of |B| over all the
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#;. A crude bound on this quantity may be obtained
in the following way. From Eq. (3.10) with k=%’ and
z=1, one has |B]<%(a+7v). To obtain a bound on «
and v, we consider the quadratic form Q. The minimum
of Q with respect to the g; is clearly ak?—28kk'z4vk"™2.
Setting k’=0, we have then for any choice of the g,

Q(qi, k, k'=0, x;) > ak?. (3.18)

In order to get a crude bound on Q we can set all of the
q; equal to zero. One then has

=gu1k? - wok? > ak?, (3.19)

which implies «<1. Similarly, we have y<1. Thus

18] max< 1.
min(K?,u? B,B’)

kk'

The bound obtained here is sufficient to show that the
right- and left-hand cuts begin a finite distance outside
the physical region.

The kinematic singularities which arise from factors
in the numerator of Eq. (3.1) must now be considered.
Write the factors of Hp™'* and H;™ in the form given
in Egs. (2.22) and (2.23). If we consider for a moment
only the integrations over ¢.; and gy, then the integrals
to be evaluated are of the general form

20| 21+ (3.20)

N
J= [E dg.idqyi(ges) ™ (g-)™1D~ M.  (3.21)

Now make a rotation about the z axis by an angle ¢
of the integration vector q;. Because it depends only
on the q;2, the denominator is unchanged. One then has

J=eitn=me] (3.22)

Thus, J is nonzero only if #;=m;, i.e., if the number of
¢+ factors equals the number of ¢_ factors.

In order to see what this implies for the amplitude,
we will argue through the example m'>m>0; the
results for other values of #’ and m are obtained in the
same way. We will work in the coordinate system given
by Eq. (2.9) so that

ky=Fk.+ik,=0, (3.23)
k:[:,= 41k’ sinf.

The factor of interest in the basic integral (3.5) is
(p-")™ (p4)™, and we see that, in general,

(eay=TI (g™,
=1 (3.24)

N
(p-)™ = (— ik’ sing)™’ II1 (g-)™",
where

N N
Sni=m, Y onil=m'.
i=1 =0

(3.25)
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Since the integral of Eq. (3.21) vanishes unless #;=#/,
we have no=m'—m. We therefore conclude that there
are m’—m factors of sinf multiplying an integral which
is analytic in z except where the denominator D van-
ishes, i.e., except for the real axis outside of the limits
given by Eq. (3.20). The argument for the other values
of m and ' follows in the same way and we have for
every diagram I,,.,,(6),

Im(8) = (sin6) ™'~ [,0 (2) (3.26)

where i (2) is analytic in the z plane cut along the
real axis at least outside the limits of Eq. (3.20) for
energies E below the three-particle threshold.

A few remarks on this result are in order. First, the
bound obtained in Eq. (3.20) is not the best obtainable.
However, we have already established analyticity in
the Lehmann ellipse which intersects the real axis at a
larger value of z than that given by the bound in Eq.
(3.20).

Second, we have derived the analyticity properties
of diagrams which contribute to amplitudes describing
transitions between states in which the bound states
have definite projections of angular momentum along
some fixed z axis. From these properties we can
easily derive the analytic properties of the helicity
amplitudes. In the coordinate system given in Eq.
(2.9), the helicity amplitudes arise by rotating the final
z axis by an angle 6 about the x axis. If dp ' (6) is the
matrix for this rotation, the helicity amplitudes 7', (6)
are related to the fixed-axis amplitude T »(6) by

+1
T)\’)\(o)= Z d)\’ml/(B)Tm)\- (3.27)
m=—1’
We have shown that
T ()= (sind) ™M T (2) (3.28)

where T, is analytic in the Lehmann ellipse, and that
term of the perturbation series for 7, is analytic in the
larger region discussed above. Now

dvm (6) = (sing )Ml (cosif) M7 Pyt (z),  (3.29)

where Pyn'(%) is a polynomial in 2.4 It then directly
follows that

T\ (8) = (cosi0) MV (sink6) V1T, (),  (3.30)

where Tx:)\(‘z) is analytic in the same region of the 2
plane that T, is.

