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We have calculated the effect of first- and second-order spin-orbit, trigonal, and Zeeman interactions
within the vibronic states of the d' 27 term, and also the smaller configurational interaction with the excited
2F term. A model is used which includes only interactions with vibrational modes having E, symmetry about
the impurity site. It is found that second-order vibronic effects can be very important even though the elec-
tron lattice coupling may be relatively weak. The uniform partial quenching of crystal-field splittings,
characteristic of a first-order vibronic calculation, is modified in second order. The recently observed far-
infrared spectra of Al;O3:Ti** and Al;Os: V4t can be explained quantitatively by the inclusion of these second-
order terms. Moreover, our calculations explain for the first time the hitherto anomalous ground-state
g values of Al,O3:Ti*+. For AlO3: V4t the ground-state spin resonance has not been positively identified, but
we predict gy =~1.5, g1 =~0. We find Jahn-Teller energies of 200 and 320 cm™ for Al,Qs: Ti?* and AlLO;: V4,
respectively, and an effective 17, mode frequency of 200 cm™.

I. INTRODUCTION

CCORDING to the Jahn-Teller (JT) theorem,!?
the non-Kramers degeneracy of an electronic
state belonging to a nonlinear complex is lifted by
spontaneous asymmetric nuclear displacements. If the
coupling between the electrons and the nuclear dis-
placements is very strong, the complex undergoes a
distortion to a new configuration of minimum energy
(the static JT effect).3>® In general, there may be
several equivalent configurations which the complex
can assume. If a particular complex undergoes transi-
tions among these configurations in a period which is
short compared to the time scale of the relevant experi-
mental observation, we have the dynamic JT effect.51
The averaging can occur either by thermal activation
over the barrier separating these equivalent configura-
tions or by tunneling. These two avearging mechanisms
are not equivalent; the former is random and the latter

is selective.
One of the observable consequences of the dynamic
JT effect is the partial quenching of the matrix elements
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of certain orbital operators. This was first recognized
by Ham® (although special cases of it had been im-
plicitly noted earlier)"~'® and has been called the Ham
effect. The first experimental evidence of such dynamic
quenching was furnished by spin-resonance datal#16 in
which great reductions in the orbital contributions to
g factors were seen. Recently, Scott and Sturge?”
reported the quenching of spin-orbit and trigonal
crystal-field splittings in the excited 37, term of
AlO3: V¥, Using a model which includes only E,
vibrational modes, they explained their data in terms of
a first-order Ham effect plus second-order effects in the
static JT or strong-coupling limit.

In this paper we use a similar model to elucidate
the consequences of a moderately weak dynamic JT
effect. We consider the ground term 27, of an octa-
hedrally coordinated 3d* impurity ion, which has a
relatively simple electronic structure and for which
spectroscopic data have recently been reported.’®* We
find that the first-order theory is inadequate to account
for the results, and that in this region of weak coupling,
second-order effects have to be treated in a more exact
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manner than was done previously.” The general theory
of a second-order JT interaction with excited vibronic
states has been outlined by Ham.!® We have calculated
explicitly the effect of this interaction on the 27 ground
term of 34! impurity ions in AlOs, also including the
small configurational interaction with the excited 2E
term. Inclusion of second-order effects enables us to
obtain quantitative agreement with the measured far-
infrared spectra’®® and with the ground-state ¢
values.??! We find a JT energy of 200 and 320 cm™!
for ALO;:Ti** and AlO;:V*) respectively, and an
effective E, mode frequency of 200 cm™ for both
systems.

In Sec. II we present the conventional crystal-field
calculations of octahedrally coordinated 34! impurity
systems including configurational interactions. In Sec.
III we calculate the first- and second-order dynamic JT
effects for the @' 2T, term coupled to a doubly degen-
erate E, vibrational mode. We have obtained analytical
expressions for the ground-state g values and the 7%
splittings. Finally, we discuss the possible application
of our results to other systems.

