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A new mechanism is proposed to explain the discrepancies between the measured and the expected
polarization of the electron-atom impact radiation at threshold energy. The idea is the following : At threshold
scattering, the spin of the scattered electron interacts magnetically with the orbital motion of the atomic
electrons. The component of this magnetic interaction along the quantization axis, which is perpendicular
to the incident electron direction, will split the magnetic sublevels of the atomic excited states. This splitting
will cause the coherent interference of the radiation, which originates from two degenerate upper levels
and ends on a single lower level, to become ineffective. The polarization of the radiation is thereby affected
and in fact decreases. The expected polarization P is modified by a depolarization factor f= (14 (w?)avr?) 7,
where w is the frequency splitting of the excited state, and 7 is the lifetime of the transition from the excited
upper state to a lower state. By using a simple product wave function for the state, the w and hence the P
for various singlet-singlet transitions and triplet-triplet transitions have been calculated for the helium
atom. In general, when the principal quantum number % of the excited state, where the radiation originates,
increases, f also increases and approaches unity. Consequently, P increases and approaches the expected
value. For example, P for the 3 1P — 215 (5016 A) line turns out to be 1.2%, whereas for the 41D — 2 1P
(4922 X) line it turns out to be 50%. The expected values are 1009, and 60%, respectively. In the case of
triplet-triplet transitions, the spin-spin interaction between the scattered electron and the atomic elec-
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trons is also included.

1. INTRODUCTION

HERE has been increasing interest in the study

of the polarization of light resulting from the
excitation of an atom by the electron impact at thresh-
old energy. This interest is specially centered on ex-
plaining the discrepancy between the theory'? and the
experimental®>=® results. When a helium atom in the
ground 1 1S state is excited to an » 1P state by electron
impact at threshold energy, the outgoing electron,
having no linear momentum and hence no angular mo-
mentum, can only be an .S wave. Because of conserva-
tion of the total angular momentum along the incident
electron direction (2’ axis), only the magnetic sublevel
my=0 of the  'P state can be excited (see Fig. 1). Here
m; is the component of the electronic angular momen-
tum l along the 2’ axis. The excited atom can then decay
to the ground state by emitting = radiation (Am;=0
transition). The radiation is therefore 1009, polarized
along the 2’ axis. If the atom is excited into # D state
and then decays into lower #’ P state, the radiation
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will be 609, polarized. When the atom has fine and
hyperfine structure, the polarization will be further
decreased.

Earlier experimental results’® indicated that the
threshold polarization was zero but rose to a maximum
within a fraction of a volt. Recent measurements®® on
helium with improved techniques showed that except for
A=4922 A (4D — 2'P) and A=4388 A (5D — 2'P)
lines, the observed polarization in the immediate vicinity
of threshold is still much too low to be comparable with
the theoretical value. The most recent results of McFar-
land® on A=4922 A line show that the dipping of the
polarization to a threshold minimum of approximately
309, (expected value is 60%) is a real effect. The
general indication from the experimental observations
is that when radiation originates from an upper state
of high » (principal quantum number), e.g., 51D, the
threshold polarization is comparable to the theoretical
value, whereas for a low » state, the polarization re-
mains very low.

2
) my ==l my=0 my=+|

-0

ELECTRON
EXCITATION
7 RADIATION

=
<<
w
@
P-4
o
@
fasd
o
w
-
w

my=0

Fic. 1. The electron beam is incident along the 2’ axis. The polari-
zation of the radiation is observed along the %' direction.
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In the present work, a new theory is developed to
explain the discrepancies between the expected polariza-
tions, based on the simple conservation of angular mo-
mentum, and the experimental results. At threshold
scattering, the scattered electron, having no momentum,
remains very close to the excited atom, such that its
spin can interact magnetically with the orbital motion
of the atomic electrons. This interaction is rather similar
to the spin-other-orbit interaction in an atomic system.
The component of this magnetic interaction along the
quantization axis (which is perpendicular to the in-
coming electron beam direction) will remove the
degeneracy among the magnetic sublevels of the excited
state, and cause level splittings. The splittings will then
affect the interference part of the resonance radiation
and hence the polarization of the radiation. In fact, the
polarization P, for the case without fine and hyperfine
structure, will be shown (in Sec. 2) to be equal to P,
which is the polarization from conservation of angular
momentum, multiplied by a depolarization factor
f=(1+{)ay7)L The {w?)ay here is the square of the
frequency separation between two interfering magnetic
sublevels » and »=4-2 averaged over the spin orientations
of the scattered electron, and 7 is the lifetime for the
excited state to decay to the lower state considered here.
For the high # state of the excited helium, (w?)ay is
approximately proportional to [2%(2z—1) (2n—2) 2 as
will be shown in Sec. 4. Since all of the 7’s are roughly of
the same order of magnitude, the depolarization factor
f approaches 1 when # becomes large, say, #>5, and
consequently P approaches P,. For states of lower #,
e.g., n=2 or 3, {w?)ay is considerably larger than 1, so
that both f and P are very small. The above conclusion
seems to agree well with the general experimental
observations.

When the energy of the bombarding electron is
slightly above the threshold,? i.e., a fraction of an elec-

9 When the energy of the bombarding electron is slightly above
the threshold, the scattered electron may still stay for a finite
length of time in the vicinity of the excited atom. The depolariza-
tion of the collision light will depend on this finite collision time
in comparison with the lifetime (due to radiative transition) of the
state. The quantitative treatment of the case above threshold is
beyond the scope of the present work. In qualitative discussions,
there have been attempts to explain the low polarization by as-
suming that the atom goes into a quasibound (doubly excited)
negative-ion state, which is assumed to have a sufficiently long life.
However, in the case of helium, so far, all the observed and identi-
fied negative-ion states are below the threshold of the excitation
of the excited states considered here. [See C. E. Kuyatt, J. A.
Simpson, and S. R. Mielczarek, Phys. Rev. 138, A385 (1965), and
U. Fano and J. W. Cooper, zbid., A400 (1965)]. Nevertheless, this
idea of quasibound negative ions does not contradict the present
theory. The fact that the scattered electrons seem to stay long
enough (longer than the lifetime ~1078 sec of the excited states)
to give rise to the magnetic effect to cause the observed low polari-
zation suggests that they might be quasibound. At or immediately
above the threshold of excitation, the scattered electron is or still
approximates an S wave (with zero or very small linear mo-
mentum), which remains close to the excited atom and can be
considered as a quasibound #'s electron of the atom. Since the
excited helium atom has the configuration (1s)(#p) or (1s)(nd),
the whole system can then be looked upon as a doubly excited
negative ion of configuration (1s)(#p) (#'s) or (1s) (nd) (#’s).
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tron volt, the selection rule Am;=0 still holds to a good
approximation, and P, remains quite close to its
threshold value. However, the scattered electron may
have gained enough linear momentum to get away from
the atom, and hence to make the spin magnetic inter-
action and the frequency splitting w insignificantly
small. This would naturally cause a rise in P, which
will then decrease as Py decreases, when the bombarding
energy is increased further beyond its threshold value.
This rise in P would only occur for cases where P is
considerably smaller than Py at threshold energy.

