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The following numerical values are used in the deter-
mination of this integral:

E,=0.89 eV, m, =0.041m;

m, 1=0.04Sm, m, 2= 0.35m.

The absorption coefficient is shown in Fig. 2. The
result shown in Fig. 3 is the absorption coefFicient in a

"M. Cardona, J. Phys. Chem. Solids 24, 1543 (1963).

This momentum matrix element, which is independent
of i, is a known function of the band masses. "

The final result for the absorption coefficient is

e'(2m, )p"
A (a&) = i (Oc

i
p V

i
Ov) ['

9m'Eg'mc

semiconductor with a large electron-optical-phonon
interaction (10 times that in germanium). As we see
from Figs. 2 and 3, the absorption coefficient is, on
the whole, reduced by the presence of the interaction,
and the maximum eGect occurs in the neighborhood of
the photon energies given by

pp Ep —(1+——m„/m,)ppp.

These values are just the minimum photon energies
which are required for the physical process in which a
valence electron is scattered by the emission of a
phonon and is then raised into the conduction band

by the absorption of a photon. The rapid variation
near these values is caused by the fact that the self-

energy has infinite slope at the value corresponding to
one phonon emission.

The two values used for the electron-phonon coupling
constant g probably encompass the whole range of
values in semiconductors. Thus we see that in semi-

conductors in the strong coupling range the absorption
coefficient is drastically affected by the interaction, and
even in weakly coupled germanium the e6ect is cer-
tainly not negligible.
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Statistics of 1/f Noise
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Probability amplitude distributions of 1/f noise and Nyquist noise in a 8 Hz —to-10 kHz band are examined
using a multichannel pulse-height analyzer. Both types of noise obey a normal distribution law in all sample
lengths investigated, 100, 10, and 1.0 sec. In the case of 1/f noise, the variance of the distribution itself
Quctuates in identical sample intervals. The distribution of variances appears to be from an exponential
population. The difference between Nyquist-noise and 1/f-noise data suggests that the latter is not stationary
in the statistical sense, but rather possesses a weaker form of stationarity.

I. INTRODUCTION

LARGE number of experimental measurements of

~ ~

~

~

1/f noise have shown that the spectral power
density varies approximately inversely with frequency
over a wide frequency interval. In particular, a limit
at low frequencies has not been observed' even down to
frequencies of the order of 10 Hz. If it is inferred that
the spectral power density remains inversely propor-
tional to frequency down to zero frequency, then the
total noise power becomes infinite.

* Supported by the U. S. OfBce of Naval Research.
'See, for example, A. van der Ziel, Fluctuation Phenomena

in Semicondlctors (Academic Press Inc. , New York, 1959),
Chap. 5.

2 B.V. Rollin and I. M. Templeton, Proc. Phys. Soc. (London)
866, 259 (1953}.

It has been noted' that this inference is appropriate
only for stationary random processes and that 1/f noise

may not be stationary in the usual sense but rather
may possess a weaker form of conditional stationarity. 4

That is, the process may be a "noisy noise" in which the
probability amplitude distribution, say, in a given
sample interval differs from that in another interval.

There appears to be only one previous attempt to
examine the statistical properties of 1/f noise, apart
from determination of the conventional power-density
spectrum. ' The probability amplitude was shown to be

'B. Mandelbrot, in Fluctuations in Solids Symposium, 1Jni-
versity of Minnesota, June 1966 (unpublished).

4 J. M. Berger and B. Mandelbrot, IBM J. Res.
'

Develop. 7,
224 (1963).' D. A. . Bell, Proc. Phys. Soc. (London) B68, 690 (1955).
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normally distributed, as in the case of white Nyquist
noise. The measurement technique employed, however,
was such that statistical properties of the kind implied
by a process obeying conditional stationarity would
most likely not be detected. The purpose of the present
study is to examine the statistical properties of 1/f
noise in greater detail with the view of developing ex-
perimental evidence for or against a "noisy noise"
process.

II. EXPERIMENTAL TECHNIQUE

The current noise of a 50000-0 carbon resistor is
amplified and examined with an analog-to-digital con-
verter and a conventional multichannel pulse-height
analyzer, as shown in the block diagram of Fig. 1. The
resistor noise source was selected because the current-
noise level is quite stable and is known to have a I/f
spectrum. Furthermore, the statistical properties of
Nyquist noise can also be examined by simply reducing
the dc current to zero. The 80-pF capacitor in the input
circuit is part of a more elaborate battery filter which is
not shown.

The ampliier-tunable 6lter in Fig. 1 is a conventional
low-noise system assembled from commercial com-
ponents. In conjunction with the rms vacuum-tube
voltmeter (VTVM), it is possible to measure both the
I/f-noise and Nyquist-noise spectra in standard fashion.
This is useful. to check on the stability of the current-
noise level, to provide a convenient calibration of
ampli6er gain, and to yield conventional power spectra
for comparison with the probability amplitude dis-
tribution data.

