PHYSICAL REVIEW

VOLUME 167,

NUMBER 2 10 MARCH 19638

Fermi Surface and Antiferromagnetism in Europium Metal*

0. KrROGH ANDERSEN
Laboratory for Electrophysics, The Technical University, Lyngby, Denmark
AND
T. L. Louckst
Institute for Atomic Research and Department of Physics, Iowa State University, Ames, Iowa
(Received 12 October 1967)

We have calculated the Fermi surface of europium in order to find those features which determine the wave
vector of the helical moment arrangement below the Néel point. We find that there are two pieces of Fermi
surface: an electron surface at the symmetry point H, which has the shape of a rounded-off cube, and a hole
surface at the point P, which is also a rounded-off cube (half the size of the oneat H) but with ellipsoids tetra-
hedrally positioned on four of the corners. We propose that the wave vector of the helical moment arrange-
ment is fixed by the separation between opposing faces of the nearly cubical part of the hole surface at P,
and we also discuss the effects of the electron surface at H. Since it is likely that barium and europium have
similar Fermi surfaces, we have presented several extremal areas and the corresponding de Haas—van Alphen
frequencies in the hope that experimental results may soon become available.

INTRODUCTION

NE of the two divalent rare-earth metals is euro-
pium (4f76s%, bce), and it is isoelectronic with
the alkali-earth metal barium (6s%, bcc).! These two
metals are known to have similar electronic structures
because they exhibit nearly identical optical spectra.—*
From this it can be concluded that the 4f electrons have
energies outside the range of the occupied conduction
band.

There is very little known experimentally about these
metals, especially those properties which relate directly
to the Fermi surface. This situation undoubtedly
results from the difficulties encountered in preparing
and handling high-purity single crystals. Measurements
have been made, however, which give information on
the magnetic properties of europium. Curry et al®
reported electrical-resistivity measurements which ex-
hibited a sharp bump around 90°K, and they concluded
that the metal was antiferromagnetic (AF) below this
temperature. { Nofe added in proof. Recent heat capacity
experiments indicate a sharp transition in the neighbor-
hood of 88°K [B. C. Gerstein et al., J. Chem. Phys. 47,
5194 (1967)].} Nereson et al.58 confirmed this with a
series of neutron-diffraction experiments (they found a
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Néel temperature Ty of 91°K). They proposed a helical
model in which the magnetic moments lie parallel
to a cube face and the rotation axis is directed perpen-
dicular to the moments or along the [1007] direction.
The pitch of the helix was observed to change very
slightly with temperature; the period is 3.5¢ at Ty
and increases to only 3.6¢ at T/Txy=0.05 (a is the
lattice constant).

It was this occurrence of a noncommensurate periodic
moment arrangement (PMA) in europium which
originally attracted our attention. In two other cases,
this phenomenon is known to be related to certain
features of the Fermi surface. In chromium, for in-
stance, it was proposed by Lomer® that the period of
the spin-density wave is determined by the separation
between two approximately parallel electron and hole
sheets of the Fermi surface (the well-known electron
jack and hole octahedron) . There is considerable evidence
to support this hypothesis, both theoretical®®* and
experimental.¥~1® The other case is the AF hexagonal
close-packed (hcp) rare earths: Tb, Dy, Ho, Er, and
Tm. It was proposed by Williams et al.'® that approxi-
mately parallel electron and hole sheets of the Fermi
surface are influential in determining the wave vector
of the PMA and also accounted for the unusual positron-
annihilation results in these metals. This view has been
supported by further calculations,”” and evidence of
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this Fermi-surface feature has been found in a variety
of experimental results.’®2

