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Muon Capture in Helium-3*

EARL A. PETERBQN)

Institute of Theoretical Physics, Department of Physics, Startford Urtiversity, Stalford, Califorwia
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The partial capture rate ts +He' —& H'+r is calculated, including terms through O(1/M') and a phe-
nomenological treatment of the exchange eGects. The wave function of the three-nucleon system is largely
determined by recent analyses of the electromagnetic form factors. The exchange effects are found to be
very important: If they are neglected, two sets of values of Fp consistent with experiment are 0%3 and
35&3. Including the exchange effects, 6(Fs/FR&33.

I. INTRODUCTION
' 'I the past several years a large amount of effort,
~ ~ both experimental and theoretical, has been spent
on the investigation of the three-nucleon doublet, H' and
He'. There have been recent experiments on the P decay'
of H', muon capture' ' in He', and on the photodisinte-
gration' of both nuclei. The electromagnetic form
factors' have been measured over the range 1&q'&8-
F ', and some data on the inelastic process" e+He' ~
d+ p+e' have been obtained. Thus, a large amount of
experimental information is available to determine the
nuclear wave functions.

The process of determining the wave functions was

begun by an attempt to calculate the binding energy by
variational methods. "There has been recent work on
this problem using both two-body" and separabl" "
potential models for the nucleon-nucleon interaction.
There have also been a number of calculations of the
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photodisintegration" " process using various nuclear
wave functions and calculations of the inelastic scat-
tering process. ""The major effort, however, has been
directed at the problem of explaining the electromag-
netic form factors. '~26 This problem provides the
cleanest test of the nuclear wave function since the
interaction is well known and there are no strong final-

state sects involved.
There have also been a large number of calculations

of the muon capture process in He'. Several'7 " of
these have been based on the elementary particle"
model, in which the H'-He' system is treated in analogy
with the neutron-proton system. This model predicts a
reasonable capture rate, but detailed calculations are
not possible due to the fact that there is no information
available about the q' dependence of the axial-vector
form factor for He' (the value at q'=0 is fixed by the
triton P decay rate). Current-commutator techniques"
have also been applied to the muon capture problem,
but these involve rather rough approximations. Other
calculations" "have been based on a nuclear-physics

approach, using the impulse approximation to define an
effective Hamiltonian, which is the method used in the
present calculation.

The main theoretical interest in muon capture is
centered on the question of the magnitude of the in-
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duced pseudoscalar coupling constant, Fp. The original
prediction by Goldberger and Treiman of Fp= (7—8)F&,
which can also be obtained from the PCAC hypothesis,
has proved to be very diKcult to verify. The value is
predicted for an isolated nucleon, corresponding to
muon capture in H'. Unfortunately, however, the
capture process in hydrogen is complicated by molecular
effects, and a precise determination of F& is not yet
feasible. A more precise value can be derived from the
process of radiative muon capture, which is a relatively
rare phenomenon (the rates are about 10' smaller than
those for ordinary capture), but one which is particu-
larly sensitive to the value of FI. The values derived
from experiments in Ca" are FI = 13.3+2.7,"using har-
monic-oscillator wave functions, and FI =16.5&3.135,

using the Foldy-Walecka'6 technique. The latter method
takes the dominant dipole matrix element from experi-
mental evidence and uses specific models only to calcu-
late corrections. The errors quoted are purely experimen-
tal in origin. It should be noted, however, that a direct
comparison between these values and the Goldberger-
Treiman result is not clearly indicated. It is quite
possible that the form of the pion propagator is materi-
ally altered in nuclear matter, leading to values of Fp
other than (7-8)F~. The aim of this calculation is to
use the available information about the wave function
of He' and to assume the validity of the universal Fermi
interaction (including the conserved-vector-current

hypothesis and the absence of class II currents) in

order to determine whether the value of Fp in the three-
nucleon system can be consistent with the radiative-
capture results. The conclusion is that if one adopts
a reasonable wave function and includes mesonic
exchange contributions, the results are consistent with
a wide range of values for FI, including both the radi-
ative-capture and Goldberger-Treiman values. If the
exchange contributions are neglected, however, the
calculation is inconsistent with both sets of values.

In the following section, the expression for the capture
rate is presented and discussed. In Sec. III, the par-
ticular form of the three-body wave function used is
presented, as well as a discussion of the experimental
and theoretical data that are used to determine it. The
next section includes a discussion of exchange eRects in
the three-nucleon system, and an approximate method
for including their contribution. The Anal section pre-
sents the results of the calculation.

