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The results of nuclear spin-lattice relaxation-time measurements in the laboratory reference frame (T&)
and the rotating reference frame (T~"), made on F'9 nuclei in CaF2 crystals doped either with Eu'+, Ce'+,
or Mn'+ paramagnetic centers, are reported. Prom 0.25 to 0.36 of the Debye temperature, values of the
correlation time v, are found from T&" minima for Mn'+ ions. Over this range r, rx. T 3 2~" compared to T "
computed from Leushin's theory. For Eus+ over 0.15 to 0.19 of the Debye temperature, measurements
yield r, cc T 4'~0', compared to T '7 computed from Leushin's theory. From the T& data for a Mn~+ -doped
CaF2 crystal, a value of 1.9&10 "cm'/sec for the spin-diftusion constant D is computed. From the T~ data
for a Eu'+-doped CaF2 crystal, D is computed to be 1.2&10 '2 cm'/sec. A NMR measurement of the eGective
number of paramagnetic centers per unit volume, N» increases the measured D to 2.6)&10 "cm'/sec. The
computed value of D (Lowe and Gade) is 5.1X10 "cm'/sec. Indirect evidence leads to the conclusion that
the spin-di6'usion barrier radius is at least a factor of 2 smaller than predicted by Rorschach's formula. In
the short-r, region, T~ and Tj", are found to be 6eld-independent, with Tj"/Tj &1.The experimental data are
consistent with T~ cr Bo'~ r '~4N ' (diffusion-limited region), T~ ~80'r 'IIN 'I' (dBRsion-vanishing region).
The initial decay ',of&the magnetization in the measurements of T&" is found to be proportional to t" in the
long-correlation-time region. The coe%cient of t'" is used to obtain an experimental value for N„ that is —,

' as
large as the value supplied by the manufacturer of the crystal.

I. INTRODUCTION

ANY experiments have been done to test the
validity of the theory of nuclear spin-lattice

relaxation via paramagnetic centers. ' ' In the Grst
experimental work, the proton system in hydrated
alums was used. Since the water molecules are known to
have other effective relaxation mechanisms, 7 the
effect of the paramagnetic centers mould tend to be
obscured. In 1958 Winter' found, that for the diffusion-
limited case, the inverse of the nuclear spin-lattice
relaxation time T~ was proportional to the square root
of the applied magnetic Geld, if the correlation time z,
of the paramagnetic center was Geld-independent.
However, other authors' have found it necessary to
make v, Geld-dependent in order to obtain agreement
between theory and experiment. The most. recent
examination of the Geld dependence of Tl was made by
Goldman. ' His data indicated that the Geld-dependence
of T~ was not the same in high field as in low Geld. We
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have shown, in the preceding paper (hereafter referred
to as LT), that when the spin system relaxes in a,

relatively low magnetic Geld, the relaxation time T&

may have a new magnetic Geld dependence, different
from either the diffusion-limited case or the rapid-
dlGuslon case.

Usually, the magnitudes of 7-, of the various types of
paramagnetic centers in a host lattice vary widely from
species to species, even at a given temperature. When
the paramagnetic species is known, information about
r, for a Tl calculation can sometimes be found from
electron spin-resonance data, assuming that the spin-
lattice relaxation time of the paramagnetic centers is
the same as 7, When crystals are not artiGcially doped,
the contributions from numerous intrinsic species can
make the determination of r, hopelessly complicated. "
This difficulty can be sidestepped by using samples
that are artiGcially doped with known paramagnetic
centers, the doping level being high enough to dominate
the CGects of background paramagnetic centers.

In this paper we present measurements of nuclear
spin-lattice relaxation times of crystals doped with
paramagnetic centers. VVC have tried to avoid some of
the sources of error and difhculty in interpretation listed
above~ and wc have looked fol thc d18uslon-vanishing
case predicted in LT. To eliminate the uncertainty in
z„we carried out our measurements on crystals arti-
Qcially doped with paramagnetic centers. To avoid any
possible magnetic Geld dependence of p, upon nuclear
spin-lattice relaxation times, measurements of Tj", the
nuclear spin-lattice relaxation time in the rotating
reference frame, were made.

» (a) T. Kushida and A. H. Silver, Phys. Rev. 131, 1591
(1965); (b) D. R. Huffman and M. H. Norwood, iNd. lit, 709
(1960).
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II. EXPERIMENTAL PROCEDURE

A. Samples

Calcium fluoride (CaF2) was chosen as the host
material for the relaxation experiments for the reasons
enumerated below.

(a) CaF2 has a high Debye temperature'" (510 K),
and for experiments carried out at room temperature
and below, the nuclei may be assumed 6xed in a rigid.

lattice for computational purposes. Further, the con-
tribution to Tj due to the modulation of the nuclear
coordinates by the lattice vibrations is many orders of
magnitude smaller than the contributions to T& due to
para, magnetic centers in the crystal. '

(b) The only stable isotope of fluorine (F") has an
angular momentum of 5/2 and thus no quadrupole
moment. The existence of one isotope makes the calcu-
lation of the spin-diffusion constant somewhat easier
than the case where there are several isotopes. The lack
of a quadrupole moment means that one need not worry
about the effects of spin-lattice relaxation or line

broadening due to the quadrupole moment.

(c) Ca4' is the only isotope of calcium that has a spin
different from zero, and it is 0.14% abundant and has a
very small magnetic moment. Therefore, it need not be
considered in computing spin-diffusion constants.

(d) The fluorine nuclei form a simple cubic structure
which simplifies the evaluation of the spin-diffusion
constant D.

