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upper curve of Fig. 13 yields S7=32.1/sec'/2. Table 111
yields a value of 7.=6X10"% sec, from which the
computed value of C" is 7.12X10-3 cm®/sec for By =24
G. The computed value of N, is 1.6X10%/cm?, as
compared to the value of 2.85X10*/cm? supplied by
the manufacturer of the crystal.!! If this effective value
of NV, were used to calculate D in Sec. IITA, instead of
the value supplied by the manufacturer of the crystal,
the computed value of D would have been larger by a
factor of 2.18 than those given in Table III, and in
closer agreement with the value calculated in Ref. 16.

IV. CONCLUSIONS

The results of these experiments give quantitative
support to current theories of nuclear spin relaxation
via paramagnetic centers where spin diffusion plays a
part. In particular, the measured value for the spin-
diffusion constant in CaF, agrees reasonably well with
its current theoretical value. The spin-diffusion vanish-
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ing case, predicted in LT, has been found, and the
dependence of T upon the magnetic field, 7. and NV,
has been verified for both this case and the diffusion-
limited case. In these experiments, the technique of
studying relaxation in the rotating reference frame has
been extremely useful, for it has allowed us to find 7}
and thus estimate 7.. It has also allowed us to work in
regions where the direct spin-lattice relaxation rate is
very rapid without having an extremely high con-
centration of paramagnetic centers. This in turn has
allowed us to verify Blumberg’s prediction of how the
nuclear spin system should relax when there is zero
magnetization gradient in the sample.
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Random-Walk Models of Photoemission*
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An exact solution in closed form is given for the photoyield in the isotropic random-walk model of photo-
emission. The proof makes use of a theorem of importance in the theory of queues and ladder-point variables.
The effect of reflection of the photoelectrons at the interface is also treated. A recursion relation for the
probability of emission on the nth step P, is derived from the expression for the photoyield. Numerical
values of the photoyield and the P,’s are tabulated for numerous values of the relevant parameters, and
these numbers are compared with the results of approximate expressions. The exact photoyield values are
in good correspondence to a slightly modified version of a formula derived by Kane. A simple approxima-

tion is also given for the values of the P,’s.

I. INTRODUCTION

HOTOELECTRIC emission is a two-step process,
involving the creation of a free electron in the

interior of the solid and the eventual escape of this
electron through the surface into the vacuum. The
transport part of the problem has been treated as a
random-walk phenomenon and both Monte Carlo re-
sults’»? and approximate analytical formulas®—¢ have
been given for the photoemission. However, as this
paper shows, an exact closed-form expression can be
obtained for the photoyield in the random-walk model.

* This work was supported by the U.S. Air Force under Con-
tract No. AF 04(695)-1001. Some of the calculations were begun
when the author was a Ph.D. candidate at Cornell University.
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In addition, a formula for the probability of escape
after exactly #» collisions P, is expressed in a form suit-
able for machine calculation, and the first twelve P,’s
have been calculated for numerous values of the absorp-
tion and scattering parameters. These probabilities are
compared to the results of the approximate calculations,
and it is shown that some rather simple formulas give
very good approximations to the exact results.

II. RANDOM-WALK MODEL

The model considers an electron, created at (x, y, 2)
in the solid, that undergoes an isotropic random walk.
The problem is to compute the probability that the
electron will pass through the plane x=0 before its
energy has been reduced to the point where it is impos-
sible for the electron to escape. This energy loss usually
occurs suddenly due to pair creation, electron-hole
recombination, or the ionization of an impurity in the
lattice. We will call the energy-loss event “absorption”
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of the walker. If there is no reflection of the electron at
the x=0 interface, the problem can be reduced to a one-
dimensional one, where we consider only the walk
generated by the projection of the three-dimensional
walk on the x axis. We will consider the effects of elec-
tron reflection later.

If we let 1—.5 be the probability of absorption at
each hop, the probability of escape on the #th hop of a
walker starting at x is of the form p,(x) S*!, where
pn(x) is the probability of passing through =0 for the
first time in the absence of absorption processes. This
expression is derived in more detail in Sec. III. The
distribution of x is given by f(x) =ae™%, where « is the
absorption coefficient of the light. Thus the fractional
number of electrons escaping after # hops is

Po=a / " pa (1) Sldxv=apa(a) S (1)
0

where the circumflex denotes ‘“Laplace transform of.”
The quantum yield ¥ is given by the sum of the P,’s:

V=a3 pa(a) S,

n=1

(2)

We note that YV is a/.S times the Laplace transform of
the generating function of p,.