IV. FREDHOLM-SERIES DIAGRAMS

With this section we begin the proof that the analytic
properties previously exhibited for the individual terms
in the perturbation series hold for the full scattering
amplitude. To do this, we will (1) write out the Fred-

¢ A. R. Edmonds, Angular Momentum in Quantum Mechanics
(Princeton University Press, Princeton, N. J., 1957).
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holm solution to the Faddeev equation for the scat-
tering amplitude, (2) show that each individual con-
tribution to the Fredholm series has the desired analytic
properties (since the Fredholm denominator is inde-
pendent of z, we need only concern ourselves with the
numerator series; we shall refer to it as the Fredholm
series), and (3) show that the series converges uni-
formly in the scattering angle z. The proof of the con-
vergence is given in the following section, while steps
(1) and (2) are treated here.

A general term in the Fredholm numerator series is a
finite sum of terms arising from the perturbation
expansion of the Faddeev equation.! It is, therefore,
sufficient to study the analytic properties of a general
term in the perturbation expansion. A typical term is
shown in Fig. 3. In order to study the analytic properties
of the diagram shown in Fig. 3 we shall make use of the
Fredholm solution for the two-particle ¢ matrices and
write each of them in the form i=N/D. We then write
an integral representation for 1/D and expand each N
in its Fredholm series. The diagram in Fig. 3 will then
be expressed by a multiple sum. In this section, we
shall show that each term in this sum has the desired
analytic properties and in the next section we shall
show that the sum converges uniformly in z.

It is not straightforward to follow this procedure
directly, because the vanishing of D at the two-particle
bound-state poles gives rise to denominators which are
not easily handled by our previous techniques. We,
therefore, first rewrite the two-body ¢ matrices in a
way which explicitly displays their bound-state poles.
If there are N bound states with wave functions |B;),
then ¢ can be written in the form

N
i=i+ 3 t| B;)Bi(B;li=i+ts. (4.1)

2,7=1

Here, the matrix B;; is the inverse of the N XN matrix
(Bi|¢| B;j), and { is the two-body ¢ matrix arising from
the potential

T=V— % V|ByAuBV, (4.2)

%,5=1

Ai; being the inverse of the matrix (B;|V|B;). This
decomposition is proved in Appendix C. It is clear from
formula (4.1) that { has no bound-state poles, so the
only singularity of 1/D(E) is a cut running along the
positive E axis. If we substitute Eq. (4.1) for each
occurrence of ¢ in Fig. 3, the resulting terms can be

e GIOFATONND =
S O AN O B

Fi16. 3. An individual term in the Fredholm expansion of the
Faddeev equations made up from two-body ¢ matrices, ¢.
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Fic. 4. An individual term in the Fredholm expansion of the
Faddeev equatlon rewritten in terms of { and ¢,=¢—%. An occur-
rence of £, is shown by a double line to emphasize its separable
character.

represented diagrammatically by Fig. 4. For each

occurrence of ¢ and { we now substitute the Fredholm

expansion

l=ZN¢/D, £=ZN¢/D. (43)

The diagram shown in Fig. 4 can now be written in
the form

/ B f By / Fh TPk E)
(R¥)7e)

X Bjy iy (E—3k?)F jyjs (k1 kz; E)
XBjsis(E—3k?) - - -Fj,pi(kar K E).

Here, M is the number of occurrences of f#, in the
diagram,

(4.4)

Bij=D(E)B;(E),

and F,;;(k' k,E) is a diagram of the type shown in Fig.
5. In Fig. 5 the circles labeled ¥ stand for the potential
Vv multiplied by appropriate factors of (D)™ and
en="1tr[ (GoV)¥]. To prove the analyticity of diagrams
like that of Fig. 4, we now proceed in two steps. (1) We
show that each of the diagrams F.; have the desired
analytic properties; (2) we combine them to show that
these analytic properties are preserved when the dia-
grams are combined to form those of Fig. 4.