The theoretical justification for a relationship be-
tween the wave vector of a PMA and the “nesting”’
of portions of the Fermi surface has been reviewed by
Herring,® and a particularly relevant paper on the
subject is given by Roth et al* We will briefly outline
the concepts involved. In a rare-earth metal such as
europium there is a magnetic moment associated with
the relatively well-localized 4f electrons on each of the
ions. These moments are coupled by a Ruderman-
Kittel-Yosida indirect exchange interaction involving
polarization of the conduction electrons. A consideration
of the energy of this system reveals that if the effective
susceptibility of the conduction electrons x(q) has
its maximum at some finite q=Q, then the ground
state will be an array in which the spins of the magnetic
ions have different orientations, i.e., a PMA. Ignoring
anisotropy and nonlinear effects, the minimum energy
will occur for a helical array with wave vector equal to
Q.2 The expression for the effective susceptibility of
the conduction electrons is proportional to the following
summation®:

X(Q)~§n(k)[1~n(k+®]

(k+q|U—A4 k) (k| U|k+q)
E(k+q) —E(k)

(1)

For the present purposes, it is not important to define
all the symbols in this expression; we want merely to
draw attention to the energy denominator [the Dirac
functions 7 simply limit the one-electron levels E(%) to
be occupied and E(k+q) to be empty]. If there are
approximately parallel portions of the Fermi surface
separated in reciprocal space by the distance Q, then
x(q) will have a maximum near ¢=Q. We have seen
above that this leads to a PMA with wave vector Q.

This leads us to suspect that the PMA in europium
is probably associated with nesting portions of the
Fermi surface. Curiosity on this point was our original
motivation for performing the electronic-structure
calculations reported in this paper. For completeness,
we should point out that prior to the present work, the
energy bands and density states had been calculated by
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Freeman and Dimmock.® However, they did not
determine the Fermi surface but rather drew attention
to the fact that, as in the case of chromium, the Fermi
energy falls near a minimum in the density-of-states
curve. Prior to our work, no attempt had been made to
show a relationship between the Fermi surface and the
occurrence of a noncommensurate PMA in europium.

RESULTS

Europium has atomic number Z =063, and relativistic
effects can be important. Therefore, we used the rela-
tivistic augmented-plane-wave (APW) method®?¥ for
our calculations. In constructing the muffin-tin poten-
tial, we used the atomic charge densities of Waber
et al.® for configuration 4f76s%.. And although there is
mounting evidence that Slater free-electron exchange
(0'/%) probably should be screened a little (by a factor
somewhat less than unity of metals) we used the full
value. Instead of tabulating the potential, we have
shown the logarithmic derivatives (actually ¢f/g, the
relativistic analog) in Fig. 1.2 These were evaluated
at a muffin-tin sphere radius of exp(1.3) =3.67 a.u.,*
and the calculations were based on a lattice constant
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Fic. 1. cf/g values (see Ref. 27) for europium.
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energy levels in Fig. 3.
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F16. 2. 1/48th zone of the bee Brillouin zone.

of 8.60 a.u® We used 22 reciprocal-lattice vectors
because only one Brillouin zone is occupied, and con-
vergence is not a problem. The basis set includes the
origin (0, 0, 0), all those vectors of the form (=),
£+, 0), (£2A, 0, 0), and three additional ones: (—2A\,
—2), 0), (—=2X, 0, —27), and (2, —2\, —2)). Here,
A=2m/a, the distance between the two symmetry points
I and H in the 1/48th zone shown in Fig. 2.

The relativistic energy bands for europium are shown
in Fig. 3. The Fermi energy (0.287 Ry) was determined
by the requirement that the electrons at H and the holes
at P occupy equal volumes. The volumes of these
portions of the Fermi surface are shown for various
energies in Fig. 4. From the slopes of these curves we
found the density of states at the Fermi energy to be

N (Er) =12.0 particles/atom Ry, (2)
which yields an electronic specific-heat coefficient of
v=2.08 mJ/mole °K2. 3)

Two different coordinate systems were used to calcu-
late cross sections of the Fermi surface. For the holes
at P, cylindrical coordinates were used; the z axis is
along the edge PH (origin at P), and the azimuthal
angle ¢ is zero in the NPH plane (¢=60° in the TPH
plane). Cross sections of the hole Fermi surface cen-
tered at P are shown in Fig. 5 for various values of
¢. For the electrons at H, spherical coordinates were
used. The z axis is along the edge HT' (origin at H), and
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Fic. 3. Relativistic energy bands for europium.

