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where

LA =C3(‘I vz"'qsz)'i‘C‘i(q'Pfg"z_ql‘sz)
+C5(Q'Pigvz"'QVPiz) . (A13)
It is probably worth mentioning that the method
using Egs. (A10) and (A11) takes much less effort than
the one using Eq. (A12) unless the trace in the latter is
taken by computer. We have used all methods checking
both by hand calculations and by the computer
program of Hearn.?

2 A. C. Hearn, Commun. ACM 9, 573 (1966). See also “REDUCE
User's Manual,”” Stanford Institute of Theoretical Physics Report
No. ITP-247 (unpublished).

These expressions can always be checked against the
similar expressions obtained by using traces and
projection operators. For example, in our case
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Free Massless Fields as Infinite-Dimensional Representations
of the Lorentz Group*
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Free quantized massless field theories of arbitrary spin L are investigated. The transverse potential in
the radiation gauge is shown to transform as a nonunitary infinite-dimensional representation of the Lorentz
group: (L,1)@(L, —1) for integer spin and (L+3%, $)D(L+3, —%) for integer +3 spin (Gel’fand and
Shapiro’s notation). Using Lorentz group theory, it is argued that free quantized massless field theories
of spin >1 do not possess a stress-energy tensor 7%

I. INTRODUCTION

N a recent paper,! Strocchi showed that the 4 poten-
tial in free-field quantum electrodynamics cannot
transform as a vector, as it does in the classical theory.
What, then, is its transformation law (if any), and is
it unique?

It is the main purpose of this paper to elucidate this
transformation law, not only for spin 1, but also for
spin L. In Sec. II, the assumptions of this paper will be
stated, and the radiation gauge will be précisely defined.
In Sec. III, this definition will be used to prove the
radiation gauge manifestly covariant; the transverse
fields will be shown to belong to infinite-dimensional,
nonunitary representations of the Lorentz group.

With this established, the simpler case of integer-spin
massless-field theories will be developed. Section IV
contains the derivation of the transformation law and
the field equations of these theories and some remarks
on the field strengths. Section V discusses some applica-
tions of the transformation law, such as the construction
of scalar and tensor bilinear forms. In Sec. VI (Conclu-
sions), the Lorentz invariance of the theory and the

* Supported in part by Air Force Office of Scientific Research
under Contract AF 49 (638)-1380.

1 Supported by a National Science Foundation Predoctoral
Fellowship.

1F. Strocchi, Phys. Rev. 162, 1429 (1967).

question of the Lagrangian in massless-field theories are
discussed. It is concluded that canonically quantized
Lagrangian massless-field theories of spin L>1 do not
possess a covariant stress-energy tensor T,

II. RADIATION GAUGE

Gauge invariance occurs in massless-field theories of
spin L>% because the field equations that are derived
from a Lagrangian do not completely determine the
fields. Gauge transformations leave invariant that part
of the field which is determined.

The fields in the radiation gauge are called transverse.
The radiation gauge is defined by stating the properties
of these transverse fields [Eq. (1)].

For Bose-Einstein field theories of spin L>1,
A(L)%q,...qy, is a Hermitian, totally symmetric, traceless
tensor field, with a; being 3-space indices,

Vo, A (L)layoa,=0, i=1,--- L. (1a)
The superscript L indicates that 4 has L indices. The
L in parentheses indicates that 4 describes a spin-L
theory.

For Fermi-Dirac field theories of spin L-41>3,
Y(L+3) ;. a;, is a Hermitian, totally symmetric,
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traceless tensor-spinor with the spinor index sup-
pressed,

Vai‘P(L'*"%)LaruaL:'Ya;lb(L"“%)Lax...aL:O’
i=1,---,L (1b)
where a; are 3-space indices.

A count of the indices, using Eq. (1), reveals that 4
and ¢ contain just two degrees of freedom, which refer
to the two helicity states.

The fields in the radiation gauge (as opposed to the
Lorentz gauge, for example) are uniquely determined
by the gauge condition (1) and other field equations
that the fields obey. Thus, if the fields possess a trans-
formation law, it will be unique. The transformation
law of the transverse fields is assumed to be?

—i[A(L)Esyear, T )= (240°— 29V1)A (L) Lay- - -aL
L
4> Do A (L)syngionar, (2a)
=1

- 1[‘/’ (L‘{"’lz‘) Lar--aL;]Ok]
= (xkao"‘ xOVk)#/ (L+%)La1---aL+%’YO’Yk¢ (L+%) Ldl"' ar,

L
+3 Doy (L+3) 20y caieeeazk-  (2b)

7=1

The notation d@; indicates that the index @, is missing.

