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sequence during cooling. The I4r state is not found in
the Mn, ,Cr,Sb system. An explanation of why the
Iar state is found in one system and not in the other
would require a detailed knowledge of how the exchange
integrals vary with interatomic distances in the Mn,Sb
structure. It is relevant to note that in the course of
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energetically favored only if negative unaxial anisot-
ropy confines the moments to the basal plane. The
wider range of negative anisotropy in Mn,Sbhy_,As, is
undoubtedly interrelated with the existance of the
Iar state.
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Using spin-wave theory, including spin-wave interactions to leading order in 1/2S, the temperature
dependence of the critical magnetic field curves between the antiferromagnetic, the flop, and the para-
magnetic phases have been calculated for a Heisenberg antiferromagnet with both uniaxial single-ion
anisotropy and anisotropic exchange interaction. The free energy has been obtained for all three phases,
and the behavior of the specific heat and the susceptibility in the neighborhood of these phase boundaries

as a function of magnetic field for a fixed temperature is discussed in detail.

I. INTRODUCTION

N this paper we discuss the low-temperature proper-
ties of a uniaxial Heisenberg antiferromagnet. In
particular we determine the temperature dependence
of the several phase transition boundaries, and discuss
the behavior of thermodynamic properties such as the
specific heat, the magnetization, and the susceptibility
in the neighborhood of these phase boundaries.

The model we consider consists of a simple cubic
array of magnetic ions of spin S, interacting by a
negative nearest-neighbor exchange interaction. The
exchange interaction is assumed to be anisotropic
favoring alignment along the crystalline z axis. In
addition we assume the presence of a uniaxial single-ion
anisotropy and an external magnetic field, both parallel
to the crystalline z axis. In this model calculation we
consider only a simple cubic structure but the results
are trivially extended to any other crystal structure
which can also be resolved into two sublattices such
that the nearest neighbors of an ion on one sublattice
lie only on the other sublattice.

In the low-temperature region 7K7y, where T is
the Néel temperature, the spins will be antiferromag-
netically ordered for sufficiently small magnetic fields.
As the field is increased, a phase transition occurs to
the flop phase with the spins in a generally transverse
direction to the field. As the field is increased further,

the average direction of the individual spins will
eventually become parallel to the external field. The
particular value of the field for which this occurs
defines a second phase transition to the paramagnetic
(ferromagnetic) phase. About these average directions
there will be thermal fluctuations in the form of spin
waves.

In the transition from the spin-flop to the paramag-
netic phase, the two phases are indistinguishable at
the transition and it is therefore of the second order.
At the antiferromagnetic spin-flop phase boundary, the
phases are clearly distinct and the transition is of first
order. Near a first-order transition, metastable super-
heated and supercooled states will usually be possible.

The general properties of the system described by
the Hamiltonian [Eq. (1)] are most simply appreci-
ated by performing a simple molecular-field calculation
at zero temperature. We assume that all the spins on
the same sublattice « point in the same direction. Then
if we call the angles that S, and Sg make with the z
axis, 6, and 6, respectively, and ¢ the angle between
the projections of S, and Sz onto the xy plane, the
energy in molecular-field theory takes the form

E(0q, 85, ¢) =3 N S%2J [ sinf, sinfs cosp+ cosd,, cosfs
-+ (K/T) cosby cosig— (L/2J) (cos?,+ cos?fp)
— (uH/S2J) (cosf,+ cosfg) .



168

Here, N is the number of lattice sites, S the magnitude
of the spin, and z the number of nearest neighbors.
J, K, and L are the exchange constant and the anisot-
ropy constants defined in the -discussion following
Eq. (1).

The equlhbrlum values for the angles are obtained
by minimizing the energy with respect to the angles
0., 05, and ¢. We find that E is always minimized by
¢=m independent of the magnetic field such that the
magnetic field and the magnetization vectors for the
two sublattices are coplanar. For magnetic fields H
smaller than a particular value H,; the antiferromag-
netic state with 6,=0 and =7 minimizes E. For
fields satisfying the inequality Huy< H < H,, where H,,
is the upper critical field, the spin-flop state with 6,=80
and 60,70 minimizes the energy, while for fields H> H,,
the paramagnetic state with 6,=0 and 65=0 is the
stable configuration.

However, when the field H,, is reached, the energy
surface described by E(f., 6) still has a local minimum
at the point 6,=0, == corresponding to an antiferro-
magnetic alignment, and this minimum persists up to a
somewhat higher superheating field H;® at which point
the local minimum has developed into a saddle point.
Similarly for the flop phase when the field is decreased
below H a local minimum at 6,=865 and 6,540 persists
down to a lower supercooling field H,/. At the thermo-
dynamic critical field H,; the local minima at the points
0,=0, 6g=m and 6,=0s, 0,70 have the same value,
and H, is obtained by equating the free energies of the
two phases. At H=H,, the energy surface will have a
saddle point at 6,=0 and =0 corresponding to the
paramagnetic state which then for higher fields develops
into a true minimum.

When the energy surface is locally flat this means
that some generalized coordinate finds a vanishing
restoring force and the natural frequency of the corre-
sponding dynamical mode vanishes. Thus at the critical
field H? one of the spin-wave frequencies of the
antiferromagnetic phase vanishes. Similarly at H./,
one of the spin-wave frequencies in the flop phase
vanishes. For H<H,f, this mode becomes purely
imaginary. At the upper critical field H,, the spin-wave
frequency in the paramagnetic phase and one of the
spin-wave modes in the flop phase both vanish (al-
though for different k values) and become negative,
respectively, for fields smaller and larger than H. The
behavior of the spin-wave frequencies as a function of
magnetic field is shown in Fig. 1.

In the simple molecular-field calculation described
above, it turns out that if we consider anisotropic
exchange only, then H,%=H’. This would mean that
there would be a first-order phase transition at this
field but no superheating or supercooling. However, in
the spin-wave calculation a splitting of H, results,
when spin-wave interactions are taken into account
due to zero-point motion of the spin waves such that
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Hy*>Hy’. In this case the hysteresis is entirely due to
quantum-mechanical effects.

The present calculation is restricted to the low-
temperature region. We use the Holstein-Primakoff!

‘transformation to rewrite the Hamiltonian in terms of

spin-deviation operators. Spin-wave interactions will
be included to the lowest order in an expansion in 1/2.S.
The critical-field boundaries will be calculated from the
vanishing of the renormalized spin-wave frequencies,
and the partition function will be obtained to the order
indicated for all three phases. From the partition
function all the thermodynamic properties can then be
obtained by the standard rules.

In proceeding to the spin-wave picture, we replace
the 2S-dimensional spin space by an infinite-dimen-
sional vector space for the spin-deviation operators.
For the ferromagnet it has been shown that any error
due to this approximation is exponentially small in the
low-temperature region.? Unfortunately, no similar
proof exists for the antiferromagnet. In fact, recent
calculations® show that the so-called kinematical inter-
actions for the antiferromagnet yield a small but non-
vanishing contribution to the thermodynamic variables
even at 7'=0. In particular it was found that for S=%
the reduction of the sublattice magnetization in the
antiferromagnetic phase (H=0) due to zero-point
motion of the interacting spin waves is substantially
reduced by the kinematical interactions. The correc-
tions due to the kinematical interactions will not be
considered here. In the paramagnetic (ferromagnetic)
phase, these should again be exponentially small in
the low-temperature region.