The depolarization factor considered above is similar
to that derived by Breit? and later by Franken," in
their treatment of the polarization of the resonance
fluorescence. There, the depolatization is due to a
transverse magnetic field, which is perpendicular to the
polarization vector of the incident light. This effect was
first observed® at the crossing point of two excited fine-
structure magnetic sublevels at a certain magnetic field.
This level-crossing technique has later been applied to
determine the zero-field level structure.! The depolar-
ization effect at the zero-field crossing is also called
Hanle effect, which has been used to measure the
excited state lifetimes.!315-18

The depolarization effect of the electron impact radia-
tion at the threshold energy treated here is also mag-
netic in nature, and it can be looked upon as if due to an
effective transverse magnetic field coming from the spin
of the scattered electron. The general theory of this
treatment will be developed in Sec. 2. The case with the
fine and the hyperfine structure will be discussed in
Sec. 3. The numerical results on helium will be pre-
sented in Sec. 4. In the case of the helium atom in a
triplet state, the magnetic interaction between the spin
of the scattered electron and the spins of the atomic
electrons has also been considered.

2. GENERAL THEORY

First we consider the simple case where the atom has
no fine and hyperfine structure, both in the ground and
in the excited state. The atom is initially in the ground
state @, 115y, and is being excited to state b, # *L;, by
electron impact along the 3’ axis (shown in Fig. 1). The
2’ component of the total angular momentum of the
initial system is therefore zero, i.e., M ,,=0. At threshold
collision, the outgoing electron, having lost its linear
momentum, has zero angular momentum and becomes
a spherical wave centered at the atomic nucleus (origin
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F1G. 2. The electron beam is incident along the x axis. The
polarization of the radiation is observed along the z axis. When
w=0, o_ and o interfere coherently to give polarized I, radiation.
When o increases, the above coherent interference between o,
and o_ becomes ineffective.

of the system). Because of the conservation of M, the
atom can be excited to the magnetic sublevel ¢;,0(r’)
only. The subscript 0 means 7;=0 and m; is the 2’ com-
ponent of the atomic angular momentum I. Now we
transform the coordinate system (r’) into the system
(r) by rotating (clockwise) 3= around the 9" axis (see
Fig. 2). The wave function ¢;,0(r") is then transformed
linearly into a set of wave functions ¢4, (r) as follows:

¢l.0(r’) = Z Dl’.ol (07%750)(#1” (l’)

=[4r/ Q2+ 1" E Yi*Gm0)éu(r). (2.1)

In this rotated (r) system, the electron is incident along
the x axis. The subscript » here is the projection of 1
along the new z axis, and the magnetic sublevels ¢, (r)
with »£0 as well as with »=0 can be populated.
Including a time-dependent factor into (2.1), the time-
dependent wave function of the excited state b is as
follows:

(Ar/204+1)12 Y Vi, *(r,0)s, ()

Xexp(—iE,/A—3Tw)t, (2.2)
where E, is the energy of the sublevel ». The quantity
T, is the decay constant of state b, and is the reciprocal
of the lifetime 7,;, i.e., T's;=1/7,. The state b then
decays via electric-dipole transition into a lower state
¢(n’' 1Ly"), which has a decay constant I',- and a set of
magnetic sublevels u. The instantaneous rate at which
the radiation of polarization q is emitted during the
transition process is

R(q,t)=A Z l <Z V,* 32-7,-,0)¢l,v(r)e—(iEy/h+I‘nl/2)t
M v

X | @ r|gu(eGmrramn|s, - (23)
where the proportionality constant 4 absorbs all the
factors which are independent of the summation indices.
Using the expression

= {($w(r) [ @- x| pru(r)) (2.4)
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for the electric-dipole transition matrix, (2.3) now reads
R(q,)=A4 3 2 2 Yi,(37,0)
w v ¥V
X Yli* (_%ﬁ_’O)QV“qW*e(iww—I‘w)z , (2.5>

where
Wys= (E,,'— Ea)/h and I‘”r = Pnz'l-r,,'zr .

The indices #, I, v, 7 refer to the upper state b, and ', 7/,
u refer to the lower state ¢. Since the decay constant
Ty usually is large enough (10°~10% sec™!), an atom
is excited to state b and then decays to lower state ¢ by
emitting a photon all in a time short compared with
the time for this atom to be reexcited. We can then
integrate Eq. (2.5) over time to obtain the rate R(q):

R(@)= / R(a,)dt

—Ar X T V0 (r0)
B v ¥
XY i5*(Gm,0)gougsn® (1—irw,5),  (2.6)
where
T= 1/]:‘”: (2.7)

is the lifetime of transition from state b to state ¢. Each
term on the right-hand side of (2.6) will be nonvanishing
only when

y="7, v2. (2.8)
Since
Tou¥r ¥ =Yu¥5u* when v=3, (2.9a)
and
Xou¥rn¥=—uy5* when »=3542, (2.9b)
we can express R(x) and R(y) as follows:
R(x)=Ry+R;, (2.10a)
and
R(y)=Ro—Ry, (2.10b)
where
Ri=A72 % lYIV(%ﬂ"O)IlemP, (2.11)
B v
and
Ri=247 Y T ¥3,(3r,0)
B ov>v
X Ylf* (%W,O)xvuxiu* (1+ 7'2(.0,,,72)_1 . (2.128)

The Zeeman level splitting %w,s= E,— E,_» is independ-
ent of the subscripts » and 7; w,s can therefore be re-
placed by w, and (2.12a) becomes

Ri=2A47(147%%"

X2 2 Yo (3m,0) Vi (3r,0), 405, .

B v>P

(2.12b)

The polarization, P, of the emitted radiation (observed

along z axis) is as follows: Rz
1
P=R(X)~R(Y)/R(X)+R(Y)=;{—=Pof,

0

(2.13)
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where
P0=2 Z Z Yll' %W,O)Yl;* %Wyo)xvnxﬁn*/

B ov>V
Z X | YuGm0)|*m..l? (2.14)
uw v

is the expected polarization by considering the con-
servation of angular momentum only, and

f=1+7%) (2.15)

is the depolarization factor. When the state & is de-
generate, i.e., w=0, P is equal to its maximum value
P,. It decreases because of the factor f when the
Zeeman splitting (with respect to the new z axis), w,
becomes nonzero. If 7%2>1, then P— 0, and the
emitted radiation is unpolarized. The above electric-
dipole matrix element #,, need not be evaluated. Since!?

ri=TF(1/2/2)(xx3y) or x=—1/\/2)(ro—r_1),
(2.16)
we have?