The transformation law preserves transversality be-
cause Eq. (2) is consistent with Eq. (1). According to
Eq. (2), under Lorentz transformations the transverse
fields transform as the purely spatial parts of massive
fields of the same spin, but an additional term is
needed to restore transversality. This additional term
is nonlinear and nonlocal, and makes the transformation
laws of massless-field theories less clear mathematically
than those of the massive ones. For this reason it is
difficult to determine whether the fields in the radiation
gauge are manifestly covariant.

The simplest infinite-dimensional massless-field the-
ory is of spin 1 (electrodynamics). In this case, 4(1)!,
is just the transverse magnetic potential, and Eq. (2a)
is its well-known transformation law. For spin 2 (the
linearized gravitational theory), A4(2)%s is usually
written as /4, which is the deviation from the flat-space
metric.

In other papers, Egs. (1) and (2) have been derived
from a Lagrangian for the cases of spin 1, spin %, and
spin 2.3 In these cases, it was found that the radiation
gauge is absolutely fundamental because: (1) The
generator of field variations* may be inverted to derive

2y f(x)=— (1/4n) f'dsx’' (1/|x—='|) f(&'), and let Da=8,VaV 2.

3 For spin 1, see J. Schwinger, Branders Lectures, 1964 (Prentice-
Hall, Inc., Engelwood Cliffs, N. J., 1965), p. 147. For spin }, see
C. Bender and B. McCoy, Phys. Rev. 148, 1375 (1966). For spin
2, see S. Deser, J. Trubatch, and S. Trubatch, Nuovo Cimento
39, 1159 (1965); S. J. Chang, thesis, Harvard University, 1967
(unpublished).

4 J. Schwinger, Phys. Rev. 91, 713 (1953).
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the commutation relations only in the radiation gauge.
(It is singular in all other gauges.) Thus canonical
commutation relations only make sense for transverse
fields. (2) Furthermore, it is only in the radiation
gauge that the Hilbert space has a positive-definite
metric.

Equations (1) and (2) are generalizations to higher
spin of what has been proved in the spin-1, spin-2, and
spin-2 theories. In addition, it will be assumed that the
transverse fields obey the massless Klein-Gordon or the
massless Dirac Egs. (3),

(PA(L) gy, =0,
Ay (LA41) aynay=0.

Equations (1), (2), and (3) constitute the assump-
tions of this paper. They will be used to explore the
mathematical structure of massless-field theories.

(32)
(3b)

III. REPRESENTATION OF
TRANSVERSE FIELDS

The notation used in this section is taken from
Gel’fand and Shapiro.’ Their notation fully character-
izes all finite- and infinite-dimensional irreducible
representations of the Lorentz group. In their notation
a representation is labeled by a pair of numbers (lo,l1).
The number /, is the lowest spin contained in the repre-
sentation. The number /; is the highest spin plus one
if the representation has a highest-spin component
(the representation is finite-dimensional), and /; is some
other complex number if the representation is infinite-
dimensional. For example, a scalar is represented by
(0,1), a vector is represented by (0,2), and a spinor is
represented by 3,2)® 3, —32).

Only the relative sign of /y and /; can distinguish
between two representations having the same absolute
values of /o and ;. This means that (ly,/;) is the sameas
(=1, —11), but different from (I, —1Iy).

It will now be shown that for every spin, the trans-
verse fields belong to some infinite-dimensional repre-
sentation of the Lorentz group. Define new fields by

B(L)4y.c01= DpepgarA (L) E gazevar,

L+1

AL o= 3 Daid (D) Papeetsrearan

L1
B(L)ccapu= Zi De;B(L) gy aprar s, (42)

where B(L)%, A(L)“', and B(L)LH are totally sym-
metric and traceless, and B(L)Z is transverse. Also

5I. M. Gel'fand, R. A. Minlos, and Z. Ya. Shapiro, Repre-
Sentations of the Rotation and Lorentz Groups and Their Applica-
tions (The Macmillan Company, New York, 1963), pp. 188-197.
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define

1\L 2L+3 1\L 0 L 1
X(L+3) al-uaL:a_égDpepqaﬂp(L'*“f) gagera Y 'Ypqumm(ll'}‘f)l’qaz---am

