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In order to solve the Boltzmann equation for low external electric and magnetic fields, taking into account

details of band structure and scattering as in p-Ge,

the influence of crystal symmetry on scattering is

discussed. The general symmetry properties of the scattering are considered and it is shown how this may
facilitate the evaluation of the transport coefficients, especially those describing deviations from isotropy of
the system. The method is applied to low-field magnetoconductivity and warm-carrier effects in cubic

crystals like p-Ge.

I. INTRODUCTION

HE electrical transport theory of semiconductors
with a band structure similar to that of p-type
germanium has now reached a stage where the details of
scattering mechanisms should be considered! for a
satisfactory comparison of theory and experiment. The
complexity of the band structure? and its influence on
the transition rates*® render an analytical treatment
impossible, and numerical techniques must then be
applied.®7 In this case it has been found” very useful, if
not imperative, to use the maximum amount of informa-
tion which can be gained from the symmetry of the
crystal. The present paper is concerned with these sym-
metry principles and their application to the solution of
the Boltzmann transport equation in some cases of
interest.

II. GENERAL PRINCIPLES

We shall consider a system of independent charged
particles in an infinite, homogeneous crystal. The one-
particle dispersion law E=E(k) for the energy as a
function of wave vector is assumed nondegenerate, but
the results are easily extended to more complex band
structures. The distribution function f(k) is defined so
that f(k)dk denotes the number of carriers per unit
(direct) volume in the (reciprocal) volume element dk at
k. For the purpose of simplicity we assume a nonde-
generate distribution. Then the rate of change in f(k)
due to scattering is
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where P(k’ < k) is the rate of transitions from k to
dk’ due to all scattering mechanisms (intercarrier
scattering excepted, however).

A. Symmetry Properties of Transition Rates

We now assume that only the carriers are affected by
external fields so that the scattering mechanisms are in
thermal equilibrium with the crystal. Any phenomenon
pertaining to the crystal in thermal equilibrium must
have a symmetry compatible with that of the crystal.
In the Brillouin zone this means the point group of
symmetry operations of the crystal plus the time-
reversal operation the effect of which is equivalent to an
inversion in k space. (For the present purpose we may
disregard spin without loss of generality.) If the inver-
sion is already present in the point group, no additional
symmetry results from time reversal. In the following,
this augmented point group is denoted by ®. The
symmetry of the scattering rates P is expressed as P
being invariant under any operation R in ® in the sense
that

P(RK « Rk)=P (K « k). 2.2)

Making use of this property, we find from Eq. (2.1)
° f(Rk)
ot

= / dK'[P(Rk «— k') f(k')— P (k' — Rk) f(Rk)]
= / dk'[P(Rk « RK) f(Rk’)— P(RK « Rk) f(RK)]

= / dK[P(k— k) f(RK)— P(k' — k) f(RK)]. (2.3)

This result is equivalent to the statement that the
scattering operator S,, defined by

(af/at)sc_—' Sopf(k)

commutes with all operations R in ®, i.e., Sop transforms
according to the invariant irreducible representation T';
of ®.

763

(2.4)



764 P.

Owing to the completeness and orthogonality of the
irreducible representations, we may write
JO=X f5(8), (25)
»
where f;,(k) belongs to the row » in the irreducible
representation T; of ®. The summation is to be carried
out over all possible j and ».

Since Sop~T';, we observe that the scattering does
not mix f;, (k) with different indices. This result has a
number of important consequences for the solution of
transport problems. We shall concentrate on the low-
field steady-state solution of the Boltzmann equation.

B. Distribution Function for Low External Fields

The steady-state transport equation governing the
distribution function with electric field F and magnetic

field B is, as usual,

. [F-Fop+B-Bop 1f (k)= (9f/90)sc , (2.6)
where
Foo= (¢/7)V, 2.7)
Boo=—(¢/7)V (k)X Vi (2.8)
(q being the charge of one particle), and
Vk)= (1/h)V:E (k). (2.9)