The spin-wave theory has been applied to the anti-
ferromagnet (in the antiferromagnetic phase) by
Anderson* and by Kubo.5® This work was later ex-
tended by Oguchi’ to include spin-wave interactions.
However, in these papers, interest was primarily con-
centrated on the properties of the system for vanishing
external field. No attempt was made to study the
behavior of the system near the flop phase boundary.
More recently, Wang and Callen® applied spin-wave
theory (not including spin-wave interactions) to the
flop phase and obtained expressions for the critical fields
H, and H,, at zero temperature in the case of uniaxial
single-ion anisotropy. In the paramagnetic phase the
spin-wave theory is formally identical to the spin-wave
theory in a ferromagnet.

Of other work not based on the spin-wave theory,

1T. Holstein and H. Primakoff, Phys. Rev. 58, 1908 (1940).
(129§ ) J. Dyson, Phys. Rev. 102 1217 (1956); 102, 1230
6
3R. P. Kenan, Phys. Rev. 159, 430 (1967).
4P. W. Anderson, Phys. Rev. 86, 694 (1952).
5 R. Kubo, Phys. Rev. 87, 568 (1952).
6 R. Kubo, Rev. Mod. Phys. 25, 344 (1953).
7T. Oguchi, Phys. Rev. 117, 117 (1960).
(139 Y)L Wang and H. B. Callen J. Phys. Chem. Solids 25, 1459
64
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F16. 1. Zero-order spin-wave spec-
tra with the wave vector k along the
[111] direction. K=0.1J, L=0.
Note the change in the % scale for the
paramagnetic phase.
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two calculations are particularly relevant. Falk® studied
the phase transitions using a variational method valid
at low temperature for the case of zero anisotropy but
for general spin, and calculated the temperature
dependence H,(T) of the flop-para transition curve.
Anderson and Callen® used the random-phase approxi-
mation and the Callen decoupling method to study the
antiferromagnetic and the paramagnetic phases. The
flop-para transition curve was calculated for arbitrary
temperatures, while the antiferromagnetic-flop critical
field Hy* was calculated explicitly only at zero tem-
perature. Calculations of thermodynamic properties
such as the sublattice magnetization and susceptibility
were restricted to the case of zero external magnetic
field.

When the Callen decoupling method was used the
result for the flop-para transition curve agreed in the
low-temperature region with the result obtained by
Falk.? The present spin-wave calculation gives the same
result for the leading temperature correction. In higher-
order terms differences would, however, appear. In the
random-phase approximation (RPA) the coefficient for
the leading temperature correction is too small by a
factor of 2.

In the case of the zero-temperature value of Hu® the
result obtained using spin-wave theory disagrees both
with RPA and the result of the Callen decoupling
method.® For H,/ the expression obtained in the
present calculation agrees at zero temperature with
the calculation of Wang and Callen?® apart from
zero-point motion corrections.

¢ H. Falk, Phys. Rev. 133, A1382 (1964).
( S’F) B. Anderson and H. B. Callen, Phys. Rev. 136, A1068
1964).

II. HAMILTONIAN
We shall study the following Hamiltonian:

sc=J(Z;)S(a> -S(@)+K(Zﬂ)sz<a> S.(8)
—LY.S2(e) —L;sz(g)
—MHZSz(a)—quﬁ:Sz(@), (1)

where the sum (e, 8) is taken over all nearest-neighbor
pairs, and e« and § are the lattice sites in the « and the
B sublattices, respectively. The K term represents the
anisotropic exchange interaction and the L term the
single-ion uniaxial anisotropy. The external field H is
assumed to be applied along the axis of easy magnetiza-
tion. The form this Hamiltonian takes when rewritten
in terms of the spin-deviation operators using the
Holstein-Primakoff transformation! will be discussed
separately for the three phases.

In the antiferromagnetic phase, we introduce two
different sets of spin-deviation operators.

These are

St(e) =(285)"fo(S) aa
S.(@) =S—a,la,,
for an up-spin on the a sublattice, and
ST(B) = (285)205"f5(.S),  S™(B) =(25)*2fs(.S) b,
S2(8) =— S+b5"0s,
for a down-spin on the 3 sublattice, where
Jas(S) =(1—7a,8/25)"2,

and where the choice of the up and the down sublattice
is arbitrary.

S™(@) =(28)a.'fa(S),
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In the flop phase, we first rotate the coordinate
system about the x axis an angle 8 for sublattice « and
an angle —@ for sublattice g,

Sa(@) =8.(w),

S, (@) = cost S, () — sind S,(e),
S.(a) = sinf S, (@) + cosb S, (),
S:(8) =8.(8),

Sy(8) = cost 5,(6)+ sin 5.(6),
S.(8) =— sind S,(8)+ cosd S.(B).

The choice of the x axis is arbitrary. Any axis in the
%-y plane could be used, as the whole system is free to
rotate about the z axis (but only in such a way that
the z axis and the two sublattice magnetizations are
coplanar). »

For the rotated spin components S; we now introduce
spin-deviation operators for each of the two sublattices,

St(@) =(25)"%fu(S)aay S (@) =(25)"aaHfa(S),
S.(@) =S—autae,
S+(8) = (28)%f5(S) bs,
8.(8) = S—bs'bs.
The procedure used for the antiferromagnetic phase is,
of course, equivalent to rotating one of the sublattices
by 7 and then introducing the spin-deviation operators.

In the paramagnetic phase there is no need to intro-
duce two sublattices and we simply write

SHY) = (2921, (S)ay,  S(7) =(25)"a,'f,(S),
Sa(v) =S—a,'a,,
where v refers to any site on the o or 8 sublattice. The

operator f,(S) will be approximated by the first few
terms of the binomial expansion

F(8) =1— (1y/48) =5 (n/ SF) 4=+ -.
The Hamiltonian will be written in terms of the
Fourier-transformed spin-deviation operators defined
by

2 1/2 2 1/2 .
e ae (e
a 8

N,
and the adjoint relations

2\ 12 2 \V2 )
at= (N) ;aaTeiku’ bet= (ﬁ) ;bﬁTezk-ﬁ.

These operators satisfy Bose commutation relations,
such that

Lax, awt]=0kx, [bx, b T]=0k 1, (2)
while the commutator of all other combinations of

operators is zero.
It will be convenient to introduce the dimensionless

8-(8) = (25)20'5(S),
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variables
K=K/J, L=L/sJ, h=pH/SsJ, £&=1—1/28,

where z is the number of nearest neighbors.
To further simplify the expressions we also define a
set of numerical constants,

ne=14a.K+b:L,
where a; and b; are constants of order unity. That is,
all the 7’s are equal to 1 except for different small
corrections from the anisotropy constants K and L.
The explicit expressions for all the »’s are tabulated in
Appendix B. In terms of these variables the Hamil-
tonian for the antiferromagnetic phase can be written

ZC=E0+3C0+C‘CI, (3)
(4)

where
Eo =— %NS?ZJ?]:;,

3Co=SzJ }k:)y(k) (ab_x+artby)

+SaTm 2 (@t axt-bitbe) +pH Y (ot a—biTby),
k k

(5)
Jer=—3%(2J) (2/N) Z'Y (1) (a2t as9—3- 101+ bath3bs_3 101
123
+aztastasiap bt 4 a1 b5 b1y 04 5)
—zJm(2/N) Z"Y( 1) 6112785t @201y 5
12,3
—L ( 2/ N ) Z (alflhfdaduz_s-{- blszfbabH_z_g) . (6)
12,3
Here we have introduced
(7

1(R) =57 Teie,
4

where g denotes the vectors to the z nearest neighbors
of a given atom. In 3C;, ki, ke, k; have been replaced
by the numerical indices 1, 2, 3.