2043 L1 ¥ L

V(LA Mapcapn= i g Do (1+2)Lal...a,...w+ 5 = Ve UAD o iarss, (4b)
2L+3 L+1 Y Ly

X(L+%)L+lal"‘GL+l Z ®01X(L+ 2)La1---a,u-aL+1+ Z 'Yat\[/ (L+ )Lal---ﬁin-aL.H )
2L-|— =1 L =1

where X(L43)%, ¢ (L4-3)7+, and X(L+43)%*! are totally symmetric and traceless, and X(L+2)Z is transverse.
Then Eq. (2) becomes

1 L
—i[A (L) ay..ar, /%] = (#10°— 2°Vi) A (L) 4. aL"’TZ €akeB(L)E a1--~az---an+TA (L) yecari, (5a)

1,—1
- 7’[‘/’ (LA+3) 0y -aLaJOk:] = (020" — 2OV )Y (L+3) Loy --aL+"‘_3“—'YU'Yk"/’ (L+%)La1-~ ~aL+—’2—L_\I/ (L+l)L+1 k
AL+6 2L+ e

3

+Z+—Z€aqux(L+2)La1 +@jeraLge (Sb)

Equation (5) is not surprising, because this is just a change of notation. But Eq. (6) is most remarkable, because
it suggests a closed-group representation that is not the result of any notational tricks.

1 L
—i[B(L) ay.e.ar, J ¥ ]= (20— Vi) B(L)L,,.. abl,_E__1 Z €uigd (L)E al---a¢-~~an+TB(L)L+ ajeecapky (6a)

=1

3 2L
- 7'[X (L+%) Lax---aLaJOk] = (xkao_ xOVk)X (L+%) Lal- . aL+4L—_'_6'YO7kX (L+%)La1-v- aL+ 2L+3X<L+ %) L+la1- weaLk

3
_E:*__’Elea,kq‘//(L_{_Z) Q1eseTjeeearqe (6b)
Equations (5) and (6) may be simplified, using a decomposition :
C(L)P=A(L)"+iB(L):, C(L)™M=A(L)"1+iB(L)*H,
C(L)y*=A(L)"—iB(L)", C(L)"*=A(L)"—iB(L)H, (72)
Ar=3(1+dys) W (L3 +HiX(L+3)],  AMP=3(14ivs) ¥ (L+5) P4 (L+3) ],
AP=3(1—iys) W (L) —iX (L))", AF*=3(1—diys) W (L+3) T —ix (L+3) 7],

where vs="7%y"y%Y?, v; is real, and (y;)?=—1.
Then Egs. (5) and (6) become

(7b)

1 L
—i[C(L) a: - aL,JOk:I (20— V) C(L) ay.. aL+-ﬁ1§ €ai1dC(L) a1--~av--an+—+“C(L)L+1a1 caLk ) (8a)

3
—’i[ALdl aL;JOk] (xkao—‘xOVk)ALal aL+-—_R'Y 'YkA ajeeeay

2L 3 L

s g B e O

and the Hermitian-conjugate equations.
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By induction, it may be shown that Eq. (8) is the
first of an infinite set of transformation laws. That is,
repeated commutation with J%; the generator of pure
Lorentz transformations, generates a sequence of fields
{CL, CE CI*2 - .. 'and H.c.} and {AL, AL AL+2 ...,
and H.c.}, which transform among themselves under
a Lorentz transformation. (This sequence is derived
explicitly for integer-spin fields in Sec. IV.) Further-
more, each element of the sequence is a unique spin
component. Therefore C and A are infinite-dimen-
sional, irreducible representations of the Lorentz group
whose lowest spin component /Jo=L and L+3, respec-
tively.

Knowing Eq. (8) is sufficient to identify ;.5 Then,

C(L) transforms as (L,1),

9
C(L)* transforms as (L, —1), (%)

A transforms as (L+1, 3),

A* transforms as (L+%, — %),

(9b)

where C(L) and C(L)*, A and A* are helicity repre-
sentations. Under a parity transformation, the above
representations (lo,};) become the conjugate representa-
tions (ly, —!1). This indicates that C and C*, A and A*
represent opposite handedness.