To prove the first of these assertions we note the
following facts:

(a) The quantities &;(E) and 1/D(E) satisfy the
dispersion relations (see I, IT, IIT)

5:(E) = /0 i (E') 2

1 ® D(E'
=it | MdE,
D(E) 0 E'—E

(4.5)

(4.6)

(Recall that the potential ¥ has no bound states.)
Whenever one of these factors appears in a diagram,

e CETCIOTAR D
: CIVEENY k

F1c. 5. The diagram corresponding to Fi; (k' ,k,E). 7 denotes an
occurrence of V' multxphed by a number of factors of D (E)tand
on(E)=tr(GoV).
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F, it contributes, therefore, a denominator of exactly
the same form as an energy denominator arising from
the Green’s functions._

(b) The potential V consists of ¥V plus a separable
part V,. The matrix element of V', between free states is

@V )= @' |VIB)Ai(Bi| VD). (47)
Now,
(p|V|By)=—(2p*+B:)(p| B, (4.8)

so that the analytic properties of (p|V|B:) in p* are
the same as those of the bound-state wave function.
In particular, we can write the representation

® p(x)dx
o k+2p

The matrix 4;; is diagonal in the angular momentum
quantum numbers J, m, so that we can write

(p| V| B:)=Hi"(p) (4.9)

© y(k)dx
W70~ (o) 'Pi5-H) T / s

® y(k")dx!
X / ,
2 2p724«
where 3! indicates the sum over bound states with a

given angular momentum /. From Eq. (4.10) it is clear
that as far as the denominators are concerned (which

(4.10)

- are the factors significant for the analytic properties)

an occurrence of ¥V, contributes denominators of exactly
the same type as a bound-state wave function.

Properties (a) and (b) discussed above show that
the denominators which occur in a diagram F;; are no
different in character from those which occur in a per-
turbation-theory diagram. Since the considerations of
Sec. ITI in no way depended on how these denominators
occurred or in what numbers, it follows that the
analytic properties of the diagrams F;; are the same
as those of the perturbation-theory diagrams.

The second step in the argument leading to the
analytic properties of a general term in the Fredholm
solution for the Faddeev equations is to combine the
diagrams F,; through Eq. (4.4). To do this we first
write the diagrams in their Feynman parametrized form

Fi=11 | &*m / dxnf(x,q)Hp™ (p')*H ™ (p)
' X [zo(,@)— 21,

where f and z, are rotationally invariant functions of
the x; and q, and p and p’ are linear combinations of
the q;, k, and k’ with coefficients depending on x. The
basic integral to be used in combining two F’s is

(k //)a(k_//)ﬁ
Tunt= / Ay ——— . (412)
[oo/— BB M Lao— b7 kY

(4.11)
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We can obtain Iy x*f from I1;*# by differentiation with
respect to 2, and z¢’.'If @ and B were zero, this would
just be the integral relevant to the proof of the Lehmann
ellipse in two-particle potential scattering.® The argu-
ment given in Ref. 5 can be generalized to the case
when spin is present by the techniques given in Sec.
IT1. Indeed, the method is so similar to that of Sec. III
that we will only quote the answer here:

P(zm). (4.13)

/ Hym (p')*Hi™(p)
IMNaﬂ= n

[r—s et

Here, z=F-%, p and p’ are linear combinations of k
and k’ with 9-dependent coefficients, and P is a poly-
nomial in z with -dependent coefficients. The factors
of Hy follow from the transformation property of the
original integral under rotation.

The result given in Eq. (4.13) can be used to show
that the amplitude resulting from combining two F’s
according to Eq. (4.4) has the same analyticity domain
as the perturbation-theory graphs. The arguments for
determining the number of factors of sinf are identical
with those previously given in the discussion of the
Lehmann ellipse.