For the flop phase we write similarly,

Je= Ey+3C+3C1+3Cr1, (8

where
Eo=1N S%J [ns— 2mori?— 2h(1—u2) V2],
3Co=SzJ {A Y (axtax+biThy)

k

)

+1B Y (et rtata s+ bb i tbithyT)
k
+ D di(adtatb i)+ D en(adi+aithy) },
k k

(10)
and where in turn,
A =—ng+ g2+ h(1—u?)12,
B=TL¢u?,
di=nou’y(k),
ex=(1—n27)v(k), (11)

and %= sinf.
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Furthermore,
gor=—3aJ (1—na®) (2/N) 27 (1) (aa'as"tmro 11
1,2,3

+ 011 bo b3brse st 01T aatasa1 0 st 010210510 1 1045)

“+2J (m— 2n20%) (2/N) Z’Y( 1) arp2tbs T asbrys
1,2,3
— (&) 2 (2/N) Doy (1) (axbo'bsb 1425
1,2,3

-+ blazfdsd—1+2—3+ 111Tb2Tb3Tbl+2+3‘|‘ 61*02T031‘11+2+3)

—1Lu2(2/N) Y (et astasTaria st artanasans s
1,2,3

+ b11'1)2-rb3'rbl+2+3+blfb2b361—2—3) - L( 1 - %’lﬂ) ( Z/N)
X 2 (11051501405 brTbatbsbry s), (12)

1,2,3

and

Ferr=31(NS) 2SzTu{[h— 2mo(1—u?) 2]
X (@o—aot—bo+bo") 4 (1/48) [ (h— 2nqu (1— u2) 112)
X (2/N) 122: (arfaetarie— arTasai s

— b1 0o byt b1 Bob1 o) — 8o (1—u2) 112
X (2/ N) E’Y (1) (albeTbl+2* @bty 1+astas 18y
12

—asta19bi") 1} (13)

The terms linear and cubic in the spin-deviation
operators are introduced in the flop phase as a conse-
quence of the rotation of the coordinate system. Finally
for the paramagnetic phase we write

3¢ = Eo-3Co3Cs, (14)
where
Ey=1NS%J[n—2k], (15)
o= gw(k) atay, (16)
s=(1/N) 2_f(1,2,3)alestssarses,  (17)
and where
w(k) =pH— SzJ[ns—v(k) ], (18)
while
11,2, 3) =—3(aJ) [y (1) +7(3) — 200y (2— 3) +4L].
: (19)

For all three phases only the leading terms in the 1/2.5
expansion have been kept.

For the paramagnetic phase the k summation runs
over the whole crystallographic Brillouin zone, while
for the flop and the antiferromagnetic phases the sum
is over the smaller Brillouin zone corresponding to the
magnetic sublattices. We should also remark that in
the case of the L term we have somewhat arbitrarily
included in 3Co, through the factor £, part of the next-
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order correction in the 1/2.S expansion. We have done
this in order to be able to compare our results directly
with those obtained by Wang and Callen.® These
authors replaced the spin operators by Holstein-
Primakoff boson operators in such a way that the
matrix elements among the lowest three states of each
spin were correctly reproduced. This method introduced
the factor £, while the usual lowest-order spin-wave
theory, which has the matrix elements among the
lowest two states correct, would have £=1.

III. CALCULATION OF THE CRITICAL FIELDS

As already discussed in the Introduction, the phase
boundaries will be obtained by determining the mag-
netic field values for which appropriate spin-wave
frequencies go to zero and then become complex or
negative. The spin-wave frequencies are obtained by
calculating the equation of motion for the spin-devia-
tion operators. The quadratic terms in the Hamiltonian
3C will give the temperature-independent spin-wave
modes from which (apart from small zero-point motion
corrections) the critical fields at zero temperature can
be determined. The temperature dependence of the
phase boundaries, as well as the zero-point motion
correction, is obtained by including the interaction
Hamiltonian 3C; in calculating the equations of motion.
When these equations are linearized by replacing pairs
of spin-deviation operators by their thermal expecta-
tion values, we obtain the correctly renormalized
spin-wave spectra in the low-temperature region.

In the flop phase we have, in addition, terms which
are linear and cubic in the spin-deviation operators.
The linear terms will contribute a static part to the
equations of motion for the spin-deviation operators.
Requiring that the static part be zero determines the
equilibrium position of the spins, that is, setting the
static parts equal to zero determines the value of the
angle 6 for a given external magnetic field. When the
cubic terms are included, the static part will be re-
normalized, and the angle § will be temperature-
dependent. In the flop phase, therefore, the 3Crr part
of the Hamiltonian determines the average spin orien-
tation as a function of temperature and magnetic field,
while 3C, and JC; describe the behavior of the spin
waves about these equilibrium positions.

A. Antiferromagnetic Phase

In the antiferromagnetic phase the renormalized
spin-wave modes are obtained from the coupled set of
equations

i(a/at) ax= SZ](117+]1"‘ Af”) ax

+ 827 (v(k) — A*(k) )o_it, (20)
1(8/08) bst = — SaJ (m—h— Ag®) b’
— SaJ (y(k) —A?(Kk) Jax, (21)
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where
A= (1/28) (2/N) v (1) ({asba)+ ax'b1)
+S-(2/N) ; (bs"b1)
+&/)LEYN) Xlata), (22)
8 () = (1/28)v(k) (2/N) X ({ar'an)+ (bi'b)
+57m(2/N) 2oy (k—1) (aba), (23)

and where As*(H) =A*(—H).

These equations follow directly from the Hamiltonian
[Eq. (3)] using the Bose commutation relations (2)
when the interaction term is linearized by replacing
pairs of spin-deviation operators, in all possible combi-
nations, by their thermal expectation values. Equat-
ing the secular determinant to zero, we then obtain the
two spin-wave branches

wm(k)
= {w?(k) — (Sz7) [ns( A+ Ag") — 2v(k) A (k) J}172
FLuH—35S27 (A"—Ag?) ], (24)

where
w(k) =SaJ 12— (k) ]2 (25)

Neglecting the contribution of 1, we obtain the
familiar result

w1,2°(k) =w(k) :FMH. (26)

This expression could, of course, also be obtained by
diagonalizing the Hamiltonian 3¢, by means of a
canonical transformation.’

The transition from the antiferromagnetic phase to
the flop phase occurs at that field for which the fre-
quency of the lower spin-wave branch wi(k) becomes
zero. This first occurs for =0, and the temperature-
dependent critical field is given by

uHo=SzJ {[ (12— 1) —n3( A+ Ag®) — 2452(0) ]2
+5(A—A) ). (27)

When we neglect the contribution from 3Cy, the critical
fields are given by

pH =25z 3K (14+3K) 1, (28)

and

pHa @ =2SzJ[Le(14-Lg) 17,

for the K- and L-type anisotropy, respectively.

Equation (29) agrees with the result obtained in
Ref. 8. The correct leading order in the 1/2.5 expansion
is obtained by setting £=1. It should be emphasized,
however, that by setting £=1—1/2S in Eq. (29) only
part of the next-order correction is obtained. There
will be additional contributions to this order in 1/2.S
even at zero temperature.

