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A numerical calculation validates the correspondence between the soliton nonlinear asymptotic solutions
of the time-dependent Korteweg—deVries equation and the bound states of the one-dimensional time-
independent Schriodinger equation. Here the attractive potential of the Schrédinger equation is equal to
the initial condition of the Korteweg—deVries equation. A situation is examined where an oscillatory

state remains after solitons have emerged.

I. INTRODUCTION

HE soliton, a nonlinear dispersive wave entity, has

been introduced? to describe the dynamics of a

class of wave interactions observed in solutions of the
Korteweg-deVries (KdV) equation

'Mt—"‘a’l/t%;c"l- 62%3::090: 0. (1)

For a large class of nondissipative physical systems,
Gardner and Su?® and also Taniuti and Wei* have shown
that the KdV equation describes the dynamics of small
but finite perturbations about homogeneous equilibria.
The simplification is obtained by applying uniform
asymptotic methods to a system of coupled Eulerian-
type mass and momentum conservation equations.

Earlier work applied asymptotic methods to specific
physical situations and recovered the KdV equation:
shallow water waves,® magnetohydrodynamic waves in
a warm plasma,’ ion-acoustic waves,” and acoustic
waves in an anharmonic crystal.®

In Refs. 1 and 2 we demonstrated® numerically that
solitons are remarkably stable—that is, when many
solitons interact nonlinearly in a small spatial region,
each emerges after a finite time with its identity pre-
served. Recently Lax!® showed by rigorous analytical
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KdV equation has an infinity of independent invariant quantities).

By “demonstrated” we mean that when solitons interacted, not

only were their amplitudes preserved to high accuracy but also M

and E were constant to the accuracy of the numerical calculation.
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methods that two solitons are preserved through inter-
action, and it appears that his method of proof is valid
in the general case of an arbitrary finite number of
solitons. Berezin and Karpman!! gave an heuristic
method for predicting the number and speed of solitons
that emerge from arbitrary initial conditions.

Miura'? recently discovered a transformation (an in-
homogeneous Ricatti equation) between solutions of the
KdV equation and solutions of another equation ob-
tained from (1) by replacing euu, by an’u,. Following
this, Gardner, Greene, Kruskal, and Miura®® (GGKM)
linearized the problem and developed a rigorous method
for treating the KdV equation and can determine the
number and properties of emerging solitons. In this
paper a numerical algorithm for solving the KdV equa-
tion with periodic boundary conditions or with boundary
conditions approximating the infinite interval is given.
In the latter case, when the initial condition is chosen
to decompose into only two solitons, good agreement
between numerical and analytical solutions is obtained.
Furthermore, an initial condition is studied that leads
to one soliton and an oscillatory state, and properties
of the latter state are given.

II. ANALYTICAL PROPERTIES OF A sech?(x)
INITIAL CONDITION

In order to compare results with those of GGKM we
rewrite the KdV equation as

ul'_6uux+uxxz=ou (2)

For an initial condition of given spatial extent or width,
the single parameter that characterizes the solutions is
the amplitude. The larger the magnitude of the initial
amplitude, the more nonlinear and less dispersive is the
character of the solution. Unlike the 1965 paper! where
o> 0, solitons in this paper will have negative amplitudes,
but will still travel to the right because the signs before
2, and %4, are identical.

GGKM showed that if #(x,f) changes with time,
according to the KdV equation, then the eigenvalues A,
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(n=0,1,2,3, - -+, N—1) defined by the one-dimensional
time-independent Schrédinger equation (3) are time
invariant:

Yau ™ —[(r,t) =N W™ =0. @)

[The time ¢ in (3) is a parameter and does not corre-
spond to the usual time in Schrodinger’s equation. ]
Thus, the eigenvalues of the discrete spectrum \,<0
(the bound-state eigenvalues) are preserved and are
associated with the amplitudes of the solitons that
emerge from an arbitrary, smooth, square-integrable
initial state #(x,0). In particular, the solitons will have

amplitudes, A,=2\,;
and 4)
speeds, c¢n=j3adn=—4N\,.

Some consequences of this are:

1) If S t°u(x,0)dx<0 (corresponding to a one-
dimensional attractive potential) there will always be at
least one bound state and hence #(x,f) for ¢ large has at
least one soliton.