Equation (4.13) gives the result of combining two
of the F’s according to Eq. (4.4). This result, however,
has the same general form as the original integral for
one F given in Eq. (4.11). We can, therefore, proceed
by induction to show that the combination of an
arbitrary number of F’s has the analytic properties of
the perturbation-theory graphs. This completes step
(2) of the proof.

V. PROOF OF CONVERGENCE

In the previous section, we obtained the analyticity
domain for each term in a series expansion of the
scattering amplitude. In this section, we will show that
the series converges uniformly in the domain of analy-
ticity, so that the amplitude itself has the analyticity
properties of the individual terms in the series.

The outline of the proof is as follows. We write the
amplitude in the form used in deducing the Lehmann
ellipse [Eq. (2.8)], so that it is expressed as an integral
over g;. We next expand g;, in its Fredholm series. (By
Fredholm series we again mean the Fredholm numerator
series. The Fredholm determinant is independent of the
scattering angle, so it never really enters the problem.)
Each term in the Fredholm series is expressible as an
integral over two-particle { matrices,! and we expand
each of these ¢ matrices in its Fredholm series as was
discussed in Sec. IV. g;;is now given by a multiple sum.
When we substitute it into Eq. (2.8) the on-energy-
shell scattering amplitude is given by a series of dia-

.. 5 R. Blankenbecler, M. L. Goldberger, N. N. Khuri, and S. B.
Tréiman, Ann. Phys. (N. Y.) 10, 62 (1960).
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N — N

0
@ 0 @

F16. 6. A typical term in the Fredholm expansion of gi;. The
initial and final interactions are (14Gu) because one potential
rung has already been subtracted out in the definition of gi;. The
box labeled N denotes the numerator in the Fredholm expansion
of ¢ which is part of ¢,.

grams of which Fig. 5 is typical. We have proved the
analyticity of these diagrams in Sec. IV, so it only
remains to show that their sum is uniformly convergent
with respect to the scattering angle z.

A series of functions of momenta will be said to have
the property S if the following conditions are satisfied :

(a) Every term in the series is bounded by a constant
and is separately square integrable in all the momenta
which are its arguments.

(b) The sum of the functions converges to a function
which is separately square integrable in all of the
momenta.

(c) The derivative of the series with respect to any
momentum component p; satisfies properties (a) and

(b).

The proof now proceeds in three steps: We show
(1) that each term in the Fredholm series for g;; is
itself given by an infinite series which has property S;
(2) that the Fredholm series for g,; has property S; and
(3) that (1) and (2) imply that the series for the on-
energy-shell amplitude converges uniformly with
respect to z.

We start with part (1) of the proof. A typical term
in the Fredholm series for g;; is shown in Fig. 6. We
wish to show that after replacing each { and NV by its
Fredholm series, the diagram in Fig. 6 is given by a
series which has property S. The proof is made by
induction. Let us focus our attention on a particular
(or IV), for example, the one in the dashed box in Fig. 7.
We assume that all of the #’s and N’s to the left of the
one we are studying have been expanded in their
Fredholm series, and we denote their contribution to
Fig. 7 by J'(a/,q¢'; a1’,ps’). The #s and N’s to the
right of the one we are studying have not yet been
expanded. We denote their contribution to Fig. 7 by
J(a1”,ps; 91,9s). The whole of the diagram in Fig. 7 is

T T
| q,
\ / T
' " o T
-3lpgra)  -3py-q)
- - - - l -
(V> (V> <V> $o,a) (’) e I
I

e —J

. F16. 7. One term in an expansion of a diagram like that shown
in Fig. 6. Everything to the left of the dashed hox has been ex-
panded while everything to the right has not, -
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denoted by H and given by
H(qy',q5"; q1,05) = 2 Hi(q1',05"; 41,95)
i=0

=3 | &Eq""@psd®ps’ T (q1,q5"; q1”,ps")
i=0

X <p3,l t-zGOl p;;)]((h",pa; q1>q3) ’ (5'1)

where #; is the ith term in the Fredholm series for the i
under consideration.