(29)
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The effect of the interaction Hamiltonian 3Cr is
contained in the functions A% They are given in terms
of the expectation values of pairs of spin-deviation
operators. Because we are performing a perturbation
expansion in 1/2S5 these expectation values will be
taken with respect to 3C. Instead of diagonalizing 3¢,
by means of a canonical transformation and then
rewriting JC, in terms of the new spin-wave variables,
we have chosen to determine the expectation values
occurring in the A’s directly by calculating the equa-
tions of motion for time-ordered products of pairs of
spin-deviation operators. From these Green’s functions
we then obtain the required equal-time expectation
values. The details of the calculation are contained in
Appendix A. We find

(ontan) =—[1/20(1)]{[w() = Sam {1+ m(k) ]
—[w(k)+Sa/n Jna(k) },

(b) ==L S27(R)/20(k) T 1-+m(k) +a(k) ]

(3)

The corresponding expressions for (bi'd:) and (@i 'o_ )
are obtained by interchanging #; and # in {ar’ax) and
{axb_x), respectively (replacing H by — H). Here n(k)
is the Bose occupation number factor

m1,2=[exp(Bwr,?) — 1]

From Egs. (27), (30), and (31) the expression for the
critical field can now be written

(30)

pHo=SzJ {(1772— D +S(nms—1)
_ _m
X [1 (2/N) ; (= 7)1 (b (k) - (k) )]

—2128-1(2/N) ; 673211;—@1,2 [1+m(k) +na(k) ]}1/2

+52Tns(2/N) %Im(k) —m(k) J. (32)

To the order in 1/2.5 to which we are working, the
critical field can be written

pHo®(T) = pHeo,o*{ 14 (1/28) 00+ (1/2S) 6z},

where &, represents the contribution of the zero-point
motion. Explicit calculations for (27/uHa,%) <1 give

(33)

So=—0.156+4cy,
o= (2%2/%) Knino (kT /uHo6") % (5/2) T (5/2),
for the K-type anisotropy, while
do=—(1+L)"'[(14+2L) (0.156— 1) —1(0.097—¢») ],
(36)

(34)
(35)



646

or=—(82/x%) 2(14+ L) T'(3/2) £ (3/2) (RT/uHo1 i)
+4(22/7%) LT (5/2)¢(5/2) (kT/uHas")*?,  (37)

for L-type anisotropy. Here { and T are, respectively,
the Riemann-zeta function and the gamma function.
The constants ¢; and ¢, are zero in the absence of
anisotropy and are given by

a=(2/N) Zk:{1/[1—72(k)]1’2—na2/(n32—7k2)"2}, (38)

e=(2/N) zk:{[ﬂa2—72(k) Jr=[=7*(k) J#. (39)
The summations?
(2/N) 2[1—7*(k) J2=1-0.097, (40)
(2/N) 2{1/[1—72(k)]"2}=1-156 (41)

define the numerical factors occurring in Egs. (34) and
(36). We recall that for the L-type anisotropy, part of
the 1/28 correction is contained in uH.;,¢* through its
dependence on £.

B. Flop Phase

Similarly, from the Hamiltonian (8) we calculate
the equations of motion for the spin-deviation operators
in the flop phase. In linearized form we obtain

1(9/8t) ax=—3i(N.S) Pu{uH (1— A)
— 227 S(1— 1) Y g10— nu A=+ 12065 1} 0k 0
+Sz7 { (A+ A1) ot (et A2 (k) Yoy

+ (B+As) e+ (dt-As(R) Yok},  (42)

where

Ah=(45)"1(2/N) }1?<Z<a;fa1>~ (ma_1)),
A& =S1(2/N) ‘i;,[y(n ({artbr) — (@1b-1)) — {@tas) ],
(44)

(43)

A1=C1(2/N) ;'7(1) {(@1'b1)
=4 (Cs+Cs) (2/N) le(leGO
+Ca(2/N) };7(1) (arb_1)+C1(2/N) ;@zla_l),

(45)
Aq(k) =Cry(k) (2/N) Zl@lfdl)
+3Cov(k) (2/N) 2:(010—1)
+Cs(2/N) ;v(k—l) (a'br), (46)

A3=3C1(2/N) ;v(n (Y
+3G(2/N) v (1) (')
+Cu(2/N) 2oarar)+3Cs(2/N) 2o (amay),
1 1 (47)

J. FEDER AND E.

PYTTE 168
Ay(k) =3Cry(K) (2/N) ;<a1a_1>
+Cyv (k) (2/N) ;(dﬁdl)
+Cs(2/N) ;v(lh 1) {@1b_1), (48)
and where
Ci=—(1/8) (1—na?),
Co=—(1/S)nus?,
Cs=(1/S) (m— 2mus?),
Ca=—(1/8)3 L,
Cs=—(4/S)L(1—3u2). (49)

From the static part of Eq. (42) the relationship
between the angle 6 (or %) and the field H is deter-
mined,

uH =2527 (1— ) P i+mAE+4LALT.  (50)

With A¢K = A¢'=0 this agrees with the result obtained
by Wang and Callen for the L-type anisotropy they
considered.

In the equation of motion for the other spin-devia-
tion operators the vanishing of the static parts leads
to the identical condition as given above, and we need
consider only the dynamic parts of these equations.
If we write the dynamic part of the equation for g in
the abbreviated form

1(9/0t) ax
=0y (k) axtae(k) bt as(k) o T+ as(k) bk,  (51)

then the remaining equations required to form a com-
plete set of coupled equations take the form

1(8/08) by

=ap(k) axto1(K) bt as(k) o+ (k) byt
- i(a/al) d_kf

= Ols( k) ak+0£4( k) bk‘l‘al( k) d—kf'l' 012( k) b——kT,
- ’I:(a/at) byt

=ay(k) aitos( k) btoz(k) ax+oa (k) bty  (54)
when we note that ;(kK) =a*(Kk) and a;(k) =a;(—Kk).

The secular determinant can be written in the form
D= (u?—w?) (0*—ws?), (55)

where the two spin-wave branches w; and w. are given
by

(52)

(53)

= (e1— et as—as) (1— ap— ) J12,  (56)
we=[ ortartastou) (artas—os—as) ]2,  (57)
with
ar=SzJ[A+A],
az(k) = SZ][6k+A2< k) ],
ay=SaI[B4A],
ous( k) = Sz [di+As(k) 1. (58)
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Substituting for 4, B, e, di from Egs. (11) and
making use of the relation between the angle and the
magnetic field Eq. (50), these spin-wave spectra can
be rewritten

w1,2=SzI[1Fy (k) + Lt (1—-¢)
+ Aot ArF Aot AsF A ]2
X[1Fy(k) (1—2nu2)

— D2t (14-5) + Mg+ Ar= Ag— Ag A2, (59)
where N
Ao=2(1—12) [mA&+4LAL]. (60)

The flop-antiferromagnetic phase boundary is deter-
mined by setting ws(£=0) equal to zero. This gives the
following condition on the angle §:

wr=(14+A) /[n+3LE(14+8) ],

A=3[Ap+ A1+ 22(0) — As— A4(0) ], (62)

which, when substituted in the relation between the
angle and the magnetic field Eq. (50), yields the
expression for the critical field

H =2S2)[motnAE+4LA]

2(ne— 1)+ Le(14£) —24) ¥
1 2ot LE(14-8) } » (63)

where A (), Ag*(u), and A(u) are to be evaluated for
w=[p+3LE(149T" and g=1.