Finally, the representation of the Hermitian fields
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A(L) and ¢(L4+12) is:
A(L) transforms as (L,1)® (L, —1), (10a)
Y(L+3) transforms as (L+3, 3)® (L+1%, —32).  (10b)

Although Eq. (10) was derived only for L>1, it is
most gratifying to find that it is also true for L=0. If
L=0,y(3) transforms as the finite-dimensional spinor
representation (3,3)® (3, —2). Note that this is the
representation for neutrinos. The A (0) transforms as
(0,1)® (0, —1), which simplifies to (0,1) (because the
relative signs of /p and /, in these representations are
the same). So, for spin 0 the two helicity states combine,
and the usual finite-dimensional scalar representation
emerges. Hence Eq. (10) is universal, and kolds for
massless fields of any spin.

IV. INTEGER-SPIN FIELD EQUATIONS AND
TRANSFORMATION LAWS

The complete massless field theory will be exhibited
for integer spin only. The additional complexities of
the matrix algebra associated with half-odd-integer
spin seem to provide no new insights or techniques,
although the results are analogous.

A. Field Equations

A full set of field equations may be derived by induc-
tion on Egs. (1), (3), and (8):

PC(L) N apew-an=0, (11)
VaNC(L)Nal"'aN=aoC(L)N—xal"'aN—l ’ (12)
L N

Vbébacc (L) Naa2---uN= _'L‘aO'R]C (L)Ncaz---aN"l" (1/N>60 §2 eaiqcc (L) N_lqaz---ii---uN ) (13)

V,CC(L)N,“,,,(,N=M“60C(L)N+lal...aNk—iag———— % €ka;gC (L)Y qager-zionray

QN+1)(V+1) N(N+1)
+ 5 8ustC (L) iy =0 5 SasnfC(L) oy zptpas,  (14)
N(@2N41) = N(2N+1) =t

and the H.c. equations. These equations are true for N> L. Remember that C(L)¥ for N < L does not exist (is zero).
Commutating the fields with J%, we find that these field equations constitute a manifestly covariant, infinite-
dimensional set. Thus, contrary to popular opinion, the radiation gauge is manifestly covariant.
Equations (14) and (11) or Egs. (14) and (12) are sufficient to imply the other field equations. These are a full

set of equations because all of the higher fields C(L)%+, C(L)L+2, C(L)&+3, - -

-, are determined in terms of the

lowest field C(L)%. This is a peculiar field theory, because there are an infinite number of fields with an infinite
number of constraint equations. This leaves only a finite number (two) of independent degrees of freedom.
Equations (13) and (14) may be made totally symmetric and traceless [Eqgs. (11) and (12) already are]:

N
Z Vpepqa,'c(L)Nal---(_l,'---aNq= —iLaoC(L)Nal...aN ) (13')
i=1

N+1 1 w~n (N4+1)2—L2

> Val L) Varoaperayn———— 2 VqB,,iajC(L)Nqa,...ai...a,-...w“=———————60C(L)N+1al...aN+l. (149

=1

2N+1 i'ij;:;'l

2N+1

This new set of field equations contains no less information than the previous set.
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B. Transformation Law

The transformation law for the fields is explicitly

_ (N+1p—L2
—i[CL)¥ gpeeean,J ¥ ]= (2% — 20V, )C (L)Y gy ayF+ N—————————C(L) ¥ Hoyecans
(N+1)(2N+1)
+ > taniC(L)" T Wt
,L‘N(N_'_l) = €q kg @1eerTioee QN Q N(2N+1) el aia; a1eerieerTjeerank

j=1
1]

(NH)(ZN_”%& - »
NQ@N+1) = aik ST (

From Egs. (14) and (15) the transformation law for the Pth time derivative of the C(L) field [Eq. (16)] may be
computed :

—i[(00)PC(L)Y aprr-am O] = (2780— 20V2) (36) PC (L)V gy o+ W= AL+ 117
QN+ (V1)

(00)PC LY+, cank

L(P+1) ~
+m El Ea‘kq(ao)PC(L)Nal...ai...qu
w zN: 5ai¢5(ao)PC(L)N_'al...ai...a,-...aNk
N(2N+1) i

(2N—=1)(N+14+P)

6a,~k do PC(L N~lai...al...aN. 1
NONED) E} (3)7C(L) (16)

From this equation it may be determined that
(80)FPC (L) transforms as (L, 1+P), (3¢)PC(L)* transforms as (L, —1—P). a7

The smallest integer P for which the representation (L, 14P) becomes finite-dimensional is L. For L= P, the
transformation law [Eq. (16)] for the lowest spin component N =L is simply

