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Critical Attenuation of Sound in Gadolinium*

B. LUTHI AND R. J. POLLINA

Departnzent of Physics, Rutgers, The State University, Env Brunswick, Eem Jersey

(Received 14 July 196/)

We present ultrasonic attenuation measurements in the vicinity of the Curie temperature. Longitudinal
waves along the c axis exhibit a large critical attenuation, whereas transverse waves show only a spurious
attenuation peak. Along the a axis, the critical attenuation for longitudinal waves is much smaller. In a
nonsymmetry direction, both longitudinal and transverse waves show large critical attenuation. All these
results can be explained by assuming that the spin-phonon coupling is of the volume magnetostrictive type.
For longitudinal waves propagating along either the c or the a axis, we find the following attenuation law for
the frequency range 30-180 Mc/sec and (T T,)/T, )—1X10 '. mecca'(T T,) "—~'. For temperatures
nearer to T„ the attenuation remains finite. Theories of this effect can account quantitatively for the fre-
quency dependence but not for the temperature dependence.

INTRODUCTION

~ IHE study of transport properties at magnetic phase
~i. transitions is receiving much attention recently.

In particular, ultrasonic attenuation at magnetic phase
transitions was investigated theoretically by several
groups. ' ' However, there exist so far only a few quali-
tative experimental results in antiferromagnets~'
(MnFs, Cr, and Mn Te) . We present here quantitative
results of ultrasonic attenuation in ferromagnetic gado-
linium. The critical attenuation arises because the large
spin Quctuations give rise to an increasing scattering
cross section for the sound waves as T approaches T,.

In the next section we discuss the experiment. We
then present experimental results which enable us to
determine the spin-phonon coupling mechanism re-
sponsible for critical scattering. Finally, we give quanti-
tative results for the paramagnetic region and discuss
these in the light of these recent theories.

EXPERIMENT

From an ingot of gadolinium single crystal, grown by
R. J. Gambino of the IBM Watson Research Center,
we machined with a spark cutter three single crystals
of cylindrical shape, approximately 6 mm in length
and 3 mm in diameter. The crystallographic directions
of the cylinder axes were the hexagonal c axis, the
u axis in the hexagonal plane, and a direction 53' o6
the c axis.

Little is known about the impurity content of the
crystals. But we noticed that the Curie temperatures
of these three single crystals varied slightly, although
they were cut from the same ingot: 2; (c-cut crystal) =

*Work supported by the National Science Foundation and the
Rutgers Research Council.' M. M. Papoular, Compt. Rend. 258, 4446 (1964).' K. Tani and H. Mori, Phys. Letters 19, 62'7 (1966).

'H. S. Bennett and E. Pytte, Phys. Rev. 155, 553 (1967).
4 V. N. Kashcheev, Phys. Letters 24A, 627 (1967).' H. Okamoto, Progr. Theoret. Phys. (Kyoto') 3V, 1348 (1967}.
J. R. Neighbours, R. W. Oliver, and C. H. Stillwell, Phys.
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290.4'K, 2; (a-cut) =290.2'K, T, (53' oG c axis) =
290.4'K. Finally the ratio of the electrical resistivity
at 300 and 4.2'K was measured to be 50 for one of
these crystals,

The experiments were carried out in the frequency
range 30—180 Mc/sec, using standard pulse-echo tech-
niques. The pulse-height differences of the echoes were
measured using a calibrated attenuator. We typically
started with 10 to 20 multiple reQections at high tem-
perature and were left with 1 or 2 at T, for the lower
frequencies.

The temperature was controlled using a water bath
and a heater with feedback control. The temperature
stability was better than 0.01'C. The temperature
gradient across the sample, measured with a diGerential
copper-constantan thermocouple, was always less than
0.01'C.