= — (1/7/2)L(I'1L; u1v)
— ("5, =1, 9)]07) . (2.17)

The reduced matrix element (I||t]|!) will be cancelled
in (2.14), and only Clebsch-Gordan coefficients
(P11; w, +1, v) will remain in the expression for P,
and P.

R, as shown in (2.12), arising from the decay of two
upper Zeeman levels » and 7 into a single lower level g,
represents the interference part of the radiation, and
which appears to be most effective when » and 7 are
degenerate (interfering coherently). But in the case of
degeneracy, this interference cannot be regarded as the
true interference. The magnetic sublevels ¢;,,(r) in this
case can always be combined linearly and transformed
back into a single level ¢;,0(r") [for this was the only
populated level in the original (r') system | by rotating
the coordinate system (r) back to (r'). Naturally, no
interference can arise when only a single upper level
is populated.

Let us concentrate our attention again on this rotated
(r) system, which is assumed free from the external
transverse magnetic field (which is parallel to the
z axis and perpendicular to the incident electron beam),
that causes Zeeman splitting. A field which is parallel
to the electron beam direction (x axis) will obviously
have no effect on the polarization P, because it does not
remove the degeneracy among the magnetic sublevels
v (which are quantized with respect to the z axis). The
energy separation AE,;="%w,s, here is considered to raise
out of the magnetic interaction between the spin of the
scattered electron and the orbital motion of the atomic

By, 7-1, and 7o are the components of an unitary spherical
vector r.

% M. E. Rose, Elementary Theory of Angular Momentum (John
Wiley & Sons, Inc., New York, 1961).
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electron. (The spin-spin interaction will be considered
in Sec. 4.) At threshold scattering, the outgoing electron,
having lost its momentum, becomes a stationary
spherical wave about the origin which is also the center
of the atom. The excited atom consists of a shielded
nuclear core and an outer electron in the atomic shell
(nl). The scattered electron is electron 1 with coordinate
r; and spin 8;. The excited atomic electron is electron 2
with coordinate rs, and its linear and angular momenta
are p; and ly(=1), respectively. The vector potential A
at electron 2 due to the spin magnetic moment, wus,
of the electron 1 is

A= (u,Xm)/rua )

where rjs=r;—r;. The interaction Hamiltonian of ps
with potential A is,

H=(¢e/mc)A-p:= (¢/mc) (us 112X D2) /712,

where e and m are the electron charge and the electron
mass respectively, and ¢ is the velocity of light. Since

(2.20)

(2.18)

(2.19)

Ye= ZolboS1= 2081,

where po=e#%/2 mc is the Bohr magneton, we express
(2.19) in atomic units as follows:

Je=a?(s1 112X p2)/715°. (2.21)

The fine-structure constant o= €?/%¢ is a dimensionless
quantity. Equation (2.21) resembles the spin-other-
orbit interaction between two electrons, The difference
is that the interaction between s, and p; is not present
here. Now we take the expectation value of 3C over the
product wave function of electron 1 and electron 2
where s, and /y, are quantized with eigenvalues o and
v, respectively.

()= o2a{u(r)e(rs) l (r12Xp2)o/712° | w(r)p(ra)).

u(r1) and ¢(rs) are the electronic wave functions of
electrons 1 and 2. #(r1) is a radial wave function only,
because the scattered electron is an S wave (at threshold
scattering).

Using the relation p=—1V, we express the operator
in (2.22) as follows:

(2.22)

1
— (X )= ()"

712
[Y1,—1(I'12)
X v,®

19

Y11(ri2)
— v

712

2(—1)] , (2.23)
where
1 d a3
Vo = q:—--(-—-:ti——-) and V,©=9/dz, (2.24)
\/2 0x2 ayg

are the spherical components of a gradient operator,
and Yy 4(r19)/714® is the irregular solid spherical har-
monics of the first order and it can be expanded as
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follows?1:22;

For r:>11,
Vi#'(re) = 2 4w (20)) 2
-£ £ ]
712 1=1 m=—1 2(2—1)!
1’1l—1
X(0—1,1,1; £1—m,m, il)nm
XY 1 1,01-m(t) YV m(rs), (2.252)
Vit(ry) o 1 47 (20)! L2
R e
7122 =1 m=1 2(21—1)!
r2l—1
X (—1,1,1; =1—m, m, +1)—
i
XY 11,41-m()Vim(r). (2.25b)

Now we use (2.25) to expand the operator in (2.23),
which is then multiplied by |u#(r.)|? and integrated
over the volume element dr; of electron 1. Since #(ry) is
independent of angle, only the /=1 term in the ex-
pansion (2.25a) for the case of 71<r; will contribute to
the integral. We therefore have

/ ) 2,

719

V1, -1(re) Vi,41(re)
= (4212 (s L, — L&D
)] S ]
= f(re) (1/73) (12X P2).= f(r2) (1/78)l2z, (2.26)
where
flro)=— 47r/ |2t (r1) |27 2drs - (2.27)
Using (2.26), the two-electron integral,
I={($(r2)u(r1)| (r12Xp2)2/715°| ¢ (x2)ue(r1))
={(p(r2)| f(ra) 1/r2) 1| $(x2))=20Q, (2.28)

becomes a one-electron integral, ®® where » is the eigen-
value of /,,, and

Q={(¢(r)| f(r2) (1/7:) | p(r2)). (2.29)
The expectation value of 3¢ now becomes,
{3e)=a?arQ. (2.30)

2 L. Y. Chow Chiu, Phys. Rev. 137, A385 (1965).
2Y. N. Chiu, J. Math. Phys. 5, 283 (1964).

and for 7,>7,

2 The operator, a%f(rs)(1/7)ls., which appears in (2.28),
can be considered as an effective perturbation, on the electronic
orbital motion of the atom, by the scattered electron. The pertur-
bation on the electron spin of the atom (spin-spin interaction) is
zero for the atom in the singlet state. When the helium atom is in
ghe triplet state, this spin-spin interaction will be considered in

ec. 4.
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The frequency separation (in atomic units) between
sublevels » and »'(=v—2) is

w=AE,, s=2d%(Q. (2.31)

