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Orientational Order in Solid Ortho-Hydrogen. II. Hexagonal
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The orientational ordering of the molecules in solid hcp ortho-H2 is studied theoretically, using the
internal-Geld approximation and neglecting lattice vibrations. A relaxation method suitable for use with
a high-speed computer is employed in a search for molecular orderings that might occur in stable or meta-
stable phases; numerical characterizations of the molecular states and the thermodynamic properties of
these phases are then obtained for appropriate ranges of temperature. Orders describable in terms of four
or eight sublattices are studied. On the assumption that there is quadrupole-quadrupole coupling only
between nearest-neighbor molecules, it is concluded that as T arises the phase (space group Pca2~) stable at
the lowest temperatures undergoes a erst-order transition into a P2&/c phase, followed by second-order
transitions into a I'nma phase and then into an orientationally disordered phase. A model that includes
quadrupole-quadrupole couplings between all molecules shows a 6rst-order transition from the Ecu2&
phase into a P6s/ns phase, followed by a second-order transition into the orientationally disordered phase.
It is concluded that the "X transition" in pure ortho-H2 and in ortho-para mixtures sufficiently rich in
ortho-H2 will consist of a erst-order transition from an orientationally ordered phase with fcc lattice
(Po3) to an orientationally ordered phase with hcp lattice, followed by orientational transitions on the hcp
lattice that give rise to the Gner structure in the specific-heat curve observed by Ahlers and Orttung. En
the case of solid deuterium rich in para-D2, one can expect the transition to be a simple one from the
orientationally ordered fcc phase to an orientationally disordered hcp phase, with no one structure in the
speci6c-heat curve.

I. INTRODUCTION

''T has been known for many years that solid H2
~ ~ exhibits a ") anomaly" in the specific heat that
changes in magnitude and. shifts in temperature with
changing concentration of ortho-H2. ' Recent work has
shown that the thermal anomaly is more complex than
was previously realized. Figure 1 shows the specific heat
of solid hydrogen containing 74. 1'%%uo of the ortho species,
as observed by AMers and Orttung. ' In addition to the
main peak, there is a sma)l side peak, and another peak
at a temperature some 0.1'K higher. The small side

peak is not always evident, but the other peaks shift
together in T as the ortho concentration is changed. It
has also been found that the thermal anomaly is closely
associated with a change in the molecular lattice from
the fcc form stable at low 2' (provided the ortho con-
centration is large enough) to the hcp form stable at
higher T for all ortho concentrations. The very careful
work of Mills, Schuch, and Depatie' follows the lattice
change to ortho concentrations (95%%u~) much above those
at which the speci6c heat has been measured. Extrap-
olation of their results indicates that the lattice change
will occur in pure ortho-H2 at about 2.9OK.

Earlier theories of the behavior of ortho-H2 have been
based on the assumption that the molecular lattice is
cubic close-packed, and that the orientational coupling
is (at least primarily) the interartion of the electrostatic
quadrupole moments of the molecules. Treatment of the
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molecules as classical rotators4 shows that they pack
efhciently on this lattice in a structure of high symmetry
(space group I'a3), in which each molecule is directed
along a threefold symmetry axis. James and Raich' '
have shown that a quantum-mechanical treatment of
this system in the internal-6eld approximation yields
the same arrangement for the symmetry axes of the
lowest orientational states of the molecules at T=O K;
a reduction of the coupling energy by a factor 4/25
arises from the destabilizing effect of the zero-point
oscillations of the molecules. Their theory indicates that
this orientational ordering of the molecules in cubic
ortho-H2 would disappear in a erst-order transition at
5.00 K, if one uses the commonly quoted value of the
electric quadrupole moment (0.110X10 "electron cm'),
or at 1.51 K if one uses a value based on recent calcu-
lations (0.1348)&10 ' electron cm'). Homma, Okada,
and Matsuda' have avoided the internal-6eld approxi-
mation, carrying out a perturbation treatment of the
rotational excitations of the system of coupled rotators.
They conclude that the orientational order will dis-
appear in a first-order transition at 4.2 K. This value,
apparently based on the lower value of the quadrupole
moment quoted above, would be raised to 6.3 K by use
of the higher value. All these calculations are based on
models with a rigid molecular lattice, and their con-
sequent neglect of the destabilizing eGect of the lattice
vibrations would presumably lead to excessively high
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Fro. 1. The ) anomaly of solid H& at zero pressure and N. 1%%uo

ortho-hydrogen, as observed by Ahlers and Orttung. The arrows
indicate distinguishable peaks.

computed transition temperatures. It must be empha-
sized, however, that the transition described by these
rigid-lattice theories does not correspond to the tran-
sition that occurs in nature. %hen the contribution of
orientational couplings is small, as in para-Hp and orien-
tationally disordered H& at high temperatures, the mo-
lecular lattice is hcp, not fcc. It is thus evident that
terms of other origin in the free energy favor the stability
of the hcp lattice, and that a transition from the orienta-
tionally ordered cubic phase to an orientationally dis-
ordered hexagonal phase would occur at a lower tem-
perature than, and in preference to, a transition to an
orientationally disordered cubic phase.

It is consistent with observation' to associate the
main peak in the specihc heat of H2 with the change in
molecular lattice, ' and to attribute the additional struc-
ture in the thermal anomaly at higher T to changes in
the orientational ordering of molecules on the hexagonal
lattice. In the present paper, the internal-Beld approxi-
mation is applied to a study of the orientational ordering
of ortho-H2 molecules on a rigid hcp lattice. The tech-
niques employed are those of the high-speed computer,
rather than of mathematical analysis; the aim is to
provide a survey of orientational orderings that may be
of physical interest, to contribute to a general under-
standing of the observed phenomena, and to provide
a starting point for more elaborate theoretical treat-
ments.