II. CRYSTAL-FIELD CALCULATIONS OF 4!
IMPURITY SYSTEMS

The electronic Hamiltonian for a @' impurity ion in
a crystal can be written as

3C=3Cso+3ccf, (1)

where 3Cs is the spin-orbit coupling energy and 3C. is
the energy due to the crystalline field of the surrounding
ligands, which includes Veup and Vi For Ti*+ and
V4 in ALOs, Veus> Virig, 3Cso. We therefore choose the
zeroth-order Hamiltonian 3¢y to be Ve, and obtain
analytical expressions for the energy by treating the
trigonal-field, spin-orbit, and Zeeman interactions as
perturbations. The separation of the two cubic terms
of d'is A= E(2E) — E(®T3). For AL,O;: Ti*t, A has been
measured optically?? to be around 19 000 cm™. The
corresponding value for Al,O3:V*+ has not been meas-
ured, but it is expected to be somewhat larger. The
complex trigonal basis states for the 27 and 2E terms
are labelled

(l ﬂ:%, x+>: I :*:%’ x0>’ ] i%: x—>)
and
(I :*:%: u—i-)’ l :!:%: u—-));

respectively. The energy diagram of a d* impurity ion in
Al,O; is shown in Fig. 1, which also includes the labelling
of various term splittings under trigonal-field and spin-
orbit perturbations. The diagram is drawn for v=

2 N. E. Kask, L. S. Kornienko, T. S. Mandel’shtam, and A. M.
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Fic. 1. Low-lying levels of d! impurity systems in corundum.

432 (t:0 | Virig | £0)>0. The matrix of the Hamiltonian
given in Eq. (1) has been calculated in the complex
trigonal basis and is given in Appendix A. The Zeeman
interactions have also been included. If we consider
only interactions within the *7% term (which is a good
approximation, since A>>v, {), the zero magnetic-field
energy matrix factorizes into two 2-dimensional and
and two 1-dimensional matrices; these have degenerate
eigenvalues given by

do(Esp2) =0,
81(1Ey) = 30+5—3[(9/4) £ —Sv+02]2,
8:(2Eype) = 30+55+3L(9/4) 2 — o402 ]42,  (2)

where a constant term 3v+3¢r+2A has been added to
the right side of Eq. (2) to make the lowest state Ej
have zero energy. Ey» and Ej)s label representations of
the Cs double group. The quantities ¢ and v in Eq. (2)
are the one-electron spin-orbit and trigonal-field param-
eters, respectively. The ground-state g values can be
obtained in a similar way from Appendix A, and they
have the values
gn=2(1-k),

g1=0, 3)

where % is the orbital reduction or covalency factor.?
We have taken the spin-orbit parameter { to be 120
cm™, which is 809, of the free-ion value. This represents
a typical expansion of the 3d radial function in the
solid. The trigonal-field parameter v is not known for
AlL,O3: Ti*+. However, for four other trivalent 3d” ions
in Al,Os, v is in the range 700-1000 cm™1.22:2425 We take

( 2 K) W. H. Stevens, Proc. Roy. Soc. (London) A219, 542
1953).

2 McClure (Ref. 22) gives v>500 cm™ for Ti3*, v=1000 cm™!
for Ni3*, and 1950 cm™ for Mn®*. The optical spectra of these ions
are confused by the JT effect in the ground state, and these
numbers can only be taken as rough estimates. Co** has a singlet
ground state and McClure’s value of 720 cm™ is probably about
right. For V3*+ and Cr?**, Macfarlane (Ref. 25) fits all the optical
data, and his value of 800 cm™ for both ions is more accurate than
McClure’s higher figures.

( % R). M. Macfarlane, J. Chem. Phys. 39, 3118 (1963) ; 40, 373
1964).
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TasLE I. 2T, term splittings and ground-state g values of Al:Os:Ti%* in the static-crystal-field approximation.
Analytical Numerical
First order Second order First order  Second order
81 (Espr—1Ep2) 3+ E -39/ 2 —sv+0? P2 — (V20 /A) 1 (262/A) 109 cm™t —11 cm™
82 (Espy—2Ery2) Jo+$+309/4) 2 —o+02 2 — (V20 /A) + (v'2/A) 771 cm™ +19 cm™!
+3(¢2/4)

g1 (Esp) 2(1—k) (4k/A) (V2v'—¢) 0.4 +0.14
F4Y ( Es/z) 0 0 0

it to be 4700 cm™L. The positive sign follows from the
observation that the ground state is g/, and has a very
anisotropic g value. Putting these values of { and v
into Eq. (2), we find that the first two excited states of
AL O;: Ti*t+ have energies of 109 and 771 cm™, respec-
tively. The orbital-reduction factor % for transition-
metal ions in the moderately covalent AlOs typically
has a value between 0.7 and 0.8. Taking £=0.8 for
AlyO3: Ti*t, one finds from Eq. (3) g,=0.4 and g.=0.