II. CAPTURE RATE

The expression used for the capture rate is that of
Friar, '~ who used a Foldy-Wouthuysen transformation
to reduce the muon-capture Hamiltonian through terms
of order (1/nucleon mass)'. The most important terms
that are neglected in his treatment are of order —,'Zn,
where n= 1/137. Keeping only those terms which repre-
sent at least a 1% effect,

k„G
A=

2' (1+k„/mH.)

di,
-' P {G,

I
f1I~+G, If~I +(Gp —2G~~)Ik„ f~I

syinS

—(GvFv/M)[2 Re(f1)(k„fy)*]—[F~(G~—Gp)/M][2 Re(k„fo)(fe y)*]

+(G~Fv//M)k„[2 Im(fo) X(fp)*j. (1)

Gv =Fv(1+k,/2M) k„m„F~/2M, —

Gg =F~ k„(Fp+2MF~)—/2M,

Gp= (k„/2M)[Fp F~ (Fv+2MF—~)j.—

(2)

G is the weak-interaction coupling constant G=1.14
X10 "/M', " where M is the proton mass. For any
nuclear operator i,

a=—(H'Ig exp( —ik„x~)r-(i)X(i)IHe').

'4 M. Conversi, R. Diebold, and L. di Lella, Phys. Rev. 136,
81077 (1964).

'5 Harold W. Fearing, Phys. Rev. 146, 723 (1966).
'6L. L. Foldy and J. D. Walecka, Nuovo Cimento 34, 1026

(1964); Phys. Rev. 140, 81339 (1965); 147, 886 (E) (1966).
37 James L. Friar, Nucl. Phys. 87, 407 (1966).
"H. P. C. Rood, Nuovo Cimento Suppl. 4, 185 (1966).

With a minor addition to Gy, this is the expression
derived by Fujii and PrimakoR32:

8$jg

(1+m„/mH,)
(5)

3~ L. N. Hand, D. G. Miller, and R. Wilson, Rev. Mod. Phys.
BS, 335 (1963).

The momentum of the ejected neutrino k„is given by"

~ma, x 8$p
k, =m„1—---

m„2137 2(m„+mH,)
where Z=2 for helium, and E, =0.529 MeV. The
numerical value is k„=103.21 MeV. Using the con-
served-vector-current (CVC) hypothesis and the values
of the nucleon electromagnetic form factors, "Fy =0.973
and F~=3.59/2M. We assume that the axial-vector
form factor has the same value for muon capture as for

P decay, F~= —1.18&0.02. Fp is to be determined.
The square of the average value of the muon wave

function over the nuclear volume is given by

Ie.I'-= (1/~) [2m.'/137j'&
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where R is a reduction factor which accounts for the
averaging process and for the 6nite size of the nucleus.
Assuming a hollow-exponential-well charge distribu-
tion for He', this quantity was calculated and found to
be E=0.9704. The calculation is outlined in Appendix A.

B making use of the fact that, except for a very
small component of isotopic spin 2 in the He' wave
f t' the initial- and final-state nuclear waveunc ion,
functions are identical, one can greatly simpi y t e
terms containing fp by an integration by parts. The
result is

p= ',k„1,-
so that

[2 Re(f1)(k„fp)*]=-',k, l
f1l',

[2 «(k, fo)(fo p)]=3k. lk. . foal',

f.)X(fp)*]=O.

so that the final expression for the capture rate is

P 2@2R 282pA==
2n' 137 (1+k„/mH.)

x-,'Z ~~lf112+Blfol ),
SP IIIS

where

A =Gv' 2GvF vk)/3M—
)

B=Gg'+-,'Gp(Gp Gz)+2Fzk. (—GI G~)/9~. —
(7)

There is one additional important term of order (1/M)'
in the Friar Hamiltonian which involves the quantity
k„f4rx p This va.nishes in the present ca,se, but could
be important in other processes.

III. WAVE FUNCTIONS

If the ground state of He' is assumed to have J~= 2+
d 'sospin T=-' it has been shown that there are 10

e willpossible components in the wave function. We wi
include only Ave of these in this calculation: the fully
symmetric 'S state (No. 1), the 'S state of mixed sym-
metry (No. 2), also denoted by 5', and the three mixed
symmetry 4D states (Nos. 6, 7, and 8). The state
numbering follows Sachs, ' and Gibson and Schi6."
The completely antisymmetric states and the remaining
I' states are not thought to be present to any appreciable
extent. If we allow the He' wave function to contain
terms with T= ~3 as well, there are a number of additiona

"R.G. Sachs, Nuclear Theory (Addison-Wesley Publishing Co.,
Inc. , Cambridge, Mass. , 1953), pp. $80—187.

When the integration over neutrino angles is performe,f rmed

d~v
Ik. fol'=l if~I'

4m

possible states. The state considered by Gibson" is a
mixed symmetry 5 state (No. 9) and is the most plaus-
ible choice."

The form of the states is based on that of Sachs, and
Gibson and Schiff. They are constructed from space,
spin, and isotopic-spin functions, all of which have
definite and similar transformation properties under
particle exchange. All functions subscripted s are com-
pletely symmetric, and if P~ and $2 represent the two
components of a mixed symmetry state,

& 4 =-'%~4 —4 ) F»4i= a(~34'2+4'&))

F p =-'(&+~3&))) &13/2 2($2 ~~$1)) +23/2 42.

From two sets of functions satisfying the above
equations, for example, ) ~,X~, p~,p~, we can construct
completely symmetric and antisymmetric functions an
two additional mixed symmetry states:

4.= (~u i+4~2)/~&)

y.= P.,))4,—) )p2)/V2,

y, = (le~—X,q,)/v2)

4.= (~2vi+~u -)/~~.