38 R. W. G. Wyckoff, Crystal Structures (Interscience Publishers,
Inc., New York, 1963), Vol. I.
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Fic. 4. Volume contained by constant-energy surfaces (given in
particles per atom).

the azimuthal angle ¢ is zero in the HT'V plane (¢ =45°
in the HTP plane). Cross sections of the electron
surface centered at H are shown in Fig. 6 for various
values of ¢.

The shapes of the two pieces of Fermi surface can
be seen in Figs. 7 and 8. An artist’s sketch of the two
figures is shown in Fig. 9. The holes at P are shaped
like a rounded-off cube with ellipsoids tetrahedrally
positioned on four of the corners. We choose to call
this the tetracube for ease of reference. The electrons
at H are shaped like a rounded-off cube which we call
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F16. 5. Cross sections of the hole portion of the Fermi surface
(tetracube),
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Fic. 6. Cross sections of the
electron portion of the Fermi
$x22.5° surface (superegg).
P
$=45°
r H

the superegg.®® For completeness, we should mention
that a slight change in the potential or the Fermi
energy can result in the appearance of tiny pieces of
Fermi surface inside the tetracube near where the
ellipsoids join on to the rounded-off cube. This feature
is associated with the minimum in the first band, which
occurs about one-third of the distance from P to H
(Fig. 3).

We have determined some extremal areas on the
tetracube and the superegg. These might be of interest
if de Haas-van Alphen data become available for
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FiG. 7. Cross sections of the tetracube and the superegg.
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32 We have chosen the name ‘“‘superegg” because of the similar-
ity between our rounded-off cube and the “super-egg’’ designed by
Piet Hien, the Danish writer and inventor. In many design appli-
cations he has used simple and pleasing shapes which mediate
between the round and the rectangular; in two dimensions the
curves are called super-ellipses, and in three dimensions he has
chosen to call them super-eggs. One family of these surfaces can be
described by the equation x*+-y»--2z"= const. If % is infinite, this
reduces to a cube, and if #=2, it is the equation for a sphere. For
intermediate values of #, the equation describes a family of
surfaces ranging between these two. We found that #=13/4 gives a
good fit to our Fermi surface except near the corners, where the
spin-orbit splitting with the tetracube is important. Literature on
the super-egg can be obtained from The Super-Egg World Center,
Skjern, Denmark.
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Fic. 8. Cross section of the superegg.

barium before reliable Fermi-surface calculations for
this metal have been completed. The results are re-
ported (Table I) as de Haas-van Alphen frequencies
(gauss) using the relationship

f(gauss) = (374.1X10%) X [extremal area (a.u.)]. (4)

DISCUSSION

The energy bands in Fig. 3 closely resemble those
for tungsten® over the same energy range. The most
noticeable difference is at the symmetry point NV, where
apparently (we have not actually determined the sym-
metry of the various levels) the sensitive p-like level
Ny is much lower for europium. The spin-orbit splitting

TETRACUBE

SUPEREGG

Fic. 9. Europium Fermi surface.
# L. F. Mattheiss, Phys. Rev. 139, A1893 (1965).
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of degenerate levels at P and along PH is also worthy
of attention. The corresponding splittings in tungsten
would be even larger if properly calculated, but the
relativistic calculations for this metal®* do not include
these particular bands. It is apparent that the sizes
of both pieces of Fermi surface, the tetracube and the
superegg described in the previous section, are de-
pendent on the exact position of the second level at N
and the spin-orbit splitting at P and along PH. Since
these might depend critically on the potential, we should
keep in mind that the one we have used is not neces-
sarily self-consistent and was constructed using an
ad hoc procedure.