In order to evaluate the low-field transport properties
we expand the distribution function in a power series in
the external fields F and B,

f&) =% ¢..(k), (2.10)
where ¢oo= f°(E) is the thermal-equilibrium distribu-
tion function, and, in general, ¢« F7B*. Insertion of
expression (2.10) in the transport equation (2.6) and
separation of different powers in the fields give the
following equations:

boo=f*(E), (2.11)
F-Fopdpr,0=Soppri1,0, 720 (2.122)
B Boydr,s=Sopbr,e+1, 520 (2.12b)

and for7, s20
bri2,512=Ori2,042(F)Fdryn,e02(B), (2.13a)
F-Fopdri1,o00=SopPria,s42(F), (2.13b)
B Bopori2,541= Sopdria,st2(B). (2.13¢)

Note that the magnetic field does not influence the
thermal-equilibrium distribution function which de-
pends on energy only.

We observe from Egs. (2.11)-(2.13) that the ¢,, may
be determined, at least in principle, by a successive
solution of these equations. A similar idea was developed
by Schottky.?

8 W. Schottky, Festkorperprobleme (Vieweg, Braunschweig,
1962), Vol. 1, p. 316.
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We now introduce the symmetry property of the
scattering operator .S, derived above. Since S,, does not
mix different irreducible representations (and rows
therein) in ¢ expressed in a form like (2.5), the sym-
metry properties of the ¢,, are easily determined from
the symmetry of F,, and B,,. Thus, for the purpose of
symmetry Sop~T'; may be taken equal to unity.

By inspection of (2.7) we find that F,, transforms
according to the vector representation, while from (2.8)
B, belongs to the pseudovector representation. These
two representations are distinct since the group ®
always contains the inversion as a consequence of time-
reversal symmetry.

Because of the orthogonality properties of the
irreducible representations and their rows and because
Sop~T}, an equation of type (2.12) or (2.13), containing
on the right-hand side a ¢ of mixed symmetry (belong-
ing to more than one irreducible representation), may
be split up into equations with a ¢, of pure symmetry in
each. Thus the various symmetry parts of ¢,, are
independent.

The advantage of the above method is that we may
follow the different symmetry parts of ¢,, through the
successive steps in the solution of the Egs. (2.11)-(2.13).
A primary consequence is that the solution procedure
makes the choice of particular field configurations un-
necessary, and secondly, in many low-field problems,
only a limited number of representations will be
generated by the field operators. Examples of this type
are given in Sec. III. As shown in Sec. IT C, this feature
economizes the treatment of the scattering term in
actual calculations.

Having found the possible symmetry properties of
the distribution function (2.10), we can establish the
connection between microscopic and macroscopic sym-
metry, the latter being expressed in the shape of the
various conductivity tensors. The current density j is
obtained from an integral of the type

i= /def(k). (2.14)

Since V as expressed in (2.9) belongs to the vector repre-
sentation, only an f; (k) of that representation con-
tributes to the current as a consequence of the orthogo-
nality of irreducible representations. On this basis, it is
easy to construct the distinct transport coefficients
corresponding to any function ¢, of the expansion
(2.10). We shall return to this in Sec. III in connection

with cubic crystals.

C. Further Consequences of the Symmetry

In order to complete the picture of the effects of sym-
metry on the scattering, we shall return to the con-
sideration of the transition rates. If these quantities are
to be treated numerically as a consequence of their
complexity, it is necessary to introduce a discretization
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in the continuous variables k and k’. Regarding the
angular dependence, this purpose is conveniently
achieved by expansion in a suitably chosen orthogonal
system of harmonics. In order to make use of the sym-
metry properties described by the group ®, we classify
these harmonics according to the irreducible representa-
tions and rows therein. Let ¥, (n,£) be such a harmonic
with £ denoting the unit vector in the direction of k, j
the irreducible representation, » the row, and » some
order of harmonics within the same representation and
row. The orthogonality and normalization are then
expressed by

/ kY 5, (0 R)Y 3 (0 ) = 4B 858, (2.15)

where the integration is performed over the unit sphere.
The asterisk denotes complex conjugation. If D;(R) is
a unitary, irreducible representation of R, the classifica-
tion of the harmonics as basis functions is given by

Y (n:Rk) =2 Dju(R)Y ju (n;}:") . (2.16)

We now apply this harmonics expansion to the tran-
sition rates P, and so we write

Pkek)= X

an’ji’vw’

Cj.rv (mn)
X Yjv (ﬂ,E) le,,l (n',l:’,’)* . (2.17)

The coefficients C may depend on | k| and |k’|. We then
show that the symmetry property (2.2) limits the
number of distinct coefficients C in (2.17) considerably.
In this treatment we neglect the suffixes 7 and »’ since
the order has no connection with the symmetry. From
the transformation properties (2.16) we find

P(Rk—Rk)= Y

Fitw! pp!