RESULTS AND DISCUSSION

A. Coupling Mechanism

We 6rst show some experimental results which enable
us to determine the spin-phonon coupling mechanism. '
Figure 1 shows the longitudinal and transverse sound
attenuation for propagation along the hexagonal c axis
for a frequency v=50 Mc/sec. The longitudinal wave
exhibits a total change in attenuation of 31 dB/cm as
one moves from high temperatures through T,. The
corresponding change for shear waves is about 0.6
dB/cm. We can think of two spin-phonon coupling
mechanisms: (1) the magnetostrictive coupling (also
called single-ion or spin-orbit type magnetostriction),
which is linear in the strain and quadratic in the spin
components; and (2) the volume magnetostrictive
coupling (two-ion or forced magnetostriction) which
arises from the modulation of the exchange interaction
by the strain 6eld. %e shall see later from the frequency
dependence of the critical attenuation that we can
neglect possible higher-order coupling mechanisms.

~ This aspect of the work was partially reported at the 1967
international Congress on Magnetism; LB. Luthi and R. J. Pol-
lina, J. Appl. Phys. 39, 718 (1968)j.
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The results shown in Fig. 1 enable us to select one of
these two mechanisms. The magnetostriction constants
for Gd have been measured': For 2"=O'K, (—)~+
4&~—Xc) = 120X 10 s and Xc=88X 10 s. (X= magneto-
striction constants. ) The 6rst of these gives the shear
magnetoelastic coupling constant 844——50X10s erg/cc
(using p=7.9 g/cc and for the sound velocity C+=
1.64X10' cm/sec) . The second does not give the longi-
tudinal B» directly, but only part of it, as 70)&10
erg/cc. However, since all magnetostriction constants
are of the same order, we can conclude that B44 and 833
are of the same order of magnitude. Therefore, the
linear magnetoelastic coupling mechanism is unable to
explain the big difference in attenuation shown in Fig. 1.

One can estimate the volume magnetostrictive cou-
pling either from the pressure dependence of the Curie
temperature T, or from forced magnetostriction results,
the former being the more reliable one. One gets"
8 lnT, /8 lnV=2. 0. With J(q=0) =36'Kts and E=
3)&10"per cc, we get for the coupling constant By ——

ERBJ/BR 400X10s erg/cc almost an order of magni-
tude bigger than the single-ion coupling constants. As
we shall see below, the volume magnetostrictive mecha-
nism does not give any contribution to the critical
attenuation of transverse waves along the c axis. In
the cross section for sound waves, the coupling constant
enters quadratically. Therefore, the square of the ratio
of the two-ion to the single-ion coupling, about 100,
is sufhcient to rule out the single-ion mechanism. The
slight anomaly for the transverse sound attenuation in
Fig. 1 can be partly attributed to such a single-ion
mechanism and partly to a small misalignment (2') of
the crystal.
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FIG. 1. Critical attenuation of sound in Gd. Propagation along c
axis, v=50 Mc/sec. ~, longitudinal; O, transverse.

I J. Alstad and S. Legvold, J. Appl. Phys. 35, 1752 (1964)."L B. Robinson, F. Milstein, and A. Jayaraman, Phys. Rev.
134, A187 (1964)."R.J.Elliott in Magnstisrs, edited by G. T. Rado and H. Suhl
(Academic Press Inc., New York, 1965), Vol. IIA
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FIG. 2. Critical attenuation of sound in Gd. Propagation along
a axis, v =50 Mc/sec. ~, longitudinal; 0, transverse, polarization
vector e in hexagonal plane.
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It follows from (1) that there is no coupling of trans-
verse sound waves propagating along symmetry di-
rections, assuming BJ/BR to be a vector with com-
ponents (BJ/Ba, BJ/Ba, BJ/Bc).

Figure 2 shows the case of a sound. wave propagating
along the a axis in the hexagonal plane. Again, the
longitudinal sound wave exhibits critical scattering, but
reduced considerably compared to the c-axis case from
31 to 3.4 dB/cm. This is in nice agreement with anal-
ogous observations in anomalous thermal expansion"
and volume magnetostriction" experiments, where one
also observes an order of magnitude larger effect in the
c direction compared to the u direction. It means that
the quantity a(BJ/Ba) is an order of magnitude smaller
than c(BJ/Bc). Again, transverse sound waves do not
couple in this geometry in accordance with Eq. (1).
Linear magnetoelastic coupling constants are again of
the same order of magnitude, both for longitudinal and
shear waves, and not responsible for critical scattering.