The first thing we should probably note is the non-
free electron nature of the Fermi surface. The free-
electron result gives multiply connected holes centered
at H and electrons at NV, nothing at all like the results
we present. But we should not have expected otherwise.
In the atomic state, if one more electron is added to
europium (and not into the 4f shell), it would go into
the 5d level. Hence, in the band picture we expect the
d levels to begin near the Fermi energy corresponding
to two electrons per atom. This is seen to be the case
in our bands (Fig. 3), and it accounts for the departure
from the free-electron result. In this respect europium
(and barium) are really transition metals.

Because of the similarity between our europium
bands and those of tungsten we can gain some informa-
tion from the density-of-states curve for the latter.
Using the results of Mattheiss® we see that for two
electrons per atom the Fermi energy falls near a mini-
mum in the density of states (actually at a somewhat
lower energy than the minimum and on a fairly steep
part of the curve). This means that calculation of the
density of states at the Fermi energy is very sensitive
to changes in the potential. Our value [Eq. (2)] gives
an electronic specific-heat coefficient [Eq. (3)] which
is about one-third as large as the recent experimental
value (5.8 mJ/mole °K?) 35 For other transition metals
this ratio is usually not so small (more like one-half
or greater). There are too many variables (electron-
phonon enhancement, purity of the sample, steepness

TaBLE I. Extremal areas and de Haas—van Alphen frequencies.

Field Extremal dHvA
Orbit direction area frequency
(a.u.) (X 108G)
Tetracube « (Fig. 5) [111] 0.0079 2.9
B8 (Fig. 5) [111] 0.0125 4.7
v (Fig. 7) [110]  0.109 41
s (Fig. 7) [100]  0.0496 19
Superegg e (Fig. 7) [110] 0.140 52
e (Fig. 8) [100] 0.131 49

# T. L. Loucks, Phys. Rev. 143, 506 (1966).
( 352) N. Lounasmaa, Phys. Rev. 143, 399 (1966); 133, A502
1964).
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Fic. 10. Hypotheitcal nearly square Fermi surface showing one
edge nesting into the opposite one.

of the density-of-states curve, etc.) to attempt to
rationalize this further at the present time.

Let us now turn to a consideration of the PMA in
europium. In the introduction it was pointed out that
nesting portions of the Fermi surface determine the
wave vector Q of the PMA. In europium the Q is per-
pendicular to a cube face (along [001]) and has a mag-
nitude (at Tw) equal to 4r/7a.2 With reference to the
Brillouin zone (Fig. 2) the wave vector is along the edge
TH (or equivalently NP and NA, where A is the mid-
point of TH) and has a magnitude equal to (2/7) TH or
(4/7)NP. In both chromium and in the AF hcp rare
earths, the wave vector of the spin density wave (SDW)
can be associated with approximately parallel electron
and hole portions of the respective Fermi surfaces. It is
clear that this cannot be the case in europium, because
the superegg (at H) and the tetracube (at P) are sepa-
rated along the [111] direction, instead of along [001]
as required by the experimental results. However, it
must be remembered that pieces of Fermi surface
can sometimes nest into themselves. This is shown in
Fig. 10 for a two-dimensional nearly square Fermi
surface. In the case of a nearly cubical Fermi surface
it is possible for one face to nest into the opposite one.

Apparently this occurs in europium. We recall that
the tetracube is essentially a rounded-off cube with
ellipsoids tetrahedrally positioned on four of the corners.
The important point is that the base of this object is
nearly cubical, and opposing faces can nest into one
another. According to our calculations the distance
between the faces of the tetracube is 0.238 a.u.,*® and
the Q of the PMA is® 0.209 a.u. at Ty. This agreement
suggests very strongly that the Q is fixed by this nesting
feature of the tetracube.