—i[ (30) FC (L) ayrragy T ] = (5500 — 492 (30)°C (L) ... ar+ 1/1’_‘; €abq(30)2C (L) Eaperraimang- (18)

This implies that the Hermitian fields (90)4 (L), (30)2B%(L) belong to the finite-dimensional tensor representa-
tion (L, L+1)@(L, —L—1). This tensor will be called a field strength, and is written as Frie22kes, k7L, The
tensor F is antisymmetric under exchange of any u; and »;, symmetric under interchange of any pair w.v; and u;v;,
and traceless under summation of any two indices. Explicitly,

F0a1v0a2,0a3, ce 06 — (ao)LA (L)Lal-"uL )
[Ff0a1,0a2,0a3, Jar—1nm — (60) LfnmiB (L)Lal--~aL_1i ) (19)

F0a1,0a2,0a3, «ee,0aL—2nMm,Pq — (ao) LGnmiGp qu (L) Lay--aL_gij, etc.
The field-strength tensor is gauge invariant. It obeys Maxwell’s equations, which are
a“lpmnv-“,uml,:(). (20)

For spin 1 (electrodynamics), the field-strength tensor is the usual F**. For spin 2 (linearized gravitational field),
Frivimeve i the Riemann-curvature tensor. The contracted Riemann tensor F#* vanishes as expected, because there
is no coupling to an external energy density. Although F#*1.#22 generally contains 20 independent quantities,
there are only 10 in this case, because the contracted tensor F*” is 0. These ten quantities are just the five com-
ponents of the 4 (2)%s and of the B(2)%; fields.
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Equations (16) and (17) are the transformation law for multiple-time derivatives of the fields. It is also possible
to construct the time-integral fields and their transformation laws. Since all fields obey the massless Klein-Gordon
equation, 9oV~2 is effectively a time-integral operator which contains its own boundary conditions. Formally,

(90)"PC(L)= (9o/VHTC(L). (21)

Now, Egs. (16) and (17) are true for multiple-time integrals of the fields when P — — P. For example, the first
time integral of the fields (8o)—*L transforms as (L,0), and so does its Hermitian conjugate. The first time integral
of the fields is interesting because it is the only case in which there is a real transformation law (no imaginary
coefficients) :

(N+1)2—12
—i[(80)IC (L)Y gyeveay, T ¥ ]= (2% — V) (30) TIC (L) ¥ gpeveay+——————(30)I1C (L) ¥ gyt (22)
2N+1
n 1 % (B)-C(L)™ JN—1 ~
— 6aiuj Jo)™ e Ty Byeeran k™ 8a::(00)"1C (L N_Ial---a‘.-.a )
2N+1¢,’_]:j1 ’ 1 Nk 2N+1i§:1 % (80)*C (L) oy

V. BILINEAR FORMS

It has been established that the C(L) and C(L)* fields are irreducible representations of the Lorentz group.
What, if any, simple Hermitian-covariant objects can be constructed out of bilinear forms of these fields? That
is, what are the first few terms in the Clebsch-Gordon series? The answer to this problem can be obtained by
the application of difference equations to Egs. (11)-(15):

(LHRQELDP (L, —1)R(L, —1)=(0,1) (a Hermitian scalar S)

@(0,3) (a Hermitian traceless symmetric tensor R**) (23)
@. .

LKL, =)D, —1)R(L,1)= (0,3) (a Hermitian traceless symmetric tensory Q#*)
®---. (24)

The higher terms in these series are many-index tensors and perhaps new infinite-dimensional representations.
The structure of Q**, R*, and S is as follows. Let

DV+1)= W2y 17 D)
VD43 @)
where D(L) is an undetermined constant. Then
w (N+2) 2N+1)L
=3 DV ——— " [CL) 4y ayC (L) ¥ aroay+Hee. ],
5= DO o O O et ] 26)
* (2N+1)(N+2)(N+1)
0= ) [C(L)Y ayrra- CL) ¥ arocan 1,
Y ELD(N; Toty—r] - (L) (L) 1
w (N+2)
Q=3 —D() I [C(L)NH ygyean . C(L) V¥ gy cay+Hoc ]
N=L
© (2N+1)(N+2)
+A§L'—7’D(N) (N+1)2—L2 eABn[C(L)Nal-..aN.IA.C(L)N*al...uN_IB:], (27)
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(N+2)2N+1)(N+14-2L7%)

LQN+3)[(N+1)2— 2]
s (N42)(N+1)(NV4N—3L)

0"=3 5uD(N)

=L

FREE MASSLESS FIELDS

[C(L)Yar..