The analog-to-digital converter is a specially con-
structed transistor gate triggered by 1.2-@sec pulses
from a 10-kHz multivibrator. This pulse generator is in
turn activated by a timing generator with selectable
interval lengths of 10, 1.0, and 0.10 sec. When the
timing generator is activated manually 10-kHz pulses

are fed to the gate for one sample interval of either 10,
1.0, or 0.10 sec duration. The gate thus samples the
noise signal at the 10-kHz rate for this period. Output
pulses from the gate are registered on a conventional
TMC Model 402 multichannel pulse-height analyzer.
Integral with the gate is a dc bias offset voltage so that
only negative output pulses are produced even though
the input noise signal has signal components of both
polarities.

The pulse-amplitude distribution recorded for one
sample interval by the pulse-height analyzer is dis-
played on an auxiliary oscilloscope and recorded photo-
graphically. For many measurements, it is sufhcient to
determine the width of the distribution at a given height
and in this case it is more convenient to measure the
width directly on the face of the oscilloscope screen. As
the experiments proceeded, it became clear that sample
lengths of 100, 10, and 1.0 sec are more appropriate.
The 100-sec intervals are produced by activating the
10-sec timing generator ten times in succession.

An over-all voltage calibration and linearity of the
system is obtained by introducing square waves of
known amplitude at the ampli6er input terminals. The
probability amplitude distribution accuracy is checked

by similarly introducing sine wave signals. Finally,
operation with random-noise signals is examined by
measuring the variance of the observed probability
amplitude distribution in the case of Nyquist noise and
comparing with the calculated value given by the
Nyquist theorem. Satisfactory quantitative results are
obtained, as discussed below.

III. PROBABILITY AMPLITUDE
DISTRIBUTIONS

Conventional spectra of current noise and Nyquist
noise are shown in Fig. 2. The current-noise spectrum
varies as f "', which is rather typical for carbon
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resistors. ' The observed Nyquist-noise level is in good
agreement with that predicted by the Nyquist theorem
for a 25-kQ resistor. This is expected from the input
circuit of Fig. 1 since the two 50-kQ resistors are
electively in parallel. The amplif1er-noise spectrum,
also shown in Fig. 2, is su%ciently below the resistor-
noise level that its inhuence is negligible.

Typical photographs of probability amplitude dis-
tributions observed in 100-, 10-, and 1.0-sec intervals
sampled are given in Fig. 3. The results for the longest
interval sampled are most accurate since statistical
variations are smaller when the total number of pulses
is as great as 10 . Statistical fluctuations, in fact, make

sampling intervals shorter than 1.0 sec unusable since
the sampling rate is limited to 10 kHz by the char-
acteristics of the pulse-height analyzer. Despite in-
accuracies introduced. by statistical fluctuations, proba-
bility amplitude distributions observed in all sample
intervals appear to obey a normal distribution law.

This 1s best, illustrated by scRllng thc photogrRphs
and replotting the data. Special graph paper is used
such that a normal distribution law results in two
straight lines, as in Fig. 4. Here, both Nyquist-noise
and 1/f-noise probability amplitude distributions for a
1.0-sec sample interval are compared with a normal
distribution. The data points for both types of noise
follow the normal law, within the accuracy of the
measurements. To prepare the experimental data for
this presentation the voltage amplitude e is obtained
from the over-all system calibration, and the standard
deviation a is determined from the width of the experi-
mental distribution at a relative probability amplitude
equal to 0.368.

Similar data for 10- and 100-sec sample intervals are
shown in Figs. 5 and 6, respectively. In each case the
probability amplitudes are normally distributed. Some
departures from the normal law are noticed at small
probability amplitudes caused, apparently, by photo-
graphic distortions. Signi6cantly, the departures in the
case oi I/f noise are similar to those of the Nyquist-
nolsc datR. Slncc Nyquist no1sc ls cxpcctcd to bc nol-
maily distributed, this is further evidence that I/f
noise also follows the normal distribution law in all
three sample lengths.
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Fro. 2. Experimental spectra of Nyqnist noise and Ijf
noise of a carbon resistor.

tistical Quctuations even with 10' data points per
distribution. The 10- and 100-scc data probably repre-
sent both statistical Quctuations and random experi-
mental errors in the apparatus. In this connection, it
should be noted that the data were taken over several
dRys Rnd ln 1andoIQ scqucncc.

IV. VAMANCES

During preparation of the above data fairly signi6-
cant variations in the variance, s=a2, were observed
between supposedly similar sample intervals. Accord-
ingly, approximately 100 variances were determined for
each sample length and for both types of noise. Results
in the case of Nyquist noise are shown as histograms in
Fig. 7. The spread is greatest in the case of the data for
a 1-sec sample interval, suggesting the presence of sta-

FIG. 3. Probability amplitude
distributions of j./f noise of a
carbon res1stor 1n a 8 Hz-to-10
kHz band for sampling intervals
of 1, 10, and 100 sec.

IO SEC

6 I. M. Templeton and D. K. C. MacDonald, Proc. Phys. Soc.
(London) 866, 680 (1953). I00 SEC
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FIG. 4. Experimental probability amplitude distribution of
Nyquist noise and 1/f noise for a 1.0-sec sample length compared
to a normal distribution.