(e) Stable fluorides of the iron group and rare-earth

group are available for doping the CaF2 crystals.
Measurements were made on 15 diferent CaF2

crystals. The one containing Eu'+ paramagnetic centers
was obtained commercially. " We grew the eight that
were doped with MnF2 and the six tha, t were doped
with CeF3. Details of the procedure for growing these
crystals can be found in Ref. 12. The crystals were

grown from raw natural CaF2 powder" mixed with a
known amount of doping material. MnF2 has a high
va,por pressure at the melting temperature of CaF2, so

there was some loss of this doping material even though
the CaF2 samples were cooled quickly once they had
melted. Because of this quick cooling of the crystals
doped with MnF. , they were polycrystalline. Room-

temperature measurements of the spin-lattice re-

laxation rate in the laboratory frame yielded T& '
values that were linearly proportional to the initial

charge of doping material. This indicated that with our

techniques we were able to produce a, set of relaxation
centers in the crystal that were a fixed fraction of the
initial doping charge. The absolute number of Mn'+

centers in our CaF~ crystal was found by measuring T&

ai room temperature for a commerciaV' crystal that had
a known Mn'+ concentration. This crystal had a I'&

"Harshaw Chemical Company, Cleveland, Ohio.
"D. Tse, Ph, D. thesis, University of Pittsburgh, 1965 I,un-

published)."Fisher Scientidc Co., Pittsburgh, Pa.

TAM,E I. List of CaF2 crystals for which Ta and T&"

measurements are reported.

Sample
number

Impurity
concentration
E„in 10'9/cm3

Average
impurity

separation
E. in A.

Crystalline
state

Ce'+ No. 1
Cea+ No. 2
Ce'+ No. 3
Ce3+ No. 4
Ces+ No. 5
Ces+ No. 6
Eu'+ No. 1
Mn'+ No. 1.

Mn~+ No. 2
Mnm+ No. 3
Mn'+ No. 4
Mn'+ No. 5
Mn'+ No. 6
Mn~+ No. 7
Mnm+ No. 8

9.8
7.4
4.8
3.85
2.45
1.18
2.85
1.03
0.83
0.57
0.45
0.31
0.165
0.160
0.056

13.5
14.8
17.0
18.4
21.4
27. 2

20.3
28.4
30.6
34.8
37.6
42. 5
49.5
50.0
75.2

Single
Single
Poly.
Poly.
Single
Single
Single
Poly.
Poly.
Poly.
Poly.
Poly.
Poly.
Poly.
Poly.

All measurements reported here were made with a
phase-coherent, pulsed, nuclear magnetic resonance
spectrometer that was operated at a 10 Mc/sec fre-
quency. Details of this apparatus can be found in
Refs. 12 and 14. Nuclear spin-lattice relaxation times
were measured in both the laboratory reference frame
and the rotating reference frame. The procedures used
to get into the rotating reference frame and carry out
the measurements are described in Ref. I4. In the

a4 D. C. Look and I. J.Lowe, J. Chem. Phys. .44, 2995 (1966).

value that was comparable to our most heavily doped
crystal. Hy carrying out this comparison at room tem-
perature, the linear dependence of T~ ' on ~„was
certain. No calibration procedure was thought necessary
for the CeF3-doped samples, since CeFS has a melting
point and vapor pressure comparable to that for CaF2.

At 10 Mc/sec and room temperature, all doped
samples used in our experiments had T~'s ranging from
1.0 msec to 0.7 sec. To check on the eGect of the para-
magnetic centers contained in our starting material,
and possibly introduced by our growing procedure, an
undoped CaF& crystal was grown. It had a T& of about
70 sec at room temperature. This indicates that even
though unknown impurities in the base materials are
inevitable, their effects can be ignored in comparison
to those of the added paramagnetic centers. Table I
is a list of the 15 crystals and their descriptions. The
values of the average impurity separation 8 are based
on the following data: lattice constant of Quorine
system: a=2,73 A., formula weight of CeFg ——197.12,
formula weight of EuF3 ——209, formula weight of
MnF~ ——93, R (3/4=s E~) '". The weights of the
doping material were ignored in calculating Ã„.

B. Methods of Measurement
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Frc. I. I.ogTI versus logT for four polycrystalbne samples of
Cap~ containing Mn'+ centers. Specihcations of samples are listed
in TaMe I.

III. EXPERIMENTAL RESULTS AND THEIR
INTERPRETATION

A. Temyerature Dependence of the Syin-X, attice
Relaxation Time

The temperature dependences of Tj in high static
magnetic Geld for four Mn'+-doped samples are shown
in Fig. 1. The most heavily doped crystal has almost 20
times as many paramagnetic centers as the least heavily
doped crystal, and the measured relaxation times span
three decades in magnitude. The general behavior of
these curves is very similar from 300 to j.50'K. At
lower temperatures, however, the curves corresponding
to the crystals with higher concentrations of para-
magnetic centers tend to show a weaker dependence on
temperature. This behavior can probably be ascribed
to spin-spin interaction among the paramagnetic
centers, for the following reason. In the theory of
nuclear spin-lattice relaxation due to paramagnetic

laboratory frame (static Geld) experiments, the growth
of the ma.gnetization along the static magnetic field
was measured and obeyed the equation

3f, (t) =3II0$1—exp( —t/2l) j, (I)
where Tj is the nuclear spin-lattice relaxation time in
the laboratory frame and 3fo is the equilibrium mag-
netization. In the rotating frame (low field) experiment,
the decay of the magnetization along the locking
magnetic field B~ was measured and obeyed the equa-
tion (except where noted)

3E"(t) =31"(0)exp( —t/Ti"), (2)

where T~" is the nuclear spin-lattice relaxation time in
the rotating frame.