It follows directly from the results of II that J and
J’ are bounded and square integrable in each of their
arguments. Because of the simple form of the derivative
of the Yukawa potential with respect to momentum,
it is straightforward to use the results of II to show that
the derivatives of J and J’ are also bounded and square
integrable.

We can obtain a bound on the general term in the
series for H by making use of the Schwartz inequality.
We find

1/2
| H| S{fd3Q1"d343"lJ'(‘ll,‘ls; ‘I1",q3")|2]
172
X[ / Bqr""dg5’"" | T (q1,95; q1"",95""") 12]

X[ [ 0060wl ] - 62

In obtaining Eq. (5.2) we have made use of that fact
that £,G, depends on q,” only through Green’s functions
and the two-particle Fredholm determinant. Since the
total three-particle energy is negative, we can obtain
a bound by setting q,""=0 everywhere in {,Gy. (See II
for the details of obtaining such bounds.) Since it was
shown in II that the series X :~¢® ||£:Go|| converges, it
follows at once that the series for A satisfies property
S. By induction it also follows that the series obtained
by replacing each { and N in Fig. 6 by its Fredholm
series satisfies property S.

Part (2) of the proof, the fact that the Fredholm
series for gi; satisfies property .S, follows immediately
from the results of II and our discussion of the proper-
ties of J above.

We have thus reached the result that g;; can be
expanded in a series which has property S and which,
when substituted into Eq. (2.8), generates a series for
the on-energy-shell amplitude each term of which is a
diagram of the type discussed in Sec. IV with a known
domain of analyticity. We now complete the proof by
showing step (3), that the series converges uniformly
in the joint domain of analyticity of the individual
diagrams. We do this by a generalization of the method
used by Blankenbecler, Goldberger, Khuri, and Treiman
for a similar problem in the two-body case.®

B. HARTLE AND R. L. SUGAR
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Equation (2.8) is a representation for the scattering
amplitude in terms of g;; and low-order perturbation-
theory diagrams whose analyticity is explicitly dis-
cussed in Appendix B. Let us use the coordinate system
for k and k' discussed in Sec. IT and fix on a particular
complex z in the domain of analyticity. Further, let us
imagine that the integrations over q; and q; have been
performed. The amplitude is then a polynomial in sind
and cosf with coefficients which have the general form

K=3 / @*qad’qudx’g" (4394) [ 2k2qsq4 sings sinBs 1
X {[\s(gs)—cos(6+as)]
X[\a(ge)—cos(64as) 3. (5.3)

The series of the §» has property S because to obtain
the §” one only has to integrate the g;;» with a potential
or a bound-state wave function, either of which is a
square integrable function. We now show that the fact
that the series for g» has property S implies that the
series for K converges uniformly in z.

For fixed complex 6 the denominator in Eq. (5.3)
can vanish only for a limited range of |qs| or |qa.
Divide the gq; integration into time regions: Sj, a
sphere enclosing the region of possible singularity, and
83, the region outside. Similarly, introduce regions S,
and S, for the q4 integration. We now divide the six-
dimensional space of integration into four regions:

Ri=S:NSs, Rs=S:NASs,
R:=8:NSs, Ri=8:NK..

In the region R4 we use the Schwartz inequality to
write

K<z [a] [ ddsqadwzn(qa,qo|2]”2

X { / Posbal (- K+
Ry

(5.4

1/2
X (a3 ')2+x'2]—=} . 55)

The second integral exists because the integration
region does not contain the parts where the denomi-
nators could vanish. The first series of integrals exists
and converges because of property S.