The ordering of molecules with quadrupole-quad-
rupole couplings on a rigid hcp lattice presents a diKcult
problem because of the complexity of the structures that
must be dealt with. Kitaigorodskii and Mirskaya made
an exploratory calculation of the interaction energies of

' This is possible, but not unambiguously required by the ob-
servations, which exhibit striking thermal hysteresis.

9 A. I. Kitaigorodskii and K. V. Mirskaya, Kristallogra6ya 10,
162 (1965) LEnglish transl. : Soviet Phys. —Cryst. 10, 121 (1965)g.

(b)

/
/

/
/

/
/

/
/

/
slw&+~/& /

FIG. 2. Orientations of symmetry axes of molecular ground
states, for various space groups. Arrows at vertices of the tri-
angular network represent molecules in one of the hexagonal
planes, seen from above; arrows at the center of triangles represent
molecules in the hexagonal planes immediately above or below.
The polar angle of the molecular symmetry axis with respect to
the c axis of the lattice is the same for all molecules in a given
6gure, except that circles indicate symmetry axes parallel to the
c axis. The arrowhead indicates the end of the molecule that lies
above the hexagonal plane. A possible choice of unit cell is in-
dicated by dashed lines: (a) Pca2&, the space group becomes Pbce
when @=0; (b) P2i/c: the space group becomes Pgnsa when 8= s's.,
s =-,'s", (c) P6s/m.
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classical quadrupoles for a number of low-symmetry
lattices, taking into account interactions of molecules
at distances up to five times the separation of nearest
neighbors. Felsteiner" also made exploratory calcu-
lations, including interactions of molecules with sepa-
rations up to 300 A. A more systematic study has been
made by Miyagi and Nakamura, "who concluded that
the configuration with lowest energy is one that was
previously considered by Kitaigorodskii and Mirskaya.
This belongs to the orthorhombic space group I'ca2j,
which is illustrated in Fig. 2(a). In a quantum-mechan-
ical treatment with the internal-field approximation, the
classical equilibrium orientations assume a new role as
the symmetry axes of the molecular orientational dis-
tributions at T=O K. Miyagi and Nakamura also
identi6ed arrangements of classical quadrupoles, il-
lustrated in Figs. 2(b) and 2(c), which make the inter-
action energy stationary and not far above the absolute
minimum. These orientational orders also turn out to be
of interest in the quantum-mechanical theory presented
here.

Analytic treatment of a phase transition, even in the
internal-field approximation, becomes extremely in-
volved unless the number of independent variables,
such as orientation angles, is quite small. One can reduce
the number of variables by restricting attention to a
particular orientational order —an order defined by speci-
fying a system of sublattices such that all molecules on
the same sublattice have identical orientational dis-
tributions, together with appropriately restrictive sym-
metry relations between the distributions on the dif-
ferent sublattices. %hen symmetry arguments and
physical analogs are lacking, the most troublesome
feature of the problem may be the decision as to what
types of order need to be considered. Determination of
the equilibrium orientations of the corresponding clas-
sical system provides a guide valid in the neighborhood
of 0 K, but phases with other orders may come to be
stable at higher temperatures. (An example of succes-
sive orientational transitions has been given by James
and, Keenan, "in the case of a model of fcc CD4.) It is
therefore useful to carry out exploratory studies of
orientational order by methods that are as nearly in-

dependent as may be of preconceptions as to the order
at a given temperature. This is the advantage of the
method to be described here, which yields numerical
descriptions of stable and metastable phases at any
chosen temperature.

The model of solid H2 to be used here has been
described previously, and the formal basis for its treat-
ment in the internal-field approximation has been in-
dicated. ' Two cases are considered:

(1) The case of quadrupole-quadrupole couplings of
all pairs of molecules in the crystal: This is appropriate

"J.Felsteiner, Phys. Rev. Letters 15, 1025 (1965)."H. Miyagi and T. Nakamura, Progr. Theoret. Phys. (Kyoto)
37, 641 (1967)."H. M. James and T. A. Keenan, J. Chem. Phys. 31, 12 (1959).

if the coupling is of electrostatic orgin, and if there is
negligible shielding due to polarization of intervening
molecules.

(2) The case of quadrupole-quadrupole coupling be-
tween nearest neighbors only: This model is suggested
by the rapid decrease of quadrupole-quadrupole cou-
pling with increasing molecular separation, possibly em-
phasized by shielding effects. It can also represent the
sects of short-range forces, insofar as their orienta-
tional dependence simulates that of quadrupole-
quadrupole couplings.

It is possible that an intermediate case will corre-
spond most closely to reality.

Section II of this paper describes an approach to the
self-consistent internal-field approximation that is ap-
propriate for machine calculations. In Sec. III the model
is treated, with both types of coupling, on the assump-
tion that the system has the symmetry elements of the
Pca2~ space group. Section IV presents the results of a
Inore general treatment of the model with nearest-
neighbor coupling, and Sec. V surveys the results for
the model with all molecules interacting. Finally, Sec.
VI suggests a method of correlating these results with
those for the fcc lattice, to arrive at a tentative picture
of the over-all behavior of solid ortho-H2 and para-D2.