To calculate this quantity we proceed as follows. Let
U.(u) be the probability that # is the maximum excur-
sion in the course of % steps of a walker starting at the
origin. The total fraction of walkers that started at the
origin and penetrated the plane #»=x sometime during
n steps is thus

/, U () du

the number entering the region #>x for the first time
on the nth step is

/ U () du— / U@ du=pu(z).  (3)

Hence,

puta) = [ eeepa(x) de= —arila() ot Uua(a). (4)
0

Thus,

V=3 [00s(e@) = Dula) J5m

n=1

= (20 s~ S“[Z@(a) §i—-1])

= S [1—(1—8) “;Oj(a) 57, (5)

The Uj; are related to the “ladder variables,” which
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are well known in probability theory. Feller” shows that

$0(e) Si=(1—5)~

=0

oo}

xew (32 f (D), ©

n=1

where f, is the probability density of the positions of
the walkers after # steps in the case that the walkers
start at the origin with no restrictions on their excur-
sions. Thus

o)

Y= 5—1{1— exp[Z%fom(e—aunf,,(x)dx]}. ™

n=1

Since f1(x) is assumed symmetric in %, we have

fmfn(x) dx=1%, for all n.
0

Also,

1 @© o

() = / exp(—1ix8) ¢*(0) df= 71 f cosfxe™(6)d6,
T 0

where ¢(8) is the characteristic function of fi(x).

Accordingly

o 2 59 5
/ e (x)da= — / o™ (8) / €~ cosfxdx
0 2r Jy 0

41

et

_— fo "o (0) (8)

Finally, we use the expansion

o "

ln(l——x)=——2;

n=1

to obtain

Y(a, S)=5" (1— (1—S)ve

Xexp { — fo " In[1— Se(6)] a?i:a? de}) )

This is the general expression for the photoyield. Notice
that Eq. (2), which formally contains an infinite num-
ber of truncated convolution integrals, has been ex-
pressed in a form containing only one integral. The
correct expression to use for ¢@) in the photoemission
case will be considered in Sec. III.

Certain asymptotic forms of Eq. (9) can be noted.
If « is very large

Y~(1/89[1-1-95)"] (10)
independently of the form of f;(«). To find the behavior

7W. Feller, An Introduction to Probability Theory and Its
A pplications (John Wiley & Sons, Inc., New York, 1966), Vol. II,
3

p. 573.
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PHOTOYIELD, Y
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0.l 0.5 1.0 0

ak
Fi6. 1. Photoyield ¥ versus o\ for the case R=0. The solid
curves are from the exact calculation; the short-dashed curve is
from Kane’s formula; the long-dashed curves are from Kane’s
formula, slightly modified as described in the text.

0.03 !

for small a we rewrite the integral in Eq. (9) as
155 dy
In[1— .5 .
/0 n[1—=Se(ay) ] e

For symmetric fi(x) the first two terms of the expansion
o(ay) are 1—(1/2)c%?%y? where ¢® is the variance of
fi(x). For small as we get

=)
lf
0

d
1n[1~s¢<ay>]ﬁyy.z

zw—lfow In{1— S[1— (1/2) s%a?y?]) 1i”y2

=In[ac(S/2) 24 (1— S)12].

Thus for small ac

(11)

as[S/2(1—8)J” )
1+ao[ S/2(1—S) 2/

We next derive an expression for the p,(a). From
Eqgs. (2) and (7) we obtain

i:lmoo Sr=a1{1—exp[— gam"/n)]}, (12)

SN (

where
= [ [1—eTfu(x) da.
a /0[ e )fn(x) dx

We take the derivative of Eq. (12) with respect to
S and equate powers of .S to obtain

, Qn ST
Pn(a) = — _"'Flzajpn—j(a)' (13)
oan

J=1

III. THE SCATTERING FUNCTION

We now specialize the general formulas (9) and (13)
to the scattering function f;(x) that we expect for elec-
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tron scattering. We assume that the probability per
unit pathlength of lastice or quasi-elastic isotropic
scattering is A;™'; the corresponding probability for
absorption is \,~'. In 3-space, the scattering density,
which is the probability of an “alive” walker stepping
to the point R, is

J(R)=e"D/4x N,
where we have defined A 1=N\"14+\L.

The projection of this on the x axis is
(14)

)= @ 2(_;_@ dy.

The probability density as written is defective (does
not sum to unity); we can write Eq. (14) in terms of
the nondefective density

f(x) = SN ”?X"—_y(yﬂdy, (15)
|x|
where
S=A/Ae=[14 (/A T (16)

The characteristic function of the exponential integral
density is
o= (tan™ING) /N6.