The measurements covered the temperature ranges
of 2 to 4.2'K and 50 to 300'K. The locking 6eld for the
T&" measurements ranged from 5 to 25 G.

centers that was presented in LT, the nuclear T~ was
found to be proportional to some power of r./(1+&o02r, ')
fol tI1rce 11miting cases. ID this dcrlvRtlon it was
assumed that thc motion of the paramagnetic-center
spin component that lay along the applied magnetic
6eld 30 couM be described by a correlation time, de-
noted by 'rg (cva=+„80, where +„ ls the magnetogyrlc
ratio of the nuclei examined). The T~ s increase with
decreasing temperature in Fig. 1. This behavior implies
that ~or+&1. Thus Tj is proportional to some power of

Assuming that the donllnallt nuclcRl I'elRxatlon
mechanlsID Is thRt of the pRlRIIlagnctlc ccntcrq thc only
temperature dependence of T~ occurs in the temperature
dependence of z,. For a given paramagnetic system, v;
is determined by at least the following two factors: The
6rst is the interaction of the angular momentum of the
individual center with the lattice, and this is tem-
perature-dependent. The second is the magnetic inter-
action among the paramagnetic centers, which to a good
approximation is temperature-independent. At high
temperatures and low concentrations of paramagnetic
centers, the first mechanism is dominant and 7„and
thus Tj has the temperature dependence of the 6rst
mechanism. This also holds true for dilute systems at
low temperatures or heavily doped samples at high
enough temperatures. However, for R heavily doped
sample at low temperatures, the second mechanism
dominates in determining v„and consequently for
these samples, Ti has a weak temperature dependence.

A more fruitful study of the temperature dependence
of thc nuclear spin-lattice rclaxatlon rate comes from
the Tl" minima obtained in the rotating reference frame
experiments. According to Eqs. (72)-(74) of LT, T~'
is inversely proportional to a power of 7./(I+cod. '),
where co~/2s is the nuclear Larmor frequency with
respect to the 8~ Beld in the rotating frame. Thus, for a
given value of &i, a Tj" minimum is obtained when the
condition cog ~1 is satis6ed. In Fig. 2, measured Tg"
values are plotted as a function of temperature for the
Mn'+-doped CaF2 sample No. 5. The three curves are
for measurements made at rotating magnetic 6eld
values of 24, 15.6, and 7.6 G. From these T" minima,

20
SAMPLE: Mn "5

'5

2 4 6 8 lO l2 l4 l6 l8 20 22
lOOO,.„~O l

T

IIG. 2. I.ogT~" versus X ' for Mn'+-doped CaI'"2 sample No. 5
for three different values of rotating magnetic 6eld.
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the following values of r, are calculated:

T= i82 K,

T=154 K,

T=i28 K,

v =165X10 'sec

r =2.58&10 'sec.

v.=5.21' 10 sec.

These v. values are plotted against temperature in Fig.
3. The three points lie on a straight line with a slope of
—3.2, which shows that in the range j.82—128'K, 7., is
inversely proportional to the 3.2 power of T. Mn'+
is an 5-state ion. I.eushin»5 has shown that for an 5-
state ion imbedded in a diamagnetic crystal with a
Debye temperature 0, the spin-lattice relaxation
process is dominated by the two-phonon Raman process,
except for T«&&9. For such a process, 7.~ T' for
T&&6, and r.~ T' for T&6. The Debye temperature of
CaF2 is 510'K so that the temperature range of the data
covered in Fig. 3 is 0.25 to 0.360. This temperature
region lies midway between the above two limiting
regions, and our result should also lie somewhere
between the two limiting slopes. %c have taken Eq.
(20) of Leushin's paper" for relaxational transition
probability and plotted the logarithm of this quantity
versus log T. In the temperature range of 0.25 to 0.369,
the curve is a straight line with a slope of —3.2. From
this it mould seem reasonable to conclude that v. for
Mn'+ in CRF2 in the temperature range of 128 to 182'K
(and higher) is produced by a two-phonon Rarnan
process, and is not measurably influenced by spin-spin
interactions. %C have carried out an identical analysis
for the 7., versus T data for Ku'+ in CaF2. These data

IO

PLK %5

2-

too 300

Fxo. 3. Logr, versus logT for Mn~-doped Cap~ sample
No. 5.

MA. M. Leushin, Fis. Tverd. Tela 5 851 (1963) /English
transl. :Soviet Phys. —Solid State 5, 623 1963)g.

TAN&, E II. Calculations of the spin-diGusion constant D from data
for 7; and. T~ for Mn'+-doped CaF: sample No. 5.

v, in10 'sec
T1 (measured) D (calculated)

in sec »n 10 CM /sec

1.65~0.05
2.58~0.05
5.21~0.05

0.21a0.01
0.26~0.01
0.31~0.01

1.9
1.85
1.85

are listed in Table III and cover the temperatures
between 0.j.5 to 0.1.90. A plot of log 7, versus log T for
these data is a straight line with a slope of —4.9&0.1.
I.cushin's theory over this same range yields a straight
line with a slope of —4.7.

The values of v., obtained from the rotating reference
frame experiments can be used to determine the de-
pendence of T» upon 7.. A comparison of the v, values
and the measured T»'s at the corresponding tem-
peratures for MD2+ shows that within the temperature
range 182—I28 K, T~ is approximately proportional to
v..»~'. According to Table I of I.T, this 7.,»~4 dependence
is characteristic of the dift'usion-limited case. For the
diffusion-limited case for P/E«1, it has been derived
that (LT and Ref. 14)

1/Tr -ssrs X,(C) 'I'(——D) s'4, (3)

('= (2/5) S(S+1)v~'v-'&'[r. /(1+~o'r') j (4)

0= (~/D) "'
Pp and Prt Rrc thc mRgnctogyllc Iatlos of thc ParamRg"
netic center and nuclei, respectively, S is the spin of
the paramagnetic center, and D is an average spin-
diffusion constant. All of the above terms in Eqs. (3)
and (4) are known except for D, and thus an experi-
mental value for D can be found from the measured T»
values. Table II shows the values of D calculated by
using the measured values of r. and T» for Mn'+-doped
CaF2 sample No. 5. The determination of D is based on
the foHowing data: E =3.1X10"/cm', [S(S+
1)y„%'](Mn+') =3X10 " (erg/G)', coo

——2sX10' rad/
sec, y„(F")=2.52X 10'/G-sec.