They obey the sum rule

ZLZ. (Q)]'=—& (2)

and have the integral property

dQZ, (Q)Z„(Q)= (4zr/5) 8,„. (3)

In terms of these functions, the coupling energy of two

II. DESCRIPTION OF THE RELAXATION
PROCEDURE

In Reference 6, hereafter referred to as I, the internal-
6eld treatment of ortho-hydrogen was expressed in
terms of the complex surface harmonics Yl,~. For
machine calculations it is convenient to avoid appearance
of complex quantities at any point, by making use of
the real surface harmonics, sometimes called components
of the quadrupole moment. "Ke denote these by Z,
instead of s„ to avoid confusion with the Cartesian co-
ordinates. In terms of the direction cosines y; of the
molecular axis, they are

Zt ——-,'&3(yt' —ys')

= (2zr/5) '"[I's,z(Q)+ Fs,—z(Q)],
Z2 —s (3~32 I)—(4zr/5) 1/2/2, 0(Q)

Zz ~37zvs (2~/5) z[ Fz t(Q) Fz,—t(Q)] i 0)
Z4=v3yzyt = (2zr/5)'"[ —Fz, j(Q)+ I'z, t(Q)],
Zs ——v3ytyz ——(2zr/5)'"z[Yz, z(Q) —I'z, z(Q)].
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T P, P= 1

1 2 0
5 0

2 2 8
2 5 0
3 3 —16/3

4 0
4 4 —16/3
5 5

2 3

2/3' 0
0 0
0 0
0 2/N3—4/9 0
0 4/9

4/9 0
0 0

r/&8
0
0
0
0
0
0
0—1/18

TABLE I. S(r,p; p) =S(p,v", p). All others are 0.

0
i/~8

0

0
0
0
0

is the same for all molecules on sublattice I. The quan-
tities E(I,J; r,p) characterize the relation between the
sublattices I and J, and contain all necessary infor-
mation about the geometry of the system. The five
quantities G(J,p), on the other hand, characterize the
average charge distribution due to a molecule on sub-
lattice J, and can be determined when U&(0,) is known.

The quantities E(I,J;r,p) can be expressed in terms
of a smaller number of geometrical constants. Let

D(I,J; 1)= g I';,P4, s(cos8;,),
equal quadrupoles Q separated by distance R;; along a
line with direction 0;, is

D(I,J; 2) = g I';;P4,s(cos8;;) cos2p;;,

where

25
V;;(0;,0,)=—I';;P Z, (0,)K,„(0;,)Z„(0;),

8 &~p

(4)
D(I,J; 3)= P I';;P4,s(cos8;;) sin2&p;;,

D(I,J; 4) = Q F@P4,4(cos8;;) cos4p;;,
I'g ——6Q'/25Rrps, (5)

and the E,„(Q;;) are the functions appearing in Table
II of Reference 11.

With the aid of the spherical-harmonic addition
theorem, the orientational distribution of molecule j
in state v [I, Eq. (3.12)j can be written as

1
i'�„'(0,) ~

s=—y—P Z, (0,)Z,(0„'),
4m 2m

(6)

Here the molecular index j has been replaced by the
sublattice index J, since the quantities involved are
the same for all molecules on the same sublattice. On
further summing over all molecules j(J) on sublattice J,
and over all sublattices, one obtains the effective
potential for molecule i:

where 0„& specifies the direction of the symmetry axis
of the wave function. To compute the contribution of
molecule j to the effective-field potential for molecule
i, one can multiply this into Eq. (4), integrate over all
orientations of molecule j, and average over states v

with appropriate weights I',&. The result involves the
quantities

G(J p)=Z &'Z, (0.'), (p=1 . "*5).

D(I,J; 5)= P I';;P4, 4(cos8;;) sin4q;;.

Then
E(I,J; 7,p) =Q S(r,p; p)D(I,J;p),

where the quantities S are coeKcients independent of
the geometry of the sublattices. They are the constants
that appear in Table II of Ref. 11, and are given, for
p up to 5, in Table I of this paper. The D's delned in
Eq. (10) are the only geometrical constants required
when each sublattice is symmetric to reliection in each
hexagonal plane, as in all cases considered in this paper.
If one considers sublattices that lack this property, one
can extend the delnition of the D's and S's to p= 9, in
a way that is obvious from the structure of Table II
of Ref. 11.

In Eq. (8), the effective potential for molecule i
appears as a linear combination of five functions Z, (0;).
The matrix representations of these functions in terms
of the basis functions C', (0) D, Eq. (3.4)g are given in
Table II. The matrix representation of U' in terms of
this basis is

5
LU'j= —PLZ, jg P 5(r,p, p)D(I,J; p)G(J,p). (12)4~ &~a

where

The eigenvectors of LU'j give the directions 0„' of the

U~(0,) = p Z, (0,) p p K(I J r &)G(J &) (g) symmetry axes of the possible states of molecule i, and
the corresponding eigenvalues are the energies t.„' of
these states, from which one can derive the values of

K(I,J; r,p,) = Q I',;K,„(0,;) (9) the P„' PI, Eq. (2.13)j.
~(J) To find self-consistent internal 6elds and molecular

TABI.F. II. Matrix representations of the functions Z~ in the basis 4

P1 1 0
—,vsi O —1 O

(0 oo

T=2

(—1 1 0)
O —1 Oi
0 0 2I

T—3

0 0 0
o o

(0 1 Oi

0 0 1
-,-&so o oi

1 0 0)