Since o is the eigenvalue of sy, it can take the value of
41 or —%, depending on the orientation of s; with
respect to the z axis. However, ¢?(=1) is the same for
both cases, which then stands for the average values,
(02)ay, Over the orientations. Using (0%)ay=1, we have

(@) ayT?=0a*Q%7? (2.32)
and
P=P(14+a'Q?r)1. (2.33)

Now the remaining job is to evaluate Q which is defined
in (2.29). Q can be readily integrated when

f(?’g) = ——47r/ |%(7’1) [27’12d7’1 (227)

is known. Here |u(r1)|?, the density of the scattered
electron 1, is fortunately needed only in the region
0<71<7.. In this region, u(r;) is an S wave (stationary,
with zero linear momentum) outside a shielded nuclear
core of 41 charge, and to a good approximation it can

be written as,?
u(r)=(1/v/me, (2.34)

where 1/4/7 is the normalization constant. Substituting
(2.34) into (2.27) we have

f(r)) =2 (2r2+ 20+ 1)— 1. (2.35)

The above equation, of course, would not be valid in
region 7;>7;.

3. EFFECT OF FINE AND HYPERFINE
STRUCTURE

Following the discussion in the last section, the atom,
which is initially in the ground state @ with zero orbital
angular momentum (S state), can only be excited to
my=0 sublevel of the excited state  (which has princi-
pal quantum number # and orbital angular momentum
I) by electron impact along the quantization 2z’ axis at
threshold energy. Now the state b has a total electronic
spin s, hence there exists fine-structure interaction. The
good quantum numbers in this case are j and m;, where
j(=14s) is the total electronic angular momentum and
m; is the projection of j along the 2’ axis. In (4,m;)
representation, state b is as follows?:

(") =2 ¢1,0(t")Xem,

= Z (lsj; 0m8mi)¢jmj (l") ) (31)

mj
where the Clebsch-Gordan coefficient (Isj; Omgm;) is
the weighting factor for each fine-structure sublevel

% The states with m,=1, 0, —1 are taken to be of the same
amplitude and phase.
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@im;, M, is the projection of s along the 2’ axis, and the
relation &,,m; is implied. We again rotate (clockwise)
the coordinate system (r') 4w around the y’ axis into
the new system (r), and ¢;m,(r") is transformed into a
linear combination of ¢, (r). The subscript » is the pro-
jection of j along the new z axis. Equation (3.1) now

becomes

6u(r) =2 G(jv)(r), (3.2)
where?s
G(jv)=X (Is7;0msms)Dym,?(0,37,0).  (3.3)

The time-dependent wave function of state b is

6s(1,0) =2 G(jv)es(r) exp[— (iE/h+Tw/2)t], (3.4)

and the rate of transition from state b to a lower state ¢
[which has principal quantum number #, orbital
angular momentum I’ and fine-structure sublevels
(#w)] by emitting radiation of polarization q is [c.f.
Eq. (2.6)]

Rl@=47 2 X% G*(jnG(7)

Xq(gv; 5'mq*(37; j'w1—ire(jv; 39) T, (3.5)
where
q(jv; J'w)=($»®)|a 1] $;u(r)), (3.6)
and
w(jv; 39)= (Es»—Ej5)/h. (3.7)

The lifetime = of transition between states I and
[which is defined in (2.7)] is independent of j and 7'.
4 is a proportionality constant which is independent
of all the summation indices. Here the quantum
numbers /, 4, », J, 7 belong to the upper state b, and 7,
7', u belong to the lower state ¢. We again split R(q)
into a linear combination of an interfering part R; and
a noninterfering part R, such that

R(x)=R¢+R, and R(y)=R,—R;. (3.8)
R, and R, have the following expressions:
R0=A1-Z; Ro(579, (3.9)
where )
(3.10)

Ro(j5) =2 |G(59) *|x(jv; j'm)|?

% The rotation matrix Dy’ (0,8,0) equals the reduced matrix
dmm?(B) which is real. Wigner’s general expression for dpmsm!(8)
can be found in page 52 of Ref. 20. However, the simple formulas
for j=1 and 2 can be found in D. M. Brink and G. R. Satchler,
Angular Momentum (Clarendon Press, Oxford, 1962), p. 24. The
formulas for j=3 has just been listed in Y. N. Chiu, J. Chem.
Phys. 45, 2985 (1966).
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and

Ri=24rY 3 G*(j»)G(j9)x(jv; j'w)

i'w >
Xx*(j7; /w1472 (Gv; )T

Since the fine-structure separations are usually large
enough that

(3.11)

%2 (fr; J9)>>1 for 7, (3.12)

we can neglect the terms of j>j in (3.11) and rewrite
R, as follows:

R1“ATZ; Ri(57") (3.13)
ii’
and
Ri(j7) =21+ X X G*(j»)G(57)
wov>v
Xx(jv; j'wx*(57; i'w),  (3.14)
where
wj=(Ej—Ej-2)/h (3.15)

is independent of ». The polarization of the radiation is
therefore

P=[R(®)—RE)V/RE+R()]=Ry/Ro
=% Ri(jj)/Z RalGi"). (3.16)

In the above expression for P, we have included the
radiation arising from all of the allowed transitions
between the fine-structure levels 7 of the upper state b
and the levels ;' of the lower state ¢. When each fine-
structure line, e.g., radiation due to a single upper level
7 to a single lower level ;' can be resolved, the polariza-
tion P(47) of each line is expressed as follows:

P(j7)=Ri(j5)/Ro(§5)=Po(35") fi, (3.17)
where
fi= (470t (3.18)
and
Po(§7)=2[Ro(jiN T X2 § G*(jv)G(47)
Xx(jv; j'wx*(§7; j'w).  (3.19)

Ro(j7") is defined in (3.10).