1815

can-C(L) Y gueian ]

[CL)Y areveayamC L) o cay_ntHec. ]

+ 2 D)
= LON+3)L(N+1y—12]
w (N+2)— L2
+ Z D(N)—————[C(L)N+2a1~--aNmn-C(L)N*al...aN+H.C.]
N=L L(2N+3)

+ ]\%:L D(N) { GABmI:’iC (L)N+la1...aN_1An.C (L)N*al...aN_13+H.C.]
+eana[IC(L)Ygy.cay_1am C (L) *oy..cay_5+H.c. ]},

(2N+1)(N+2) (2N242N — I2)
2LN[ (N41)2—L*]
2)

R®=3 —D(V)

N=L

2(N+

Ri"= 3 D(N)

[CL)¥a1eeayC L)V apeeay+Hoc. ],

[C(L)¥pgperan-CL)Y aporay+Hoc. ],

(N+1) (N+2)[L2(2N2+3N—3)— 2N (N+1)2]

Rmn= 3" 8maD(NV)

N=L

LN(2N+3)(N+1DL(V+1)—L*]

[C(L)Y ayeveanC (L)Y apoay+Hoc.]

w —D(N)2(2N+1)(N+2)[N2(N+1)4 L2 (N24+N—3)]

EC (L) Nay -aN_m-C(L)Nal- . -aN_1n+H-C~]

= LN (N+1) 2N+3)[(V+1)2— L]
+ 3 —pen R B e e CL)Y oy +H
=, L(2N+3) ajescaNmne al"'ﬂN+ .C.:l
w 2
+ Z D(N) {eABm[iC(L)N+la1-naN_lAn-C(L)Nal---aN_lB+H.C.]
N=L N+1
+ eamm[1C(L) ¥ ay.coay14mC (L)Y grovcanp+H.c. ]} . (28)
The dot on the line indicates Bose operator symmetrization.
The properties of Q**, R*’, and S may be obtained by using the field equations (11)-(14) :
6,.Q'“’= 0, (29)
8, Rr5£0), (30)
3.9,R* =[S, 31)
O Q#=0, (32)
o 2P[P2— L2 [(P—1)2—L%])---[1—L*]
(B)rs= 3 {
N=L | (N+P+1)(N+P)- - - (N+2)(N—P)(N—P+1)---(N—1)
D(N)(N+2)(2N+1)L
[(00)PLY gycan(@0) PLY yoocay+Hoc. ]t . (33)

NL(N+1)—1%]

In Eq. (33), if P=L, then all terms in the infinite
series vanish except for the first term (V= L) because
of the factors (P?2—[?) in the numerator and (N—P)
in the denominator. Thus ([1?)%S is the unique simple
(no longer an infinite series, but a single term) scalar.
It is constructed from elements of the field-strength
tensor. In fact, it is the square of the tensor. In electro-

magnetic theory this unique simple scalar is F?— H2,
There is a similar construction for the pseudoscalar
E-H.

VI. CONCLUSIONS

Although the selection of the radiation gauge was
motivated by quantum mechanics, the infinite-dimen-
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sional fields have been treated classically. That is, only
their field equations and transformation laws have been
used. Is it possible to quantize these fields?

The most general Hermitian scalar Lagrangian is of
the form

£= 03,594 +b3,R¥d,+¢d, 0", , (34)
where @, b, and ¢ are adjustable coefficients, and 9 oper-
ates on the first field and 3 on the second field in each
term of the bilinear forms Q, R, and S. Varying this
Lagrangian gives the correct field equations for every
choice of @, b, and ¢. However, there are some field
equations missing; that is, there is additional gauge
freedom.® The radiation gauge again must be chosen
by restating the condition [Eq. (1)]. This eliminates
all gauge ambiguity.

To compute the canonical stress tensor T#*, space-
time variations of the Lagrangian are performed.* For
arbitrary choice of a, b, and ¢, the symmetric, traceless,
divergenceless T%” is a bilinear form in the Clebsch-
Gordan expansion of (L,2)® (L,2)® (L, —2)® (L, —2).
But when the total energy P° is computed from a 3-
space integral of 7%, it is found #not to be positive defi-
nite. (It can be written as a difference of squares.) For
this reason the Lagrangian [ Eq. (34)] is unacceptable.