T=5

0 1 0
—;vzi1 o oi' Ioooy
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orderings, one can apply an iterative process. Having
specified a system of sublattices to be considered, one
can choose at random a set of values of the 0„' and P'„'.
In general, these will not be self-consistent. Selecting a
molecule i on sublattice I, one can compute LU'] by
Eq. (12), and derive 0,' and P„' from this. Accepting
these as new and improved values for Q„and P„, one
can repeat this process for sublattice J, and for the
other sublattices in turn, over and over. If this pro-
cedure leads to a stationary set of 0's and P's, these will

provide a self-consistent description of an orientational
ordering of molecules in the crystal —in brief, of a phase.
Such a limit has been approached in all calculations
made by this method, except in certain cases in which
there were degeneracies and the 0„» were indeterminate;
even then the e„' approached appropriate limits. If r
denotes the number of sublattices (assumed to contain
equal numbers of molecules) the contribution of the
orientational coupling to the internal energy per mol-
ecule can be computed as

(13)

or as

1
U= —2 2 2 ~(~ I;u)D(I I'I )G(I ~)G(I ~) (14)

4r I,J rI8 p

The entropy per molecule is

(15)

and the rotational free energy is derived from these
quantities.

Such a procedure is simple but repetitive, and well

adapted to machine calculation. Some comments on its
convergence will be made in later sections.

The process carried out by the computer is perhaps
reminiscent of the approach of artificially disoriented
molecules to a natural ordering, but is is more closely
analogous to the relaxation process for the solution of
partial differential equations. It will here be referred
to as a relaxation from the initial state.

The order approached in a relaxation at any given
T may depend on the initial conditions. It may be
the order of lowest free energy —that of the phase stable
at the given T—or another order that may be termed
metastable, in that it is approached from any nearby
initial conditions that can be described in terms of the
chosen slbluttice stricture. Such a metastable order,
found by calculations with one sublattice structure,
may not appear in relaxations carried out with a less
restrictive choice of sublattices; it will then be physi-
cally unstable. The relaxation process may even lead
to orders that are unstable with respect to the chosen
sublattice structure, if the initial conditions have some
symmetry property that is maintained throughout the

TAszz III. Relations between direction cosines and the constants
Gc,'J,p), for the space group I'cc21.

Sublattice J y1(J) y8(J) y8(J) G(J1) G(J2) G(J3) G(J4) G(JS)
Pl PQ +8
'yl &2 +8
'yl 'y2 'y8

Pl +8 P8

G1
G1
G1
Gx

G8
G8
G2
G8

G8
G8—G8—G8

G4—G4
G4

-G4

G8
-Gs—Gs

G8

calculation but would not be approached from initial
conditions that do not possess this symmetry. For this
reason, in using the relaxation process in a search for
stable or metastable orders it is desirable to start from
a variety of initial conditions chosen at random, with
as little symmetry as is consistent with the objective
at hand. It appears to be sufhcient to make such trials
for a relatively small number of temperatures; then,
whenever a stable or metastable order is found, it can
be followed through a sequence of T's by taking the
end conditions of a relaxation at one T as initial con-
ditions for a relaxation at an adjacent T. By this method
stable orders can be followed into ranges of T in which
they are metastable, and conversely.

with

where

5
(,=-Z Z ~(~,', v)D(I,I; v)~(I,v),

c

(I a)=G(I v)/GP' 1) (18)
"There are screw axes parallel to the c axis that interchange

sublattices 1 and 4, 2 and 3. Glide planes perpendicular to the x
axis interchange sublattices 1 and 2, 3 and 4; glide planes perpen-
dicular to the y axis interchange sublattices 1 and 3, 2 and 4.

III. CALCULATIONS ASSUMING SPACE
GROUP Pca2~

As a simple but instructive application of the re-
laxation procedure, we assume that the crystal has the
symmetry of the space group Pca2&, with four molecules
in a unit cell, as shown in Fig. 2(a). One needs four sub-
lattices to describe this order, but the symmetry ele-
ments of the space group" interchange the sublattices,
and the molecules are all physically equivalent. It
follows that e„~ and P„~ are independent of J. The
relations between the direction cosines of the symmetry
axes on the several sublattices are shown in Table III.
These relations are valid for the excited states as well
as the ground states; in consequence, the relations be-
tween the G(J,p) on the different sublattices are the
same as those between the functions Z„(Q~), which
follow easily from Eq. (1).These relations also are shown
in Table III.

Because of the symmetries of the sublattices here
under consideration, D(I,I; p) vanishes if p is 3 or 5,
for all I and I. The terms in Eq. (12) with x= 1, p= 2

cancel when the summation over J is carried out. It
then follows from Table I that only terms with r= p
enter Eq. (12), which can be written as

PU'7= Q t,G(1,~) l Z,], (16)
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TABLE IV. Coupling parameters &,/I', for the space group Pcu2&.

Nearest-neighbor
interactions All interactions

1.9444
11.6667—22.2222—34.4444—27.7778

1..4444~
9 0000a—27.9332~—31.4660.—30.5777.

1.5041b
9 0245b

27 9529b—31.4768b—30.5910b

Derived from results quoted in Ref. 9.
b Derived from lattice sums computed by Felsteiner, which include inter-

actions of quadrupoles with separation up to 300 A.

8-

6/I"
2

+~+ '+~
+~

+~
+~

+
+»+~

1' 1' 1'

+r+r
+r+

,r'
,I

~+

is +1 or —1, as indicated in Table III.
When only nearest-neighbor interactions are to be

taken into account, values of $, can be obtained by a
simple summation. They are given in the second column
of Table IV.