Consider next the region R;. The singularity of the de-
nominator with ¢; is a curve described by ¢s= g:*(8s,a3).
Imagine now that the q4 integration over this region is
done. By the same arguments as before, this leads to

a series
2"(qs)

=2 / dgs— ,
n Jss  kgssinBs[\s(qs)—cos(6+as)]
where the series g"(qs) satisfies property 5. Now
2" (gaB3s) = 2" (gaBacrs) — 2" (qs°Baars) + " (g:%Bscrs) «

(5.6)

(5.7)
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So using the fact that
| /@)= fO) < |maxf'(x)| |x—y],

we can write a bound for the series given in Eq. (5.6).

[
S3

g5~ q5"(B3,3)
kqs sinBs[ As3— cos(8+as)]

T

I<Yy maxl:
6q3

n S8

]

/ q3q3
85 k[ Ns—cos(0+as) ]

In Eq. (5.8) the first series converges because of
property S. The integral exists because the numerator
vanishes when the denominator does. In the second term
the first series converges because of property S [proper-
ties (1) and (2) imply that g» can be bounded by a
series of convergent constants and Ss is finite]. The
second integral converges because the series is
integrable.

The arguments for the regions R; and R, are based
on the same principles. We will not give them here.
The conclusion is then that for any fixed value of z the
series of diagrams can be bounded by a converging
series of constants. Inside of an arbitrarily large circle
we can take the maximum of these constants to show
that the series of diagrams of Sec. IV converges uni-
formly in their mutual domain of analyticity. This
completes the proof.

+ f d8adas| 2(9) | . (5.9
83

APPENDIX A: REPRESENTATION OF THE
BOUND-STATE WAVE FUNCTION

In this section we prove the representation of the
bound-state wave function given in Sec. II.

The wave function for a bound state of binding energy
B and angular momentum / is given in momentum
space by

(p|¥Bim)= 2p*+B)~p| V |¢¥Bin)

= (2p+B)"'H(p)®s(p?), (A1)
where H;™(p) is the harmonic polynomial
H™(p)=|p|'Y:"(p). (A2)

| V|¢¥pm) is related to the off-energy-shell two-
particle ¢ matrix {(p,p’; E) by

zg—ns (E+B)i(p,p'; E)=(p| V|¥5im)¥mm| V|p). (A3)

If we write the Fredholm solution for ¢{(p,p’; E) in
the form

{(p,p'; E)=N(p,p’; E)/D(E), (A4)

then the pole in ¢ at E=—B arises from the zero of
D(E) at that point. As a result, one can determine the
analyticity properties of ®5(p?) by studying those of
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N(p,0; —B). To this end we expand N(p,0; —B) in
its Fredholm series. The nth term in the series is a
ﬁnit¢ sum over terms of the form!

(®I[VGo(—B)TV|0)= f Bgre - -dgn

X [L(p—a0*+u* 1292+ B (q1—qo)*+-u?]- - -
X[2q-2+ B am2+p2]1, (AS)

where for simplicity we have taken the case of a single
Yukawa potential of inverse range u. None of the
denominators in the integrand of Eq. (AS) vanish for
values of p=|p| in the strip

|Imp| <p. (A6)

It is then clear that each term in the Fredholm series
for N(p,0; — B) is analytic in this strip. It is shown in
II that the Fredholm series converges uniformly with
respect to p in the strip, so N (p, 0; — B) is also analytic
here.

In order to study N(p,0; —B) in the rest of the
upper-half p plane we use the rotation of contours
argument introduced in II. Let us consider the integral
of Eq. (AS5) for a fixed value of p on the imaginary axis
between the points £-4u. We can simultaneously rotate
the contours of integration of all of the q variables
through an angle 0, |6| <3}, without crossing any
singularities of the integrand. The resulting integral
defines a function of p which is analytic in the strip

| Im (pei®) | <u cosh. (A7)

Since all of the strips of Eq. (A7) include the imaginary
axis between =iy, the integral on the rotated contour
defines an analytic continuation of the original integral.
By letting 6 vary from —3w to 437, we see that the
integral of Eq. (AS) is in fact analytic in the entire p
plane with the possible exception of the imaginary axis
above the point u and below the point —4u. It is shown
in IT that the Fredholm series defined by the integrals
on the rotated contours converges uniformly in p, so
N(p,0; —B) has the same analyticity domain as the
integral of Eq. (AS).