To leading order in 1/2S (apart from the correction
contained in £), we obtain

uHa o =2SzJ[LK (14+1K) ]2, (64)
”Hcl,0f=ZSZJ(I—E£2) {E£(1+£)/[:2+Z£(1+£)]}1/2,
(65)

respectively, for the K- and L-type anisotropy. Equa-
tion (65) agrees with the result obtained in Ref. 8.

When we compare these expressions with the corre-
sponding values for uH.; * given by Eqgs. (28) and (29),
we note that in the case of anisotropic exchange
uHg o*=uHp /. This would mean that the transition
between the antiferromagnetic phase and the flop phase,
although of first order, would have no superheating or
supercooling associated with it. This is identical with
the result obtained in the simple molecular-field calcu-
lation discussed in the Introduction.

For the L-type anisotropy, on the other hand, we
find that pH.,*>uHa,y which will give the kind of
hysteresis effects we expect at a first-order phase
transition. For a discussion of the typical size of this
hysteresis and its experimental observation we refer
to Ref. 10. The upper critical field H,»' is most simply
obtained by determining the field for which the angle 6
becomes equal to zero. Setting #=0 in the relation
between the angle and the magnetic field Eq. (50), we

(61)
where
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obtain
pHo =282 [notmA+4LAL], (66)

where A% (%) and A¢L(%) are now to be evaluated for
#=0. Alternatively the upper critical field can be
obtained by determining the field at which the spin-
wave mode wi(k=0) becomes negative. From Eq. (59),
we then obtain the same result as that just given.

The expectation values of the pairs of spin-deviation
operators which occur in the A’s are calculated in
Appendix A. We obtain

(alar)=—3+3Sa{[(A—ex) /o’ (K) m (k) +5]

+L(A+e) /o (k) Jna(k) +31}, (67)
(otbi)=—3SaJ {[(A—ew) /en®(k) [ (k) +3]
—[(4+ex) /o (k) J[ne(k) +31}, (68)
(axas)=—3SaJ {[(B—dy) [ (k) J[m(k)+3]
+[(B+di) /e (k) J[me(k) 4313, (69)
(@b_y) =382 {[(B—dy) /o (k) J[m (k) +3]
—[(B+dy) /e (k) J[m2(k) +3 1}, (70)
where
w1, (K) = SaT[17Fy (k) 4 Lot (1—£) ]2
X[17Fy (k) (1—2n02) — Lot (14-6) T2, (71)
Axe=(1—Lgw) £ (1—md)v(k),  (72)
Bt dy =[ Letney (k) Ju. (73)

By means of these relations the expressions for the
critical fields can be written in rather simple forms.
Consider first the lower critical field given by Eq. (63)
for K-type anisotropy,

ﬂHcl‘f:ﬂHcl,Of{ 1+ (ZS)_I
X[1-(2/N) ;2/[1—72(1{)]”2["((»1"(1!) 311,
(74)

where
w(k) = SzJ[1—+2(k) ]2 (75)

For L-type anisotropy a similar but somewhat more
complicated expression obtains. The upper critical field
including both types of anisotropies may be written

Ho/ =282
X {mo— (25)71(2/N) ;[(772(1'1“‘71;) —2L)m(k)

+ (n(1—vi) —2L)me(K) J}. (76)
Explicit evaluation for the lower critical field yields
the following expressions:

Hy/=Ha ¢[1460/25+67/25], 77

with
do=—0.156 (78)

and
or=—(32/22%) T'(2)¢(2) (2kT/SzT)*  (79)
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for the K anisotropy, while

a—(l 2L+_ 1) 1 (1+Z>l/2
’ 81+L/ 1-I*\1-L

X 0—'950—3(1+3E)+1.156(1—4f—z2)], (80)

S o v (2

for the L-type anisotropy. The numerical factors in 6
are defined by Egs. (40) and (41).

Comparing Egs. (34) and (78) we see that for the K
anisotropy, the zero-temperature values of the critical
fields H.* and H,/ will differ due to the zero-point
motion contributions. Because the constant ¢; in Eq.
(34) is positive, H,/ will be lower than H.e. At finite
temperature this splitting is further increased as uHq®
increases as (kT/uH,%)5%? while uH,’ decreases as
(kT/S2T)2.

For the L-type anisotropy Hn® will, in the extremely
low-temperature region [ (kT/uH*)<<1], decrease more
rapidly than H./ and thus decrease the splitting be-
tween the superheating and supercooling fields.

For the upper critical field we find, including both
types of anisotropy,

I‘Hc2f = HHc2,0
X[1—(28)71(3/x*)T'(3/2)§(3/2) (2kT/ S2J)**],
(82)
where
[tch 0—2S2J1]10 (83)

C. Paramagnetic Phase

In the paramagnetic phase we need consider only a
single equation of motion. When linearized this has
the form

1(8/0t) ax={pH— Sz [ns—v(k) —
where

A?(k) =S IN1Y n(k')
k/

Ar(k) Jla,  (84)

X[m(+y(K'—k) )=y (k) —v(k) —4L].
(85)

As the magnetic field is lowered the spin-wave mode
given by Eq. (84) first becomes zero at the point Ky=
(w/a) (1, 1, 1) in reciprocal space. Setting w(Ky) =0,
we obtain

252]{1]10— (ZS)—I(Z/N)
X{:[nz(l—v(k) )—2L]n(k)}

for the critical field. Explicit evaluation gives the result
given by Eq. (82). As expected for a phase transition

”H P =
(86)
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of second order, the critical fields as calculated from the
flop side and the paramagnetic side of the phase
boundary are identical. The expression for the critical
field Eq. (82) agrees with the results previously ob-
tained by Falk® and by Anderson and Callen® (for zero
anisotropy) .

IV. FREE ENERGY
The free energy is defined by

F=—FkT InZ, (87)
where Z is the partition function
Z= Tr exp(—p3c). (88)

To the order in 1/2S that we are working, the free
energy can conveniently be expressed in terms of the
renormalized spin-wave frequencies discussed in the
previous section.

For the antiferromagnetic phase we obtain

F=Eo+SzJZk:{[na2—72(k) JH2—ag}
—in(Z/N)g;{A(k, k') +75:—2B(k)}

+5—12{1n[1_ ~010 T In[1—egfe2®T},  (89)
k
where
Alk k) = nsns—ns[ v (k) +2 (k) J+nry? (k) v (k)
b ) = (B TP — () T
(90)
and
B(k) =[nms—~*(k) I/[n?—* (k) 2. (91)

Ey is given by Eq. (4) and w2 by Eq. (24).

The free energy as given by Eq. (89) agrees with
the result previously obtained by Oguchi’ in the limit
of zero anisotropy, n;=1, when the last term is ex-
panded about the temperature-independent part of the
renormalized spin-wave frequencies. Both expressions
are correct to the same order in 1/2.S.

In the flop phase we obtain similarly,

—INS2TA+3D [0 (k) +wf (k) ]+G
k

+5~1§_‘,{1n[1~e—ﬁm<k>]+ In[1—¢ P07}, (92)
Eyand 4 are defined in Egs. (9) and (11), respectlvely,
and wi 2 by Eq. (59). The G term has its origin in JC;
and is of one order higher in 1/2.5 as compared to the
leading contribution from 3Cy in the two preceding
terms. Because the expression for G is rather lengthy,
we have chosen to give the explicit expression in
Appendix B.