Finally, Fig. 3 shows attenuation results for propa-
gation in a nonsymmetry direction. The propagation
direction is 53' oG the c axis. Here both the quasi-
longitudinal and quasitransverse waves exhibit large
critical attenuation in accordance with the volume
magnetostrictive mechanism explained above. The sub-
sidiary peaks in the transverse wave attenuation in the
ferromagnetic region are probably due to domain wall
eBeets.

+ R. M. Bozorth and T. Wakiyama, J. Phys. Soc. Japan 18,
97 (1963).

'4 W. E. Coleman and A. S. Paylovic, ].Phys. Cbg~. Solids 26,
691 (j.965),

For a sound wave with wave vector q, polarization
vector e„amplitude A, and lattice vector R, the volume
magnetostrictive interaction in the long-wavelength
approximation reads

BJ
K = Q —(u~a —u;) S S~a

;,R BR
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FIG. 3. Critical attenuation of sound in Gd. Propagation direc-
tion 53' oil the c axis, v=50 Mc/sec. ~, longitudinal; 0, trans-
verse.

Preliminary experiments on sound attenuation at the
Noel point T&——179'K in dysprosium show critical
attenuation both for longitudinal and shear waves,
propagating along the c direction. In dysprosium, the
linear magnetoelastic coupling constants are an order
of magnitude larger" than the ones for gadolinium,
since the Dy'+ ion is a non-5-state ion. Hence the
linear magnetoelastic mechanism is at least comparable
in strength to the volume magnetostrictive mechanism.

'5 A. K. Clark, B.F. DeSavage, and R. Bozorth, Phys. Rev. 138,
A216 (1965).

B. Sound Attenuation in the Paramagnetic Region

We focus our attention now on sound-wave attenu-
ation in the paramagnetic region, which is the most
favorable region for a quantitative comparison between
experiment and theory.

Figure 4 shows a double logarithmic plot of attenu-
ation (background attenuation subtracted) versus the
temperature difference AT=T—T,. This is for the
case of longitudinal sound waves of various frequencies
with propagation along the c axis. The background
attenuation was estimated for AT&20'C. Analogous
measurements in dysprosium, which has similar elastic
properties, did not show any noticeable temperature
dependence of this background attenuation in the tem-
perature region 280—320'K. It shows an approximately
linear frequency dependence. It affects the experimental
values of the anomalous attenuation critically only for
frequencies lower than 30 Mc/sec.

Figure 4 shows that one has an inverse power law
for the critical attenuation for DT) 1'C: n cc (T—T,)
with g=1.2&0.1. The error limit gives the largest
deviations of the exponent g for the frequency range
30—180 Mc/sec. The exponent ri for the individual
frequencies is listed in the 6gure caption to Fig. 4.
There is a small but noticeable trend of q from higher
values at lower frequencies to smaller values at higher

frequencies. It should be noted that along the u axis
longitudinal sound waves exhibit an inverse power
law with the same exponent for AT&1'C.

As seen from Fig. 4 and also from Figs. 1—3, the
attenuation remains 6nite for AT&1'C. This eGect
occurs in the region outside the applicability of the
theories to be discussed below. We believe that it is
due to impurities, which also have a big effect on T,
as noted above. Therefore it is premature to investigate
this region quantitatively. Pote added ie proof. Further
measurements in the temperature region T—T,(0.8'C
Ievealed the following attenuation law: n ac +3 g &

with p=2.2'C—'. This Gaussian law may be further
evidence that the attenuation in this temperature region
is controlled by impurities.

The frequency dependence of the critical attenuation
for AT&1'C is displayed in Fig. 5 in a double log-
arithmic plot. At all temperatures AT from 1.5 to 15'C
an co' law is closely observed, the variation of the
exponent being 1.8 to 2.1. The spin-phonon Hamil-
tonians discussed above give an interaction term linear
in the sound-wave wave vector q, which for the scatter-
ing cross section and the attenuation leads to an co'

dependence. This is further evidence that it is not
necessary to consider coupling mechanisms which are
of higher order in the phonon amplitudes. The theories'
discussed below show the co' law to be rigorously valid.