The total photoyield thus becomes

Via, Ny \o) =577 [1— (1—.5)12

“exp (_ 3/: ln{l—[S(;ji;Z\B)/kﬁj}d0>], an

with S given by Eq. (16). A trivial rearrangement of the
integral in Eq. (17) yields a somewhat more useful
form,

V(a), S) =5 [1~ (1—8)

_, [ In{1=[S(tan""ary) /ary]}dy
Xexp(--/r /0 1y )] (18)

So far we have not considered the possibility of electron
reflection at the interface. We assume the reflection is
diffuse, since surface irregularities will probably be of
the order of the electron wavelength (~10 A). Suppose
a fraction R of the electrons approaching the surface is
reflected. A certain fraction F of these will again ap-
proach the surface. Since the number of previous hops
has no effect on the future scattering,

F=28[Y(», S)—(1/2)]=[1-(1— )]

A fraction R of these one-reflected electrons may, of

(19)
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TaBLE I. Values of the photoyield for numerous values of .S and a for the case R=0.

N
0.95

al 0.5 0.75 0.9 0.975 0.99 0.995 0.998 0.999
0.1 0.0392 0.0629 0.1101 0.1600 0.2232 0.3255 0.4132 0.5340 0.6221
0.2 0.0726 0.1136 0.1903 0.2653 0.3520 0.4765 0.5702 0.6832 0.7557
0.4 0.1266 0.1908 0.3002 0.3959 0.4954  0.6209  0.7043 0.7944 0.8470
0.6 0.1687 0.2470 0.3720 0.4740 0.5737 0.6911 0.7645 0.8402 0.8827
0.8 0.2025 0.2900  0.4230 0.5262 0.6231 0.7327 0.7989 0.8653 0.9018
1.0 0.2305 0.3240 0.4611 0.5637 0.6574 0.7603 0.8212 0.8811 0.9138
1.5 0.2831 0.3848 0.5247 0.6236 0.7099 0.8010 * 0.8532 0.9034  0.9303
2.0 0.3203 0.4255 0.5644 0.6591 0.7399 0.8234  0.8704 0.9152 - 0.9390
4.0 0.4024 0.5088 0.6391 0.7229 0.7917 0.8603 0.8984 0.9340 0.9527
10.0 0.4834 0.5831 0.6993 0.7713 0.8292 0.8864  0.9175 0.9465 0.9617

course, be reflected again. The quantum yield is thus
YV(a\, S, R)=(1—R) Y (a), S) Y (RF)"
n=0

B 1—R
1—R[1—(1—-

Y(a, S).  (20)

S) 2]
Finally we reduce Eq. (13) for the individual prcba-
bilities of emission after % steps (in the absence of re-
flection) to a form suitable for machine calculation.
The probability of emission on the nth step is

nSn . n—1 )
Pp=apn(a) S7i=S- l(a ~12aj511),,_]~> . (21
n

J=1

0.5

o

o
o
=3

PROBABILITY OF EMISSION, F,

0.01

NUMBER OF STEPS, n

F16. 2. Fractional emission on the nth step, P,, versus # for the
case S=1, R=0. The points are from the exact calculation; the
curves are taken from the approximate expression described i in the
text,

The a,S" are given by

anSn= f 1= e Snfo(2) d
0

o Sn e
P / e — / cosfxe™ () dfdx
T Yo

0

s [m [1_ (tan‘%xky)"] dy
w Jy aly 1492
Thus
P,(anr, S)

Sr tan‘la)\y) ] dy }
—_ —1 — —
= (n5) {7!' / [1 ( aly 1+y?
"—‘:S'_f{ [ tan la)\y)] dy }
_ k) aly 1497

IV. NUMERICAL RESULTS AND DISCUSSION

The photoyield ¥V (aX, S) (Eq. 18) is tabulated in
Table I for different values of e\ and S. The first 12
values of P,(a), 1) are found'in Table II. P,(a}, S) is,
of course, equal to P,(a\, 1) 571

The approximate expressions for the photoyields have
been compared with the results of the exact calculation.
A modification of the formula derived by Kane! has
been found to give the best fit. The approximation of
Duckett and Metzger? is more cumbersome and not as
accurate. The results of Beckman® and of Roberts®
require numerical integration; although very accurate,
they are not exact, because these authors have used in
their proofs the assumption that the angular distribu-
tion of walkers passing through an imaginary plane is
isotropic, whereas the real distribution is biased toward
small angles because electrons traveling normal to any
given plane are much more likely to intersect it before
being scattered.