Since V*t is isoelectronic with Ti**, the same expres-
sions apply for the 27 term splittings and ground-state
g values of Al,Og: V4t,

Configurational interactions with the excited 2£ term
have also been calculated, and the numerical results
together with approximate analytical expressions are
summarized in Table I. The numerical corrections were
obtained by diagonalizing the d* energy matrix includ-
ing both the 27, and 2E terms. We have taken A~
19 000 cm™ and #'~600 cm~ % in this calculation. It
was found that these interactions change é; and 6, of
Eq. (2) by —11 and 419 cm™, respectively, and the
correction to the ground state g is 4-0.14.
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Fi6. 2. Vibronic potential surface V (Qs, Qs) for a triply degen-
erate state interacting with E, distortions. The electronic states
associated with each paraboloid are mutually orthogonal (in a
cubic system with zero spin-orbit coupling).

2 y'==(foxy. | Virig | €us ). The value of 600 cm™ for o’ is typical
of transition-metal ions in Al,Os.

The ground-state g values of AlyOs:Ti** have been
measured?:? to be g;;=¢1.07 and g+<0.1. In order to
explain this anomalous value of g, in terms of static-
crystal-field theory, one has to assume an orbital-
reduction factor % of 0.5. In the usual covalent theory of
the orbital-reduction factor,? this would imply complete
delocalization of the electron onto the neighboring
oxygen ions, which is quite unphysical. No explanation
for this anomalous value has previously been offered.
The ground-state g value of Al,O3:V*+ is not known at
present,? and we will discuss the V4 problem later.

Recently, the far-infrared spectra of Al,Os:Ti*+ and
Al,O3: V4 have been measured.®? For Al;O3: Ti*t, the
first two excited states are located at 37.8 and 108.0
cm™l, respectively. The corresponding levels for
AlO5: V4 are 28.0 and 52.6 cm™. These transitions
are pure o polarized as expected for the FEss—Ey,
transitions predicted by crystal-field theory (see Fig.
1). These values for the 275 term splittings do not
agree with crystal-field calculations for any reasonable
set of parameters (see Table II). They appear to be
very much quenched. It is shown in Sec. III that a

\

y
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F16. 3. Section through Fig. 2 along the a» axis.

% The isotropic spin resonance with S=%, g=2, observed in
vanadium-doped corundum at room temperature by J. Lambe and
C. Kikuchi, Phys. Rev. 118, 71 (1960), cannot arise from the same
center as the far-infrared spectrum reported in Ref. 19. The
infrared data show that the ground state is the Eys, state, which
must have g1 =0. Furthermore, the low-lying excited states would
cause rapid spin-lattice relaxation and prevent observation of
resonance except at very low temperatures. The spin-resonance
spectrum may belong to a VO*' complex: compare, for instance,
the data on this complex compiled by K. D. Bowers and J. Owen,
Rept. Progr. Phys. 18, 304 (1955).
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Tasie II. Observed and calculated splitting and g factors for the 27; ground term of Al,Os:Ti3*.
Observed® Calculated?
No JT effect first ordere  First and second orderd
(Sec. II) (Sec. IIT A) (Sec. III B)
o1 37.8 cm™! 98 cm™! 14 cm™ 43 cm™?
2 107.5 cm™ 790 cm™! 195 cm™! 107 cm™
g 1.07 0.54 1.68 1.14
g <0.1 0 0 0
& References 18, 20, and 21, ¢y =0.21, fa =0, fp =0.
b Interaction with 2E is included. The parameters are A =19 000 cm™1, d .y =0.21, fo =0.11, f =0.41,
=700 cm™, ¥’ =600 cm™!, { =120 cm™}, k =0.8.
first-order Ham effect still fails to account for these where
data. Quantitative agreement with both spin-resonance Eyr=((T2|| dV/0Q% || T2 )2/ 2uws?)
and far-infrared data is possible only when second-order
nd far-in poss y when second-or — (CY/2ue?) 6)

effects in the dynamic JT or weak-coupling limit are
included.