Preliminary measurements did not show any change
in the sound velocity in the critical region up to an
accuracy of 2%, which is to be expected from the
theories discussed below. '

C. Comparison with Theory

With the interaction Harniltonian (1) one can calcu-
late the sound attenuation, by calculating the rate of
creation of phonons minus the rate of destruction of
phonons with wave vector q. Instead of expressing the
result in terms of the matrix elements of the eigenstates
of the spin system, one usually uses the correlation
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FIG. 4. Temperature dependence of ultrasound in Gd. +, 36
Mc/sec (s=1.29); ~, 50 (1.27); 0, 70 (1.20); &, 90 (1.16);
V, 108 (1.17); ~, 130 (1.16); 0, 150 (1.12); X, 180 (1.12) ~
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function description. Thus the attenuation coeKcient
0, reads"

TAsxz I. Frequency and temperature dependence of ultra-
sonic attenuation in the paramagnetic region. Comparison of
theory with experiment.

, 8J&'
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FIG. 5. Frequency dependence of ultrasound in Gd. The tempera-
tures of the isotherms are indicated (AT =1.5 to 15'C).

"H. Stern, J. Phys. Chem. Solids 26, 153 (1965).

Xexpfiil(R, —R,) g exp(i'd) dt, (2)

where Q,= S; S;+R and Q;(t) is the Heisenberg repre-
sentation of the operator Q;. ( ~ ~ ~ ) denotes statistical
average. The term in front of the integral (the first
sum) we have already dealt with in the discussion of
the coupling mechanism. It determines essentially the
directional and polarization dependence of the attenu-
ation. The sum over i, j of the integral we denote by
S(q, o2), the Fourier transform of the space-time four-
spin correlation function. The crucial point in the theory
of ultrasonic attenuation is to evaluate this S(q, ~).

As already mentioned, there are several papers deal-
ing with the theory of ultrasonic attenuation. ' They
di8er mainly in the treatment of the four-spin corre-
lations. All these theories employ a factorization pro-
cedure in breaking the four-spin correlations into pair
correlations. Since the Quctuations become large near
T„ this factorization procedure must become invalid
close to T,. In Table I the results of these theories are
listed together with our experimental result. Papoular'
considers an interaction Hamiltonian, which is quad-
ratic both in the spin and the phonon variables. He
therefore does not get an cv' dependence. Bennett and
Pytte express their result in terms of the static suscepti-
bility y and the spin diffusion constant D, by relating
the spin pair correlation function to the spectral weight
function. For the volume magnetostrictive interaction

Papoular~
Tanl RIll Morib

Bennett and Pytte'
Kashcheev~
Okamotoe

Experiment

~2(g T')M.2

Cg2(T T,) —'
~2(p p )-1.6 t,o 2.5

~2(g T' ) o.4

~2 (g P ) -2.5
~2 ( T P ) -1.2&.1

~ See Ref. 1.
See Ref. 2.

c See Ref. 3.
d See Ref. 4.' See Ref. 5.

(1) Gadolinium, showing a long-range indirect ex-
change, "is not a typical Heisenberg ferromagnet. How-
ever, the theories discussed above are not restricted to
nearest-neighbor exchange. Therefore they should also
be applicable to gadolinium.

(2) The theories discussed above are strictly valid
only for cubic materials. No serious consequences should
result since the experimentally determined critical at-
tenuation obeys the same temperature dependence for
propagation along the c and a axis as mentioned above.

(3) The factorization of the four-spin correlation
function, common to all these theories, overestimates the
critical fluctuations and therefore leads to too large a
value of the exponent p as shown by the most reliable
theories. '5 This was noted by Bennett and Pytte' by
calculating in the same approximation the specific heat,
which turned out too singular. Theoretical estimates' "
show that correlations of three and four spins become
important for temperatures T T,/T. & 10 ', which—for
Gd results in AT&3'C. However, our results suggest
that they become important already for AT& 20'C.