In the flop phase there is an additional term 3Cyr in
the Hamiltonian as compared to the other phases.
From this term the angle of the magnetization with
the anisotropy axis could be determined. When the
angle satisfies the equilibrium condition, Eq. (50), the



168

3Cu term will not contribute directly to the partition
function to the order in 1/2.S to which we are working.
This term will, however, contribute to F through the
dependence of # on the magnetic field and the tempera-
ture. From Eq. (50) we have

,uH =2S8zJ ( 1— u?‘) 112[7710+’)12A0K+ 4.ZA0L:|,

where the terms involving A, A" are of one order
higher in 1/25 compared to the leading term in 7.
For the terms in F due to 3C; we can eliminate # in
terms of the magnetic field simply using

pH=ZSZ]7]10(1'—u2)1/25 =1

However, in the remaining terms we need to include
the correction terms A and AL. For instance, the
terms

Eo(%)—%NS%JA(M)-I-%;[wl”(k)+wz°(k)] (93)

are functions of both temperature and magnetic field
and will contribute both to the specific heat and the
susceptibility.

For the paramagnetic phase we obtain

F=FEyt+p7) ] ln[1—e W], (94)
x
where from Eq. (84),
w(k) =pH—SzJ[ns—v(k)—Ar(k)],  (95)

and where E, is given by Eq. (15).
V. SPECIFIC HEAT

From the free energy the specific heat at constant H
is obtained in the usual way

Cuy=—T(3%F/3T?) |u.

We consider first the leading term in the 1/2.S expan-
sion. The results are given in Table 1.

For a fixed temperature as a function of the magnetic
field, the specific heat peaks at each of the three
critical fields. For Bu | H— H, | <1 it falls off linearly as
a function of this parameter. In the opposite limit
Bu | H—H, | >>1 the specific heat falls off exponentially
on the paramagnetic side of H; and on the antiferro-
magnetic side of H.% The exponential behavior is a
consequence of the gaps that develop in the low-lying
spin-wave modes for HH, in these phases. In the
flop phase one of the modes remains fixed at zero
frequency for £=0. This results in a more complicated
behavior of the specific heat in the limit fu | H— H, | >1
as shown in the table. At the critical fields Hy and H*
the specific heat is proportional to (kT/SzJ)%? as a
consequence of quadratic dispersion laws for these
values of the magnetic field. In the flop phase both
spin-wave modes become linear at H=Hy' giving a
specific heat proportional to (k7/.SzJ)3 However, the
coefficient at Hy® is smaller than that at Ha' by the
factor (Ha/He)¥? and which of the two peaks is the
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larger will depend on the particular values of the anisot-
ropy constants and the temperature being considered.
In either case the peak at H, will in general be con-
siderably larger than the peaks at Hg.

In the absence of spin-wave interactions, the specific
heat at the upper phase boundary is continuous. How-
ever, when the spin-wave interactions are included, a
finite discontinuity is obtained as one would expect at
a second-order phase transition. The reason for this is
simple. The expression for the free energy in the flop
phase goes continuously into the expression for the
free energy in the paramagnetic phase when the angle 4
goes to zero. However, when spin-wave interactions
are included, this angle is temperature-dependent and
will give an additional contribution to the specific heat.
More specifically, the discontinuity is obtained because

lim[9u/dT]0.

u->0
The specific heat for constant % on the other hand, that
is along the phase boundary, is continuous.

From the paramagnetic side of the phase boundary
the contribution of the spin-wave interactions to the
specific heat at H=H,, is given by

Ca?=—(25)""Nk3nu .
X[(3*7/7*)T(3/2)¢(3/2) F(2kT/S2T)?. (96)
From the flop side, we obtain
Caf=Cqo™t+AC,
where the discontinuity AC is given by
AC=(2S) Nk3n15
X[(3*/7*)T'(3/2)§(3/2) F(2kT/Sz)*  (97)

The specific heat is seen to be largest on the flop side of
the boundary.

We note that the effect of the spin-wave interactions
in the paramagnetic phase of the antiferromagnet is
more important than in the ferromagnet where the
contribution of the spin-wave interactions to the
specific heat is proportional to (2k7/SzJ)%4271 This
is a consequence of the fact that in the antiferromagnet
the low-lying excitations occur at the edge of the
Brillouin zone whereas for the ferromagnet these occur
for k~0.

It is reasonable to assume that the discontinuity in
the specific heat will persist along the whole phase
boundary, indicating a true second-order phase transi-
tion, except possibly at the critical point H=0, T'="TY,
where experimental and theoretical evidence suggest
singular behavior when this point is approached along
the temperature axis from both sides of 7T'v.

VI. SUSCEPTIBILITY

From the free energy, the magnetization and the
static longitudinal susceptibility are obtained by means

1L M. Wortis, Phys. Rev. 138, A1126 (1956).
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Tasre I. Specific heat to leading order in the 1/2.S expansion.

NE(3¥2/4x?) (2R T/ S2J)¥ exp —u(H— Heao) /RTIT (3/2) [u(H—~ Head) /RT T (143[u(H— Hao) /R TT M-}

NE(3%2/4n%) 2k T/ SzJ)¥2{T (7/2)¢(5/2) —3T(5/2)¢ (3/2) [u(H—He,0) [k T ]+ - }

(o
(o

uw(H—Hopo) kT

pw(H—Hep o) KkT

Paramagnetic phase

C=Nk(3¥2/4x?) (2kT/ S2J)¥*{T(7/2)§ (5/2) —3T(5/2)¢ (3/2) [u(Hezo— H) [k T ]+ +}

C=Nk(3%2/2x?) (2kT/SzJ)¥T (5)§ (4) {[kTHer,o/ u(Her,*—H?) ]+

u(Heo—H)LkET
w(Hepo—H)>kT

Flop phase

and

pw(H—Ha o/ ) kT
p(H—Hq /)T

C=NE(3%2/8x%) (2R T/ S2J)3(ma/me) ¥*{ T (5)§ (4) — ¥ (ms/me®) T (2)§ (2) [p?(H2— (Haro)?) / (R T)2]H+-+ - -}
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’:‘ of the relations
+ M=—0F/3H |r, x=—0F/oH"r.

C=NFk(3%2/4n?) (26 T/ S5J)¥2(2Ho1,6*/ He2,0) ¥ 2 {T(7/2) ¢ (5/2) —35T(5/2)§ (3/2) [ (He,i*—H) [k T]+++ -}

#(HCI.OE—H) <k T<<2;AH¢1'0“

w(Ha,*—H)>kT

Antiferromagnetic phase

NE(332/4n?) (26 T/ S3J)¥2(2H 1,0%/ He,0) 32T (3/2) {exp[ —u(Her o — H) [k T (Ha o*—H) [k T

C=

-} +expl—u(Ha *+H) /T [n(Hae+H) /e TR{1+3[u(Ha,*+H) /kT]™

X{14+3[u(Ha,*—H) [k T4

We consider first only the leading terms in the 1/28
expansion. For the paramagnetic phase we obtain the
familiar result for noninteracting spin waves,

M@ =pN[S— gnk]. (98)

For the flop phase we obtain
My =2(1—u*)"2M,, (99)

where M, is the sublattice magnetization,
2 (A - ek)
il RSl k)41

(A+eo) 1
2 u+n ]}, 100)

with w12 and (Azec) as defined by Egs. (71) and
(72). This agrees with the result obtained in Ref. 8
for the case of L-type anisotropy. Already to this order
in the 1/2S expansion it is necessary to take into
account the corrections Ag and A¢K in the relationship
between the angle and the magnetic field Eq. (50) to
obtain the correct expression for the magnetization
from the free energy Eq. (92). For the antiferromag-
netic phase we obtain from Eq. (89) the simple expres-

sion
My =ﬂ§[%1(k)—ﬂ2(k)l (101)

while the sublattice magnetizations are given by much
more complicated expressions.