(2) The strong potential or large amplitude initial
condition limit is characterized by a parameter propor-
tional to #o/%, where %, and [ are the depth and width of
the well, respectively. In any standard text in quantum
mechanics one finds that if #0/? is large (1) the number
of bound states or solitons is proportional to I(uo)!/?;
and (2) a plot of [N\.| versus # for the largest eigen-
values gives a straight line. Thus at a given time
>0, the minima of the strongest solitons will also lie
on a straight line, a fact observed in previous numerical
calculations with periodic boundary conditions (Ref. 1,
Fig. 1).

(3) The KdV equation conserves total momentum
and energy. Thus the momentum and energy that
finally do not reside in solitons will reside in another
state—the oscillatory “tail” that spreads to the left. It
has been observed in numerical calculations and is
related to the continuous spectrum of (3).

To compare with GGKM and to validate our ideas,
let us solve (2) with the specific initial condition

u(x,0)=—p(p+1) sech’s, ©®)

where p>0. The bound-state eigenvalues in ascending
order are given by

A=—(p—n)?=—(e—14+N—n)?,
where N is the total number of bound states, i.e., it is
the largest infeger satisfying the inequality NV <p--1,
and e is defined in the range 0<e<1 by

e=14p—N. 0]
If p is an integer, then e=0 and the initial state of the
KdV equation will decompose only into solitons. If p;

14 See, for example, L. Landau and E. Lifschitz, Quantum
Mechanics, Nonrelativistic Theory (Pergamon Press, Inc., New
York, 1958), p. 69.
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and pg (p1> p2) are nonintegers, then the IV, solitons of
smallest magnitude that emerge from both initial condi-
tions are identical in size, namely, they have the ampli-
tudes —2¢2 —2(e+1)2, —2(e+2)?, - -+, —2(e+No—1)2

Table I gives the total momentum, /., udx, and
total energy, 1 /.t u?dx, corresponding to the initial
condition (5) and also the component in the oscillatory
tail (that is, after the momentum and energy in the
solitons has been subtracted from column 1).

Note that the momentum of the tail is positive and
the momentum and energy are independent of V. That
is, for given e and different N the tail solutions are
probably identical.

Karpman!® (see notation in Ref. 15) gives the distri-
bution function of soliton amplitude for a large ampli-
tude initial condition defined by #(x,0)= o sech?(x/1).
The distribution function agrees with the exact result
obtained from (6) with 4 =2\, namely,

fA)=dA4/dn|7'=[4(p—n)| = (@] A[)712.

If we define 5= |A4|/uy [where |uo|=p(p+1)], then
f(n)=(uo/8n)*/2, which is Karpman’s equation (8)
when B=1I=1 and (u#0/6) — uo (since we take |a|=6
and he uses a=1 and &#=4).

III. NUMERICAL ALGORITHM AND
ANALYTICAL/NUMERICAL
COMPARISONS

A. Numerical Integration Algorithm

To solve (1), we used the four point, left-sweeping,
two-time-level numerical algorithm!

0= (8%/h*)[s(i+2, j+1)—3s(+1, 7)
+3sG, j+1)—s6—1,7)]
+(e/8m)[s(i4-2, j+1)+s(—1, j) ]
X[s(i+2, j+1)+s6+1, 7)
—s(@, j+1)—s6—=1,71, (©8)

s(i,7) — w(w/h, 1/k) &)

15V, I. Karpman, Phys. Letters 25, 708 (1967). In this paper,
use is made of the Korteweg-deVries conservation laws (Ref. 2) to
obtain the esymptotic distribution of soliton amplitudes f(y) and
total number of solitons V emerging from a given large amplitude
initial condition. Here y=soliton amplitude/#o. Karpman writes
his KdV equation as ;- #z+B%zz- =0 and hisinitial condition as
u(x,0) =uo sech?(x/l) and obtains

(Eq. 8)  f(n)=1(uo/486m)" ",

(Eq. 9) N=I(uo/68) 2.
To compare his results with ours, set /=8=1 and set his #%0/6 to
our .
16 The algorithm actually used was obtained by rearranging (8)
and setting §2=1, = —6, namely,
5@, 1) =sG+1, ) —[sG+2, j+1)—s@—1, HILA+8)/G—98)],

where

where

and

§=—@n/Hs@+2, j+D)+s6—1,7],

s(t,5) = (1/4k)u(x/h, t/F).
Both runs described in this paper were made with z=1/25.

and
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TaBLE I. Momentum and energy for the initial condition

u(x,0) = — p(p+1) sech?(x).