Values for v. of the Ku'+ ions in the Ku'+-doped CaF2
saD1plc wclc obtained 1D thc sRITlc way. Thc
dependence of T» was roughly satis6ed in the tem-
perature range 96—77'K. In Table III are listed the
values of 7., in this temperature range. The correspond-
ing T» values were measured in the laboratory rdcrencc
frame, with the polarizing Bs field parallel to the [110$
direction of the crystal. The calculation of D is based on
the following data: cV„(Eu'+-sample No. 1) =2.86X
10"/cm' [S(S+1)y O'j (Eu'+) =9.9X10 "(erg/G)'.
The agreement in the listed values for D in Tables II
and III is reasonably good, considering that: there is a
large unccrtRlDty ln Ãp for cRch of thcsc samplesq that
one sample is polycrystalline and was grown by us and.
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TABLE III. Calculations of the spin-dii8usion constant D from
data for v-, and T~ for Ku'+-doped CaF2 crystal.

T'K ~, in 10 6 sec
T1 (measured) D (calculated)

in msec in 10 12 cm'/sec

96
88
77

2.2~0. 1
3.5+0.1

6+0. 1

49~1.5
56&1.5
66+1.5

1.22
1.20
1.15

TABLE IV. Calculated values for the average diffusion constant D
for CaFs for Bp along the [1007,[1107,and [1117crystal axes.

Direction of B0 D (10 "cm'/sec)

L100j
I iiOj

5.0
4.8
5.5

"I.J. Lowe and S. Gade, Phys. Rev. 156, 817 {1967)."G. R. Khutsishvili. , Usp. Fiz. Nauk 87, 211 (1965) t English
transl. : Soviet Phys. —Usp. 8, 743 (1966).

the other is a single crystal and was grown commer-
cially; and that there is no knowledge of how the para-
magnetic centers are distributed in the crystals.

Theoretical calculations of the average diffusion
constant D have been carried out by several different
authors. ' "'~ From the most recent of these calcula-
tions, "we have evaluated the average diffusion constant
D for CaF& for the applied static magnetic field Bo
along the $100j, $110], and $111j crystal axes. These
results are listed in Table IV.

From Table IV, a reasonable estimate of D for a poly-
crystalline CaFs sample is 5.1&10 "cm'/sec. Depend-
ing upon which of the two sets of experimental values
of D is used for a basis of comparison (or possibly an
average of the experimental values should be used), the
measured value of the average diffusion constant D is
smaller than the computed value by a factor of 3 to 4.
This is quite a reasonable agreement considering the
possible sources of error listed earlier in the experi-
mental measurement of D, and the theoretical approxi-
mations that have been made. Among these approxi-
mations are: the replacement of C, which is angularly
dependent by C, its value averaged over a sphere; the
replacement of the diffusion tensor D & by its average
value D; and the assumption that the paramagnetic
centers are uniformly distributed throughout the CaF2
crystal. Crude calculations show that even for a cubic
lattice, the diffusion rate along the magnetic field 80 is
about four times as rapid as perpendicular to it. There
is also an experimental bias that tends to make the
measured spin-lattice relaxation time T~ longer than it
really is. By plotting the quantity logI LAN M(f) j/Mp}
and fitting it with a best straight line, more weight is
given to those regions in the crystal where the magneti-
zation recovers more slowly, and there is a built-in bias
towards finding a T~ value that is larger than some mean

average. This then tends to yield too small a value for
D if E~ and C are assumed known.

The experimentally determined 7.'" dependence of
T& also affords a test of Rorschach's" theory of the
diffusion-barrier radius b. In Rorschach's calculation,
b is given by

where (p„), is the average magnetic moment of the
paramagnetic ion that is effective in quenching diffu-
sion, a is the lattice constant, p„ is defined in terms
of the nuclear local field Bt, fr„~B&/as. At "high"
temperatures, (p„) s is given by

where T2 is the nuclear spin-spin relaxation time, and p,„
represents the magnitude of the free-ion magnetic
moment. The magnitude of b can be calculated from
Eqs. (6) and (7) if r, is known. Experimentally, the
available values of r. and its dependence on T~ indicate
that Tj belongs to the diffusion-limited case. This in
turn requires that the parameter b(b=P'/2b', see LT
for discussion) be at least equal to or larger than unity.

TABLE V. The ratio of T&"/T& for the Ce'+-doped CaF2 sample
No. 2 in the short v., region.

Temperature
('K) 300 245 227 195 90 77 60 50

T1"/T1 0.85 1.17 1.16 1.27 1.27 1.27 1.32 1.30

This requirement places an upper limit on the experi-
mental value of b, namely, b(P/v2 But calc. ulations
show that in both the Eu'+- and Mn'+-doped samples,
the magnitudes of b given by Rorschach's formula are
larger than the experimentally determined upper
limits by at least a factor of 2. This discrepancy seems
to indicate that diffusion is not effectively quenched
except in those regions that are closer to the paramag-
netic center than have previously been estimated.