The explicit evaluations for M, and x, are given in
Tables II and ITI, respectively.

We note that xo has the form

x0=A(T)/[Bu| H—H, | ] (102)

in the neighborhood of each of the three critical fields,
giving a square-root singularity at the phase boundaries.
However, when we proceed to the next order in the
1/2S expansion, we find that the leading contribution
to the susceptibility x; is of the form

x:=B(T)/[Bu| H—H. | " (103)

This suggests that the spin-wave result x, is only the
first term in a divergent series. Corresponding to the
[Bu | H—H, |13 divergent term in x; the contribution
of F; to the magnetization includes a term with a
square-root divergence. Thus, while straightforward
perturbation theory is sufficient to study the effect of
spin-wave interactions on the specific heat in the
neighborhood of the phase boundaries, for the magnet-
ization and the susceptibility more sophisticated tech-
niques will be necessary. This will presuma.bly involve
a direct resummation of the divergent series or the
construction of suitable integral equations. EH
To pursue this point a little further, we write down

Mo {5+

+
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oo tonL22/(H—"PH)71(2/1)1(T/¢) Jere OPH/ O PHMT) 516 (£2S /L 4T) (2% /aieE) (L4/N =X I>(H—"PH)"  oseyd dppuseWOLLIIUY
s oo tan-L2Y/ (OPH—B)Tlap(PT/ (TT+ ) ") 2are (£ 28 /L 4T) G247/ ae€) (TA/F) N =X I>(APE—-m)"

oo otbonLLY/ (H—"H) g2 (£2S /L T) (c2¥/us€) (L) N =X I>(E—rem)d aseyd dogg

cooton L2/ OPH—H)"1(T/1)d(2/€) Jare(£2S /L4T) &2F/aeg) (LA/MN =X Ir> (g —mH)" aseqd opousewrereq

‘uorsuedxd §'z/T 93 Ul 19pI0 Surped] 0} saurepunoq dseyd og3 18du LIqrdadsng IIT FTAV,

*(I)°H= H 10y suoissaidxa 2s9y) Supenjead Aq paureiqo si $g/1 Ui I19pI0 Suipes| 03 SPRRY [edNLO Y3 B UONezIIduIeW AL ¢

0=7 ‘0=  T2600+9sT0T+D)Ten(T—1/T+H1)-(T-1E=(PPH) ‘0¥ ‘0=7 “Ler0o=(""H)*S ‘0=("H)*

g [T — @A —T) D DA+ | an(eTT— DAL —T) = Dan( (A= 2 g vty
T IA (@M @ 1] + [@ -7 @A—1] v 77 -@
oo o HriGUIS 7 (PP HIY—) Ax0 (2/€) Tafe" o (" H/o" P HT) e (£2S /L4T) &2¥/01eE) "N =JT LKL (H—""H)"
{eee+Lr2/(H—""H)"](2/1)I—
L4/ (H—"H)"](¢/1)dt— (2/£) 3} (¢/€) Tar"ase CPH /" PHT) ee (L3S / L4T) 2%/ a1e€) "N =TT SPHITS IS (H—"PH)"  oseyd opauSewornnuy
L+ +elI? (P PH—H)IX
we(£28 /14T an "/ (TT+3) ) 2+3(£28/192) () (@) ATern (4/54) (25 /5€) — (H) S =S} OCH/H)"N =1 L8> (M PH—-H)"
ALY lwwh
{orotol GH—¥H)T/OPHIL 4 ue (028 /292) 3)3F) I (2T /wse) + (H)*S—S} OPH/H)IN =11 LK (H~""H)"
{oosLe e Falz?/(E-"?H) "]~ (2/€)3(2/€) Ao (£2S /14T) (:2F/usf) + (H)S—S} O¥H/H)IN =1 4> (H-"YH) waseqd dofg
{eerLee-+Lze/C®H—E)"](T/1)3—
el L%/ CCH—H)"(2/1) 32— (2/€)3 (¢/€) Jae(£2S /14T) 29/ as€) —S VIN =T I9>(C¥H—H)"
{ee4Lr9/(PH~H)"—1d%0 (2/€)Taie(£2S /L4T) 2F/uieE) —S }IN =T LK (PH—~H)" eseqd opouSeurerey

‘uorsuedxa §'z/7 9Y3 UI I9PI0 Surpes] 03 UoeZRUSEIN I] ATV,
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explicitly the expression for x obtained in the paramagnetic phase for u(H— H ,0) <<KkT<K2S5%7,

e <2kT)3/2 { T(1/2)
=N T 4 \Se7)  \[w(H—Hap) kT2

£ LYy
kT 25 \2x/ \SzJ.

xi=

6T (1/2)$(1/2)

{ ¢(3/2)T(1/2)
[w(H—He,o) /RT T

Because the anisotropy plays no essential role at the
upper phase boundary, both L and K have been set
equal to zero.

In a ferromagnet the susceptibility has a square-root
singularity! x « H712 for 7'<T,. In this temperature
region H=0 represents the phase boundary between
two oppositely aligned magnetic phases, and the square-
root singularity is a consequence of the critical fluctua-
tions near the phase boundary. In view of the formal
similarity between the ferromagnet and the paramag-
netic phase of the antiferromagnet, it might be expected
that the susceptibility for H=> H,» would be of the form

x=[uw(H—Huo(T))/RTT,
where H, o in xo has been replaced by the temperature-
dependent critical field. The first few terms of the
perturbation expansion do not, however, appear com-
patible with this simple form.

In the random-phase approximation (or self-consist-
ent-field approximation), the susceptibility, which in a
low-temperature expansion can be represented by a
similarly divergent series, goes to a constant value as
H—H(T). That is, in this case the (divergent) series
can easily be summed. It is by no means certain,
however, that the series obtained using spin-wave
theory will sum to a similar finite result.
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APPENDIX A

The zero-order expectation values of pairs of spin-
deviation operators will be calculated by means of
Green’s functions for noninteracting spin waves.

I. Antiferromagnetic Phase

We define the Green’s functions

Gu(k, t—1) =—i{(ax(H) a’ (¥) )y), (A1)
Gu(k, t—1) =—i{(a (Dat())s), (A2)
Gu(k, 1—1) =—i{(a" (D b’ (1) )1), (A3)
Ga(k, t—1) =—i{((b() b (¢))s).  (A4)

Here the + denotes the Wick time-ordering operation.
We shall calculate the Green’s functions to lowest order
in 1/2.S only. The thermal expectation value is therefore

(w(H—Heo) /RTT

+s‘(1/2)-I-OEM(H—Hca,o)/kT]} ,

+4(§(1/2)+s“(—1/2))+0[u(H—Hc2.o)/kT]}. (104)

to be taken with respect to 3¢y, and the time develop-
ment of the operators in the Green’s functions is
governed by 3C, only. That is, the operators are to be
taken in the interaction representation.