To obtain values of $, for the case of all quadrupoles
interacting, use has been made of computed interaction
energies for classical quadrupoles. In the present case,
the internal energy per molecule given by Eq. (14) can
be written as

(19)

The corresponding interaction energy in an array of
classical quadrupoles with axial directions 0& can be
obtained by setting I's~ I'a~= 0, w——hich replaces G(1,r)
by Z, (Q,'), and introducing the factor 25/4 previously
mentioned. This yields

5
U(Qr') =-g &,LZ, (Qr') j'. (2o)

' J. Felsteiner (private communication).
'~ The two sets of g's yield results that are surprisingly similar,

considering the appreciable difference in the values of (1, but the
second set must be used to maintain consistency with the results
reported in later sections of this paper.

Comparison with the results quoted by Kitaigorodskii
and Mirskaya' for 6ve appropriately chosen values of
Qr' ——

(O, y) yields values for the g„given in the third
column of Table IV. A second set of values, in the
fourth column of Table IV, follows from interaction
energies computed by Felsteiner. " It is more accurate
than the Grst set, being based on sums extended to
quadrupoles separated by as much as 300A. The second.
set of g's has been used in deriving the results reported
here."

Since the assumption of I'cu2~ symmetry fixes all

symmetry axes in terms of those of a single molecule,
the iterative process takes on its simplest form: As-
sumed values of 0„' and I',' determine a corresponding
matrix [U'j, by Eq. (16), from which one can derive
new and improved values of 0„' and I'„', and so on. In
the present calculations this process has been carried
out until the change in all quantities e„/I' during an
iteration fell below 0.00008, or up to a maximum of
300 iterations.

-lo-
Rotational Energy Eigenvalues

I I I

5.0 5,5 6.0 6,5 ?.0

FIG. 3.Rotational energy eigenvalues computed on the assumption
of I'cu2& symmetry, nearest-neighbor interactions.

The calculations were made for conveniently chosen
values of kT/I', with I" assigned the value 0.654k, which

corresponds to the commonly used value for the quad-
rupole moment, Q=0.110)&10 "electron cm'. Since it
appears LI, Ref. 27) that it would be more appropriate
to use a larger value, V=0.982k, tabular results in this

paper are presented in terms of the dimensionless tem-
perature parameter

(21)t=0.654k T/I'.

Nearest-Neighbor Couyling

7-

-u/r
C„/I'

2-
l

Ne&t Neighbor Interactions
0 I I

4.5 5.0 5.5
K T/I'

I I +~
6.0 6.5 7.0

FrG. 4. Contribution of orientational coupling to the internal
energy and specific heat per molecule, computed on the assumption
of I'ca2& symmetry, nearest-neighbor interactions.

Calculation with nearest-neighbor couplings only
were started at t=2.0, with initial conditions known

to solve the problem at t=0. After the convergence
criterion at a given t was met, calculations were started
for the next higher t, with the previous solution pro-
viding initial conditions. Figures 3 and 4 show the trend
of the results thus obtained. Figure 3 shows how the
rotational energy levels change with T. The wide spread
of the e's indicates that the effective molecular 6elds
are far from axially symmetric. As T rises the effective
field w'eakens and the levels draw closer together. At
t=4.129, AT=6.313K there is a striking discontinuity
in the slopes of the e curves, as well as in the plot of U
shown in Fig. 4; the specific heat C (derived from the
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6-
e/F &-

2.

+~~ +~++~y
+

+~
+~+~
++

-2-

-6-

-IO-
+

Rotational Energy Eigenvatues
All Interactions

I

5.0
I

5.5
i I

6.0 6.5 7.0

FzG. 5. Rotational energy eigenvalues computed on the assumption
of I'cu2& symmetry, all molecules coupled.

'6 Most easily located by extrapolating S to its known value for
the disordered phase.

slope of the U curve), which has been rising rapidly,
falls discontinuously. As T rises further the curves
follow a different pattern, until the internal Geld van-
ishes at t=4.51, kT=6.90F, where the e's and U vanish
continuously and C has a second discontinuity, "above
which the orientational coupling contributes nothing
to the specific heat.

Examination of the data in Table V makes clear the
reason for the first discontinuity. Table V shows, for a
sequence of t's, the number of iterations needed to meet
the convergence criterion, the values of thermodynamic
quantities per molecule, and then the energies and direc-
tion cosines of the symmetry axes for each of the three
rotational states. As T rises from O'K the symmetry
axes of the several states shift, until at kT=6.3j.F
the symmetry axis of the first excited state lies along
the y axis, and q =0. This introduces new elements of
symmetry into the structure, which comes to belong to
the space group Pbcn. Thus there appears to be a sec-
ond-order transition from the Pca2j phase to the Pbcn
phase at kT=6.3j.F. Data on the Pbcn phase appears in
the second section of Table V. It persists up to
k T= 6.90F, where it undergoes a second-order transition
into the orientationally disordered phase.

The properties of the Pbcn order can be followed into
the range of T below the transition point. Table V
contains two values thus obtained.

As one might expect from the relation between the
idea of a self-consistent internal Geld and a variational
procedure based on extremalization of Ii (see I), the
relaxation procedure provides values of F that approach
their limit much more rapidly than do the direction
cosines of the symmetry axes. Another striking charac-
teristic of the procedure, illustrated in Table V, is the
increase in the number of iterations required as a second-
order transition is approached.