In the measurement of T~ as a function of tempera-
ture, for the Eu'+- and Mn'+-doped samples, T3 was
found to increase monotonically as temperature was
lowered from room temperature ( 300'K), indicating
that cog,)1 throughout the temperature range. But in
the case of the Ce'+-doped samples, the situation is
quite different. In the temperature range 300—50'K, T»
was found to decrease monotonically for decreasing
temperature, and from 4.2 to 2'K, Tj was found to
increase for decreasing temperature. We could not
measure Tj in the range of 50 to 4.2 K because our
cryostat did not cover this temperature range. Log T&

for the Ce'+-doped CaF2 sample No. 2 is plotted against
log T in Fig. 4. The general behavior indicates that a T~
minimum must occur somewhere within the tem-
perature range of SO to 4.2'K. By extrapolating the two

"A. G. Rorschach, Jr., Physica 30, 38 (1964).
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plotted curves and finding where they cross, we con-
conclude that the T& minima should occur at about
T=15 K, and that the value of r. at that temperature
should be of the order of 10 ' sec. Therefore, well above
15 K, where r, is- much shorter than 10 ' sec, the con-
dition that 1)&Q)pr ))&Der should be valid. For this
condition, it is shown in Sec. IIIB of LT that the ratio
T&"/T& should vary continuously from 0.86 (rapid-
diffusion case) to 1.62 (diffusion-limited case) as the
temperature decreases. For the Ce'+-doped CaF2
sample No. 2, the experimentally measured ratio of
Tq"/Tq is listed in Table V for eight different tem-
peratures. These results support the theory in a quali-
tative manner, and demonstrate that under certain
conditions T~") T~. At higher temperatures, T~" and T~
are nearer to the field-independent rapid diffusion

IO

10—

2IO—

IO
IO Ioo T'K

Pic. 4. LogT1 versus logT for Ce'+-doped CaF~ sample No. 2.

region. As the temperature is lowered, Tj and T&" are
shifted into the diffusion-limited region, which is still
field-independent. In order for T&"/T~ to be about 1 in
the rapid diffusion region, the spin-diffusion barrier in
the rotating reference frame b" must be about equal to
the spin-diffusion barrier in the laboratory reference
frame b. LSee Eqs. (34) and (73) of LT.] In order for
Tq"/Tq) 1 in the diffusion-limited region, the spin-
diffusion constant in the rotating reference frame D"
must be smaller than the spin-diffusion constant in the
laboratory reference frame D.

H)Ti 2+
Mn —DOPED SAMPLFS

25

20

(-')
Tt Rt

Mn -DOPED SAMPLES
I50o K

12

Io

l5

IO

2 4 6 8 ION(a) P
2 4 6 8 ION

(b)

FIG. S. T1 ~ versus N„ for Mn2+-doped CaFg samples. S„ is in
arbitrary units. (a) T=300'K, (b) T=150'K.

IOO .
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F
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predicts that the dominant terms in the formulas for
for (T~) ' and ( T~") ' should be proportional to (X~)4".
To test these predictions, the dependence of (T~) '
and ( T~") ' upon X„was studied.

In Figs. 5(a) and 5(b), the measured values of
(Tq) ' at 300 and 150'K are plotted against 1V„ for the
Mn'+-doped CaF2 samples. Both sets of points are well
Gtted by straight lines and verify the dependence of
( T~) ' upon X~. This result is consistent with the con-
clusions of Sec. IIIA, where it was found that Tj at
150 K must belong to the diffusion-limited case because
of its r,'" dependence.

In Fig. 6, the measured values of log T~" at 154'K are
plotted against logÃ„ for four representative samples of
Mn'+-doped CaF2 crystals. The measurements were
made at 154'K using a rotating magnetic field Bj
equal to 16 G. The four points are well Gtted by a line
of slope —1.35. From this, we conclude that T~" is
proportional to (E~) "'~" and that the diffusion-
vanishing case applies to the nuclear relaxation process
in the rotating reference frame at 154 K. As a check to
see whether the nuclear relaxation process in the
rotating reference frame does belong to the diffusion-
vanishing case, the criteria of LT ought to be verified,

B. 1V„Dependence of the Nuclear Spin-Lattice
Relaxation Time

In the formulas of I.T for (T&) ' and (T~") ' for the
diffusion-limited and rapid-diffusion cases, the dominant
terms are proportional to E~, the number of para-
magnetic centers per unit volume. However, as P
I defined in Eq. (5)] approaches the value of E, LT

Fra. 6. Log(T1") versus log(S„) for Mn~+-doped CaF2
samples, Nos. 1, 5, 7, and 8. Measurements were made at 154'K
with a rotating magnetic deld B1=16Q.
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urements carried out in the temperature range of 77 to
178'K. The reasons for this limitation are the following:

l4
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IO
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Fxo. 7. (TI) ' versus N„ for Ce'+-doped CaF2 crystals. (a)
T=300'K, (b) T=195'K.

where

4 v-, 1( r,
1+coPrc 5 E1 cpp rc

D"=D/2,

(10)

Figure 3 yields a value for 7., of 2.5&(10 ' sec for Mn~
ions in CaF& at 154'K. Thus, for Mn'+ ions in CaF, , p'
has a value of about 100 A. Therefore, the condition
that 5"&1 is satisfied for all the Mn'+-doped CaF&
samples (see Table I) whose data were used in Fig. 6.

The case of the Ce'+-doped CaF2 crystals is vei.y
different. In Figs. 7(a) and 7(b), values of Tq '
measured at 300 and 195 K are plotted against A~ of
the Ce'+-doped CaF2 crystals. In Fig. 8, logT&" measured
at 195'K with a locking field Bi of 24 G is plotted
against log S„of the Ce'+-doped CaF2 crystals. All
three curves show (Tq) ' and (Tq") ' to be proportional
to E„at the measuring temperatures. This result is
consistent with those of Sec. IIIA for the following
reason. There, it was determined that at T&50 K,
r. of the Ce'+ ions in CaF2 is short in comparison to
(cop) '. In the short r, region, both P and P" are small in

comparison to E so that 5 and d" are much less than 1.
Therefore, both T~ and T~" should be either in the
diffusion-limited or rapid-diffusion regions. In both
these regions, the dominant terms in the formulas for
(Tq) ' and (Tz") ' are proportional to N„. In fact, it
was found in the measurement of the ratio T~"/T~ that
our results corresponded to T~" and T~ being in the
transition region between the two limiting cases.