Some of the Monte Carlo calculations by Stuart and
Wooten? cover the range of parameters for which we
have evaluated Eq. (18), and the results agree to better

(22)
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TasLE II. Values of the fractional emission on the #th step, P, for the case S=1, R=0; the numbers for other values of .S are obtained
multiplying the P.’s by S» L

2 3 4 5

g
>

1

N
6

7 8 9 10 11 12

0.0116
0.0199
0.0306
0.0366
0.0400
0.0419
0.0437
0.0436
0.0403
0.0347

0.0150
0.0269
0.0441
0.0556
0.0636
0.0692
0.0776
0.0815
0.0841
0.0786

0.0130
0.0228
0.0361
0.0443
0.0494
0.0527
0.0567
0.0578
0.0559
0.0496

0.0234
0.0442
0.0794
0.1083
0.1326
0.1534
0.1946
0.2253
0.2988
0.3801

0.0181
0.0331
0.0566
0.0738
0.0870
0.0973
0.1149
0.1256
0.1429
0.1479

COCUTOO N =

H
Spemrooooo

0.0105
0.0177
0.0265
0.0310
0.0333
0.0344
0.0349
0.0342
0.0307
0.0260

0.0069
0.0109
0.0144
0.0154
0.0154
0.0151
0.0140
0.0130
0.0108
0.0088

0.0073
0.0116
0.0156
0.0169
0.0171
0.0168
0.0158
0.0147
0.0123
0.0101

0.0083
0.0135
0.0188
0.0208
0.0215
0.0215
0.0207
0.0196
0.0167
0.0138

0.0078
0.0125
0.0170
0.0187
0.0191
0.0189
0.0179
0.0169
0.0142
0.0117

0.0096
0.0160
0.0233
0.0268
0.0283
0.0289
0.0287
0.0278
0.0244
0.0204

0.0089
0.0146
0.0208
0.0235
0.0245
0.0248
0.0242
0.0231
0.0199
0.0166

than three places. These authors also consider cases in
which the photoelectron has an ‘“‘escape cone” of less
than 27 sr. The yield under this restriction can be cal-
culated to within a few percent by using in Eq. (20) an
effective reflectivity, which is given by

R=[(27—Q)/2xF,

where Q is the value of the escape cone.

In his approximation, Kane uses the function
(S/2\) exp(—|«x|/\) as the step-length probability
density, instead of using the function of Eq. (14),
and then solves the transport integral equation exactly.
The result Kane obtains for R=0, expressed in our
notation, is

Y(a), S) =a)/[ar+(1— S)V2] 1+ (1~ S) V2], (23)

This function, for S=0.9, is plotted as the dotted
curve in Fig. 1; the agreement is fair. However, it is
naive to equate the X\ in Kane’s expression with the
scattering length in 3-space. A fundamental observa-
tion of random-walk theory® is that the variance
of the step-length density is the most important
single parameter. Thus we rewrite Kane’s density
in the form p(x)=(S/2\) exp(—|x|/\), with N\
being such that the variance [«’p(x)dx equals the
variance of the density of Eq. (14). A straightforward
calculation (or the comparison of the second terms of
the series expansion of the respective characteristic
functions) shows that \;=X\/V3. We thus obtain, as
the approximation to use,

aN/V3
C(eA/V3)+ (1= )V [1+4(1— 8)*=]
(24)
8 P, Erdss and M. Kac, Bull. Am. Math. Soc. 52, 292 (1946).

V(aN, S~

This function is plotted as the dashed lines of Fig. 1.
To correct for reflection we need to multiply Eq. (24)
by (1—R)/{1—R[1—(1—.5)"*]} as shown in Eq.
(20).

The average number of hops in the absence of any
surface or absorbing barrier is N=.5/1—.S. Equation
(24) can be rewritten as

v a\(IV/3) 12
[aN(N/3) V24 ST1+(S/N) 1]
In the limit (V)Y¥2>1, this reduces to the expression
given by diffusion theory,
_ a\(V/3)ie
a\(N/3)1241"
A formula that approximates the P,’s has also been

found. Kane shows that Pu(e\, 1)~a)/2y/n for
al/17>>1 in the case of no reflection. He also shows that

(25)

(26)

D

14 (1/eN)
I)nf\l W ’ for a)\\/n>>1.
A simple formula that has both these limits is
1
Po(a, 1)~ s

2(v/n) 24y 14 2yn) ’

where y=a\/V3. This approximation is plotted in Fig.
2; the approximation is poorest when aiy/nx1.
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