The specific sets of these functions used are

X =L(++-)+(+-+)-2(-++)]/46,
X4= [(++—)—(+—+)]/~2,

the two doublet spin functions for three nucleons. A +
(or —) in, say, the second position of a parenthesis,
means that nucleon 2 has spin up (or down). The isospin
functions gi, g2 for He', T= ~~, are identical except that
+ (or —) means proton (or neutron). We also need,
for the T=~3 state, the completely symmetric isospin
function

n. =L(++ )+(+ +—)+( +—+)]/~~—

The space wave functions are constructed from
R =(4)')2p and Rq= —r, where r is the vector from1= 3

nucleon 2 to nucleon 3, and g is the vector from the
midpoint of r to nucleon 1:

r=r3 —r~,

p = r) —(r~+ rs)/2.

Three scalar functions are based on these:

Sg ——R22—Rg',

S,=2R, R, )

S,=Rg'+ R,'= 3 (ru'+ rg4'+ r24') .

R), R~, 5), S2, and 5, transform under particle inter-
change as indicated by their subscripts. There are also
three space-spin functions, constructed in Ref. 25, that

4' The other possibilities are either antisymmetnc states, which
are expected to be mixed in more weakly as their associated energy
denominator must be larger, or I' states,
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are used to build up the 'D states. These are

Dl ——L(el Rg)(egg'R2) —(al. Rl)(egg Rl)
—6(lrl F22)Slj~g,

D2 ——((el R2)(egg Rl)+(el Rl)(egg R2)
—6(~1 ~»)$23xg

D,= L(121 R2)(1r26 Rg)+(121 Rl)(1222 Rl)
—-', (el egg)S,JX„

where 6rl is the Pauli matrix (with unit elements) for
nucleon 1, and e23=o;—e3. Using these functions, the
component wave functions for the three-body nucleus
are as follows:

P, = (x,~,—x,~,)f,(S,),
4'2 L(&2$2—&1$1)ng —(&1$2+x2$1)nl]fg(Ss) )

f6 f(SDs$—2 2D2$s)'Y/1 (5Ds$1 2D1$s) g2)f6($'8) y

$7 S (D2gl D17j2)f7(S )

$6= $(D2$1+D1$2)nl —(D2$2—D1$1)ngjfg(S )
lt 2

——(X,S,—X.S1)77,fg(S,) .
Here the f, represent, in principle, any function of

S,=R12+R22. In practice, their forms were chosen to
be the same, and restricted to one of the following:

Gaussian:

f ($ ) =&; exp' —-'ga. ,'(292+-grg) j.
Irving:

f,(S,) =X;exp) 2'n, (2—92+— ggrg)'"j

Irving-Gunn:

f ($ )=Q'( 29+2ggr)g17 exp' 1212*(2ipg+2gr )

The complete wave functions are

~

Hg) =P, ~,(Hg)y, (Hg),

~
He') =P; A, (He')P, (Heg) .

The sum runs over i =1, 2, 6, 7, 8 for H' and i=1, 2,
6, 7, 8, 9 for He'. The amplitudes A;, which are real if
the forces are time-reversal invariant, "are taken to be
the same for H' and He' with the exception of the small
T= ~3 admixture in He'.

Information concerning the amounts of S' and D
states included has been taken from the results of vari-
ational calculations. The two-body potential calcula-
tions of Blatt"" predict large admixtures of the D
states. Calculations with the best available potentials
and a huge amount of parameter searching result in
predictions of 7—9% D state and 0.5—1.5% S' state.
The binding energies from these calculations are,
however, appreciably lower than the experimental
value, and the authors of Ref. 12 point out that their
4D and S' state probabilities should not be taken
literally. Somewhat lower values of both percentages
are predicted by Bhakar and Mitra, "who use a sepa-

rable-potential approach. The best calculation of this

type predicts a 5% admixture of 'D states, and about
1% S'. This calculation overbinds the triton, by 0.5
MeV, but it is hoped that a combination of hard-core
and relativistic eRects can correct this. "Both calcula-
lations predict negligible amounts of I' state (less than
0.1%). It is clear, however, that the strong nuclear
tensor force mixes in appreciable amounts of D state,
probably on the order of 5 to 6%.

There is also information available which limits the
amount of S' and T=

~ admixtures present. The work of
Meister and Rhada" on slow neutron capture in deu-
terium limits the S state probability to 2%, and is most
consistent with values of 1% or less. Werntz and Valk46

give an upper limit of a few tenths of a percent for the
T= —,

' state probability.
A great deal of information on the photodisintegration

of the three-nucleon system is now available. There have
been three recent experiments that cover a wide energy
range, ' "and supporting data at low energies are also
available. The analysis of these data, however, is compli-
cated by the presence of final-state eRects, and by the
fact that the tail of the nuclear wave function largely
determines the magnitude of the cross section. Many of
the early calculations" use Gaussian wave functions
which give a very bad fit to the data due to their un-
reasonable asymptotic forms. In general, the most
acceptable fits to the two-body disintegration have used
the Irving-Gunn" form of the wave function, but these
neglect the 6nal-state interactions. The final-state.
interactions have been examined" and amount to
about 25% at the peak cross section for the two-body
disintegration, and to about 200—300% for the three-
body case." The inclusion of these eRects would
probably destroy the Irving-Gunn fit. The only appli-
cation of the Irving function to the two-body data used
an unreasonable value for the radius parameter. "