FIG. 6. Experimental probability amplitude distribution of
Nyquist noise and 1/f noise for a 100-sec sample length compared
to a normal distribution.

The magnitude of the variance is compared with that
expected from the Nyquist theorem,

s= 4kTRB,

where k is Boltzmann's constant, T is the absolute tem-
perature, E is the resistance, and 8 is the bandwidth
ot the amplifier. The agreement between Eq. (1) and
experimental results from the probability amplitude
distribution data is quite satisfactory in the case of the
10- and 100-sec sample lengths.

Although 100 samples is rather small for good sta-
tistical signi6cance, a summary of the statistical prop-

erties of these data is given in Table I. Of particular
interest is the ratio of the square of the average variance
to the "variance of the variance" in column 4. This
ratio increases with the length of the sample interval,
indicative of improved statistical accuracy in the longer
samples. The ratio is also useful in comparison with the
1/f-noise ds, ta below. The skewness and kurtosis of the
100-sec data are relatively small, suggesting an ap-
proach to a normal distribution (in which case both the
skewness and kurtosis are zero). Actually, if the two
largest data points in the 10-sec data are eliminated,
the skewness and kurtosis are equally small, 0.17 and
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TmLE I. Statistical properties of Nyquist-noise measurements.
40-

Mean
variance

T (s)
(sec) (V')

1.0 6.7X10 ~
10 3.9X10 ~

100 4.5X10 ~

Variance of
variance

(s )
(V4)

1 8X iC
6.1X10~'
61X10 "

(s)'/
(s') Skewness

25 0.74
25 1.3
33 —0.78

Kurtosis

1.8
5.4

—0.34

30—

20-

IO—

IOO SECOND

(&/f)df,

where, according to Fig. 2, K= 1.6&&10 ' V' Hz, ft ——S
Hz, and fs 10 kHz. ——

The statistical properties of these data are given in
Table II. Note that the ratio of the mean square to the
variance is an order of magnitude smaller than that
corresponding to Nyquist noise. This means that 1/f
noise variances have a much larger spread than the
Nyquist variances. In addition, if the spread in the
Nyquist variances is attributed to instrumental errors
(for the longer samples), the smaller ratio in the case
of 1/f noise clearly means that the observed spread is a
characteristic of the noise process rather than the experi-
rnental technique. Thus, it appears that 1/f-noise is
"noisier" than Nyquist noise.

The skewness and kurtosis of the 100-sec data sug-
gest that the variances are derived from an exponential

TasLE II. Statistical properties of 1/ f-noise measurements.

Mean Variance of
variance variance

(s)
(sec) (V') (V')

(s)'/
(ss) Skewness Kurtosis

0.36, respectively. This illustrates the statistical Quctua-
tions inherent in 100-sample data.

Based on the data in Fig. 7, it is concluded that
random statistical variations account for some of the
spread in observed variances in the 1-sec sample data;
the spread in the 10- and 100-sec data results primarily
from experimental random errors; and the variances ob-
served in all three sample lengths are normally dis-
tributed. Good agreement is observed between the
average variance and that calculated from spectrum
measurements using Eq. (1), at least for the 10- and
100-sec samples.

Equivalent histograms in the case of 1/f noise are
shown in Fig. 8. Here the histograms are obviously
skewed and the asymmetry appears to increase for
longer sample intervals. Again reasonable agreement is
observed with the total variance calculated from the
spectral density

0
L SPECTRAL TOTAL

VAR IA NCE

15—

Io-
K

IO SECOND

0'

I SECOND

population (for which the skewness is 2 and the kurtosis
is 6). This is in distinct contrast to the Nyquist-noise
results, which are normally distributed. The histograms
for the 1- and 10-sec sample lengths in Fig. 8 suggest a
trend from a normal distribution to an exponential dis-
tribution with increasing sample time.

V. CONCLUSIONS

These results illustrate for the 6rst time a signihcant
statistical difference between 1/f noise and Nyquist
noise. Although the probability amplitudes of both
types of noise are normally distributed, the variances
of the distributions themselves Quctuate in the case of
1/f noise. It appears that the variances are derived
from an exponential population and that the phe-
nomenon is best developed in the longer samples.

On the other hand, the over-all stability of the 1/f
noise level indicates that the process is stable in some
sense. That is, these results demonstrate experimentally
that 1/f noise is "noisy, " yet possesses some form of
conditional stationarity. It remains to establish a more
quantitative relation between the experimental data
and the statistics of such processes.

ACKNOWLEDGMENTS

The author is extremely grateful to S. L. Webb for
great perseverance in acquiring the experimental data,
and to E.0.Turns for his design of the analog-to-. digital
convertei. .

0 2 4 6 8 IO

VARIANCES IN IO 9 VOLTS~

FzG. 8. Histograms of variances, s, observed for 1-, 10-, and 100-
sec intervals of 1/f noise in a 8 Hz—to-10 kHz band.

1.0 3.0X18 1.4X10 's
10 2.6X10 1..9X10 is

100 2 OX 10~ 1.6X10-is

6.4 0.91
4.5 0.64
2.6 . 2.4

1.3
—0.26

6.3