X Djruw (RY¥Y ;,(B)Y jrr (B)*.  (2.18)

Ci#,j’n'Diuv (R)

The left-hand sides of (2.17) and (2.18) are equal as a
consequence of the invariance (2.2) of P, and because of
the orthogonality of the harmonics we can identify the
coefficients on the right-hand sides. Thus it follows from
the symmetry that C must satisfy

Civirw =2 CipirwDju(R)Djryr (R)*. (2.19)
uu'

By summing this equation over all R, we can make use
of the great orthogonality theorem of group theory:

% Dy (R) Dy (RY*= W335y, (2.20)

where % is the order of the group and /; the dimension
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of the representation I';. We then find from (2.19)
Cfﬂ,i’l" = Ajajj’aw’ y (2.21)
A.‘iE lj_l Z Cju,ju . (221’)
"

with

The relation (2.21) is a necessary condition for the
invariance (2.2) to hold. That it is also sufficient may be
seen by insertion of (2.21) in (2.19). This gives the

condition
Z Dqu(R)DfMV' (R)*: 8w’ (222)
M

which just expresses the unitarity of the representation.
Thus (2.21) is sufficient.

The relation (2.21) is readily interpreted: Different
representations and rows are not mixed in the expansion
(2.17), and coefficients corresponding to different rows
within the same representation are equal. Thus

Pk—Kk)= Y Cinn\V;nk)V;m k)*. (2.23)

nn'jy

A comparison with the general expansion (2.17) then
shows that a considerable reduction has taken place as
a consequence of the symmetry requirements. However,
for a complicated form of the transition rates the evalua-
tion of the expansion coefficients C; may still be a
formidable task. A further simplification is introduced
by the fact that in many low-field problems we require
knowledge of the Cjs belonging to only a limited
number of representations I';. This is shown below.

As we saw in Sec. II B, it is advantageous to split the
Boltzmann equation of type (2.12) or (2.13) into
equations with a ¢, of pure symmetry appearing on the
right-hand side. Let such a function be denoted by
fi»(k) in order to conform with the expansion (2.5). By
use of the orthogonality of irreducible representations,
a consideration of the scattering term (2.1) combined
with the expansion (2.23) then shows that:

(1) The C coefficients contributing to the “out”-
scattering term 'dk’P(k’ < k)f;;(k) belong to the
invariant representation T';.

(2) Inthe “in”-scattering term S dk’P(k<«k’) f;(K),
the contributing C should belong to the same represen-
tation as f;(k’).

We conclude that in the solution of the equation for
fi»(k) only the C’s belonging to the T'; and T'; representa-
tions are needed. In a particular low-field problem it
will usually be so that only a limited number of repre-
sentations T'; are excited by the field operators (as dis-
cussed in Sec. II B). Specific examples are given in
Sec. III. We then require knowledge only about the C
coefficients belonging to these representations plus the
invariant representation.

If for some special type of scattering additional
symmetry occurs in the form of

P(Rk—Kk)=P(k«k), (2.24)
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TasLE I. Irreducible representations of the full cubic group T'.

Repre-

sentation®*  Row® Function® Cubic harmonicd
I o 1
T g x4 (y2—3z%)+-c.p.
P sz 7 (s2) 2£—3 (@457
az v(az) x2—
Ty’ x & (x) y2(y*—2%)
y & (y) 22 (2—a%)
2 ' (2) xy (#*—57%)
T’ x e(x) vz
Y e(y) 2%
2 €(2) xy
T’ o wyz[xt(y2—2%) +c.p.]
Ty xy3
Iy’ sz ¥ (s2) xyz[ 52— (@ +97)]
az ¥ (az) xyz(a*—y?)
Tis x 8(x) x
8(y) y
z 8(2) z
T2 x € (x) x(y?—2?)
y € (y) ¥(22—x?)
z € (2) z(x2—9?)

s Notation from Ref. 9.

bsg 0: symmetric with respect to interchange of x and y; a2z o: anti-
symmetric with respect to interchange of x and y.