If we let

Gap(t—1t") =—i{(4A() B(Y) )y, (AS)

the equation of motion for the Green’s function has,
quite generally, the form

1(8/0t)Gap(t—1') =8(¢t—1') ([4, B])
—i{([idA () /0t1B(¢) )4 ),

194 /9t=[A, 5c]. (A7)

From 3¢y as given by Eq. (5) we obtain trivially the
equations of motion for the Green’s functions,

1(8/9t) Gu(k, t—1') =8(1— 1)+ (SzJm+pH)
XGu(k, i—t')+SaTv(k) Gu(k, i—1'),

$(3/01) Gua(k, t—t') = — SeJy (k) Gu(k, i—7)
— (SeJm—uH) Gk, t—1),

1(8/08) Gk, t—1') =8 (¢— ')+ (SaTm— uH)
X Gk, t— 1)+ SaTy (k) Gu(k, —1),

$(3/31) Gu (K, t—¥') = — SeJy (k) G (K, t—1')

(A6)
where

— (Sz2Jm+uH)Gu(k, t—1'). (A8)
Introducing the Fourier series!?
G(k, t—1) = (—iB) " e G(k, ), (A9)

where w,=mv/(—1i8) and where » is an even integer,
then (A8) gives

(w,—uH+ SzJn7)

Gull, o) = F () Tt (1)1
o SzJy (k)
Gy ) == S ) T rad (07
o SaJy (k)
Gn(k, w,) = [yt (k) JLw,—w(k) ]’
Gou(k, w,) = ot uH+ Selm (A10)

Lovtw (k) Joy—wf (k)]

2 See, for example, L. P. Kadanoff and G. Baym, Quantum
gfftistilcal Mechanics (W. A, Benjamin Inc., New York, 1962),
ap. 1.
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Here
w1,2(k) =w(k)FuH
w(k) =Sa/[n?—~*(k) 2. (A12)

From the definitions of the Green’s function (A1) to
(A4) it follows that

(akfak) = ’iGu< ( k, t= t,) )
<dk1b_kT> = ’L(;lzz (k,i=t)= iGz1z(k, t=1) ,

(A11)
and

(bitbe)=1G< (k,i=t), (A13)
where
G2(k, t=0) = lim[G(k, t=¢, 1) ].  (Al4)
>0

By inverting the Fourier series and evaluating the »
summations we obtain

iGu<(k, t=1') = — (1/2w) [ (w(k) — SaJn) (1+m (k) )
— (w(k)+ SzTn)ne(k) ],
iGr(k, t=1') =iGa(k, t=1')
=—[SaJy (k) /20(k) J[1+n(k) +n(k) ],
iGn<(k, t=1") =[1/20(k) J[ (w(k)+SzJn)m (k)

— (w(k) — SzJm)(1+m(k) )], (A15)
(w,/Sa]— A —ex -B
—ex w,/SaJ— A —dx
B du w,/SeJ+ A
L dk B €x

with A, B, dx, and e as defined in the text.
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where we have made use of the summation formulas

mB1> (e+iort/w,—w) =n(w),

>0 v

lmBY (e~ /w,—w) =n(w)+1,
>0 »

B2 (w—w)t=n(w)+5.  (Al6)
We note that all the expectation values are even in k,
and that because the ¢ and b operators commute, the
order in which they appear is irrelevant. For instance,

we have
(artb Ty = (bTayT). (A17)
II. Flop Phase
We define the Green’s functions
Git(k, i—1') =—i((ax(D) ax" (¥') )1.),
Gim(k, t—¢) =—i{(a" () " (¢') )1),
Gyt (K, t—1') =—i{(bu(¥) 0 () )+ ),
Gy (k, t—1) =—i{(b' (D) o’ () )1). (A1)

From the Hamiltonian (10) we obtain the equations of
motion for the Green’s functions. These are con-
veniently written in the matrix form

—d ) (Git(Kk,w,)) 1/Sz7)
—B Gi+(k, w,) 0
= (A19)
€x Gl_(k, O),) 0
w,/SeJ+A4) |G (k, w,) 0

Solving this set of equations for the Green’s functions and performing the » summations we obtain the required
expectation values given by Egs. (67) to (70) in the text.

Furthermore we note that
(axtar) = (bi'hy),

<akta_kf> = <bk1b_k1.> = (a—kak> = <b—kbk>2
<akfbk> = <bkdkf> = <kadk> = (akka >,

(arbi) = (bslar") = (bsax) = (ard_x),

and that all these expectation values are even in k.

(A20)

APPENDIX B

m=1+K+2L,

m=1+K—2L,

For completeness we list here the constants #; appearing in the text:
771=1+K7 "72=1+%K;
ns=1+K+4L,  ne=1+K—4L,

no=1+3K—3Lg,

ms=1+3K+L, qu=1+3K-1I,

m=1+K42Lg,
N0= 1+%K— EEE;

ns=1+K—-2Lg,
m=1+3K—50, nu=1+K-1IL,

ms=14+31K—5L.
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We give here also the explicit expression for the term G in Eq. (92),
=3NaJ { (m—2ma0®) [1— (ut-m) +3 (urt-) -+ 3 (o) 41 (re—32) ] — 4L (1—342)
X[ () + 5 (um) 5 (01— 50) T (1—na0?) [— (pe+-2) +5 (i) (pot-2) + 5 (rart-91) (vert-72) JHmo
XL (at52) +3 (uatH-ain) (vat-72) — 2 (rat5n) (pat-m) T3 L[ — (mb5) +3 (i) (o t-50) T3,

where
_ 2 ~S(d—e) 2 > SzJ (A+ex)
MENE T ak TNEY T ek
_ 2_ SzJ(A—ek) Y g_ Sz](A+ek)
M= N g_————m(k) Yk, 2= N§—w2(k) Yk,
2 ST(B—di) _ 2 Sa(B+dy)
"N % w (k) N ; w(k)
2 SJ(B—dy) 2 < SI(Btdy)
2] N § —wl(k) Yk, Vo= N zk: ———wg(k) Yk
Errata

Paramagnetic-Resonance Study of Crystal-Field and
Exchange Effects in an Excited State of TmN,
BERNARD R. Coorer, R. C. FEDDER, AND D. P.
ScHUMACHER [Phys. Rev. 163, 506 (1967)7]. The nu-
merical values found for W and « in the point-charge
calculation as given at the top of p. 515 are incorrect.
This resulted from using an incorrect value for d,
the experimental distance from a Tm site to nearest-
neighbor nitrogen sites. The relationship between W
and # should be W/k=—0.786n, rather than that
given by Eq. (48) on p. 515. Thus, the experimental
value of W would require a charge of 4.4 electronic
charges on the surrounding nitrogen sites. The correct

value of x for the point-charge calculation is —0.929,
only slightly different from that previously given on
p. 515. We are grateful to Dr. S. K. Malik for bringing
this error to our attention.

Electric Field Gradients in Dilute Alloys of
Copper with Nonmagnetic Transition Impurities,
M. T. B£aL-Monop [Phys. Rev. 164, 360 (1967)7]. A
misprint was introduced in Eq. (4), which should read
as follows:

Ap= (4mc/Zokr) ;l sin?(ni_1—n1) gp- (4)