When the nuclear spin of the atom is nonzero, 170,
a hyperfine-structure interaction exists. The excited
state b is then a linear combination of eigenstates
&my (1), where £(=14j) is the total angular momentum
of the atom and my is the projection of f along the 2’
axis. After the coordinate system (r’) has been rotated
into the (r) system by a rotation of 3= around the y’
axis, we have

P(t)= ; GG fr)ein(r), (3.20)
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where
G(ifv)=2 2 (jif; mamimy)
m/ ms
X (Us7; Omsms) Dy, (0,5m,0).  (3.21)

v here now is the projection of the f along the new z
axis. The rate of radiation R(q) is again split into a
linear combination of R, and Ry, such that

R(x)=Ry+R: and R(y)=R—R: (3.22)
and
polarization P=Ry/R,. (3.23)
Ry and R, are expressed as follows:
Ry=A1% ; ZNGGM I aifr; 57w (3.24)
7i' [ vu
and
Ri=A12, ,Z E,. 2G*(G )G ()= (i fr; 5 f'w)
Xa*(jf7; §' fll+r0(fr; 5)1, (3.25)
where
x(ifv; 5 f'w)={(bin () |2|djru(®))  (3.26)
and )
wi(fv; 7)) = (Ejp— E;jf3)/h. (3.27)

In the above equations, the quantum numbers j, f, f,
v, 7 belong to the upper state » and the quantum
numbers 7', f’, u belong to the lower state ¢. The life-
time 7 is the same as defined in (2.7). In writing down
the expression for Ry in (3.25), we have assumed that
the frequency splitting between the fine-structure level
7 and the level j5 is large, so that the terms of 7 j
have been neglected. If the hyperfine splitting is also
large that

Pp(fr; fo)>1 for f#f, (3.28)
then
Ri=A4r Z 2(1+7%0;A)[ ; 2 GG mG3G)
Xa(Gfv; 7' fwa*(Gfo; 7' fwl, (3.29)
where
wjs=(Ejty— Ejpp—2)/h. (3.30)

Similar to the dipole matrix element x,, in the last
section (Eq. 2.17), the matrix elements x(jv; 7'u) and
x(4fv; 7' f'w) can also be expressed in terms of the
reduced matrix element (J||r||#’) as follows?:

x(jv; 7w = Q//2) (=) V=L (5'17; ulv)
= ("7, —1, »)LQIH1) 25 +1) ]
XW (V5155 s1) (el 7) - (3.31)
and
x(jfv; 7' fiu)=—(1/4/2) (=) ite-t=i=3+
XL fsple)— (f1f50,—1,2)]
XLQIH1)Q27+1) 27+ D) 2f+1) ]2

XWG'f5f; )W E 5155 s Ull|7),  (3.32)
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where W (abcd; ef) is the Racah coefficient,2® 1 and I
are the orbital angular momenta of the excited upper
state b and the lower state c, respectively. The reduced
matrix element will be cancelled in the ratio in evaluat-
ing the polarization P, and only the Racah and Clebsch-
Gordan coefficients will remain.

4. NUMERICAL VALUES FOR He ATOM

A helium atom at the ground 1 1S, state can be excited
into either a singlet excited state » 'L; or a triplet ex-
cited state # 3L ;. In the case of a singlet state,?” we need
to calculate the frequency splitting w=2d%Q of Eq.
(2.31). The integral Q which is defined in (2.29) has
the following expression:

Qu={(Pui(r2) | f(r2) A/72) | Pui(r2)), (4.1)

where f(rs) is shown in (2.35), and ¢..(r2) is the wave
function for the outer excited electron 2 of the helium.
The inner (unexcited) electron, which remains in the 1s
orbital, does not contribute to the frequency splitting
w. We use the following approximate wave function
for ¢ni(rs):

Oni(te) = 2nl)712(20) "+ 12y n1e=82Y 1 (B202) -

The ¢ values are chosen by Slater’s rules.?® We will
calculate the polarization of the following transitions:

2p— 115, 3P — 215, 3D—- 2P,
4D — 2P, and 5'D— 2P,

(4.2)

(4.3)

The chosen ¢ values for the corresponding upper state
of the above transitions are, for He,

¢(2p)=0.575, £ (3p)=0.333, ¢ (3d)=0.333,

¢(4d)=0.270, and ¢(5d)=0.250. (4.4)

Using the wave function in (4.2) and the expression
in (2.35) for f(rs), integral Q, in (4.1) is integrated to
give the following:

(2¢)2+1 { 1 20n—1)(2n—2)

Cam@n—1)@n—-2) L@ (e
_2@n-2) 1 ws)
Qe+2t (22

The values of Q, for all the above-mentioned excited
states are calculated and listed in Table I. The depolar-

26 I,. C. Biedenharn, J. M. Blatt, and M. E. Rose, Rev. Mod.
Phys. 24, 249 (1952); A. Simon, J. H. Vanderslui, and L. C.
Bxedenharm Oak Ridge National Laboratory Report No.
ORNL- 1679 1954 (unpublished).

27 If we use a symmetrical wave function, (3)2[¢pni(rs)d1s(rs)
+pni(r3)p1s (r2) ], for the singlet state of the "helium atom (which
has electrons 2 and 3), the effective operator oo f(rs) (1/743)l2,
(see Ref. 23) should be replaced by oa2e[ f(r2) (1/73)l2.4 f(rs)

X (1/78#)l5.], but the final results will be the same.

28 J, C. Slater, Phys. Rev. 36, 57 (1930).
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TasiE I Polarization of the e-He impact radiation at threshold energy, singlet-singlet transitions.®

Wavelength Py P
Transition (A) 7(10%sec) —Q.(102%a.u.) {(wDavr? f=1F+ (W™D (%) (%)
21P— 118 584 0.427 63.4 3.54X108 2.8X10™* 100 0.03
31P—>218 5016 1.739 2.37 8.23%X10 1.2X1072 100 1.2
31D—21p 6678 0.415 2.37 4.69 1.7X1071 60 10.5
41D —21p 4922 0.424 0.468 1.91X101 8.4X1071 60 50
51D —21pP 4388 0.426 0.174 2.65X1072 9.7X1071 60 58

a r(sec) here is to be converted into r(a.u.). In computing f, w and 7 both should be in atomic units. Unit of time () =#3/me* and unit of frequency

(w) =med/#3, {w?)av =a*Qn?. The values for 7 here are those of Ref. 27.

ization factor f,

=1+ = (1+a'Q*r?) (4.6)
as well as the polarization P from (2.33),
P=Pyf=Po(14a*Q27%) 4.7

are thus obtained and listed in Table I. Py, which is the
threshold polarization by conservation of angular mo-
mentum, is calculated by (2.14) and is also listed in
Table I. The lifetime 7 used here are those calculated by
Goldberg.®

When the principal quantum number # becomes
large, say #>3, the last three terms in the curly
bracket of (4.5) becomes negligibly small comparing to
the first term. If we neglect these three terms, Q.
becomes

Qn=—(20)%/[2n(2n—1)(2n—2)] when n>3. (4.8)

The above approximate expression for Q, indicates
that | Q.| decreases as » increases. Since the lifetimes 7
of the excited singlet states are of the same order of
magnitude, the depolarization factor f increases as #
increases (see Table I). When #>5, f— 1 and hence
P — P,. In fact, this general conclusion on the 7
dependent of the polarization agrees very well with
the experimental observations.®* The present calcula-
tion on the individual transitions is by no means exact
considering the approximations included, and it will be
improved when better wave functions are used. Never-
theless, this new mechanism with a simple minded
calculation does seem to explain satisfactorily the dis-
crepancies between the expected threshold polarizations
Py’s and the observed values.