III. DYNAMIC JT EFFECT
A. First Order

In the harmonic approximation, the vibronic Hamil-
tonian for a complex in which a single E, mode®
interacts with a cubic electronic term may be written
as

Hviv=0C0+ (1/20) Y (Pit+uw’Qs?)

k=2,3

+ k‘;;g (0V/3Qk)o Ok (4)
As in Sec. II, 3¢, is the cubic part of the electronic
Hamiltonian. V(Qx, ¢:) is the potential energy of the
electrons in the field of the nuclei, and is a function of
both the electronic coordinate ¢; and the normal coordi-
nates Q of the E;, mode. The effective mass and angular
frequency are denoted by u and w, respectively, and Py
are the momenta conjugate to Q. The equilibrium
configuration of the nuclei in the absence of electron-
lattice coupling defines Qr=0. Only terms linear in Qy
have been retained in the electron-lattice interaction
[the last term in Eq. (4)]. If we choose a real tetrag-
onal basis for 7, and E,* then the eigenstates ¥; of
JCyipb are Born-Oppenheimer products of the electronic
components of 275 (| 3¢5 ), =1, 2, 3) and the eigen-
states of a displaced 2-dimensional harmonic oscillator

Gingns.® The eigenvalues of 3¢y, are given by

En2n3= E[)+ (7’22+’n3+1)h€0—‘EJT, (5)

% In a real crystal the impurity ion interacts with a continuum of
vibrational modes, not just one. Ham (Ref. 10) has shown that, as
far as first-order effects are concerned, the same results are ob-
tained for a continuum as for a single mode. We will assume that
this is also true for the second-order effects considered in this paper.

2 That is, for Ts (£, 7, ¢,) transforming under O as (yz, z, xy)
and for E(u, v) as [(322—7%), (a2—3?) ]

is the JT stabilization energy. The vibronic potential
surface in (Qs, Qs) space consists of three disjoint
paraboloids,’-® one for each component of T, (see Fig.
2). Without any perturbation terms in 3Cyi,, the com-
plexes in the crystal would randomly occupy one of
the three paraboloids and undergo a tetragonal distor-
tion (the static JT effect). The T term is split into an
L and an A4, (of Dy) as shown in Fig. 3. The dynamic
JT effect arises when a particular complex undergoes
transitions among these paraboloids in a period which
is short compared to the time scale of the relevant
experimental observation. Since y; are orthogonal,
transitions from one paraboloid to another can only
occur via terms not included in Eq. (4). In the present
case, such terms can be the trigonal-field, the spin-orbit
interaction, and the orbital part of the Zeeman interac-
tion (we will show later that T3, vibrations are not
important). We will regard these three terms as per-
turbations (3Cpers) ON 3Cyip.

Now we consider the evaluation of the matrix ele-
ments of JCoe in the zeroth-order vibronic basis
| Wingns )= | £=3¥:) | binmns ). In a tetragonal representa-
tion, the trigonal-field spin-orbit coupling and orbital
angular momentum have only off-diagonal matrix ele-
ments within the 27% term. Since these perturbation
operators are independent of the Qy, the off-diagonal
matrix elements of 3Cpery are given by

<‘I’inzm | 3Coert ] ‘I’jnz'ns’ )
= <:E%\0; l chel‘t | i%‘/’:) <¢inznz I ¢an'n3' ) (7)

The electronic matrix element is multiplied by a factor
Y= {pinsns | Pinyny )<1, which is the overlap integral
between vibrational wave functions corresponding to
the different components of 27%. These functions are
not orthogonal, since they belong to displaced oscillators

® A, D. Liehr, J. Phys. Chem. 67, 389, 471 (1963).
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Fic. 4. Vibronic energy levels of d' impurity systems in
corundum.

with different origins. For the lowest vibronic levels,
y=exp(—3 Eyr/2fiw). This quenching of off-diagonal
operators is known as the Ham effect.