From the above discussion we see that the function
p'®p($?%) is analytic in the upper-half p plane with the
possible exception of a cut running from 4u to . In
order to complete our proof of the integral represen-
tation for ®5(?), we must show that (1) ®z(p) has no
pole at p=0 and (2) ®p(—p)=25(p). These results
follow at once from the Schrédinger equation for the
radial wave function in momentum space:

00

1
Vai(p)= Qp*+B) / dg—
o 2pq

P?_I_ q2+#2
X Qz<7>¢sz(q) (A8)
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or, using Eq. (A1),

0 d 2 2 2 o l;‘!
_ng<P +¢+1\25(g)g & (49)
2q 2pq

Jog4B”"
Thus ®p(p?) is analytic in the p? plane with the
exception of a cut from —u? to — o [actually the cut
starts at — (u++/B)*], and our proof of the integral
representation of Eq. (2.7) is completed.

Pp(p)=p~"" f

0

APPENDIX B: LOWEST-ORDER DIAGRAMS

In this section, we calculate the bounds on the domain
of analyticity for the lowest-order perturbation-theory
diagrams. In Sec. III it was shown that all diagrams are
analytic except on the real axis. It is therefore only
necessary to establish the minimum value of |z| at
which the Feynman parametrized denominator can

vanish.

There are three types of lowest-order diagrams shown
in Fig. 8. There is only one type (A) contributing to the
elastic amplitude and two types (B) and (C) con-
tributing to the amplitude for rearrangement collisions.
The denominators for the three diagrams are

Da=[p*+ (k—K)]«'+2(q+3Kk')*]
Dp=[w*+(q— k"I« +2(k+3k')*]
X [K2+2 (q+%k)2] )
D=+ (aH kT +2(a+3k)]
X[k+2(g+3k)7].

Diagram (A) requires only one Feynman parameter, and
the minimum value of |z| is easily established as

LR . (BI/2+B' 2y
2WE RE

(B1)

(B2)

|2] min=

since the minimum value of the k integration is B. The
diagram (B) is of the same form as (A) if we make the
substitution k— —3k’, u?—«’, ¥ —u? and so the
minimum is expressed by the above formula with these
substitutions.

Diagram (C) can be Feynman-parametrized by three
parameters whose sum is restricted to unity. The
minimum value of z will eventually be expressed as the
minimum of a certain expression of these three param-
eters subject to this restriction. A bound on the mini-
mum value of |z| can be obtained by setting the
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F1c. 8. The low-order perturbation-theory diagrams which to-
gether with the amplitude from Fig. 1 make up 76 (k' k,E).

Feynman parameter multiplying the first bracket equal
to zero. The resulting bound is then identical with Eq.
(B2).

APPENDIX C: DECOMPOSITION OF THE
TWO-BODY ¢ MATRIX

To prove the decomposition given in Egs. (4.1) and
(4.2), we denote V—V by V, and write

t=V+VGot=I+RV ,+RV Gol. (C1)

Here Gy is the two-particle free Green’s function and
R is the resolvant for V':

R=(1-VGo)*=R—RV.G,R, (C2)

with R the resolvant for V. Multiplying Eq. (C2) on
the right by (Bx| VG, one finds after some rearrange-
ment

(Bil VGoRi=3. (B4)eBil VG, (C3)

where the matrices 4 and B are defined in Sec. IV.
From this relation and Eq. (C2), one then has

RV|Biy=t% | B)Bii(B;| V|Bs). (C4)

Writing out Eq. (C1), the decomposition follows.