¢ Notation adapted from Ref. 10.

d Reference 10,

then group-theoretical arguments similar to those lead-
ing to Eq. (2.21) show that for C; belonging to T';, either

Djwl (R) = 5,.,,/ (2.253.)
or

C;=0. (2.25b)

It follows that Cj; is zero for all representations which
are not invariant with respect to R. For all these repre-
sentations, the “in”-scattering term vanishes and only
the I'; part of the C coefficients is of interest. Usually,
the operation R in question is the inversion, and the
symmetry property (2.24) is called momentum ran-
domization. In this case all C coefficients belonging to
odd representations vanish.

III. APPLICATION TO CUBIC CRYSTALS

In the case of cubic crystals, the group ® is the full
cubic group T. In the following, the 10 irreducible
representations of I' are denoted according to Bouckaert
et al.,’ whereas functions belonging to particular irre-
ducible representations follow the more compact nota-
tion of von der Lage and Bethe.?? The correspondence is
shown in Table I which also explains the notation
employed for rows.

Since the electric-field operator Fop in (2.7) transforms
according to the vector representation, it follows that

FOPINI‘IBQ," (3.1)
Likewise for the magnetic-field operator (2.8),
Bopz'\’rlﬁz, . (32)

® L. P. Bouckaert, R. Smoluchowski, and E. P. Wigner, Phys.

Rev. 50, 58 (1936).
0}, C. von der Lage and H. Bethe, Phys. Rev. 71, 612 (1947).
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Below, we shall use the principles developed in
Sec. IT B to study the symmetry properties of the dis-
tribution function in two important cases, the low-field
magnetoconductivity and the warm-carrier problem.

A. Low-Field Magnetoconductivity

In cubic crystals the current density j may be ex-
pressed in the following way to first order in the electric
field and to second order in the magnetic field:

i=ao[F+ap(FXB)+5:FB?
~+vsB(F-B)4-65TF],

where T is diagonal tensor with the elements B.?, B,?,
and B2 This was shown in Ref. 11 by Seitz. We are
going to show that the form (3.3) follows from the
symmetry of the distribution function.

The effect of the field operators (3.1) and (3.2) on any
distribution function of particular symmetry is given in
the Appendix. From Eq. (2.12a) we find to first order in
the electric field

¢10=F,601(x)+c.p. , (34)
where formally
b01(3) > Fo(E)

and c.p. stands for cyclic permutations of #, ¥, and 2.
Here it has been used that f° has T'; symmetry.

According to Eq. (2.12b), we now apply successive
orders of the magnetic-field operator to ¢10 and obtain
in first order

1= B.F L’ + 71 (ax) ]+ B.F [ —613(2)+e1d (2)]

(3.3)

(3.5)

+B.F.[ou(y)+ead (9)I+cp., (3.6)

where
a11,+712/ (ax) «> Bopxam(x) ) (3-7)
813(x)+e1d () <> Bop?801(). (3.8)

In second order of magnetic field we only retain the I'ys
part, i.e., & functions, because only these contribute to
the current density and because we are not proceeding
to higher orders.

12(T'15) = B2F [ 821(%)+ 022(x) ]

+ (B BAF [ — 823 (%) 4 824(x) ]
+ (B.B,F,+B.B.F.) [521 (x) — 302 (x)

+523(x)+624(x)]+cp s (39)
where
621(96) A Bopxalll, (310)
822 (%) <> Bop™y12' (a%) (3.11)
523<x) «> Bopzam(y) ) (312)
824(x) <> Boperd (¥). (3.13)

Thus we find for the x component of the current
density, using (2.14) together with Egs. (3.4), (3.6),

1Y, Seitz, Phys. Rev. 79, 372 (1950).
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and (3.9),
jz=00{F1+aBl:Fsz—Fsz]+ﬂBFz[Bzz+By2+Bz2]