To obtain the first-order correction to the energy of
the 2T, term, we must diagonalize the energy matrix of
3Cpers among the states | Wiy ), since the latter are degen-
erate. Although the qualitative splitting pattern of the
2T, term due to JCpert remains the same as in the absence
of the JT coupling, the magnitudes of the splittings are
reduced. The discrepancy between crystal-field calcu-
lations and the measured far-infrared spectra in the 27
term splittings of 34! impurity ions in corundum has
been mentioned in Sec. II (see Table II). It seems

MACFARLANE, WONG, AND STURGE
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reasonable to attribute the reduction of these splittings
to a Ham effect. However, according to Eq. (7), matrix
elements of all operators which are off-diagonal in this
tetragonal representation (i.e., all operators included
In 3Cpert) are reduced by the same factor y. Thus &,
82, and % should be reduced by the same factor. Clearly
this is not the case experimentally; 8; is reduced by a
factor of roughly 0.35, 8, by 0.14, and % by 0.6. We will
find that by going to the next order of perturbation
theory we can account for this difference.

B. Second Order

We now consider second-order interaction within 23,
and between 23, and 28.3! The latter interaction is rather
small, and we can neglect “nondiagonal’ second-order
contributions (i.e., contributions from perturbation
loops beginning and ending on different electronic
components of 27%), since these are reduced by a factor
v relative to the ‘“diagonal” contributions. The latter
are unquenched and may be calculated using electronic
matrix elements in a trigonal basis, in exactly the same
way as in static-crystal-field theory (Sec. II). We
neglect the correction (RXEjyr) to the energy denomi-
nators A, since Ejr<KA.

The most important contributions come from inter-
actions within 2J,, these being absent when there is no
vibronic coupling (see Fig. 4). The general expression
for the second-order correction to the lowest vibronic

level is

235100 | 3C,, | 230k 23.k 3, | 232 700
Z(—t | 3Cp | 202knm ) (%3oknm | My > (8)

232000 | 5y | 3200)=— 3

k#1,5 n,m7#0

(n4m)hiw

Here 3¢, and 3C,s are operators in JCsr. Since these are electronic operators, the vibrational part of the matrix
elements can be integrated out. The vibrational integrals have been evaluated by Ham,'° and we may write the

result as
M ;= (33,400 | 3C,p | 23,500 )
=— (ﬁw)‘lsz (T | 3Cp [ 2Tok ) CTok | 3Cpr | 2T2 ) I[8:; fot (1= i) fu], (9)
i,5
where Matrix elements of 3Cpert Within 277 in a real tetrag-
fi=e?G(x), fo=e¢*G(3%), onal basis® were obtained by transforming the 27
and block of 3Cpert given in Appendix A (superscripts on

G(x)= 2_; [x7/ (nXn!)].

The numerical values of the quenching factors y (see
Sec. IIT A), f3, and f, as a function of x=3 Eyr/fiw have
been tabulated,® and a plot is shown in Fig. 5. Note
that in the limit of strong JT effect, ¥ and f, fall off as
exp(—x/2) or faster, while f, only goes as 1/x. Terms
in f, represent the second-order effects which survive in
the static JT case; these were the only second-order
terms included in previous calculations (see, for in-
stance, Ref. 17).

N and M indicate the basis used to calculate the matrix

3123, denotes the manifold of vibronic energy levels derived from
the 27, electronic term (and 28 that of 2E). The first-order effects
discussed in Sec. III A are within the lowest three levels of 23,,
these being degenerate in the absence of JCper¢.

3 The reason for expressing JCper¢ in a real tetragonal basis is
for convenience in introducing the quenching factors f, and f,.
Ultimately we will transform back to a trigonal basis to get an-
alytical expressions for the g values. In the case of the spin-orbit
and trigonal terms (i.e., the part of 3Cpery Which yields the energy
levels but not the g values), we can work directly in the trigonal
basis. This is because the coefficient of £, is a multiple of the unit
matrix (i.e., Mitet is the same fors=1, 2, -+, 6) and is unaffected
by the transformation.
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elements) :
~"J'w'lE7 <2T27: [ %pert l 2T2j>
= Ul'a'Y (2T2a [ Zcpen l ZTgﬁ >Ujp*

= U{aﬁap"i‘Ujg*. (10)
The real tetragonal components of 27 are labeled ¢- - -
and the complex trigonal components ea---. The
unitary transformation matrix U between trigonal and
tetragonal bases is given in Appendix B. These matrix
elements were used to evaluate the second-order matrix
Mot using Eq. (9). At this point we could diagonalize
Nttt to get the energies and g values of the lowest
vibronic triplet of 2J,, and this was subsequently done
as a check. A more elegant method is to transform the
matrix Nttt to a trigonal basis