When the helium atom is excited into a triplet state,
#3L, and then decays into a lower triplet state, #'3L’,
by electric-dipole transition, the total polarization of
the radiation shown in (3.16) cannot be written in a
form similar to that in (4.7) for singlet transitions.
However, when fine-structure lines are resolved, the
polarization between a pair of fine-structure levels j (of
the upper state) and j (of the lower state) can be
measured. This polarization, which is shown in (3.17),

P(5,7)=Po(35)[i=Po(§7)/[1+ 7w )er] (49)

is quite similar to the expression in (4.7). Here we need

2 L,. Goldberg, Astrophys. J. 90, 414 (1939).

to know (w?)av. Instead of evaluating the integral I as
shown in (2.28) for the singlet states, we now evaluate
(3¢) in the (jv) representation

(3C) = a0 (¢» (ra,13) | é2 F) (U rd)lic| 3 (x215)), (4.10)

where r; and r; are the coordinates of the two atomic
electrons. The operator#:27

JC(eff) =al Ziz f(h') (1/1’,'3)l,', (411)

is the effective perturbation on the atomic electronic
orbital motion by the scattered electron. By the Wigner-
Eckart theorem,? (4.10) may be expressed as a product
of a reduced matrix element in the / representation, and
a coefficient which contains the quantum numbers »,
Js 1, and s,

_ oG+ DHI0HD—s(+1)]
2j G+ D0+ T

XUIE S (/rdM. @12)

The orbital wave function ¢,;(rs,13) of the excited helium
atom is again approximated by an antisymmetrized

product wave function, (1/4/2)[@ni(r2)d1s(rs) —Pni(rs)
X ¢1,(r2) ], and the reduced matrix element becomes

DI fe) (/rdL=00+1) 170,  (4.13)

where
Qn=_bn1(1) | f(r) (1/7) | (1))

is the same as that in (4.1) for the singlet states. The
expectation value of JC now reads

(3C) =0’ 0n, (4.14)

where
gi=LiG+D)+I0+1)—s(s+1)]/25(G+1) (4.15)

and o is the projection of the spin of the scattered elec-
tron along the z axis, and which can take values
+3% or —3.

Since the total electron spin of the helium atom in a
triplet state is nonzero, there are magnetic interactions,
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3C,s, between the spin of the scattered electron 1 and
the spins of the atomic electrons 2 and 3, in addition to
the interaction 3C considered above. It is expressed (in
atomic units) as follows®:

3(s1-r1) (8:°112)

0= (/i) (a8 ] @

=2 ¥1s

We take the expectation value of 3C,, over the product
wave function of electron 1 and the electrons of the
helium atom (in the excited state #°L;). Here sy, and 7.,
are quantized with eigenvalues ¢ and v, respectively.

(8Css)= oo (s (r1);, (Ta,13) | g: 1/

321:(8s°113)
Sig—
T1:

:l |%(r1) g, (xa,rs)).  (4.17)

The vector operator in (4.17) can be expressed as a
contraction of a tensor, ¥,(r1;), and a vector, s;;

(1/71®)[ssa— 321:(8:-11:) /71%]
=(8m)12 % (211; u, —u, 0)(1/71?)
X Yz,,‘(l‘h')s_,,(i) .

Furthermore, we can expand the two-electron operator,
Yo,u(r1s) /718, as follows?h:22;

(4.18)

For r;>n
Voulry) = 4r(20)! L2

EE y =]

7158 1=2 m=—1 41(21—3)!

X (=21, 2; u—m, m, p) (r1=%/r;4H)
XY 2u-m(@)Vin(r:), (4.19)

for 7’,'<7’1
Voultu) = 2 4 (20)! 2

E y O]

71 1=2 m—1 41(21—3)!

X (l—27 l; 2 s M—m, m, ﬂ) (761_2/rll+1)

X Yl—z,p—m(ri) Yl.m(rl) ) (4'20)

and for 7;=74,
Yz,y(l‘ls‘)

713

=—47V5 . (r1)d(r1—r,). (4.21)

Substituting the above expansions into (4.18) and inte-
grating over the spherically symmetric wave function
u(r1) of electron 1, we obtain the effective perturbation,
3C,, (eff), on the electron spins of the triplet helium atom,

® H. A, Bethe and E. E. Salpeter, Quantum Mechanics of One
and T'wo Electron Atoms (Academic Press Inc., New York, 1957),
p. 181.
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by the scattered electron.
3
3Css (eff) = oo (u(r1) | 22 (1/715)
=2

X[si—321:(8:11) /7127 | w(r1) )

N >; Chr/rd Csee—32:(six)/r],

(4.22)
where

h(ri)=$rie?ritf(ry) (4.23)

and f(r,) is defined in (2.27). The expectation value of
3Cqs 1s as follows®:

(3Css)= (65(2,3) I 3Cas (eff) |¢J’v (2,3))

=—al(jl7; vOu)(jlsHi [h(rs)/r3]

=2

X[si—3r:(s; 1) /r]|| jlIs) = ve20Q,g;, (4.24)
where

&= {[4+10+1)—jG+DIBF G+ +10+1)]— 12}/

(47 (G+D@2-1)(2143)], (4.25)
Q=0 10y, (4.26)
and
0= bm®) || (1)) (4.27)
The total interaction energy is
Ejy=(30+5C.s) = 10?0 (Qngi+Qng;).  (4.28)

The frequency separation (in atomic units), w;, between
the levels (j») and (j»—2) is

wj=Ejp—Ej 2=20%0(Qug;+Qug;).  (4.29)
Since
(D=1 (4.30)
we have
<w12>av=a4(Qngj+Qn§j)2 . (4-31>

Substituting (4.31) into (4.9), the polarization of the
line #*L; — #/3L;’ becomes

P(j7)=Po(j5)f;
and

Ji= Ao P)e) ' =[14+04(Qng;4Qug T (4.32)

When the fine structive lines are not resolved, the total

polarization for the transition #3L —s #3L/ is [by
(3.16)]
P=2. fiR(j5)/ % Ro(537, (4.33)
ii i’

% For detailed steps to evaluate the (diagonal and off-diagonal)
reduced matrix elements of this type, see: (a) A. R. Edmonds,
z};lngula; M mntentu,rﬁI n QJuanmmllgW e;ham'cs (Princeton University

ress, Trinceton, New Jersey, 1960), p. 110; (b) L. Y. C. Chi
Phys. Rev. 145, 4 (1966). p- 110; ®) C. Chis,
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TasBLE II. Polarization of the e-He impact radiation at threshold energy, triplet-triplet transitions.®