If it were possible to find a symmetric traceless tensor
in the Clebsch-Gordan expansion of (L,2)® (L, —2)
@ (L, —2)®(L,2), the associated P° might be positive
definite (sum of squares). But there is no symmetric
tensor in this expansion except for the case of spin 1
(electrodynamics), where T%=%(FE?4 H?). This tensor
exists for spin 1 because (L, 2=2) for spin 1is (1, 2),
which is the finite-dimensional field-strength tensor.?
However, this tensor cannot be derived from the
infinite-dimensional spin-1 theory.

It is most important to note that a covariant energy-
density tensor for conventional massless field theories of
spin greater than 1 does not exist. (If it did exist, it
would appear in the Clebsch-Gordan expansion.) This
is the reason for the remarkable anomalies of gauge
invariance and noncausality in massless spin-3 and
spin-2 theories.? There, “‘pseudo” (noncovariant) energy
densities were substituted for the unavailable covariant
energy densities.?

6 It was originally hoped that in this infinite-dimensional field
theory the whole concept of gauge invariance would be eliminated.
However, gauge invariance seems to be fundamentally connected
with masslessness and cannot be suppressed even in this infinite-
dimensional framework. Lagrange functions with only first deriva-
tives, but with auxiliary fields, were also tested. These Lagrangians
yield results identical to those obtained from the Lagrangian (34).

7 The quantization of electrodynamics is successful because the
field-strength tensor is the first time derivative of the transverse
potential. No other massless-field theory has this advantage.

8 These pseudotensors are called noncovariant because they do
not transform as finite-dimensional representations of the Lorentz
group. However, they might transform as covariant infinite-
dimensional tensors. The possibility that the stress-energy tensor

of massless field theories is infinite-dimensional is not considered
in this paper.
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Although a covariant field-theoretic energy density
cannot exist, there is nothing preventing the existence
of a Lorentz-invariant theory describing massless par-
ticles of arbitrary spin traveling through empty space.
In mathematical terms, covariant generators P*, J#*,
which have the correct positiveness and commutation
properties of the Lorentz group, may be constructed
using a noncovariant pseudo-stress-tensor “77’:

“TO =4[ GuA)+ @00B)],
“TM” = 6,‘_«,'19(3014 (L)Lal...,,L_ljaoB (L) Lal"'aL_lk N
where A obeys the canonical commutation relations®

[A(L) oyear,(%),004 (L) Eayrenear (&) Jarmset

(35)

=i[53(x—x')5ala1' b '6aLaL’]T- (36)
Then,
P°=/d3x uT()on ,
Pr= / dyx “TO%
(37

Jok= / dye (30 TOR — ghe ")

]ik=/d3x (xi“TOk”____xk“T()iH).

When the 3-space integrals are performed, these global
operators become covariant and induce the correct
transformations on the fields. Hence the noncovariance
problems in massless field theories occur only for opera-
tor densities such as the stress tensor.

An interesting open question is whether the experi-
mental nonexistence of massless particles of spin>1 is
a direct consequence of the nonexistence of a covariant
stress tensor for conventionally quantized fundamental
massless field theories of higher spin.?

ACKNOWLEDGMENTS

The author wishes to thank Professor S. Coleman
and Dr. B. M. McCoy for many fruitful discussions.

9 For an arbitrary 3-tensor test function F with no symmetry
properties, the generalized transverse 8 function is defined by
S @3’ Foyreoan/ @ [8(x—2")801017* * *Oanan' ST =FT0y...a, (%), where
FT is defined in Eq. (1), and is totally symmetric and traceless.

10 These arguments have been given for flat Minkowski space.
Hence the existence of the graviton (spin 2) necessarily requires
an additional physical idea such as the curvature of space; that
is, the possibility of performing unobservable general coordinate
transformstions. By performing unobservable coordinate trans-
formations, the noncovariant stress tensor “I'**”’ becomes co-
variant (the noncovariant part of “7'*”’ may be transformed
away), and T® satisfies the Schwinger energy-density commuta-
tion relations. Apparently, for 4-space to support a fundamental
spin-2 quantized field, the new physical concept of curvature is
required. See J. Schwinger, Phys. Rev. 130, 800 (1963); 130, 1253
(1963) ; 132, 1317 (1963).