Ui*( Ntet ch) Ugj= Ntrie Mtrig’ (11)
where NtrieJtrie is now expressed in reduced form
comprising three 2-dimensional matrices,® and we can
obtain analytical expressions for the energy levels and
g values by solving the quadratic secular equations. We
find

d1=v(3v+48) + (fo/fiw) (= §+30v—30") — 34, (12a)
&= (3v+18) + (fo/fw) (— 5 +35v—§0*) +34, (12b)
where
A= (P—{r+87)
+ (fo/fiw) ? (04 +50% +5520°+ 380+ 4)

— (Yfo/Tiw) (3r*+30%+58004-267) .

The ground-state (Es.) g values ared
g+=0 (by symmetry),

81=2— (2k/Tw) (& +b%)'%, (13)

where

=—(2/9)¢fo— (7/9) §fa—3vfa—vhw
and

b=5V2(fo—fa).

While f, appears in the expression for the g factor, it
drops out of ; and §. In the static limit the spin-orbit
and trigonal splitting of the ground vibronic state go
to zero, as they must since this state is then a Kramers’
doublet.

3 This is guaranteed since the over-all symmetry of the Hamil-
tonian is trigonal.

3¢ The fact that the g values may sometimes agree with those
predicted by static-crystal-field theory does not necessarily mean
that the vibronic effects are unimportant. The static-crystal-field
g values can be reproduced even with substantial JT quenching
because of the complicated way that second-order terms come in.
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F16. 5. Values of v, f,, and f; as a function of . (The quantities
%, fa, fo, and x are defined in the text.)

Substituting into Egs. (12) and (13) the crystal-
field parameters for Al,O3: Ti** as discussed in Sec. II,
viz., =700 cm™, ¥'=600 cm™, {=120 cm™, k=0.8,
the JT quenching factors y=0.21, f,=0.41, f,=0.11,3
and an effective £, mode frequency fiw=200 cm™!
(note that the values of f, and f, are fixed by the choice
of v), we get

01=43 cm™, 6,=107 cm™,

g“=1~14) gJ-=0:
where the second-order interactions with the excited
2E term (see Sec. IT) have been included.

IV. DISCUSSION

We have shown in Sec. III B that a model in which
only E, vibrations are considered to interact with the
d* electronic system gives a satisfactory quantitative
explanation of the low-lying levels and ground-state
g values of Al,Os: Ti*+, There are several other reasons
why we restrict our attention to £, modes. Firstly, only
even-parity modes will interact with d-like functions.
The symmetric 41, mode produces no vibronic splittings
and so has not been considered. The justification for
neglecting the T, mode is more difficult. Including it
would lead to a much more complicated calculation,
since the Born-Oppenheimer products | 2T, Ty,nmamsng)
would no longer diagonalize the vibronic Hamiltonian
[Eq. (4)]. Also, further parameters would be required,
and there are insufficient experimental data to deter-
mine them. However, there is also some physical
justification for restricting our attention to the E,
modes. The observed spectrum indicates that there is
comparable quenching of spin-orbit and trigonal split-
tings (the latter is in fact quenched somewhat more
strongly). The trigonal field is a T3, operator, and
coupling to the T, modes should be quenched by the

% The corresponding numbers for the 3T: term of Al,Q;:V3+
(Ref. 17) are 0.023, 0.156, and 0.007, respectively.
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same factor (about 1/7) as is the trigonal field. Further-
more, coupling to 7%, modes would tend to quench the
spin-orbit interaction much more strongly than the
trigonal field® In fact, we find that the latter is
quenched more than the former, and we can safely
conclude that 7%, coupling is not important.

