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still indicative of the Yb'+ occupying a position at
x 0.6 since it is not hard to move the nearest neighbor
to positions that begin to approximate the above ratios.

In summary the its obtained for the crystal-6eld split
levels of the 'F7/2 and 'F5~2 states of Yb'+ and for the g
values of the ground doublet of the 'F7~2 state indicate
that Yb'+ is located at 0.6 A. from an oxygen plane.
While there are several inequivalent positions in the
lattice that are 0.6 A. from an oxygen plane the inter-
stitial sites (i.e., those not normally occupied by Li or
Nb) are improbable as possible sites for the Yb'+ ion
since the internal strains would be far too large to
accommodate a Yb'+ ion at these sites. We believe that
the results indicate that Yb+ is most likely substitu-
tional on the Li site but the possibility that it is sub-

stitutional on the Nb site with a subsequent relaxation
of its position by 0.3 A. cannot be rigorously excluded.
Also optical and electron-spin-resonance data is re-
ported for Cr'+ and Nd'+ in LiNb03'4 and LiTa03.
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It is shown that contribution to the single-quantum annihilation cross section from the 2s&p bound
electrons cannot be ignored. Calculations of the cross sections have also been made by applying the Bieden-
harn-Swamy symmetric model, and the region of validity of this model is estimated. Polarization correla-
tions are studied using Dirac-Coulomb wave functions.

I. INTRODUCTION

EXPERIMENTAL and theoretical studies of single-
& quantum annihilation of positrons with bound

electrons have gained momentum in the past few
years. ' The experimental work reported till now refers
to measurement of the cross section as a function of
positron kinetic energy and the Z value of the atoms in
the solid. After the 6rst nonrelativistic estimate of this
cross section by Fermi and Uhlenbeck' and the approxi-
mate relativistic calculations made several years ago, '
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more refined work has recently been carried out. 4 While
Fermi and Bethe take into account the annihilation of
positrons with E and L-shell elect-rons, Johnson's
cross sections are based on ignoring all but the E-shell
annihilation.

It has long been known that polarization correlations
exist in other electron-photon interactions as a result of
their carrying a spin angular momentum. For instance,
in the case of bremsstrahlung with polarized electrons,
an electron which is longitudinally polarized has a high
probability of radiating in the forward direction a
circularly polarized high-energy photon with the same
helicity. Similarly, there is a preferential ejection of
photoelectrons in the plane defined by the momentum
and polarization vectors of linearly polarized photons. ~

While electrons are polarized in Coulomb scattering,
4 W. R. Johnson, D. J. Buss, and C. O. Carroll, Phys. Rev. 135,

A1232 (1964), hereinafter referred to as R4.' U. Pano, K. W. McVoy, and J.R. Albers, Phys. Rev. 116, 1159
(1959).

6 R. H. Pratt, R. D. Levee, R. L. Pexton, and W. Aron, Phys.
Rev. 134, A898 (1964).

r N. F. Mott and H. S. Massey, The Theory of Atomic ColHseols
(The Clarendon Press, Oxford, England, 1949).
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FIG. 1. Comparison of total cross sections for Z=82 with and
without the 2s&~& contribution. Symmetric-model cross section is
also shown for comparison.

II. THEORY

We use the notation of Ref. 4 and omit all the detail
that can be found in this paper. Since we are also con-
cerned with polarization effects, it is convenient to
write the total cross section as a function of f (spin of
the positron in its rest frame) and e (spin of the photon),

8 K. W. McVoy, Phys. Rev. 108, 365 (1957).'%. R. Johnson, Phys. Rev. 159, 61 (1967)."L.C. Biedenharn and N, V. V. J. Swamy, Phys. Rev. 133,
B1353 (1964),

this eBect is much less for positrons which are essen-
tially repelled by the nuclear field, and annihilation
methods may be of use in detecting positron polariza-
tion. Unfortunately, the cross section for single-
quanturn annihilation is so small compared to double-
quantum annihilation that experimental interest centers
only around the observation of the annihilation.
McVoy' calculated polarization correlations in single-
quanturn annihilation (total cross sections), using the
Born approximation. This is more applicable to light Z
atoms, where the annihilation is less likely to take
place. Johnson' has recently shown the existence of
azimuthal asymmetry in the angular distribution of
photons resulting from transversely polarized positrons.