The analysis of the experiment on inelastic electron
scattering is also clouded. Two models, a nuclear-
physics model" and a pole model, "have been applied
by GriRy and Oakes —both fit the peak data but dis-
agree by 70% on the integrated cross section. In the
nuclear-physics calculation, the Gaussian wave function
gives too small a peak, the Irving function is better,
and the Irving-Gunn function fits the data. Again,
however, final-state effects are neglected, and it appears
that two-particle correlations in He' are important as
well. There is the additional factor that the experiments
are difTicult to perform (they involve counting the scat-
tered electron and the ejected proton in coincidence)
and dificult to analyze. "

The most reliable data concerning the three-body
wave function are obtained from the analysis of the
elastic electron scattering form factors. The initial

4'T. K. Radha and N. T. Meister, Phys. Rev. 136, 3388
(&964).

4' Carl Werntz and H. S. Valk, Phys. Rev. Letters 14, 910
(1965).
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IV. EXCHANGE EFFECTS

The most striking example of nuclear exchange
effects'4 occurs in the analysis of the P decay of H'. If
one assuln. es that H' and He' are identical except for the
T= ~ state in He', the axial-vector matrix element can
be calculated neglecting exchange effects:

I ~ 4 I '=3&Pt sps+ spn+ s—ps+s~s~ sj' (9)

Here the p;(A;) represent the probabilities (amplitudes)
of the states considered in this paper. The quantity
p& is the total mixed symmetry 'D probability, pD
=p,+p7+ p, . For any reasonable mixture of component
states, IM~I'(3; for the Gibson state, I3I~I'=2.59.
This is in serious disagreement with the triton decay
rate. This is most easily seen from the ratio of the expres-
sions for the neutron and triton ft values":

(ft)„1+F~'IMg I

' 1228&35

(ft) Hi 1+3F~gs 1137&20

'4 A more descriptive title is "mesonic" effects, that is,
everything that can be attributed to the failure of the impulse
approximation.

4'R. J. Blin-Stoyle and S. Papageorgiou, Nucl. Phys. 64, 1
(1965).

analysis by SchiR'4 required only an admixture of the
S' state (4%) to 6t the form factors. This, however, was
found to be inconsistent with slow neutron capture in
deuterium, " and an analysis motivated by the varia-
tional calculations was undertaken. ""The conclusions
were that the form factors can be calculated assuming
a mixture of 2% 5', 6% 4D, and 0.25% T= ssstates,
provided that one includes both an isoscalar and iso-
vector exchange contribution to the magnetic moment
form factors. The 6t was made using the Irving form
for the f,'s, and the value of n, (the range parameter for
the dominant 5 state) was found to be some 5% larger
than the value determined from the Coulomb energy
of He'. This rejects the effect of the 6nite size of the
proton on the Coulomb energy. " The analysis also
showed that a reasonable value for nn is rrn =%2n, Th.e
state described above, called the Gibson state in what
follows, seems to be the most reasonable form avail-
able for the wave function.

The analogy between the electron scattering analysis
and the muon capture calculation is actually quite
clos- in both calculations the matrix elements J1 and

fo appea, r, although with different isospin directions.
If the isovector charge and magnetic form factors of the
three-nucleon system were known (at q'=m„') to
sufhcient accuracy, the matrix elements for muon
capture could be determined directly. By choosing a
wave function which 6ts the electron scattering data,
we have essentially chosen an extrapolation procedure
which makes full use of the available experimental data.
This procedure is only weakly dependent on the specihc
form chosen for the wave function, as long as the form
is used for both analyses.

which leads to

I
M g I .xvt,

' =3.3+0.2.

The possible relativistic corrections have been esti-
mated4' and lead to a 2% reduction of the calculated
matrix element. There have been attempts to calculate
the magnitude of the exchange contribution for P
decay. 4'4' These are based on the Chew-Low static
model and use a series of canonical transformations to
eliminate pion-nucleon coupling terms through fourth
order. The result depends strongly on the choice of the
nucleon-nucleon hard-core radius and appears to be a
little too small even for an extreme limit on this parame-
ter. The calculation does con6rm, however, that ex-

change effects have the correct sign and general order
of magnitude to explain the discrepancy.