It is interesting to discuss the transition from the
static to the dynamic limit. When the last term in Eq.
(5) is neglected (no vibronic coupling), the Hamilton-
ian is invariant under operations of the cubic group O
applied separately to the electronic and nuclear coordi-
nates. In the presence of vibronic coupling, it is in-
variant under operations of O, applied simultaneously
to the electronic and nuclear coordinates. There are
always spin-orbit terms present as perturbations, and
these provide a mechanism for the system to tunnel
among the equivalent distorted configurations (Sec.
IIT A). In the case where the system is observed in a
time which is long compared to the tunneling period,
an individual complex exhibits the full cubic symmetry
of the Hamiltonian when averaged over the observation
time (dynamic effect). If the tunneling period is very
long compared to the observation time, it is possible
to observe the system ‘““frozen’ into one of the distorted
configurations. An individual complex may assume any
of the equivalent configurations with equal probability,
so that a spatial average yields a system with cubic
symmetry (static effect). In the static limit the lowest
vibronic state of 27 is effectively a Kramers’ doublet,
24, of D4, and cannot be split except by a magnetic
field. (This was not true, of course, of the 37, term
considered in Ref. 17.) There is still a second-order
contribution to the g factor, arising from magnetic
interaction with the upper JT branch (*£ of Dg).

The calculation that we have performed does several
things. It shows that the second-order vibronic interac-
tions can be important even in the case of relatively
weak coupling between the lattice and the electrons.
It provides useful expressions for the vibronic energy
levels and g values of single d-electron systems for the
case of an E, vibraticnal mode interacting with a cubic
T level, and we are able to show that the introduction
of vibronic coupling modifies the crystal-field predic-
tions in a way that gives quantitative agreement with
the observed spectrum of Al,O;: Ti%+,

The present discussion is also relevant to the case of
Al,O;: V4, which is isoelectronic with Al,Os:Tidt, As
mentioned in Sec. II, the spin-resonance spectrum of
Al,O3: V4* has not been positively identified at present.”
The positions of the low-lying levels of this system as
obtained from the far-infrared spectrum! (&=28.1
cm™, §,=>52.8 cm™!) do not agree with static-crystal-
field theory. We have performed a similar calculation
on this system using the crystal-field parameters
A=20,000 cm™, =700 cm™, v=600 cm™, {=200
cm™, and k,=0.8, and obtained quantitative fit to the
experimental data with Eyp=320 cm™ and 7iw= 200
cm™, The ground-state (Eg,) g values with this set of
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parameters are predicted to be g =~1.5 and gi+=0
(by symmetry) .3

Note that the number of parameters describing the
crystal-field, spin-orbit, and vibronic interactions is
greater than the number of experimental data available.
However, we should stress that this does not imply
that a fit to the data is meaningless, since most of the
parameters are constrained to a relatively narrow range
of values. We arrived at these valuesasfollows. The cubic
parameter A is obtained from the position of the excited
2E term measured by optical spectroscopy,? and v and
v’ were fixed by extrapolating the values found for other
@ ions in corundum.?*?5 (A and v" have only a small
effect on the 275 splittings.) The spin-orbit parameter is
taken to be about 809, of its free-ion value ¢,, which
corresponds to a very reasonable expansion of the 3d
radial wave functions in a solid. The expectation value
of orbital angular momentum has been reduced in the
same ratio, viz., /. For the two and three d-electron
systems in corundum (V3+, Cr?¥), it has been observed
that transitions to JT distorted states couple strongly
to a vibrational mode of ~200 cm™.2:% We note that
static-crystal-field theory cannot give a fit to the data
for any physically reasonable set of parameters. A
further test of the model that we propose here would
be to measure the g values of the 1.Fy, levels of
AlLO;: Ti**+ at 37.8 and 108.5 cm™, respectively. We
have calculated these numerically for the set of param-
eters in Sec. III B, and find g (1Eys)=—2.5,
g1(1Bap2) $0.2; g1y (2Eap2) =1.9, gu(aFas) X2,

In a recent paper Moser et al.® argue that the far-
infrared lines in Al,Os: Ti%* are not associated with Ti*t,
However, the evidence for the assignment to Ti*t is
fairly conclusive. The first infrared transition at 37.8
cm™! corresponds very closely to the activation energy
for Orbach relaxation observed in spin resonance.20:!
Recent experimental results® indicate that the 38 cm™
line splits in a magnetic field, and that g;>>g.. This is
consistent with our theoretical prediction but incon-
sistent with its assignment as a localized vibrational
mode. The Ti** spectrum does not appear in all Ti-
doped samples because Ti*t is the most stable charge
state and Ti*t is only obtained under controlled condi-
tions. Correlations with chemical analyses can be mis-
leading for this reason. While Moser et al.® report that
they obtained the same infrared spectrum in a sample
containing less than 20 ppm Ti, it would appear from
the anomalous dependence on a sample thickness that
they have a surface effect, and it may be that the sur-

3 Resonances of vanadium ions in Al,O; with g values in this
region have recently been measured by F. R. Merritt (private
com)munication) and by J. D. Castle, Jr. (private communica-
tion).
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Eksperim. i Teor. Fiz. 29, 384 (1955) [English transl.: Soviet
Phys.—JETP 2, 330 (1956)].