A difhculty in relativistic calculations other than the
Born approximation is the complexity of the radial
parts of the wave functions that are eigenfunctions of
the Dirac Hamiltonian, even in the case of the un-
screened Coulomb potential for which the Dirac
equation possesses exact solutions. In this respect, a
simpli6cation —for the Coulomb potential at any
rate —exists in the symmetric model. "In this paper, we
(a) show that the contribution of the higher-shell
electrons to the total cross section is not negligible, (b)
establish the range of validity of the symmetric model
for this problem, and (c) demonstrate the existence of
polarization correlations using more realistic wave
functions than plane waves.

and attach a subscript to differentiate annihilation with
the 1s~~~ and 2s~~2 bound electrons:

~ = (~;~—~)z,)/(~)~+~-;z, ), o,~=—a (-', , R) (2)

~~ It is interesting to note that the partial waves occurring in
vy of the symmetric model are eigenfunctions of a "Coulomb
Helicity Operator" (Ref. 10).

'2 M. E. Rose, Relativistic E'lectron Theory (John Wiley 8z Sons,
Inc. , New York, 1961),p. 131.

~3 H. A. Bethe and E.E.Salpeter, Quantum Mechanics of One and
Taboo Electron Atoms (Academic Press Inc. , New York, 1957), p.
62.
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When we are interested only in the cross section
irrespective of polarization effects, there would be an
averaging over t and summing over e. We shall use the
notation 0.=o ~+0.q when such summation and averaging
have been carried out. In this work, we have studied the
eGect of including the next higher spin-orbit coupled
state of the bound electron (Lr), and part of the reason
for this stems from the consideration that the sym-
metric model arranges particles in shells defined by the
Dirac quantum number f~:, and inclusion of the 2s&~&

state closes the lowest I~:= —1 subshell. The derivation
of the cross section parallels the one given in R4 and
the angular parts of the differential cross section are
common to both. We only need, therefore, to furnish
the appropriate wave functions and radial integrals,
which we do in Appendix A. The formula for o-2 is
equivalent to Eq. (12) of R4, with the radial integral
given in (A5) of Appendix A. For the symmetric model,
similarly, we have to specify the relevant wave func-
tions and appropriate radial integrals occurring in the
matrix element, and these are given in Appendix B.
This model has been used to compare only o-&.

Using helicity eigenstates, McVoy' estimated polar-
ization-correlation effects and showed that for high
enough energies the outgoing photon emerges with the
same helicity as the ingoing positron. When the positron
is not in field-free space, a unique physical meaning
cannot be assigned to the direction of its spin, " except
in its own rest frame. "It can be shown, "however, that
one can define a polarization vector operator 0 such
that ~q can be regarded as an eigenstate of the s com-
ponent of the vector with eigenvalue+1 (up) and —1

(down), corresponding to f=+—,'and ——,', respectively.
We choose the s axis in the direction of the outgoing
photon. We now start with a given t', say, +-,', and ask
for the probability that, for a given positron energy,
the outgoing photon is either left circularly polarized
(0.;z,) or right circularly polarized. (O.,z). In specifying
left and right circular polarization, we conform to the
usual conventions. ' Equal mixtures of up and down spin
positrons in the incident beam correspond to un-
polarized incident wave, and this leads to the Johnson
cross sections. We now define an asymmetry parameter
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and note in passing that Lenard's theorem is applicable
here. A nonzero 8 means the existence of polarization
correlation, and 6 = 1 means complete polarization.

III. RESULTS AND DISCUSSION

The cross sections r and o-~ in barns for lead as a
function of the positron kinetic energy E (in keV) are
shown in Fig. 1. Table I gives the cross sections for
selected Z values. The symmetric-model estimates are
also shown in Fig. 1 for comparison. In Fig. 2, the
asymmetry parameter b„calculated for E-shell anni-
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TAaz, z I. Annihilation cross sections, o-=rI+o2, in barns, for the
energies and charge numbers shown.
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straight lines, and the slope of these indicates that the
cross section varies as Z", agreeing better with the
experimental results of Langho P than the Born-
approximation law of Z'. The annihilation is pre-
dominant in the E shell and, as such, screening cor-
rection is inappreciable, and the energies involved
clearly rule out solid-state e6ects like positron-phonon
interactions. The annihilation being dependent on the
density of bound electrons, this process may be of
interest in the matter of the valence-band states, just
as a study of the angular correlations in the p rays of
two-photon decay leads to information about the
Fermi surface. The symmetric-model estimates agree
with experiment in the energy region 0.45 &E&1.While
we have not plotted the other cross sections, our results
show that a criterion for the validity of this model can