"G. Develey, Compt. Rend. 260, 4951 (1965).
1s H S Bennett, Ann. Phys. {N.Y.) 39, 127 {1966).

they get rr~o22x@2/D. This gives for the exponent
g=1.6—2.5. The lower limit 1.6 stems from taking D
constant and'r x ~ (T T,) ".—

Our experimental results do not agree closely with
either of these theoretical results. In fact our experi-
mentally determined exponent p lies between the ones
calculated by Tani and Mori' and Bennett and Pytte. '

On the other hand, the frequency dependence agrees
with the theories, with the exception mentioned above.
Bennett and Pytte' show that the oP law is not affected
by the factorization procedure of the four-spin corre-
lations, but that it is rigorously valid.

D. Concluding Remarks

Several points should be emphasized in conjunction
with these results:
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(4) There have been theories developed' " for the
phonon thermal conductivity at magnetic phase tran-
sitions employing the coupling term (1). Since they
also use the small-q approximation, these theories are
in principle equivalent to the theory of ultrasonic at-
tenuation. They, however, do not use the factorization
procedure. They can express their result in terms of the
specific heat C and the spin thermal conductivity z. In
this way the sound attenuation, or the reciprocal of the
phonon relaxation time, becomes proportional to ~, all

other singular factors cancelling. A theory for ~ at the
magnetic phase transition has not been developed so
far. Similar ideas have recently been expressed by
Eiuber. ~
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Spin-Lattice Interaction in UO, . II. Theory of the First-Order
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A theory of the erst-order phase transition in UO2 is presented and discussed in the molecular-Geld approx-
imation. An isotropic nearest-neighbor exchange and local quadrupole-lattice interaction are taken as the
basic interactions in the model. Interesting behavior is obtained due to the two distinct ways in which
the collective ground-state degeneracy can be removed at T=o'K: a cooperative Jahn-Teller distortion
or a polarization of the sublattice magnetization by the exchange Geld. Depending on the relative gain in
free energy obtained by these two mechanisms, one obtains four diferent types of behavior near the critical
point: (1) a second-order transition to a distorted state with no magnetic ordering; (2) a second-order
transition to a distorted state followed by a second-order magnetic transition; (3) a first-order transition
yielding a discontinuous change in lattice distortion and sublattice magnetization; (4) a second-order
magnetic transition accompanied by a weak distortion. The temperature dependence of the elastic constant
C44 is also derived. The parameters required to give a erst-order transition in agreement with the measured
discontinuity in sublattice magnetization and the correct behavior for C44 are found to be consistent with
the parameters obtained from the measured spin-wave excitations.

I. INTRODUCTION

NTERACTION between the single-ion ground
state and lattice is expected to be large in systems

where the ground-state degeneracy is associated with
the orbital state of the electrons. In a concentrated
system both the collective ground state and low-lying
electronic excitations will be significantly modified by
this interaction. Uranium dioxide is a particularly
striking example of this situation. In a previous paper,
(henceforth referred to as l), it has been shown that
the ground state is characterized by a balance between
the exchange and Jahn-Teller (JT) forces and that
indirect quadrupole-quadrupole interactions caused by
the virtual exchange of an optical phonon must be
included to obtain the proper excitation spectra. Since

' S.J. Allen, Jr., Phys. Rev. 166, 530 (1968).

much of the current interest in UO2 was stimulated by
the observations of Frazer et ul. ' that the transition to
the ordered state was a first-order phase transition and
the subsequent explanations of Blume, ' it is particu-
larly interesting to consider whether the spin-lattice
interaction used to obtain the ground state and spin-
wave excitations is able to generate the first-order
phase transition.

In the following, the thermodynamic properties of
U02 are derived in the molecular-GeM approximation.
Interesting eBects are obtained due to the two distinct
ways in which the ground state degeneracy can be
removed at T=O'K—a cooperative JT distortion or
the usual polarization of the sublattice magnetization

' B. C. Frazer, G. Shirane, D. E. Cox, and C. E. Olsen, Phys.
Rev. 140, A1448 (1965).' M. Blnme, Phys. Rev. 141, 512 (1966)