#J.-F. Moser, W. Zingg, H. Steffen, and F. K. Kneubiihl,
Phys. Letters 244, 411 (1967).

®P. L. Richards and R. Joyce (private communications).
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face concentration of Ti** was quite high in this particu-

lar sample.
V. CONCLUSION

We have investigated the interaction between an
E, vibrational mode and the 27T electronic term of the
d' configuration. Such interaction gives rise to the JT
effect. The theory proposed by Ham has been applied
to this case, and analytical expressions were obtained for
the energies of the lowest vibronic levels and the ground-
state g values of single d-electron systems. We find that
second-order interactions within the lowest vibronic
multiplet are important even in the case of relatively
weak coupling to the lattice, and we are able to obtain
quantitative agreement with observed levels and ¢
values in AlQOj;: Tidt,
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APPENDIX A

We give in Table III the @' electronic energy matrix
without the electron-lattice interaction terms. The
parameters are defined as follows: A=—% (& | Vew | %2),
v=+3 0 | Virig | 80), v'= (faxy | Virig | ens ), and ¢ is
the one-electron spin-orbit parameter; % is the orbital-
reduction factor (assumed to be isotropic); g=2.0023
is the spin-only spectroscopic splitting factor. The mag-
netic field is expressed in units of 1/83, and lies in the
(%, 2) plane. Note that if H,=0, the 2T, block of the
energy matrix can be rearranged into two 2-dimensional
and two 1-dimensional matrices. (The latter two are

!’l —3E)7 [we*  —wf* «@
| +3¢) wf wa B
| —3n) w¥a* —o*B* «

=12
[ +3n) w*B w¥a
—3¢) a* —B*
L[ 43¢ LB o B
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connected in second order via 2£). The energies and
4 values of E3/2(%x+; _%x—)) 1E1/2(_%x+: %x—), and
2 E12(3%0, —3%9) of 2T, can be obtained by solving the
quadratic secular equations.

APPENDIX B
In Sec. ITI B we require the matrix
Ui‘az (MS’Y('Y’:—S: 7 §'> I MS,VI(’)//E Xy, Xo, x—) >)

which transforms the six components of the 275 term
from a complex trigonal (y=ux;, %, 2_) to a real
tetragonal (y=§, 9, {) basis. The spin components are
labelled by M,= 4%, the orbital components by v, and
the transformation is carried out in the coupled (spin
and orbit) space. The matrix U can most readily be
obtained as a product of two 6X6 matrices, U= U;U..
U, is the transformation from a complex trigonal to a
complex tetragonal basis and is given by a direct prod-
uct of two rotation matrices®:

U2= D(U2) (01, 02, 03) ®D(l) (01, 03, 03) y

where the Eulerian angles which rotate the (100) axis
into the (111) axis are 6;=m/4, 6=cos™ $V3, and
63=. The choice §3= is made to conform to Griffith’s#!
convention for the definition of the complex bases. Now
the transformation matrix between real and complex
tetragonal bases is given by

(B1)

—3V2 0 V2
U =DW2(0,0,0)®| %2 0 2 |, (B2
0 i 0

so that we get
"“ﬁ* —w¥a* w*B*" r ___%.x+>-

a —o*f  —ow*a | +325)
—g* —wor ot ||| —dm)

, (B3)

a —of —owo | +3%0)
- —a* || he)

a —B —a  JdLU| HEx)]

where w=exp[i(2m/3)], a=exp[—i(nr/8)] cos[} cos™! V3], = —exp[—i(n/8)]sin[3 cos? V3], and w*, a¥,
and 8* are complex conjugates of w, , and 3, respectively.

4 See e.g., M. Tinkham, Group Theory and Quantum Mechanics (McGraw-Hill Book Company, Inc., New York, 1964).
a7y, S, Griffith, The Irreducible Tensor Method for Molecular Symmetry Groups (Prentice-Hall, Inc., Englewood Cliffs, N.J.,

1962).