In concluding this section, it should be pointed out
that when choosing data for the Mn'+-doped CaF2
samples to test the concentration dependence of T&" in
the diffusion-vanishing case, we limited data to meas-

(1) At higher temperatures, the values of r, for
Mn'+-ions are short compared to co~

' for the largest
attainable 8& 6elds in our laboratory, and the cor-
responding values for P and P" are too small to satisfy
the condition for the diffusion-vanishing case.

(2) At lower temperatures (77 K and below), an
additional concentration dependence of T~ appears due
to the dependence of ~, upon E„ in the more strongly
doped samples. As suggested in Sec. IlIA, at low
temperatures, the spin-spin dipolar interaction among
the paramagnetic ions (proportional to the inverse
third power of the average impurity separation) may
dominate the spin-lattice interaction contribution to the
correlation time r., in the low-frequency region. Thus,
7-, may acquire an impurity concentration dependence
which could be confused with the unique E„4" de-
pendence of T& for the diffusion-vanishing case.

If the correlation time 7-, were completely determined
by the spin-spin dipolar interaction, the over-all
concentration dependence of T~ would in principle be
varying continuously from E "I' to Ã„'i" and back to
E~ as T~ shifts from the diffusion-vanishing case to
the diffusion-limited case and on to the rapid-diffusion
case. In practice this wide range of 2V„dependence
involves such strenuous experimental conditions that
it is hopelessly impossible to verify in a continuous
fashion. Our measurements of T& for Mn'+-doped
samples at He temperature indicate that T~ is pro-
portional to E„—",giving some support to the evidence
of possible additional concentration dependence at
lower temperature due to strong spin-spin interaction
among the paramagnetic centers. "

50— LES

CP
Cln20-

Al'0

I 1 l i 1 I s I l
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CONCENTRATlON (ARBITRARY SCALE )

FIG. 8. I og(TI") versus log(N„) for Ce'+-doped CaFq crystals.
Measurements were made at 195'K with a rotating magnetic
Geld 81=24 G.

"O,r S. I,eifsoa and G. D. Jerries, Phys. Rev. 122, 1781 (1961),
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TABLE VI. Magnetic 6eld dependence of T1 for co07;»1. The
table may also be applied to T&', when cuir&&1, by replacing 8 by
b", d, by b,", and Bo by B1.

lIloo- CONCENTRATlON ~ 1

SLOPE & 0.6+ 0.05

Case
Exponential

Condition dependence on Bo

Diffusion vanishing
Diffusion limited
Rapid diKusion

S»1, a&1
B»1, h«1
B«1, 6&&1 lo—

ENTRATlON = 5.7
E s 0.75+ 0.03

C. Field Dependence of the Nuclear Spin-Lattice
Relaxation Time

Jl

l00—
NCENTRATION -" 1

OPE & 0.76+ 0.05

lQ

CJ
4P
lO

C

0~

—CONCENTRATION & 5.7
SLOPE = 0.97+0.02

-CONCENTRATION = l9
SLOPE 0.94+0.05

The investigation of the magnetic field dependence
of nuclear spin-lattice relaxation times of crystals doped
with paramagnetic centers is always complicated by
the uncertainty of the 6eld dependence of v.. However,
by carrying out relaxation-rate experiments in the
rotating reference frame, this complication is elimi-
nated.

The magnetic 6eld dependence of T~" is contained
only in C', listed in Kq. (10).In the short ~, region, the
coi7-, term in the denominator of C" can be dropped in
comparison to unity, and T&" is 6eld-independent
regardless of what case it may be in. This 6eld inde-
pendence of T~" was veri6ed by measurements of T~"

for the Ce'+-doped CaF2 samples at temperatures above
50 K, where it is known that cvpT ((1. The measured
values of T~" for different Ce'+-doped CaF~ samples
remained constant as the locking field 81 in the rotating
frame was varied from 25 to 7.5 G.

ENTRATlON & l9
E & 0.92+ 0.03

T, vs. B, ot 77 K

~ ~ ~ s i a I

2 5 4 6 8 lO 20 30 50 Bl ing40$$

Fro. 10. Log(T1") versus log81 for three different Mn~-doped
CaF2 crystals. T=77'K.

For the long v, region, the 6eld dependence of the
dominant terms in the formulas of LT for T'j and T~" are
given in Table VI. To test Table VI, values of Tq" for
several crystals were measured for many values of the
locking 6eld B~. The measurements were made at fixed
temperatures, where it was known that r. satis6ed the
condition co~v..&1. The 6eld dependence of T~" was
determined from the slope of the log T~" versus log Bj
curves.

The log T~" versus log B~ for three Mn'+-doped CaF2
crystals is plotted in Fig. 9. The relative values for S„
for the three crystals are 1, 5.7 and 19, and the measure-
ments were made at a temperature of 116 K, where
T is estimated to have a value of 7)& 10 ' sec &see Fig.
3). All three curves in Fig. 9 appear to be reasonably
linear, the scatter of points being due to inaccuracies
in measuring Ti and B~. These inaccuracies are esti-
mated to total about 10/~. The log T~" versus log B~
curves are expected to be linear only when T&" is well
within either of its three limiting cases. In the tran-
sition regions one expects to see some curvature to the

TABLE VII. Magnetic field. dependence of T1" for three Mn'+-
doped CaF2 crystals. Measurements were made at 116'K.

vs Bi ot ll6 K
Sample
number

E~
(relative)

Exponential
dependence on 81

a i i a s I I

2 3 4 6 8IO 20 30 50B inQ4U$$

Fxo. 9. Log(Ti') versus log81 for three di6erent Mn9 -doped CaF~
crystals. T=116'K.