Total Tail
Momentum —2p(p+1) +2e(1—e¢)
Energy + @ (p+1)? +@e(1—¢)?

and % and % are the spatial and temporal intervals
between lattice positions that must satisfy

k=h3/46°. (10)

Condition (10) is obtained if one makes a Taylor-series
expansion of (8), namely,

M;—I—amtz—i- Bz%x:cx= - (h2/8) {Sutzz+ 62%::2:111:
+a[ (7/3)wths0et 20422 |} +0OR3) . (11)

The right side of (11) contains lowest-order continuum
limit terms of the discretization error. Locally, these
errors are of order (4%/A?) and a4 (k%/A?) where 4 and A
are the amplitude and half-width of a soliton
[A=8(12/aA)"*]. Thus, only in the neighborhood of
the largest solitons, namely, the ones having the smallest
half-width A, will we have a sizeable discretization error.
One can show that the linear operator given in the first
bracket of (8) is marginally stable. With properly
chosen % and k our computations were never unstable.
The two right boundary conditions are

(12)

where xg=2xr(¢) is translated so as to keep the leading
minimum of # (the smallest emerging soliton) a fixed,
large distance from the right boundary. The left
boundary condition is evaluated at a fixed location x,

u(xp,t)=u,(xg,H)=0,

w(xr,t)=u(xr,0)=—p(p+1) sechx;. 13)
Note that #(x,f) is very small since 2, <—12.5.
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F1c. 1. Space-time diagram for the trajectories
of the minima of «(x,f) (p=2.0), Eq. (2).
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These boundary conditions approximate the infinite
interval for short times. The left boundary condition is
the poorer approximation, since the linear terms of the
KdV equation (2) cause perturbations expi(wi—«x) to
propagate to the left with a group velocity dw/dk= —3«>.
To represent #(x,f) accurately in the box 0<t< Nk,
x.<x<xpg, one should have a left boundary condition
u(X1,t)=0 where ¥, translates to the right and begins
at ¥r=wx1— N when {=0.

B. Analytical/Numerical Comparisons

Two runs were made. For p=2.0, an exact solution
has been obtained and we can compare and validate the
algorithm; for p= 0.8 only some properties of the exact
solution are known and we can compare with these and
predict other properties.

In Fig. 1 we give the space-time diagram for the loci
of minima of the numerical solution of (2) with p=2.0.
For this case, analysis tells us that only two solitons
will emerge, i.e., the oscillatory state will have zero
amplitude. GGKM have found the exact solution for
this case:

ug(x,t)
3+4 cosh(2x— 8¢)+ cosh(4x— 64¢)

=—12 , (14)
[3 cosh (x— 28¢)+cosh (3x— 36¢) ]?

and in Table IT we compare the numerical solution with
the exact solutions and find that they are in very good
agreement. The minima seen in Fig. 1 behind the two

TasirE II. Comparison of the numerical and exact solutions
of the KdV equation (2) with p=2.0.

First minimum Second minimum

Ampli- Loca- Ampli- Loca-
¢ tude tion tude tion
u(numerical) 0.48016 —7.978 7.9563 —1.995 1.3634
u(exact) 0.48016 —8.000 7.9572 —2.000 1.3713
u(exact) 0 —8.000 .- —2.000

leading minima arise because of truncation errors and
round-off errors (that prevent any numerical com-
putation from interpreting p=2.0 to more than eight
significant figures). The boundary conditions (12) and
(13) that approximate the semi-infinite interval may
also contribute to these errors. These minima are in fact
very small, e.g., at £=0.48016, x=—2.483, then

(1009,) (#Num—#x)/ | min u(x,0) | = — 0.027%,.

Alternatively, at #=0.48016 the energy associated with
the oscillatory tail (in the range —10<x<—2.76) is
(6.5X107%)9, of the total energy. The maximum
difference between the numerical and exact solutions,
[Eq. (14)] occurs at £=7.506 and is 0.311%,.

For p=0.8, Table III compares the analytical pre-
dictions with numerical computations, and Fig. 2 shows
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TasLe IIT. Comparison of analytical and numerical results for «(x,0)=—(0.8)(1.8) sechr. [Entries are [y=Y_ijv (1/n)u~(ih,t)

(n=1 for momentum, 2 for energy). Here 7=11, corresponding to x=

behind the emerging soliton.]

th=11/25=0.44, is the location of the first zero crossing of u(x,t)

Soliton Soliton Soliton Tail Tail
Time amplitude momentum energy momentum energy
Analytical © —1.2800 —3.200 —1.3653 +0.3200 —0.01707
Numerical 1.5321 —1.2838 —3.155% —1.3648 +0.7145b —0.01633>

s Soliton: 71 =11, 74 =995, b Tail: 1= —700, 4 =11,
properties of the solution in the time interval
0<1<1.5321.