The isovector magnetic moment of the H'-He' sys-
tem also exhibits an exchange effect. This can be seen

by comparing the experimental moments with values
computed from the expectation of the simple moment
operator

The expressions for the isoscalar and isovector moments
calculated from p, are

p, = (p„+p„)(p,+ps —pn+-', ps)+ pD ——0.835 nm, (10)

ps= (jug pn)(pt sps+spn+sps) spn
=4.38 nm, (11)

where the numerical values (in nuclear magnetons) are
for the Gibson state. The last term in both expressions
is the small contribution of the orbital motion of the
protons, estimated by assuming that the 'D state is
symmetric in r and g." The isoscalar moment is in
reasonable agreement with the experimental value of
0.851nm, but the isovector moment is about 17%smaller
than its experimental value of 5.11 nm. This has been
largely explained by Villars, 4' who found an exchange
contribution of about -', nm based on pseudoscalar-
meson theory. " It is probably also worth noting that
no acceptable fit to the H' and He' magnetic moment
form factors could be found without including an isovec-
tor and (small) isoscalar exchange moment form factor.

One fact that can be inferred from the preceding dis-

"J.S. Bell and R. J. Blin-Stoyle, Nucl. Phys. 6, 87 (1958).
"R.J. colin-Stoyle, V. Gupta, and H. PrimakoG, Nucl. Phys.

j j nnn (1959)"R.G. Sachs, Phys. Rev. 72, 312 (1947).
4' Felix Villars, Helv. Phys. Acta 20, 476 (1947). A full discus-

sion of exchange magnetic moments is included in Ref. 40, pp.
241-258. There is also evidence for exchange contributions to
forbidden magnetic dipole transitions in heavy nuclei; Mare Ross,
Phys. Rev. SS, 935 (1952).

"Exchange eGects in other nuclei are often not this large (or
have this sign). See, for example, S. D. Drell and J. D. Walecka,
Phys. Rev. 120, 1069 (1960); R. J. Adler and S. D. Drell, Phys.
Rev. Letters 13, 349 (1964); E. M. Nyman, Nucl. Phys. B1, 535
(1967).
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cussion is that exchange eRects are important in the
H'-He' system, and that a calculation that ignores them
is very likely to be incorrect. The question that remains
is how to include them in muon capture. The most
plausible way seems to be phenomenologically, using
the reasonably clear-cut situation in P decay as a model.
The nuclear matrix elements for P decay and for
muon capture are almost identical; only the factor
exp( —ik„x,) distinguishes them. Roughly speaking,
the fo and j1 "form factors" are evaluated at q'=0
for P decay and at q'= k„'for muon capture. An obvious
choice, then, is to include the exchange eQect by as-
suming that its relative magnitude is not too diBerent
at q'=0. 25 F ' than it was found to be at q'=0 in P
decay. Using the Gibson state, this relative magnitude
is (27&8)%, and this rather large uncertainty should
cover the uncertainty in the "scaling" assumption. To
be specific, we have assumed that the exchange effect
is present in muon capture, and that it represents (to
within the 30% experimental uncertainty in its magni-

tude) the same relative correction to the muon capture

( fe )

' as it does to the P decay
~
M&

~

'."The results of
the calculation are presented, however, with and
without this correction.

2000-

I 900-

I800-

I700-

IRYING
NO EXCHANGE CORRECTIONS

FA =-I.I8
GIBSON STATE

(6% 0, 2%S, I/4'/oT=3/2)

1600-

I I500-

I 400-

I 300-

I 200-

I I 00-

IOOO I 1 I I I I I I I 1 I I 1 I

-12 -8 -4 0 4 8 l2 l6 20 24 28 52 36 40 42

F /F„

FrG. 1. Calculated He' muon capture rate for various values of
FI/F~ assuming UFI, CVC, and no exchange correction. Irving
wave functions with n, =1.34 F—', a~=&20, Experimental results
are indicated by the horizontal band.

' This involves the assumption that the q~ dependence of the
exchange term is the same as that of the direct term. This is
consistent (for small g') with the empirical exchange-moment
form factors found by Gibson, within their large associated
uncertainties.

The existence and magnitude of this correction is
supported by the magnetic moment data. If the domi-
nant exchange process is to renormalize the (re) nuclear
operator, the axial-vector matrix element in P decay
should be proportional to the square of the isovector
magnetic moment. This predicts an exchange eRect of
about 36% in the squared matrix element, somewhat
larger than that derived from the P decay alone. While
the renormalization assumption is approximate, it does
support the P decay result and indicate that the ex-
change effects are probably quite large.

V. RESULTS

The evaluation of the various matrix elements of fl
and fe involves a considerable amount of computation,
none of which will be discussed here. The analytic ex-
pressions are quoted in Appendix 8, and the integrated
matrix elements are tabulated for the Irving, Irving-
Gunn, and Gaussian functions used in this calculation.

The results for the Irving function assuming the
Gibson parameters with no exchange correction are
shown in Fig. 1. The upper and lower bounds for the
experimental capture rate are 1460 sec '&A, ,~&1530
sec ', derived from Refs. 3 and 4. The weighted average
of the three experiments is 1470 sec '. The uncorrected
(for exchange effects) theoretical predictions are moder-
ately sensitive to the amounts of 4D, S', and T= —', states
included. Roughly speaking, the 6% 'D mixture lowers
the rates by 120 sec ' and the 2% 8' mixture by another
50 sec ', so that the predictions for the Gibson state
lie about 170 sec ' below those of a pure S-state wave
function. "Even allowing a reasonable margin for the
uncertainty from the wave function, the values predicted
for Fp/F~ are unreasonable: F~——0&3 or Fr 35&3. ——

The uncorrected results are comparable to those of
Pascual and Pascual, "who use a diRerent set of basic
wave functions and slightly different coupling constants.
The effect of the 5' state is typical: A 4% mixture of
this state lowers the Pascuals' predictions by about
130 sec ' compared to 100 sec ' for this calculation. A
detailed comparison of their results with those shown
in Fig. 1 is not possible since the range parameters
and exact state mixtures do not match.

