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The coupled Einstein-Maxwell field equations are reformulated in terms of a pair of complex functions
which have especially simple forms in the case of known axially symmetric stationary solutions. The
formalism affords, in particular, a simple derivation of a solution previously guessed by Newman et al.

I. INTRODUCTION

N an earlier paper,! it was shown that any axially
symmetric stationary solution of Einstein’s vacuum
field equations may be described in terms of a single
complex function § which is independent of azimuth
and which satisfies the simple equation

(Re8)V28=VE-VE, 1)

where the three-dimensional Laplacian operator is under-
stood. All known solutions, including the Kerr metric,?
assume extremely simple forms when expressed in
terms of the & field.

In the present paper, we demonstrate that any
axially symmetric stationary solution of the coupled
Einstein-Maxwell equations may be described in terms
of a pair of complex functions § and ®, both of which
are independent of azimuth. These functions are found
to satisfy a simple generalization of Eq. (1), namely,

(Re8+|®|H)V28=(VE+20*V) -V, )
(Re8+|@|)V2d=(VE+28*VD)-VE.  (3)

If one makes the additional assumption that & is an
analytic function of ®, then Egs. (2) and (3) reduce to
a single complex equation, which may be transformed
into a form completely equivalent to Eq. (1). Thus any
solution of Eq. (1) generates a corresponding solution
of Egs. (2) and (3). In particular, when this transforma-
tion is applied to the Kerr metric, one obtains a solu-
tion of the coupled Einstein-Maxwell equations which

IIF. J. Ernst, Phys. Rev. 167, 1175 (1968); hereafter referred to
as L
2 R. P. Kerr, Phys. Rev. Letters 11, 237 (1963).

168

was obtained previously by Newman et al. by methods
which transcend logic.? Consequently the present theory
may be regarded as a rationalization of their method.
Furthermore, it is a generalization, since we may apply
the same technique with respect to the perturbation
solutions of Eq. (1) found in I, for example.

II. DERIVATION OF FIELD EQUATIONS
If the metric is written in the form
ds*= f~1[e**(dz*+dp*)+p*dep*]— f(di—wd9)?,
the relevant field equations may be derived from the
Lagrangian density
——1of?9f-V]
+% _1f2Vw . Vw+ 2pf_1A 4° VA4 -vAa 4
— 2p_1f(VA 3—wVA 4) . (VA 3“(.0VA 4) B
where A3 and A, are the ¢ and ¢ components of the
electromagnetic 4-potential, respectively. The elec-
tromagnetic potentials satisfy the pair of equations
V- [p?f(VAs—wVA)]=0, 4)
V- [ VAtp2fo(VAs—wVA)]=0, 5)
while the gravitational potentials satisfy the pair of
equations
V[0 2*Vo—dp 2 fAy(VAs—wVA4)]=0, (6)
V=V -Vf—p 2 f'Vw - Vo+2fVAs VA2 f°
X(VAg—wVA4)(VA 3——wVA4). (7)
3E. T. Newman, E. Couch, K. Chinapared, A. Exton, A.
Prakash, and R. Torrence, J. Math. Phys. 6, 918 (1965).
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The procedure developed in I is now applied to both
pairs of equations. Equation (4) may be regarded as the
integrability condition for the existence of a magnetic
scalar potential 45" such that

p_lf(VAs—wVA4)= AX VA 3’. (8)

Here 7 is a unit vector in the azimuthal direction. It
follows that

p_lﬁx VA3=— [f_IVA 3 — p_lwﬁA 4] N
and hence that
v- [f_IVA 3 — o lwAX VA 4] =0.

Comparing this equation with Eq. (5), which may be
written in the form
V-[f'VAstplwAX VA5 ]=0,

one sees that it is advantageous to introduce a complex
potential
®=A+idd, 9)

which satisfies the equation
V-[f1Ve—ip X V®]=0. (10)

A “duality rotation” simply corresponds to the
replacement
& — Peie,

Equation (6) may now be written in the form
V- [0 2f?Vo— 20" 14X Im(®*V) ]=0,

an equation which may be regarded as the integrability
condition for the existence of a new potential ¢, such
that

o 2Vo—2AX Im(P*VP)=AX V 0. (11)
It follows that
pIAX Vo= — " Vo+2Im(®*VP)],
and hence that
V- {f[Ve+2Im@*VP)]}=0. (12)