+v8[F:B2+F,B.B,+F.B,B,]+6sF.B}?}, (3.14)
with
go= /de1501(x), (315)
a3=ao‘1[de2613(x) s (316)
ﬂ3=0'0‘1/dkvx[— 623(96)‘*‘324(90)], (317)
'yB=oo‘I/dem[Bn(x)—%ézg(x)
+ 895(x)+824(x)], (3.18)
5B=0'0_1/dkvz[%622(x)-‘2524(5\?)]. (319)

We observe that Eq. (3.14) is of the same form as the
well-known expression (3.3). However, this result is
rather trivial in itself. The important point is the rela-
tions (3.15)-(3.19) between the macroscopic conduc-
tivity parameters and the various symmetry compo-
nents of the distribution function. This renders the
consideration of particular field configurations un-
necessary in actual calculations. In particular, the small
longitudinal magnetoconductivity coefficients may be
determined with improved accuracy as is evident from
the following argument. These coefficients always in-
volve B8g and v in the combination Bz+v5, and we
observe that such a combination does not contain a
contribution from 8s3. This function may be expected to
be a predominant part of the distribution function of
second order in magnetic field since the transverse
effects are usually larger than the longitudinal. By the
present analysis it should be possible to calculate the
longitudinal and transverse coefficients with the same
relative accuracy.

Concerning the practical solution of the transport
equations involved in the magnetoconductivity calcula-
tion, the transition rates may be expanded in cubic
harmonics' in the way described in Sec. II C. Since the
distribution function for this problem only contains
symmetry parts corresponding to the odd representa-
tions T'y/, T'1y’, T'15, and Tz, it follows from the discussion
in Sec. II C that the expansion coefficients C; need only
be calculated for these representations and the invariant
representation I'y. For the particular case of nonpolar
optical-phonon scattering, the usual theory!'# shows
that this type of scattering is momentum randomizing.
As shown in connection with Eq. (2.24), the harmonics
expansion of the transition rates will then contain no
odd representations, and so only the I'; part is of interest
in magnetoconductivity calculations.

SYMMETRY PRINCIPLES IN TRANSPORT PROPERTIES OF Ge
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B. Warm-Carrier Conductivity

In the warm-carrier problem we consider the lowest-
order nonvanishing deviation from Ohm’s law. The
macroscopic symmetry of this phenomenon was in-
vestigated by Schmidt-Tiedemann®? and is easily de-
rived from the magnetoconductivity relation (3.3) by
replacement of B by F,

=014+ Br—vr)F?+vrT]F, (3.20)

where Br and vyr are the usual warm-carrier coeffi-
cients,”? and T is a diagonal tensor with the elements
F2 F2 and F2.

We now follow the procedure outlined in Sec. IT and
apply the electric-field operator (3.1). As in Eq. (3.4)
we have the term of first order in the electric field

P10= anu(x)—{-c.p. , (321)
where

611(05) A d Fopmfo(E) . (322)

According to Eq. (2.12a) and the Appendix, the dis-
tribution function of second order in the electric field is

¢20=F Han~+v22(s2) ]+ 2F,F.e2s(x)+cp., (3.23)
where

astyea(sx) > Fop®d11(x) (3.24)

828’ () Fe24(x) > Fop?d11(x). (3.25)

The ¢’ functions cancel out in Eq. (3.23). In third order
we find for the I'y; part (the only contribution to the
current)

$30(T'15) = F2F 1851 (%) + (F 2—3F 2 — 5F ) F ;832 (x)

+2(F2+FA)F ,034(x)+c.p., (3.26)
where
831(x) > Fopfaran, (3.27)
ds2 (x) «> FopI'Y22(5x) , (3.28)
834(%) & Fopeas(y). (3.29)

For the x component of the current density we find
using (2.14)

Ja=od[14+ @r—vr)F?+ypF2IF,,  (3.30)
with

o’0=/de;,;511(x), (3.31)

6p=00_1/de,[631(x)+ d32(x) ], (3.32)

’Yp=0‘o—1fdkvz[%632(x)—2534(3{2)]. (333)

Again, the results of our method are in accordance
with the macroscopic behavior (3.20). This agreement