The situation changes markedly when the exchange
contribution is included. Figure 2 presents the results
for the Gibson state assuming the Irving form of the
wave functions. The theoretical error indicated (ap-
proximately +5%) is solely from the uncertainty in

~
fo ~' at q'=0. The uncertainties due to the nuclear

wave function are small. Gibson's analysis of the elec-
tron scattering determines the range parameter n to
within 22%, which limits the error in this calculation to
about 1% from this source. The calculation is also

"State 7 is an exception. A given percentage of this state, which
has a particularly simple form, lowers the rate 70'P& more than
states 6 or 8. The Gibson state is composed of 2% each of states
6, 7, and 8; the 120 sec ' quoted above applies to it.
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relatively insensitive to the admixtures of the various
states involved, in all cases explored to within the ex-
change e6ect error. In particular, the rates predicted for
the alternate state suggested by Gibson in the case of
a nonzero neutron charge from factor (0.6%%uo S', 6%%uo 4D,

and no T= ss) lie about 30 sec ' below those in Fig. 2.
The rates are more sensitive to the value of Ii&. They
vary by about &1-',

%%u0 for IF&I =1.18&0.02, still within
the indicated margin.

The fact that the corrected calculation is not very
sensitive to admixtures is easily seen from the form of
the corrected fe:

2000-

I 800-

I 700-

I 600-

OI I500-

USSIA--I
I

ON ST

uncorr

I f~ I--'= (3 3+0 2)
I
f~4'= o)---'! 1400-

where the uncorrected matrix element at g'=0 is the
P-decay expression, Eq. (9). Except for pathological
cases, the recipe was found to be not very diferent at
q'=0. 25 F ' than at q'=0.

The close relationship between this calculation and
the form factor calculation of Gibson is indicated in
Figs. 3 and 4, where the results for the Gaussian and
Irving-Gunn forms are presented. At small momentum
transfer these functions overestimate and underestimate
the form factors, respectively, and this is mirrored in

I 300-

I 200-

I IOO-

lppp I I I I I I I I I I I I I I

-12 -8 -4 0 4 8 l2 l6 20 24 28 32 36 40
F~/FA

FxG. 3. Illustrative results for Gaussian wave
functions, all u;=0.384 F '.
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F /FA

FIG. 2. Calculated He' muon capture rate for various values of
IlI /F~ assuming UFI, CVC, and the phenomenologica1 exchange
contribution of Sec. IV. Irving wave functions with a, =1.34 F ',
n~=~2n, . The shaded area is the intersection of the experimental
uncertainty and the theoretical uncertainty from the exchange
contribution.

the muon-capture predictions. For this reason, no
conclusions concerning the magnitude of P~ should be
taken from these 6gures.
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Fro. 4. Illustrative results for Irving-Gunn wave
functions, a, =0.813 F ', uy=V2e, .
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The most probable value of Fr/Fg from Fig. 2 is
about Fp= (11—12)F~, which is in good agreement with
the results from radiative muon capture. If the iso-
vector magnetic moment is used to estimate the ex-
change contribution, the minimum acceptable value is
12P~ and the most probable 15F~, the range being
12&Fz/F&&25. Strictly on the basis of P decay, how-
ever, the allowable range of values is very broad,

6(FJ/Fg&32,

and the calculation is consistent with the Goldberger-
Treiman value. As noted by Oakes, "for a pure 8 state
the class-II axial-vector current (also called the tensor
current) enters in the same way as the pseudoscalar
term. This is also true for the complete state including
the 1/M' corrections. Thus, only the combination of
the two effects can be determined. The comparison
between Figs. 1 and 2 does indicate, however, that ex-
change effects are important in muon capture.

-I.O-

-3.0-

r (fermi')

2f

H E & POTENTIAl--- SQUARE APPROXIMATION, Vg———HARMONIC APPROXIMATION, Vs
"""'"'POINT POTENTIAL, -2e~/r

MUON

VI. CONCLUSIONS

This calculation leans heavily on the analysis of the
3-body electromagnetic form factors to demonstrate
the necessity of an accurate value of the axial-vector
matrix element including the mesonic exchange effect.
With this correction, the muon capture rate in He' is
consistent with values of the pseudoscalar coupling
in the range 6&F~/F~&32, with a most probable
value of 11.
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APPENDIX A

Previous calculations of muon capture in He' have
neglected the effects of the spatial extension of the
nuclear charge distribution on the atomic wave function
of the muon. This Appendix outlines a calculation of
this effect.