1

5.7

19

0.4
1.2
2.8

0.76~0.05
0.97~0.05
0.94~0.05
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I zG. 11. Log(TI") versus log 81 for the Ce'+-doped CaF2 crystal
No. 2 at 4.2'K, and the Eu'+ -doped CaF2 crystal at 64'K.
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FiG. 12. Log 3f"(t) versus t for a Eu"+-doped CaFq crystal at
77'K. 81 =24 Q.

log Ti" versus log Bi curves; however, this should be
negligible over a small enough range of examination.
This appears to be the case for our data. The magnetic
field dependence measured from the curves of Fig. 9 is
summarized in Table VII. Also listed are the estimated
values of 6"for the three samples for a rotating magnetic
field value B-i of 16 G. For these estimations, we have
set r, =7X10 ' sec and D'=2&&10 " cm'/sec. The
values of lV) 1 for samples No. 1 and 5 of Table VII
place T~" for them in the diffusion-vanishing case. The
listed exponential dependence on B~ of 0.94 and 0.97
is in good agreement with the predicted value of 1.0
and seems to verify that part of the theory. The value
of 6"=0.4 for sample 8 places it midway between the
diffusion-vanishing case and the diA'usion-limited case,
and its listed exponential dependence on B~ of 0.76,
which is midway between 1 and 0.5, agrees with this
conclusion.

Measurements of T&" for these same three crystals
were also made at 77'K, and the results are plotted in

Fig. 10. For these samples, r. at 77'K is longer than it
is at 116'K so that 6" at 77 K for these samples is

smaller than at 116'K. Ke thus should expect samples
1 and 5 to be somewhere between the diffusion-vanish-
ing region and the diffusion-limited region, with the
exponential dependence of T&" upon B~ being smaller
since its value of 6" is smaller. This is indeed seen to be
the case, as shown in Table VIII. Sample 8, which was
in between the diffusion-vanishing region and the
diffusion-limited. region when at 116'K should be
closer to or in the diffusion-limited region at 77'K, and
its exponential dependence of T~" upon Bj should be
somewhere between 0.76 and 0.5, This is also the case,
as is shown in Table VIII. The analysis of the data at
77 K is consistent with that at 116 K. The somewhat
larger scatter in the Tj" data for sample 8 at 77'K
arises from the difficulty in producing large, fixed
amplitude, rotating magnetic fields with long time
durations.

A similar set of measurements has been carried out
on the Eu'+-doped CaF2 sample at a temperature of
64'K, and the Ce'+-doped CaF2 No. 2 at 4.2'K. The
results of these measurements are plotted in Fig. 11, in
the form of log Ti" versus log Bj, Both sets of data are
well fitted by straight lines with slopes near 1, indi-

TAmE VIII. Magnetic field dependence of T1" for three Mn'+-
doped CaF2 crystals. Measurements were made at 77'K.

Sample
number

Ãu
(relative)

Exponentia~
dependence on BI

1
5. 7

19

0.6&0.05
0.75~0.03
0.92%0.03

cating that they are both in the diffusion-vanishing
region.

D. Initial Nonexyonential Decay of Magnetization
along the Rotating Magnetic Field

It was found during the Tj" measurements on all
CaF2 samples doped with paramagnetic centers that
for cvi7-, & 1, the nuclear magnetization along the
rotating magnetic field exhibited a nonexponential
decay in its initial magnetization. It was found that the
magnetization along the rotating magnetic Geld decayed
at a rate proportional to t'", and that this behavior was
exhibited for a period as long as one-third of the asymp-
totic T&' value. (t is the time measured from the end of
the initiating radio-frequency pulse that nutates the
magnetization from along Bo to perpendicular to it.)
It was found that as the temperature was lowered from
those values where the t'" rate of decay was most pro-
nounced, that the t'~' law became less and less pro-
nounced, even though z, continued to increase.

An example of the initial nonexponential decay of
magnetization is shown in Fig. 12, where log M"(t) is
plotted against t for the Eu'+-doped CaF2 crystal at
77'K. In Fig. 13, the quantity L3f"(0) —M" (t) j/M" (0)
is plotted versus Fl' for the same sample for tem-
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FIG. 13. pfr (0) M'(t)—g/Mr (0),ver
sus t'I~ for the Eu'+-doped Cap~ crystal
for 81=24 G. Upper curve corresponds to
T=77'K. Lower curve corresponds to
T=59'K. l
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peratures of 77 and 59'K, and a locking field of 24 G.
The initial value of the magnetization M" (0) was
found by extrapolating the M"(t) versus tr/' curve
back to t =0 for both the 77 and 59'K curves. Both sets
of data in Fig. 13 are well fitted by straight lines; the
line for the data at 77'K has a slope of 32.1/sec'/' and
the line for the data at 59 K has a slope of 18.6/sec'/'.

Blumberg' has pointed out that for Tq measurements
in crystals containing paramagnetic centers, the
diffusion-limited case can be distinguished from the
rapid diffusion case by the initial rate of change of the
magnetization following saturation. He argued that in
the process of the measurement of Tj, for a short time
after the nuclear spin is saturated (for instance, by a
90' pulse), the magnetization gradient across the
sample is zero and the only rate of change of magneti-
zation is due to direct relaxation. He concluded that if
the direct relaxation rate is fast enough outside the
spin-diffusion barrier (the condition for the diffusion-
limited case), an appreciable amount of nuclear
magnetization can grow by the direct relaxation process,
and that the initial growth of the nuclear magneti-
zation is proportional to t'~'.