12K, J. Schmidt-Tiedemann, Phys. Rev. 123, 1999 (1961).
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should only be regarded as a check. As in the discussion
of magnetoconductivity in Sec. IIT A we have obtained
a procedure of solution which does not rely on a specific
field configuration. If the anisotropies connected with
835 and 834 are small, the present method shows that
these may be isolated from the dominant &3 part. It
follows that in a numerical treatment these anisotropies
may be determined with the same relative accuracy as
the “isotropic” part . In addition, we observe that the
distribution function for this problem only contains
symmetry parts corresponding to the representations
Ty, Ty, T2s’, and T'y5. According to the discussion of the
harmonics expansion of the transition rates in Sec. IT C,
only expansion coefficients belonging to the above
representations are needed in the actual calculation of
Br and vr.

For the purpose of illustration let us take a look at
a model which is commonly used as a simplified version
of p-Ge. This is a simple band structure with isotropic
acoustic- and optical-phonon scattering. As a conse-
quence of the isotropy, yr is zero, but this does not
necessarily imply that the functions 8z and 83 in
Eq. (3.33) vanish. In fact, a simple calculation shows
that this is not the case. Thus it may not be a good
approximation to neglect the 8 term in (3.32) as is
usually done in the so-called diffusion approximation
where only zeroth- and first-order Legendre functions
are retained. With isotropic scattering, only equations
of I'; type contain a nonzero “in”-scattering term (see
Sec. II C). For pure acoustic scattering energy absorp-
tion is very inefficient so that the effect of S,, on I'y
functions is small as compared to its effect on functions
of a different symmetry. In this case 83 (derived from
as; of the T'; representation) is the predominant part of
the distribution function in third order so that the
diffusion approximation holds very well. Optical-phonon
scattering, on the other hand, is a very efficient energy-
absorption mechanism in p-Ge for carrier energies of
the same order as the optical-phonon energy, so that 83,
is no longer large compared to 8. Since this is the
situation actually encountered in p-Ge, we conclude
that the diffusion approximation is not sufficiently

accurate for this material.

IV. CONCLUSION

Although the method described in the preceding dis-
cussion is of general validity, it is not always the
simplest path to follow in practice. The reason for this
is connected with the explicit solution of the Boltzmann
equation and may be illustrated by the case of the
many-valley band structure. Here the usual and most
convenient approach! is a separate consideration of each
valley. In our method, the valleys cannot be treated
separately since this violates the cubic symmetry.

On the other hand, the present procedure is well
suited for band extrema at k=0. An important example
of this type is the valence band edge in germanium
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where the complexity of the band structure and the
scattering mechanisms has hitherto prohibited a de-
tailed quantitative interpretation of hole-conduction
phenomena. The present study provides us with a tool
which makes possible a systematic approach to the
solution of the Boltzmann equation, at least in the case
of low fields.

In the numerical treatment of complex transport
problems, some discretization of the continuous vari-
ables is always necessary. For the angular dependence
we have seen in Sec. II C that an expression of the
transition rates in harmonics transforming as basis
functions of the irreducible representations of the point
group ® will have a particular simple form if the scatter-
ing mechanisms are in thermal equilibrium. Since in
most cases the scattering mechanisms are not directly
influenced by the fields, only through the nonequilib-
rium distribution of the carriers, it follows that the
above assumption is always fulfilled for sufficiently low
external fields. If the coupling between the carriers and
the scattering mechanisms is not too strong it may still
be a good approximation to consider the latter in
thermal equilibrium even in stronger fields. In this case
the harmonics expansion in Sec. IT C may be a profitable
approach to the solution of transport problems with
more general field strengths.

In a forthcoming publication we discuss actual cal-
culations and results for the low-field magnetoconduc-
tivity properties of p-type germanium. These calcula-
tions will proceed according to the principles developed
in the present work taking into account all relevant
details of the band structure® and the scattering.
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APPENDIX: SYMMETRY RULES FOR THE
EFFECTS OF THE FIELD OPERATORS

In Eq. (2.8) we defined the magnetic-field operator
B,, with the symmetry (3.2),

’
Bopz"’rlax .