The theory indicates that for p=0.8 one soliton of
amplitude —1.280 will emerge and leave behind an
oscillatory state. The lower part of Fig. 2 is a space-time
diagram of the trajectories of the minima of #(x,f). At
t=0 we see the single minimum at x=0, and at {=0-
we see an increasing density of minima as one moves to
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F1c. 2. (a) The waveform #%(x,7.660) exhibiting the amplitude
of the soliton and the oscillatory state to the left (for p=0.8),
Eq. (2). (b) Space-time diagram for the trajectories of the minima
of u(x,t) (p=0.8), Eq. (2).

the left of x=0 (not all have been plotted). As ¢ in-
creases, the smallest minimum moves off to the right
and becomes our soliton. At #=1.5321 the minimum has
translated to 3.780 and its value is —1.2838. The
oscillatory tail has minima whose separation distance
increases in time, and at a given time the separation
distance decreases as one moves to the left. This is
evident in the upper part of the figure where u(x,1.5321)
has been drawn on an expanded ordinate scale.

In this run total energy decreased by 0.093%, and
total momentum (a negative quantity) decreased by
0.1849%,. The above data show that the observed soliton
differs from the ¢= o well-separated soliton by 0.30%
in amplitude and 0.037%, in energy. The tail energies
differ by 4.549%. The apparently large error in tail
momentum (Table III) is due to the fact that we are
summing positive and negative numbers of comparable
and small magnitude. Also the location, ¢=11, for the
end of the soliton and beginning of the tail is arbitrary.
Had we used a value of 4>11 then we would have in-
creased the tail energy and decreased the tail momen-
tum, thereby obtaining better agreement with analytical
results.

Note that at small { and x> x1, the wavelength of the
oscillations can become comparable to the mesh size %
and give large local discretization errors. These errors
are very small relative to the initial condition ampli-
tudes; since small perturbations propagate to the left,
the “rough” structure disappears when #>0.1 and in its
place arises a smooth oscillation of increasing wave-
length, as shown in Fig. 2. For solutions of high accuracy
numerical analysts should consider the long-range effect
of these localized discretization errors.

The oscillatory tail may eventually be described
analytically by solutions of the Gel’fand-Levitan
equation, as alluded to in the work GGKM. A “reason-
able” asymptotic formula for this state is

u(x,t)=F(,0) cos[B(xo—x)V/t*+¢],  (15)

where F(x,f) is a slowly varying function of « and ¢ that
decreases monotonically as x — — . In Table IV we
give three sets of the parameters NV, #, and 8, obtained
by curve-fitting the numerical data at two different
times and at four adjacent maxima and minima of .
For example, in row 1 we obtain N, 8/t x,, and ¢ at
t=0.1393 by using minima 6 and 7 and the maxima to
the left of these. Using the value of the location of



128

TaBLE IV. Parameters for the asymptotic properties of the oscil-
latory state obtained by curve-fitting [ #=0.8, Eq. (2)].

Near
¢ minima N n B
0.1393 6,7 1.41 0.56 0.59
0.1393 12,13 1.41 0.54 0.58
1.5321 6,7 1.69 0.39 0.17

minimum 6 at two nearby times (see Fig. 2) we are able
to calculate 8 and 7.

IV. CONCLUSIONS

The theoretical work of Gardner, Greene, Kruskal,
and Miura rigorously relates solutions of the Korteweg-
deVries nonlinear partial differential equation to the
Gel’fand-Levitan linear integral equation. They show
that bound states of a one-dimensional potential well
correspond to the soliton solutions of the KdV equation
with the potential well used as an initial condition.
Using these facts, we have validated a numerical

NORMAN ]J.
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integration algorithm for the KdV equation and have
also determined properties of the oscillatory state which
remain when the solitons propagate away. This vali-
dated algorithm can also be used for a situation having
periodic boundary conditions, a case where no solutions
have as yet been obtained.

Galvin and others' have observed soliton inter-
actions among “secondary’’ water waves produced in a
long tank by a sinusoidally moving piston. We intend
to apply the numerical algorithm to establish in detail
the physical regions where solutions of the KdV equa-
tion describe interactions among surface water waves.
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