The ideas described in the above paragraph may also
be used to explain the t'/' behavior of M" (t) for short
times. The difference between the case of relaxation in
the laboratory reference frame and the rotating refer-
ence frame is that for the rotating reference frame case,
the initial magnetization throughout the sample is
constant, and the magnetization gradient is set up as
direct relaxation causes the magnetization to decay to a
value close to zero. In particular, when T&" is given by
the diGusion-vanishing case, the direct relaxation rate
is at its largest value relative to the diffusion rate, and a

'0 W. K. Slumberg, Phys. Rev. 119, 79 (1960).

large portion of the decay curve for M" (t) should obey
the 3'I' law, which is what we have found. As the tem-
perature is lowered and the direct relaxation rate de-
creases, the portion of the decay of M'(t) that obeys
the P~' law should become smaller, which also agrees
with our experimental results. In the extreme short-
correlation-time region (carr. &co3r, &1), no deviation
from a simple exponential decay of the nuclear mag-
netization was observed, either in the laboratory
reference frame or the rotating reference frame. This
was probably due to the fact that the 3"' region of the
decay of the magnetization is too short to be observed.

Blumberg's formula for the initial recovery of the
magnetization following saturation is given by"

M, (t) =rtrr"'M3N (C)"t"'. (13)

In deriving the above equation, Blumberg assumed
that the direct relaxation process was spherically
symmetric. We have carried out a derivation of the
initial behavior of M, (t), using the proper angular
dependence for the direct relaxation process and have
gotten the same equation as listed above, along with a
small correction factor. Applying the same technique to
the initial behavior of M" (t), we find that

Mr (t) Mr (())L1 4~3/2N (Cr) 1/2tl/2] (14)

where M" (0) is the initial value of the magnetization.
From Eq. (14), the slope of the curve of LM'(0)—

M" (t) 1/3IIr(0) is given by

5'= '2r3/2N (C")'/' (15)

If S"can be experimentally measured, and C" computed
from other information, an effective value for g„can
be computed from Eq. (15). All this information is
available for the Eu'+-doped sample at 77 K. The
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upper curve of Fig. 13 yields 5"=32.1/sec'". Table III
yields a value of v, =6)&10 ' sec, from which the
computed value of C" is 7.12X10 "cm'/sec for Bt——24
G. The computed value of E„ is 1.6X10"/cm', as
compared to the value of 2.85X10"/cm' supplied by
the manufacturer of the crystal. " If this effective value
of S„were used to calculate D in Sec. IIIA, instead of
the value supplied by the manufacturer of the crystal,
the computed value of D would have been larger by a
factor of 2.18 than those given in Table III, and in
closer agreement with the value calculated in Ref. 16.

Dr. CONCLUSIONS

The results of these experiments give quantitative
support to current theories of nuclear spin relaxation
via paramagnetic centers where spin diffusion plays a
part. In particular, the measured value for the spin-
diffusion constant in CaF2 agrees reasonably well with
its current theoretical value. The spin-diffusion vanish-

ing case, predicted in LT, has been found, and the
dependence of T1„upon the magnetic field, 7, and Ã„,
has been verified for both this case and the di6'usion-
limited case. In these experiments, the technique of
studying relaxation in the rotating reference frame has
been extremely useful, for it has allowed us to find T&

and thus estimate 7-,. It has also allowed us to work in
regions where the direct spin-lattice relaxation rate is
very rapid without having an extremely high con-
centration of paramagnetic centers. This in turn has
allowed us to verify Blumberg's prediction of how the
nuclear spin system should relax when there is zero
magnetization gradient in the sample.
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Random-Walk Models of Photoemission*
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An exact solution in closed form is given for the photoyield in the isotropic random-walk model of photo-
emission. The proof makes use of a theorem of importance in the theory of queues and ladder-point variables.
The eQ'ect of reQection of the photoelectrons at the interface is also treated. A recursion relation for the
probability of emission on the nth step I' is derived from the expression for the photoyield. Numerical
values of the photoyield and the E„'s are tabulated for numerous values of the relevant parameters, and
these numbers are compared with the results of approximate expressions. The exact photoyield values are
in good correspondence to a slightly modi6ed version of a formula derived by Kane. A simple approxima-
tion is also given for the values of the P„'s.

I. INTRODUCTION

PHOTOELECTRIC emission is a two-step process,
involving the creation of a free electron in the

interior of the solid and the eventual escape of this
electron through the surface into the vacuum. The
transport part of the problem has been treated as a
random-walk phenomenon and both Monte Carlo re-
sults" and approximate analytical formulas' 6 have
been given for the photoemission. However, as this
paper shows, an exact closed-form expression can be
obtained for the photoyield in the random-walk model.

* This work was supported by the U.S. Air Force under Con-
tract No. AF 04(695)-1001. Some of the calculations were begun
when the author was a Ph.D. candidate at Cornell University.
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In addition, a formula for the probability of escape
after exactly n collisions P„ is expressed in a form suit-
able for machine calculation, and the first twelve P„'s
have been calculated for numerous values of the absorp-
tion and scattering parameters. These probabilities are
compared to the results of the approximate calculations,
and it is shown that some rather simple formulas give
very good approximations to the exact results.

Il. RANDOM-WALK MODEL

The model considers an electron, created at (x, y, s)
in the solid, that undergoes an isotropic random walk.
The problem is to compute the probability that the
electron will pass through the plane @=0 before its
energy has been reduced to the point where it is impos-
sible for the electron to escape. This energy loss usually
occurs suddenly due to pair creation, electron-hole
recombination, or the ionization of an impurity in the
lattice. We will call the energy-loss event "absorption"