Wave-

length T _Qn "‘Qn (wj2>av Py P Pcm-r

Transition (f) (107%sec) (103a.u.) g; (103%a.u.) g; (10 au.) 104; %) %) (%)

33%P,—235; 3889 943 2.37 3 2.29 o 2.59 0.254 21.4 0.54X10"%  0.54X1073
33P;—235; 3889 943 2.37 3 2.29 3 15.4 0.043 0 0 0
33Py—235; 3889 943 2.37 oo 2.29 cee . 1 0 0 0
33P =238 3889 943 2.37 e 2.29 cee oo e 12 0301073 0.30%X1073
43D3— 23%P, 4472 2.76 0.468 2 0.467 —2/21 0202 379 25.5 0.10 0.09
43D, — 23%P, 4472 2.76 0.468 $ 0.467 3 0.621 124 —60 —0.07 —0.07
43D, — 23P; 4472 2.76 0.468 2 0.467 3 0.621 124 100 0.12 0.12
43D, —23P, 4472 2.76 0.468 3 0.467 3 2.48 3.10 476 1.5 X103 1.5 X103
43D, —2%P; 4472 2.76 0.468 3 0.467 3 2.48 3.10 —333 —0.01 —0.01
43D, —23%P, 4472 2.76 0.468 3 0.467 ¥ 2.48 3.10 33.3 0.01 0.01
43D —23p 4472 2.76 0.468 e 0.467 e cee X 27.8 0.067 0.066

& To compute fj=(1+(w;?)av®) 7}, & and r both should be in atomic units. The unit of frequency (w) = (me4/#3) and the unit of time (r) = (43/me4).
(wi?)av =at(Qngj+Q0nZi)2 For transition between two fine-structure lines, #3L;j — »’ 3L;’, the values in column Po and P are those for Po(j4') and P(jj"),
which are defined in (3.19) and (3.17) respectively. The values in column Peorr are computed directly from (4.43) and (3.16) (where off-diagonal matrix

elements in j have been considered). The values for 7 are from Ref, 27.

where
RL(j7")=Ri(45) fi (4.34)

and Ri(77") and Ro(77’) are defined in (3.14) and (3.10)
respectively. The P, in this case is defined as

Py= lim P=F ROGH)/T Riljj), (435)

all fj—-1 ii’

which has the same meaning as before, namely, it is the
threshold polarization when only the simple conserva-
tion law of angular momentum is considered.

In Table IT is listed the polarization for the transi-
tions 3 3P — 23S and 43D — 23P. The depolarization
factors f’s and consequently the polarization P’s here of
the triplet transitions are considerably smaller than
those of the singlet transitions. This is due to the fact
that the lifetimes of the triplet transitions are nearly
two orders of magnitude longer than those of the singlet
transitions. In addition, the fine-structure effect would
also decrease the Py’s and hence the P’s. The Py’s in
Table I for singlet transitions agree with those pre-
viously calculated.!* However, the Py’s in Table II for
triplet transitions do not agree with all the previous
values. For example, the P, for 3 3P — 23S transition
was shown!? to be 36.6%,, whereas our value is 129,
The reason is that we have included the interference
effect in the present treatment while it has been neg-
lected previously. For singlet transitions and for the
case of complete degeneracy, this interference is not a
true effect as has been discussed in Sec. 2. Since P,
corresponds to the value of P when magnetic sublevels
are degenerate, i.e., w=0, it will be the same whether
the interference effect has been included or not in
computing P, for the singlet transitions. The situations,
of course, will be different for the triplet transitions, be-
cause the interference remains effective even when the
sublevels are degenerate, i.e., w;=0.

So far we have neglected the nonlinear effect on the
energy separation, w;=E;— Ej,_s (Ej; may have terms

which are nonlinear in »). Since the fine-structure
splittings of helium are not too large, ; is not a good
quantum number and the off-diagonal matrix elements
in 7 should also be considered. For perturbation up to
the second order, the interaction energy is as follows:

Ep=E;O+E,®, (4.36)
where
Ej®=(j|5C(eff)+5C,; (eff) | j»)
=120 (Qng;+QnZ;) (4.37)

is the same as that in (4.28) and is linear in », and
| (5'v|5e(eff)+3Css (eff) | jv)|?
Ej— Ej/ '

E,o=Y (4.38)

i'#i

The off-diagonal matrix element has the following ex-
pression (detailed steps are shown in the Appendix):

(1, o130(ef) 8 (e) o) matr D2
2(j+1)
x[(j+l+3)(l— J+DG—1+2) (l+j)]”2
(25+3)(25+1)
BG+1)2=1(+1)—6]10.
{ T 2@—1)(2+3)

} . (4.39)

The energy splitting is then
w(gv; jy—2)=E;,—Ejp_»

=0t Ep®—Ej 4®,  (4.40)
where
wj=Ej, M — Ej,_y®
=20% (Qngi+Qng;) (4.41)

is the same as (4.29). Since w; is linear in o which can
take the values +3% of —%, we have

<""f)ﬁv= 0,
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and hence
(@2(v; jv—2))av
= <w.12>nv+((Ej,,(?‘)—-EjV_ZKZ)y)av‘

To compute the polarization P(j;’), we use the
original formula

P(j5")=Ri(45)/Ro(35") (4.43)

where Ry(74'), the radiation without interference, is the
same as defined in (3.10) and Ry(j4"), the interfering
part is now as follows:

Ri(§7)=247 Y G*(j»)G(jv—2)x(jv; j'n)

(4.42)

Xa*(jr=2; W+ Gy jr—D)e T (444)
Since the off-diagonal matrix element depends on 2,
we have

E®=E;

and
w(4,1; 4, —1)=w;. (4.45)