On the other hand, Eq. (7) assumes the form
V=V [-Vf=[Ve+2 Im(2*VE)]-
[Vot+2 Im(d*VP) [4+2fVE-VI*. (13)
If one introduces the complex function ‘
&=(f—12])+ie, (14)
Egs. (12) and (13) combine to yield Eq. (2), while
Eq. (10) yields Eq. (3).
III. SYSTEMATIC SOLUTION OF
FIELD EQUATIONS

We shall at this point make the additional assumption
that & is an analytic function of ®. From Egs. (2) and
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(3) it follows that
a8
(Re&+ |®|)—VE V=0,
d®?

and hence that & is a linear function of ®. Using the
boundary conditions § =1 and & — 0 at infinity, we
are led to write

8=1—2¢"1d, (15)
where ¢ is a complex constant. If, following I, we write
8=((-1)/(t+1), (16)

then Eq. (15) implies
e=g/(t+1). an

These expressions may now be substituted into Eq. (2)
or Eq. (3) in order to obtain the single complex equation

[£6*—(1—qq*) IV?E=28*VE- VE.

Thus, introducing &= (1—gqg*)!/2, one arrives at the
same equation

(koko*—1)V2E0=2£*V £ V&

that one can obtain directly from Eq. (1) by the
substitution

(18)

&=(&—1)/(&t1).

The most interesting solutions of Eq. (18) discussed
in T were those which arise naturally when one separates
the equation in terms of prolate spheriodal coordinates.
If the unit of length is chosen appropriately, p and 2
may be expressed in terms of new coordinates » and y
such that

(19)

p=(x2—1)12(1—y?)1/2,
2=xy,

where 0<y<1. Among the simpler solutions was one
corresponding to

£y=2x cosA+1y sin. (20)

This turned out to be equivalent to the Kerr solution of
Einstein’s vacuum field equations.

If the same solution [Eq. (20)] is employed in con-
nection with Egs. (16) and (17) rather than Eq. (19),
one obtains a solution of the coupled Einstein-Maxwell
equations. This solution, of course, can be written out
directly either in terms of the x-y coordinate system or
in terms of the Weyl p-z coordinate system. However, to
facilitate comparison with the conventional forms of the
Schwarzschild, Kerr, and Newman solutions, we replace
the parameters ¢ and A by new parameters m and e
defined by

sech=m(1—qgq*)'2,
lg|=e/m,
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and we introduce new coordinates 7 and 6, such that
r=x+m,
cosf=y.

When the entire metric is constructed, one obtains a
simple generalization of the Kerr metric, viz.,

dr?
ds?=(r>+a? COSZB)[dtl}Z } :l
r2+a2— (2mr—e?)

+ [(r2+ a?) sin?0d¢p>—di?

2mr— e?

r2-+a? cos?0

(dt+a sin?0de)? :| (21)

The corresponding electromagnetic potentials are given
by
ear sin?Q

b
r2+a? cos®d

22)

A 3= — 4= .
r2+a? cos?0

The constant ¢ is related to # and e by
a=tan\= (1—m?+¢?)1/2

because of our particular choice of the distance scale.
In effect, we have chosen our unit of length for p, 3, 7, m,
e, and ¢ in such a way that (m2—a?—e®'/2— 1. This
is of considerable convenience in the intermediate steps
of the derivation, but Egs. (21) and (22) are valid for
an arbitrary length scale.
The transformation of the solution [Eq. (21)] to the
Weyl-Papapetrou canonical form is rendered by
p=[r2+a>— (2mr—e2) ]2 sind,
2= (r—m) cosf. (23)

That this result is completely equivalent to the metric
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discovered by Newman ef al.? can be seen by performing
the transformation

2mr—e?\ ™!
u=i+ <1————————> dr,

r2+ a2
(24)
adr

_/ 724 a2— (2mr— e?) '

¢'=¢

More complicated solutions may be found by applying
perturbation theory to Eq. (18) asin I.

IV. CONCLUSIONS

The consideration of electrostatic and magnetostatic
fields within the framework of the & formulation pre-
sents no difficulties. In particular, whenever, 8 is an
analytic function of the complex scalar potential ®, the
problem reduces to one already treated in I. The singular
advantage of the & formulation over related techniques*
is particularly well illustrated by the ease with which
one extracts the solution corresponding to the Newman
et al. metric. It is hoped that eventually the formalism
can be extended to handle nonstationary axially sym-
metric problems as well.
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