AO Molecules Couyled

The results obtained using the $'s in the last column of
Table IV, which correspond to coupling of (effectively)
all molecules in the crystals, are shown in Fig. 5 and
Table VI. The additional couplings change the behavior
of the model in a striking way, despite the relatively
small differences in the coefFicients g. The symmetry
axes of the states rotate but little as T rises, and the
Pca2& order disappears abruptly in a single Grst-order
transition to orientational disorder at t=4.26, kT=
6.52 F, with latent heat 1.44F.

It is unfortunate that the qualitative behavior of
the models is so sensitive to the assumed couplings. As a
result, they must be given quite separate consideration.

The results of this section do not necessarily give
correct descriptions of the behavior of the models, since
they are based on a particular assumption as to the
symmetries of phases that may arise. Since consider-
ation of the state stable at O'K does not seem to be
an adequate guide in such matters, the more general
iterative procedure described in Sec. II has been ap-
plied. Results obtained with the two models are de-
scribed in the next two sections.

I 5 I

(b)

Frc. 6. Structures with eight sublattices. Numbers at the ver-
tices of triangles represent molecules of sublattices 1, 2, 5, and 6,
which lie in the same hexagonal plane. Numbers at the centers
of triangles represent molecuies of sublattices 3, 4, 7, and 8, which
lie in the adjacent hexagonal plane above or below. (a) The sub-
lattices have hexagonal symmetry; (b) the sublattices have tetra-
gonal symmetry.
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IV. MODEL WITH NEAREST-NEIGHBOR
COUPLING

We shall here deal with the model having nearest-
neighbor couplings only. The general iterative pro-
cedure has been carried out for three choices of the
sublattice structure:

(1) Four sublattices, as illustrated in Figs. 2(a) and
2(b), but without any assumption concerning the re-
lation between molecules on the several sublattices.
This would permit the appearance of a wide variety
of orders with 2 or 4 molecules per unit cell.

(2) Eight hexagonal sublattices, as defined in Fig.
6(a). An order with this sublattice structure is shown
in Fig. 2(c).

(3) Eight tetragonal sublattices, as defined in Fig.
6(b). Any order that can be described in terms of the
four-sublattice structure can be described in terms of
either of the eight-sublattice structures, but not con-
versely. Calculations were made with the four-sub-
lattice structure because they consume less time than
those involving a larger number of sublattices.

The coupling constants required for a calculation
with hexagonal sublattices are given in Table VII.
Values are given only for 5= 1.One needs also to recog-
nize the equivalences of various sublattice pairs, as
regards sums over F's with M+1V even. Sublattice I
is related to sublattice J in the same way that J is
related to I. Also, the following pairs are equivalent:

(a) (1,1), (2,2), (3,3), (4,4), (5,5), (6,6), (7,7), (8,8);
(b) (1») (34) (56) (78)
(c) (1,3), (2,4), (5,7), (6,8);
(d) (1,4), (2,3) (58) (6»)'
( ) (1 5) (»6) (37) (48)
(f) (1,6), (»5) (3,8) (47)'

(g) (1») (28) (35) (46)'
(h) (18) (»7) (36) (45).

The coupling constants for tetragonal sublattices are
the same as those in Table VII, except for the vanishing
of four elements with (J,r) equal to (2.3), (2,5), (6,3),
and (6,5). The equivalences of pairs of lattices, in ad-
dition to those of the pairs (I,J) and (J,I), are as
follows:

(a) (1,1), (2,2), (3,3), (4,4), (5,5), (6,6), (7,7), (8,8);
(b) (1,2), (3,4), (5,6), (7,8), (1,6), (2,5), (3,8), (4,7);
(c) (1 3) (5,7) (4 6), (2,8);
(d) (1,4), (2,3), (5,8), (6,7);
(e) (1,5), (2,6), (3,7), (4,8);
(f) (1,7), (2,4), (3,5), (6,8);

(g) (1,8), (2,7), (3,6), (4,5).

The coupling constants required in the four-sublattice

-0.5

-I.O-

-2.0-

-3.0
5.6

Nearest Neighbor Interactions
I I I I

5.8 60 6.2 6.4

FIG. 7. Contribution of orientational coupling to the internal
energy per molecule of the ordered phases of the model with
nearest-neighbor interactions.

'7 Determined by the intersection of plots of S.

case are easily derived by noting how each of the sub-
lattices is there made up of two of the sublattices in an
eight-sublattice structure.

Starting conditions were chosen by preparing cards
specifying a variety of molecular orientations, shufning
them, and then picking at random the number of these
required to describe an initial conhguration.

In all, 24 relaxations were carried out at i=3.8. With
each of the three-sublattice structures described above,
the P'ca2j order appeared in half the cases, and a second
type of order, belonging to the space group E2i/c, in
the other half. The symmetry axes for the molecular
ground states in the I'2i/c structure are arranged as
shown in Fig. 2(b). Within each hexagonal layer the
molecules are packed together in the same general way
as in the Pca2j structure, but every second layer differs
from the corresponding layer in the Pca2& structure by
a reflection in the xs plane; thus the layers are packed
together differently. Miyagi and Nakamura considered
this order in their search for the order stable at O'K,
and found that its orientational coupling energy was
about 84'%%uq of that of the Pca2i order.