The capture process takes place almost entirely
from the ground state of the muonic atom, so that
the lowest S-state wave function is required. As the
muon is no more relativistic than a corresponding elec-
tron (w/e=0. 01), the Schrodinger equation should be
suKciently accurate.

The potential which the muon moves in is that from
the charge distribution of He', which has been measured
by Collard. "The most tractible of three "best fits" is
the hollow-exponential-well II distribution (H.E. II),

75b pry'
p(r)=(Ze) — I

—
I

e s"'
8~a'kal

"H. Collard, thesis, Stanford University, 1966 (unpublished).

Fro. 5. A plot of the H.E. II potential of Collard (Ref. 53) for
He' together with the two approxiDIate potentials considered in
Appendix A. At r 1. F5=(2F), Vs(Ve) joins the point Coulomb
potential, which is also indicated.

for a=1.85 F and b=+30 The p.otential from this
distribution is

es 24 b (br s 6br
V(r)= —— (1 ear(a)

~

——+ +1g e br/a

12 r a ka a

To simplify the analytical work, two approximations
to this potential were considered: V, (square well) and

Vs (harmonic oscillator):

V, (r) =—1.92 MeV r&1.5 F
= —2e'/r r) 1.5 F

Vs(r) = L
—2.132+sxr'] MeV r&2 F

= —2e'/r, r)2 F

K=0.346 MeV F '.

The H.E. II potential and the two approximations are
shown in Fig. 5. The Schrodinger equation was solved
analytically for both approximations and normalized
numerically. The resulting values of the wave function
at the origin agree to better than 2 parts in 10 000 and
the average values over the range 0&r&1.8 F to 3 parts
in 10 000. The result can be expressed as

)P„~'.=(1/x) 2Lm,„'1/37$' RR=09704

where the first factors represent the value of the "point
nucleus" wave function at the origin.
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APPENDIX 8 TABLE I. IrVing WaVe funCtiOnS, n1=n2=ng= 1.34 F
n6 ——n7 ——n8 ——&2n1.

The normalization constants for the various states, C;,
are defined by

C; '= dgrdgyIP;I'.

For the dominant S state the integrals are easily evalu-
ated and lead to the following:

Hs 1
states 2

6
7
8

Hes states
1 2

0.8898 0
a —0.2389
a a
a a
a a

6
0.0056
0.1463
0.2854

a
a

7—0.1152
0.1531
0.0224
0.2906

a

Matrix elements for J'1

Matrix elements for J'o

8
0.0051
0.0661
0.0247

—0.0270
0.2975

9
—0,0457

0.4937
—0.0379
—0.0414

0.0328

Irving:

Irving-Gunn:

Gaussian:

Ci ——[%3nig/80m']'".

= [%3ni'/4vr']'";
= [3%3nig/2~g]'".

H& 1
states 2

6
7
8

He8 states
1

0.8898
a

a

2
0.1827
0.7380

a
a
a

6
0
0

0.7478
a
a

7
0
0

0.0178
0.7458

a

8
0
0

0.0246
—0.3220

0.7444

9
0.045 7

—0.0053
0
0
0

For the remaining states, the normalization integrals
were done numerically; the integrands are

' The total cross-term contribution is given only once, above the main
diagonal.

where

dg dg If.IgN.
TABLE II. Irving-Gunn wave functions, all n; =0./71 F '.

Matrix elements for J'o.

Ng= 2(si'+Sg'),
Ng =2[25(sig+ Sgg) '—21(Si'+Sg')S '+8S,'],
N, =4S,g[S,g—-'g(sigysgg)],

Ng ——4[5 g(si +Sg )——(Si +Sgg) ]
Ng =Si'+Sg'.

The 5;g and f; are defined in Sec. III of the t.ext.
After summing over the nuclear spin states, the

expression for
I f1 I

' can be written

Hs 1
states 2

6
7
8

H3 1
states 2

6
7
8

Hes states
1 2

0.8498 0
a —0.1654
a a
a a
a a

6
0.0157
0.2157
0.1772

a

7
-0.1047

0.2013
0.0397
0.1672

a

He3 states
1

0.8498

a
a
a

2
0.2462
0.5632

a
a
a

6
0
0

0.3172
a
a

7
0
0

0.1779
0.2952

a

Matrix elements for J'1

8
0.0143
0.0981

-0.0063
—0.0980

0.1937

8
0
0

0.0482
—0.6521

0.2836

9—0.0616
0.3811

—0.0593
—0.0680

0.0447

9
0.0616

—0.0168
0
0
0

g Z I
J'1I'= dg«ge exp( —ggk. e) P f'f;Iv,

spins

' The total cross-term contribution is given only once, above the main
diagonal.

where i and j run over the possible H' and He' states,
respectively. The f's are supposed to carry the as-
sociated (real) phases. Since the operator 1 is a scalar
in ordinary spin space, there are no cross terms between
the doublet states (1,2,9) and the quartet states (6,7,8).
Thus the only nonzero integrands are

I11

I„=2(Si'+Sg')

I,g= 2(755,g+505igsgg —25Sg'
—475igs '+5S S '+8S,'),

I„=4(sigs, g 1~5ggs, g+5,4), —
Igg =4(si' —8-'Si'Sg'+Sg'+ Si'5.'+Sg'S.'),
Iig ——v25i,

112+Igl 851 p

Ig7+Ivg
——16(4Si'5, '—S,'),

Igg+Igg ——103SiSg S„
I7g+Ig7 16(gsisg 58 Sis,'),

Igg V2(5 '—Sig) . ——

TABLE III. Gaussian wave functions, a11 n =0.384 F '.