There is another interesting feature of the europium
Fermi surface. The electron surface at H, the superegg,
is itself a rounded-off cube and the parallel faces are
separated by almost exactly twice the wave vector of
the PMA. Specifically, one-half of this separation is
found to be 0.194 a.u., compared to the experimental
wave vector 0.209 a.u. Therefore, second-order con-
tributions to the susceptibility [Eq. (1) with the energy
denominator replaced by E(k+2q) —E(k)] will assist
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in maintaining a maximum at ¢=Q. [First-order con-
tributions from the superegg will produce a second
maximum in x(¢) at ¢=2Q.] Since the second-order
effects become increasingly important below the Néel
point, it is possible that the superegg contribution will
help to stabilize the Q of the PMA as a function of tem-
perature (unless, of course, the peak at 2Q should
become dominant at some low temperature). Experi-
mentally, the period of the PMA is quite insensitive
to temperature. It ranges from 3.5¢ at 7T to 3.6¢
near T'=0. We feel that this behavior might be associ-
ated with the second-order effects from the nesting
of opposing faces of the superegg. The first-order
effects of the superegg, i.e., the occurrence of a second
maximum in x(¢) near ¢=2Q, have not yet been fully
examined.

Since there are no other data available relating
directly to the Fermi surface, not much more can be
said at this time. We can only draw attention to the
fact that barium and europium should have similar
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Fermi surfaces and encourage further experimental
work on both metals. If, for instance, barium also has
the nearly cubical pieces of Fermi surface discussed
above for europium, then these should be reflected as
Kohn-type anomalies in the phonon spectra. There are
several ways in which the various flat faces can be
nested into one another.
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Mossbauer-Effect Study of Electronic Relaxation in the
Paramagnetic Compound NH,(Fe, Al)(SO,),-12H,0*
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Carnegie Institute of Technology, Pittsburgh, Pennsylvania
(Received 19 October 1967)

The Méssbauer spectra of paramagnetic ferric compounds exhibit magnetic hyperfine splittings when
the electronic-relaxation rates of the ferric ions are made comparable to the precession frequency of the
nucleus in the hyperfine field. This was observed in ferric ammonium alum diluted in aluminum ammonium
alum, NHy (Fe, Al) (SOy)2+ 12H,0, as a function of iron concentration, temperature, deuteration, and external
magnetic field. The effect was also observed in the corresponding potassium alums. The crystalline-field
levels of the ferric ion consist of three Kramers doublets, and each doublet produces its own hyperfine
pattern. In the absence of an external magnetic field, the spectrum due to the S.==%§ doublet was com-
pletely resolved, that due to the =0 doublet partially resolved, and that due to the =3 doublet not resolved
at all. Relaxation-time estimates are made ranging from =107 to =107 sec depending on the concentra-
tion, the temperature, and the particular Kramers doublet under consideration. The magnetic field produced
at the nucleus by the =% doublet was found to be —5724=7 kG. The isomer shift is 0.5340.1 mm/sec, and
the quadrupole-interaction energy, 1€2¢Q, is equal to 0.0554-0.025 mm/sec.

I. INTRODUCTION

RELATIVELY new phenomenon in Mossbauer
research with Fe®” has been the observation of
magnetic hfs in the spectra of paramagnetic absorbers.'—8

* Work supported by the U.S. Office of Naval Research and the
National Science Foundation.

t Present address: Physics Division, Argonne National Labora-
tory, Argonne, Illinois.
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The unpaired spins of paramagnetic materials give rise
to large internal fields, but these fields usually fluctuate
so rapidly in direction (due to rapid electronic relaxa-
tion), that the Mossbauer effect measures only an
average value, which is zero in the absence of an external
field. This gives rise to a magnetically unsplit absorption
line. However, in paramagnetic salts with an odd
number of electrons, magnetic hfs can be observed in
the absence of macroscopic magnetization if the elec-
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