The third section of Table V presents in numerical
form data on this order obtained by relaxation at a
sequence of increasing temperatures. Figure 7 shows
its relation to the orders discussed in the previous
sections, in terms of a plot of U(T). In this calculation,
with only nearest-neighbor interactions included, the
Pca2j order is the stable one up to /= 4.083, kT= 6.24F,
as determined by reference to the calculated. values of
F. There it undergoes a 6rst-order transition into the
I'2i/c phase, with a small latent heat, X=0.1251'. As
T rises farther it is this phase that goes continuously
into the Phd phase in a second-order transition'~ at
i=4.20, kT=6.421'. Finally, as was indicated in Sec.
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TABLE VII. Values of D(1,J;p)/F for eight sublet, ttices, nearest-neighbor interactions. As shown, the table is for eight hexagonal
sublattices. The table for eight tetragonal sublattices is the same, except that the entries for which J=2 or 6 and p=3 or 5 yanjsh.

0.7500
7.50000—12.99038—105.00000

181.86533

—0.36111—18.33333
0

23.33333
0

Value of J

—0.36111
9.16667

15.87713—11.66667—20.20726

0.75000—15.00000
0

210.00000
0

6 7

0.75000
7.50000

12.99038—105.00000—181.86533

—0.36111
9.16667—15.87713—11.66667

20.20726

III, the Phd phase undergoes a second-order transition
into the orientationally disordered phase at kT= 6.901".
Because of the intervention of the P2i/c phase, the
speci6c-heat curve assumes the form shown in Fig. 8.
Under experimental conditions the latent heat of the
first-order transition would make a contribution to the
main peak.

During a search for other orders of physical interest,
17 relaxations from randomly chosen initial con6gura-
tions on the eight-sublattice structures were carried out
at 4.1 and 4.15'K. All of these led to the stable P2i/c
order. On the other hand, eight relaxations from con-
6gurations having approximately the character of Pca2&
con6gurations, but not their actual symmetry, all led to
the Pca2~ order at 4.1'K; relaxation from the same
starting con6gurations led to the Phd order at 4.15'K.
It thus appears that these phases are metastable at the
temperatures in question. In six relaxations at t=4.2'K
only the Pbcn structure emerged. The orders considered

by Bell and Fairbairn" and by Danielian" never
appeared.

7-

5-

cgr
2-

C„/I'

Next Neighbor Interactions

5.0 5.5 6.0
kT/ I'

65 7.0

Fzo. 8. Contribution of orientational coupling to the specific
heat per molecule of the model with nearest-neighbor interactions.

"G. M. Bell and W. M. Fairbairn, Mol. Phys. 8, 497 (1964).' A. Danielian, Phys. Rev. 138, A282 (1965).

V. MODEL WITH ALL MOLECULES COUPLED

Results obtained for the model with all neighbors
coupled will be surveyed in this section. The sublattice
structures considered were those defined in Sec. IV.
The coupling parameters for the eight-sublattice struc-
tures, as modified by inclusion of all couplings, are sum-
rnarized in Table VIII; the constants for the four-sub-
lattice structure can be derived from these.

The Phd phase, which played a significant role with

the other model, was not found in over 40 relaxations
from random configurations in the present case.

The P2i/c phase appears in somewhat modified form
with the present model. It was found to be metastable
at 1=3.8, in the four-sublattice context, but as t rises
0 goes to ~x and y to ~x, to give an order belonging to
the space group Puma. In 23 relaxations from random
configurations on four sublattices and eight tetragonal
sublattices, with t ranging from 4.0 to 4.2, the Pence
order was found in 16 cases, the Pca2~ order in the rest.
It did not appear at all, however, in 17 relaxations
carried out from random configurations on the eight
hexagonal sublattices, even though it can be described
in terms of that sublattice structure. This suggests that
the emu order is metastable in the tetragonal-sub-
lattice context, but unstable in the hexagonal-sublattice
context. This would mean that it is not of physical
interest. Nevertheless, data on this solution of the
internal field problem are included in Table VI.

A new type of order, one that cannot be described
in terms of four sublattices or eight tetragonal sublat-
tices, appeared in eight of the 17 relaxations carried out
with hexagonal sublattices. In the other cases the Pca2j
order resulted. This new order belongs to the hexagonal
space group P6,/m, and is illustrated in I'ig. 2(c).
Numerical data for the P63/m phase are given in the
last section of Table VI.

The P63/m phase differs from all others considered
here in that the molecules are not all physically equiv-
alent. Two of the eight molecules in the unit cell move
in internal fields with threefold symmetry axes directed
along the c axis of the crystal; in the approximation of
quadrupole-quadrupole couplings only there is com-
plete axial symmetry. In consequence, the excited
orientational states of these molecules are degenerate,
and the orientations of the corresponding symmetry
axes are indeterminate. The fields acting on these
molecules are relatively weak, and the energy levels are
correspondingly' close together. These rnolecules there-
fore make a relatively large contribution to the entropy
of the crystal, which is considerably higher than in the
Pca2j phase.

Figure 9 shows the difference between the free en-
ergies (per molecule) of the ordered solutions of the
internal-field problem and the free energy of the orien-
tationally disordered phase. The P2i/c and Pgma
phases are never stable. The Pca2~ phase is stable and
the P63/m phase is (apparently) metasta, ble up to
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TABLE VIII. Values of D(1,J;p)/F for eight subiattices, all molecules interacting.