Matrix elements for J'o

H3 1
states 2

6
7
8

He3 states
1 2

0.9021 0
a -0.2784
a a
a a
a a

6
0.0029
0.1017
0.2934

a
a

7
—0.0859

0.1075
0.0196
0.2984

a

8
0.0026
0.0461
0.0231

—0.0220
0.3040

9—0.0380
0.5616

—0.0260
-0.0281

0.0230

Matrix elements for J'1

H3 1
states 2

6
7
8

Hea states
1

0.9021
a

a
a

2
0.1518
0.8417

a
a
a

6
0
0

0.7861
a
a

7
0
0

0.0114
0.7848

a

8
0
0

0.0212
—0.2785

0.7840

9
0.0380-0.0016

0
0
0

All possible cross terms (excepting the S-S') contrib-
ute to fn. The integraiids are defined by

g 2 I
J'nl'=3

spins
d rd ggexpg( —i'gk„y) P f;f,S;,

gg The total cross-term contribution is given only once, above the main
diagonal.
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where

Sgg ——2,
S2,- =2Sg' —3~~S2',

Sgg = —AS),
S29=%2(Sp+-',Sp)
S66=150(Sg'—-',S2')+16Sg4+100SpS '—118Si'Sg2+18S 'S '

+Rgg'L300Sy'+180Sr2Sg —100S&$2'—80SgS '—60Sp'Sg —32S,']
+R„'[300S—p+180SpS,+100S,S22+80S,S,' 60S2—2S, 32S,—')

+RxgR2g( 600S—j2S2+200S2'+32S2S,'],
S77 S t 3SJ +4S '—(52/9)S2' —8Sg(R&g'+R2g')+21 3S2RggR2g] g

S88 ——-", (Sg'+Sf ) (232/9)Sg'S22+4(Sg'+Sp')S '—Rgg2)8(Sg +Sf )Sg+21-',SgSg']

R2 'L8—(Sg'+SR')S,—213S&S2']+423R&gR2gSJ'S2,

S67+S76 16S '(3S&'+3S2'—S ')+40(R& ' R2 ')S—&S '—8(Rg '+Rp ')L5(S&'—-',S2')S,—4S,')—583RjgR2gS2S '

Sg8+S86=8SySg(Sg'+ SS2'—73Sp') —213R&&pgSpS2Sg

+40(R1 2+R2g2)(S12 3S22 S 2) 8(R1 2 R2 2)(7S12+3S22)S

S78+S87=16)',Sp+(11/-9)S22 S,']S)S—.+32(Rg, '+Rg, ')SgS.'+16(Rg,'—R2,2)(Sp+-', S2')S,—64Rg,R2,SgS2S. ,

S)6+Spy ——843LSgSg —Rgg'(5Sg+2S, )+R2,'(2S,—5S$)]g

S„+S„=843$-',S,Sg+ (R„'—R„')S,],
Rs+Ssi =—8V3$3 (S~'—S2')+ (R~g' —R2, ')S&+2R&gR~gS~],

S26+Seg ——8%3/(Sg'+ 3S2')S —2(Rg '—R2 ')Sag —5(Rgg'+R2 ') (Sg'+-', Sg')+3RggR2gSgSg],

S27+S72 8%3/3 (Sg'+——-',S2 )Sg+ (Rgg R2g )S/Sg 3Rg RggS2Sg—],g

S,.+S.,=KSL(5/9)S,S, ——;S,—(R„—R„)(S,—-,'S,2)—2-;R„R„S,S,],
Sag ——(402/v3) t

—S2'S,+5 (Rgg'+ R2, ')S '—4R)gR2gS2S, ],
S79= (4 2/v3)( 3S'2 Sg+2RlgR2gS2Sg] p

S89——(442/v3') $——;SgS2'—(Rg, '—R2p)S2'+ 2Rg,R2,SgS2].

The factors of E&, and E2, are a result of the fact that the expressions quoted above are essentially reduced matrix
elements, calculated between states of H' and He' with m, =+—',. The detailed spin sum produces rotationally
invariant matrix elements but involves four times as much algebra. The angular integrations are only slightly more
complicated due to their presence and are easily done analytically. The remaining radial integrals, however, are
more complicated and were done (in all cases) numerically. A convenient check on both the algebra and the pro-
gramming is available: If the neutrino momentum k„is set to zero, the P-decay expressions for f1 and fr result,
both of which can be calculated without reference to the detailed form of the wave function. The form for fgr is
given by Eq. (9); the f1 matrix element is unity. Thus the expressions for the matrix elements above and the
integrated values in Tables I, II, and III are presented with a good deal of con6dence.