We shall consider the effect of this operator when it
operates on distribution functions of various symmetries
corresponding to the irreducible representations (and
rows therein) of the full cubic group I'. We limit the
discussion to odd representations because only these
are of interest in connection with low-field magneto-
conductivity. The following rules may be derived from
group-theoretical considerations, but they may also be
found from the basis functions listed in Table I, using
the fact that
Bop*~yz(yt—27).
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The relations not shown below may be obtained by
cyclic permutation of x, y, and 2. Functions belonging
to the same representation are formally identical if they
have a common symmetry origin.

N
I'y:

/.
I‘12a .

Boya’ <> §(x);

Bopy' (ax) <> 8(x),

Bop¥y'(ax) &> —38(y)+€ (),

Bop™y' (ax) <> —38(2)— € (2);
Bop®(x) <> o'+ (ax)
Bop¥8(x) <> 8(2)+€ (3),
Bop*d(x) > —3(3)+€ (y);
Bop®€ (x) < B+7'(s2),
Bop¥e (x) <> 8(z)—€'(2),
Boye (x) <> 6(9)+€ ().

T and T'yp, are not used in the present work.

r‘l:,:

Tos:
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In the same way we derive the rules for the effects of
the electric-field operator (2.7). Thus from (3.1) and
Table I

Fop’~I‘15x~x .

For the representations used in the present work we find
the subsequent relations.

Ty Fopa <> 5(x);

Tioe: Fop®y(sx) > 8(x),
Fopty(sx) > —38(y)+€ (),
Fopy (sx) > —38(2)—¢€ (2);

Tos’s  Fop®e(x) <> +v"(s%) ,
Fopre(x) > 6(z)—¢€'(2),
Fopre(x) <> 8(3)+€ (),

T Fop8(x) <> at-y(sx)
Fop¥d(x) <> &' (2)+¢(2),

Fop?d(x) <> — ' (y)+e(y).
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Recent optical studies in II-VI compound single crystals have revealed discrepancies between actual
absorption lines and the resonance frequencies obtained from a classical treatment of absorption and dis-
persion in insulators. This treatment neglects explicit dependence of the dielectric constant on the wave
vector k. In this paper, we calculate this wave-vector dependence of both the real and imaginary parts of
the dielectric constant in a treatment which considers the scattering of the coupled exciton-photon (polari-
tion) waves by phonons. Transmission, reflection, and absorption coefficients are then calculated for a
typical II-VI crystal (CdS). The theoretical results obtained are found to be consistent with results given
in the above optical studies. In particular, the intrinsic absorption lines are predicted to be wider and to
peak at higher frequencies than generally expected from the classical treatment.

I. INTRODUCTION

HE absorption bands near the band edge have
been extensively studied in the II-VI semi-
conductors.! Some of these absorption bands are re-
ported to be intrinsic in nature, being attributed to the
formation of free excitons, which are mobile electron-
hole pairs bound together by their mutual energy of
attraction. Also, absorption bands in the same range
of wavelength have been reported which are attributed
to the formation of excitons loosely bound on defect or
foreign-ion complexes. These trapped or bound excitons
for which crystal momentum is not a good quantum
number are expected to behave like classical oscillators.

1 An excellent review of this work is given by D. C. Reynolds,
C. W. Litton, and T. C. Collins, Phys. Status Solidi 9, 645 (1965);
12, 3 (1965).

Thus an accurate description of the absorption spectra
associated with these bound excitons should be derivable
from the classical treatment of absorption and disper-
sion in insulators.?

Noticeable discrepancies have been reported when
this classical treatment has been extended to account
for the absorption believed to be associated with the
formation of free or intrinsic excitons.? Recently, Park
et al.* noticed that a discrepancy of as much as 0.01 eV
existed between actual absorption lines in zinc oxide

2 F. Seitz, Modern Theory of Solids (McGraw-Hill Book Co.,
Inc., New York, 1940), p. 633.

8 To our knowledge, the only paper in which the exciton absorp-
tion is calculated not using the classical method is that by A. A.
Demidenko and S. I. Pekar, Fiz. Tverd. Tela 6, 2771 (1964)
[English transl.: Soviet Phys.—Solid State 6, 2204 (1965)7].

4Y. S. Park, C. W. Litton, T. C. Collins, and D. C. Reynolds,
Phys. Rev. 143, 143 (1966).