The second-order perturbation, therefore, has no
effect on the energy separation between (4, »=1) and
(4, v=—1). For transitions 43D, —23P;, 43D, —23%P;,,
and 3 3P; — 235 considered here, only the interference
between (7, »=1) and (4, v=—1) contributes to the
Ry(j7") in (4.44). The polarizations, P(j5"), for those
transitions are therefore the same whether they are
computed by (4.43) or by the previous formula (4.32),
where the nonlinear effect has been neglected. For tran-
sition 43D;— 23P, R1(j;') has contributions from terms
which contain {(©?(3,3; 3,1))av, (@?*(3, —1; 3, —3))av,
and {0?(3, 1; 3, —1))ay,. To compute (?(3,3; 3,1))av
[=(?(3, —1; 3, —3))av], we need the second-order
energy correction Ej_3,-1®, (E;=,=3®=0), and the
fine-structure splitting E(4 3Dy)— E(4 3D;)=8.9X107*
a.u.? is used. Similarly for transition 3 3P, — 2 35,
R1(j7") has contributions from the interference between
(j=2,v=2)and (=2, »=0). To compute (@*(2,2;20))ay
we need the second-order energy correction E;j_s,-0®,
(Ejm2,—2®=0), and the fine-structure splitting £(3 *P1)
—E(3 3Py)=1.0X10"7 a.u.® is used. Because of the
smallness of the off-diagonal matrix element, both
(E31®)2(=6.5X107"18 a.u.) and (Es,o®)*(=2.5X107"7
a.u.) contributes less than 5%, in computing (w?(jv;
7v—2))av. The (?(Jv; jv—2))a’s are used to compute
Ri(77) and P(jj’). The polarizations thus computed
are listed in the last column of the Table II under the
heading “Peor.” which differs very little from the values
in the previous column, where the second-order correc-
tions are neglected.
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APPENDIX
OFF-DIAGONAL MATRIX ELEMENT

We evaluate the following off-diagonal matrix element
which appears in (4.38):

(bir1,0(ro,x5) [3C(eff) 400, (eff) [ p, (ro,r5)), (A1)
where
Se(ell) =as X f07)(1/rd)s (A2)

and

3Css(eff) = —a 23: h(r) (1/7#)[si—32:(si°1:)/r¥] (A3)

=2

are defined in (4.11) and (4.22), respectively. For the
matrix element of 3C(eff), we have?

(541, vls|3e(efr) | juis)
= (=)= ato[ (20+1) (2j+1) ]2
X (41, 415 v00)W (141, 415 51)

><[ll|§: S AP, (Ad)

By writing the Clebsch-Gordan coefficient and the
Racah coefficient®® explicitly (s=1), and using (4.13)
for the reduced matrix element, we have

+1)2— 212
(51,5 (r2,13) | 3C(eff) [ p (13,15)) =a2er,£S].j__l~_]__
2(j+1)
(+7+3) U= j+1) (G—142) 1+ 5) 712
(LR ADE LN
(2743)(25+1)

Since the matrix element is diagonal in s(s= s;+s,),
for the matrix element of 3C,.(eff) we have0

{(G+1, ulslcfc”(eff)]juls)= (—a?/2) (41, 7+1;00)

X1, ang W) (1/rd)

X[s-—3r¢(s-n)/n2]||jls} . (Aﬁ)

Since the vector operator [%(r.)/r#][s—3r;(s-1;) /r2] is
a contraction of a vector s and a tensor [%(r;) /r3]C® (x,)
[where Cp® (r;)= (4w/5)'2Y 3, (r;)], the reduced ma-
trix element can be expressed as a product of (s||r]|s),

EHI;_ (k(ra)/r2)C (x)17]

value from the approximate formula (40.12), which has been
corrected for estimated experimental deviation.



168

and some coefficient.?* After evaluating all of the reduced
matrix elements and writing out all of the coefficients
we have

(bir1,5(x2,X5) | 3Coq(eff) | sy (r2,15))
_ 3(j+1)—1(+1)—6
=—a20.[ (G 2 2L
G = D a—n@+s)
i 14-3) (4 §) G—14-2) (I— j+1)12
I:(]++)(‘|"J)(] .+ )(— 7+ )] C@n
(2j+1)(25+3)

To compute the second-order energy correction, the
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needed off-diagonal matrix elements have the following
simple expressions:

(b2,»(CP3) | 3C(eff)+3C,, (eff) | p1,,(CP1))

=%a20(4;”2>m<@,.—%@,,> (48)

and

($3.5(°Ds) | 3 (efl) +3Css (eff) | $2,0 (*D2))

=3a%[3(9— 2)]1/2((2”—;—4@"). (a9)
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Nonorthogonal Formulation of Hartree-Fock Perturbation Theory*

K. J. Durr anp T. P. Das
University of California, Riverside, California
(Received 29 August 1967)

Perturbation theory, up to first order in the wave function and second order in the energy, is formulated
for a many-electron system without requiring the perturbed one-electron states to be orthogonal. The most
general self-consistent coupled equations, referred to as Method 1, form the counterpart of Langhoff, Kar-
plus, and Hurst’s (LKH) Method a for orthogonal orbitals. The uncoupling of the perturbations &y, ; to the
zero order wave functions ¥;°and ¢;° produces equationsreferred to as Method 2. Further approximation in the
Method-2 equations yields a set of equations called Method 3. Methods 2 and 3 are counterparts of LKH’s
Method b, but have computational advantages over Method & in that normalization and orthogonalization
are accomplished in a particularly simple fashion. In comparing the uncoupled Method-3 equations with
Dalgarno’s equations, an additional difference is found involving the overlap integral between perturbed
states, besides the difficulty pointed out by LKH. Application of the Method-2 and -3 equations is made
to the spin-polarization problem of the Fe'? ion, leading to a hyperfine constant in reasonable agreement
with earlier unrestricted Hartree-Fock (UHF) calculations. A comparison between results obtained by
Methods 2 and 3 and Dalgarno’s equations permits a relative evaluation of these methods. We have also
studied the effect of indirect spin polarization of the s electrons through the action of the p electrons which
are in turn polarized by the unpaired d electrons. This contribution is found to be about 109, of the di-
rect effect.

I. INTRODUCTION either of two equivalent forms:

N a recent paper, Langhoff, Karplus, and Hurst!
(LKH) have examined some methods of applying
perturbation theory to Hartree-Fock systems. In par-

h;ce(l)uio(l) = 11\;. [(ujO(Z) Ihz_l ! uj°(2))u,-°(1)

J=1,972

ticular they showed that some important terms were
omitted in the perturbation equations derived by
Dalgarno® which led to inconsistencies. Thus, in the
Hartree-Fock equation for the zero-order wave function,
the Coulomb and exchange terms can be written in

* Supported by the National Science Foundation. Portions of
this work were reported briefly at the American Physical Society
meeting at Chicago, March 27-30, 1967.

1P, W. Langhoff, M. Karplus, and R. P. Hurst, J. Chem. Phys.
44, 505 (1966).

2 A. Dalgarno, Proc. Roy. Soc. (London) A251, 282 (1959).

—@;%(2) [ ul(2))u2(1)] (1)
N
= El [@2(2) [ 7127 02(2) yud(1)

— (i%(2) [ raa™ [ (2) (1) J=h(1) ®u0(1) . (2)

However, this is only true if the one-electron Hamil-
tonian acts on the zero-order wave function u0, since
in this case the self-Coulomb and self-exchange terms
cancel. When the Hamiltonian acts on a first-order
correction to the wave function, there is no such can-