FxG. 2. Asymmetry 8 as a function of the kinetic energy E of
the positron, in units of mc . The dashed curve is on the basis of
the symmetric model for 2=82.

hilation cross sections, is shown as a function of positron
energy for different charge numbers. The experimental
values of Langho fP for E-shell annihilation are com-
pared with the appropriate theoretical estimates in
Fig. 1. The 2s&~2 contribution appears to be roughly
16% of the E-shell cross section, and this is in general
agreement with the earlier predictions of Fermi' and
Bethe, ' who had considered the entire L shell. For too
large energies, the higher shells may not contribute
much, as the positron is now energetic enough to go
very near the nucleus. In Fig. 3, we plot logo versus
logZ in order to extract a Z dependence of the cross
section at 1100 keV. The graphs of logo versus logZ and
logo.~ versus logZ at 1100 keV happen to be parallel FIG. 3. Log 0. versus log Z on an arbitrary scale. The slope is 4.4.
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be formed as

0.07 & (uZ) '/P (0.09.

I„b~7'"& in Eq. (15) of R4 goes over into a sum of the
two terms

Here P is the relativistic velocity parameter. This is
understandable because the symmetric model differs
from the exact Dirac-Coulomb Hamiltonian by
(crZ)'/~, where z is the Dirac quantum number.

In Fig. 2, the asymmetry parameter 8 is plotted as a
function of the dimensionless parameter e= 8/mc' for
different Z values. We see that the symmetric model
agrees with the exact Dirac-Coulomb curves in qualita-
tive behavior. For high Z values, as the graph shows,
the approach to complete polarization commences
around 2 MeV, which is higher than the Born-approxi-
mation estimate, as can be expected; moreover, the rise
is less rapid because of the long range of the Coulomb
interaction. As we go to lighter elements, however, the
approach of 8 to 1 resembles the Born-approximation
result. There exists, furthermore, an energy region
wherein the asymmetry is such that 0-;I, dominates over
0;z, and all this only goes to show that polarization
correlations do exist in the annihilation process also.
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APPENDIX A

We shall use the notation of R4 throughout, with the
choice h=c=m=1. The radial parts of the 2s~/2 bound-
electron wave functions are given by

f g
——S(1—wr)''(ap+a, r)r& —'exp( —X,r), (A1)

ig ~= 1V(1+w~)"—'(cp+c~r)r» ' exp( —) rr), (A2)

~xl (71+1
y ~1) +Ill( Yly ~1) y

with a similar replacement for J„».

APPENDIX B

(A5)

For the symmetric model, the following changes have
to be made in the different wave functions: in Eq. (3)
of R4, the changes

where

g—r [2(1+er) kb ]'"exp (—kbr),

f r= —[—2 ( 1—e&) kb']"' exp (—kbr),

(81)

(82)

k»1 =0,'Z6y er
——[1+(rrZ) P]—'&2. (83)

in Eqs. (6)—(8) of R4, the changes

where
~ ~i l I'(kg+iv)

exp[(x-/2) (ikr —v) ],

p~
——(kr iv) (2pr) b—' 'e 'v"rFr(kr+iy, 2k~+1; 2ipr),

q&p
= [(kr'+X') "' exp[—7ri(kr —lg) j—i () /p) j

(86)

XF kr+i+2, a, 1+1;b, 2l+2;

X (2pr)b' re ' qvFq(kq+1+iv, 2k~+1; 2ipr). (87)

Integral E [Eq. (13) of R4] is evaluated to be

I'(i+kr+2) k ~+(&/&)P&r—r
e~i/4~1/22k 1—»—2

I'(1+-,') [kb+ i (k+p) jb'+'+'

where

) r=~Z/2wr (A3)
X, , (88)

2i p 2ik

kb+i(k+ p) kb+i(k+ p)

E is the normalization factor, and

ap ——2(wq+1),

cp= Gp —2q

a, = cr ———4[(4wr+2) /(2y, +1)).

where, in the generalized hypergeometric function of
two variables, " the simplification is that the param-
eters are integers.

'4 A. Erdelyi, Tawes of Integra/ Transforms (McGraw-Hill
(A4) Book Co. Inc. , New York, 1954), VoL I.