J= 1

0.1348
0
0
0
0

0.1418
0.1935

0
12.4599

0

0.5104
4.3309—7.5013—73.1011

126.6149

0.5104
4.3306
0—73.0918
0

Hexagonal sublattices
—0.2707 —0.2707 0.5105—12.0776 6.0388 -8.6617

0 10.4595 0
6.7470 —3.3735 146.2022
0 —5.8430 0

Tetragonal sublat tices
—0.3)93 —0.2707 0.5035—13.5790 6.0383 -8.8559

0 10.1313 0
27.4417 —3.3730 133.7570

0 —13.9394 0

0.5104
4.3309
7.5013—73.1011

-126.6149

0.5104
4,3306

0—73.0918
0

—0.2638
0
0
0
0

—0.2152
1.5023
0—20.6954
0

—0.2707
6.0388—10.4595—3.3735
5.8430

—0.2707
6.0383—10.1313-3.3730

13.9394

t=4.25, AT=6.501", at which point their roles are inter-
changed in a 6rst-order transition with latent heat
1.24I'. The P6s/m phase passes into the orientationally
disordered phase in a second-order transition at"
t=4.37, kT=6.68I'. The specific heat behaves as shown
in Fig. 10; in an experimental situation the latent heat
of the first transition would presumably appear as a
contribution to the main peak.

Miyagi and Nakamura" considered the P6s/m order
in their search for the order stable at O'K, and found
that its internal coupling energy was about 90% of that
of the Pcu2~ phase. The present calculation shows that
as T rises the internal energy of the P6s/m phase re-
mains considerably higher than that of the Pcu2~ phase,
but that its larger entropy eventually causes its free
energy to fall below that of the Pca2~ phase, so that it
becomes stable. Similar behavior was indicated by in-
ternal-field calculations" on cubic CD4, which predicted
that, with rising T, a high-entropy phase would become
more stable than the phase with lowest U." On the
other hand, in the case of the model of H2 considered
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in Sec. IV, the P2r/c phase appeared primarily because
its internal energy decreased with respect to that of the
Pca2~ phase.

VI. CONCLUSION

It cannot be excluded that there are other stable
orderings of molecules with larger unit cells than those
considered in the present work. Attention has been
limited to orders in which the unit cell extends only
through two hexagonal planes, and the molecules on
any hexagonal plane lie between two neighboring hexag-
onal planes that have their Inolecules ordered in ex-
actly the same way. This may be too restrictive. At
any rate, it is evident that with either model of hexag-
onal ortho-H2 one can expect several orientational
transitions to occur.

The over-all problem of the transitions in ortho-Hg
will now be considered in terms of the model with all
molecules coupled. For the phases of hexagonal ortho-
H2, Fig. 9 shows only the contribution of the orienta-
tional couplings to the free energy of the model. The
total free energy of the real crystal includes other terms
that depend on whether the lattice is cubic or hexagonal
close-packed: those arising from radial forces between
molecules that are not nearest neighbors, from three-
body interactions, and from lattice vibrations. Because
of the large amplitude of the lattice vibrations and the
anharmonic binding in H~, one can expect the last of
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FrG. 9. Contribution of orientational coupling to the free energy
per molecule of the model with all molecules coupled. The diGer-
ences between the free energies of the ordered and disordered
phases are shown; in the case of the I'a3 phase of cubic ortho-H~
there is an added constant, as indicated.
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Fn. 10. Contribution of orientational coupling to the internal
energy U and specihc heat C„of the model with all molecules
coupled.
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these factors to be particularly important. Their net
effect can be deduced from the case of para-H2, in
which the effect of orientational couplings is relatively
small: They tend to stabilize the hexagonal lattice. In
ortho-H2, on the other hand, the orientational contribu-
tions favor stability of the cubic lattice. In picturesque
terms, the ortho-H2 molecules pack together better on
a cubic lattice, and thus favor its stability. The lattice
change in ortho-H2 takes place when these factors
balance each other. In Fig. 9 there are two curves
representing the free energy of the cubic phase with
space group Pa3, in which a constant has been added
to the computed orientational terms to represent the
difference in the free energy due to the other terms
mentioned above. We consider first the one of these
on the left. Its relation to the curves for the hexagonal
phases would imply that the cubic P'a3 order is stable
up to about kT=6.361', at which point there is a first-
order transition to the hexagonal Pca2J order. This is
followed at kT=6.5F by another first-order transition
to the hexagonal E6s/nz order, which finally disappears
at kT=6.681' in a second-order transition to orienta-
tional disorder on an hcp molecular lattice. This se-
quence of events would yield a thermal behavior that
is about what one would expect from the rather wide
extrapolation of the data of Ahlers and Orttung to
pure ortho-H2. The details of this behavior are, of
course, only very tentatively indicated by the present
calculations.

To the approximation of the present treatment, the
orientational contributions to the free energy of para-
D2 would be the same as for ortho-H2. The lattice vi-

brational terms in the free energy, particularly those due
to the anharmonic coupling, will be much reduced be-
cause of the smaller amplitude of the lattice vibrations.
The second Pa3 curve in Fig. 9 shows that such a
reduction could easily produce a shift of the lattice
change to a temperature above that at which any
orientational order is retained on the hexagonal lattice.
Extrapolation of the observations of Mills, Schuch, and
Depatie" indicates that the lattice transition in para-
D2 will occur about 1.0'K above the lattice transition
in ortho-H2. This difference is considerably greater than
the range in which the other thermal features are ob-
served in 74/0 ortho-Hs. Since this range does not seem
to broaden as the composition of the ortho-para mixture
is changed, one is led to the conclusion that in pure
para-D2 there will be a single transition from the Pa3
order on the cubic lattice to orientational disorder on a
hexagonal lattice. This is consistent with the apparent
absence of thermal structure in the observed specific
heat of mixtures of ortho- and para-D2. "
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