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Algebraic Solution in the V-e Sector of the Lee Model*
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A set of equations for the V-8 sector of the I.ee model is solved by purely algebraic techniques. It is shown
that the integral equations involved are like those that arise in scattering by a separable potential, in that
their solution requires no integral-equation techniques.

INTRODUCTION

'HE V-0 sector of the Lee model was first solved by
Amado'; other methods of solution have subse-

quently appeared. ' ' All of them involve solving singular
integral equations by techniques of analytic continua-
tion. In this paper, the basic integral equations are
chosen to be a redundant set; the four equations could
be reduced to two. The redundant set of.equations is
shown to be soluble by purely algebraic techniques,
while it can be demonstrated that the reduced set of two
equations is not. Because of the algebraic nature of the
solution, it is simple to give a complete description of the
V-8 sector.

NOTATION AND N-6 SECTOR

The Hamiltonian for the Lee model is

H =Esrvt V+Etr1VtrV+ co(k)at(k) a(k) dk

+ tt(k)a'(k)dk!Yt V+ V'iV tt(k)a(k)dk, (1)

usually suppressed. The equations of motion are

ta,N=E W+ t (k)at(k)dl V,

i BtU= Ey V+lV tt*(k)a(k)dk,

i ct,a(k) =vo(k) a(k)+ts(k) Xt V.

The vacuum state IO) satisfies

(OIa~(k) =(0I Ut=(0INt=(0IH=0.

We define the notation 3='8 by

a=. a (0Ia=(oIa;
then (7) can be written

at(k) = Vt='Nt=H='0.

It follows from (4) and (9) that

iaaf, ¹ E~N,

(7)

(9)

(10)

where E~ and E~ are the energies of the source in its V
and N states, respectively, co(k) is the 8 meson energy,
and tt(k) is the source form factor. We let the 8 field be
a Bose 6eld. In the sectors of interest it does not matter
whether V and N are both Bose fields or both Fermi
fields; we take them to be Bose fields. Then the non-
vanishing equal-time commutators are

LN(t), Nt(t)]= I V(t), vt(t)]=1,

I a(k, t),ar(k', t)]= b(k —k') .

(2)

We work in the Heisenberg picture with time variables

so that the 8-particle state

&kI = (oI a(k) (12)

is an eigenstate of H with eigenvalue &o(k).

In order to illustrate the procedure to be used in the
V-8 sector, we solve the N-9 sector in some detail. The
coupled equations in the E-8 sector are

so that (0 I
N is an eigenstate of H with eigenvalue Etr, it

is the N-particle state (N I. (The notation is backward,
but convenient in that it avoids daggers and gives equa-
tions for annihilation operators. ) Similarly,

ict,a(k) =' to(k)a(k),
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i it, v ='EvU+N tt*(k)a(k)dk,

(13)
i8,!Ya(k)= LE~+co(k)]Na(k)+ts(k) V.

Equation (13) will be solved by looking for operators
V (t) that have a single frequency, so that V (t) can be
written I' e '"'. Then the operator I' will be the
annihilation operator for a quantum of energy co . Ke
11'60
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he Fourier transformsintroduce t e o

'(E'i'+» iW(X)dh,V(t) = e—'

'&sr+""W(k,X)dh,&Va(k)= e '

(14) d, (19)

f Eqs. )

* k n(k) V(k)S(Z —~(k))d,D+(A) W(X) =' p*,(k)n

thehosen to normalize
T}1 }1hmmutation relations of t e eigcommu a

'
s of

6rst o

is defined bywhere the notation D+ i

(2o)D+(X) =D(X+io)

in the cut s planen that is analytic in edaisafunction t a i
'

in ean

(21)D(s) = s—6—I(s),
lt (k) I'

I(s)= —dk=

S-9 threshold energy;where Ez is the

~r = I'-'N+~(o) .

Then the equatio
'

ns become

X—h)W(X)= ti*(k)W(k, X d (22)
(16)

k= (D+(q) —D-(q)). (23k)I'-~( -~(k))«=
k) jW(k, X) ='ti(k) W(X),

and ](k) are defined ydbwhere 6 an

(17)
A=Ey —EZ,

(k) = (o(k) —(v(0).

ns
'

eno erators Y (t)t e
'

nsforms of eigenope
Th o dofY 8(X—(~, Er-t the form

p(q)

monotonit nically increasing
are interesteaxis, e a

or t is

()me
f the state wit pbinding energy of

(24)D(—B)=o.
a 5 functionion of (19) involves a 5the general solution o

f D+(X), so that anot er eigat the zero o
required:

ake
eneral solution(16) has the genera

W ,X = (k)v(k)S(X- [(k))

rator or wra f wave num eis the eigenopera wwhere Y(k)

X B+ t*(k)nB * k n(k) V(k)b(X —$(k))dW(X) ='neveb(X+B * k n

=ne Yeb(X+B)+ b(~—~(q))dq, (»), Ye& X+B)+ e, , vv(q)bY(k)&(&—$(k))dk='ee v Ye
D+(&(k))

and hence

W(k, z) =.
t (k)t '(il)

6(k q)+
-~(k)+'oj~(~())Lk(a-

ti(k)ne
&&n(~) Y(~)~(~- &(~))d~-

I e-'&( ) dq,Y e 'Ee'+ eq, vv il eV(t) = ee, v vie

(27)

,(k) Y(~)~(l -«(~))d»

en(k) Yiib(X+B) . 26
0

nsforms giveThe I'ourier tran

ei with eigenvaluesare
'

d ei enstates of H wi sare norma)ize eig wi

~Z

&(e)=&q+ &(il),

f.to" b 6f to a hoThe normalization factors
that

&ol v(o) l~&=e-,„
0 X(0)a(k,O)ln)= e.(k),

E-0 sectoraild if Q all d P are in the E

&pl Vtvy a at(k)a(k)dk
I
u) =b.e

(29)

(3o)

I q ~-'«~) dq.Y e-'e&'+ e, (k)Y(q e
'

kt)=' (kesYee '
iA (t)a(,

h ' are chosen p pro erly, thenIt follows that
'

h arif the n s ar

&BI = &ol v„
&~~'-I = &oI Y(~)

(28)

'(k) X'cVa(k)d k
I n)=

&pI VtV+ a

ee*(k)e (k)dk,= epv*e~v ee

(31)
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It is not dificult to verify that (31) is satisfied if

e(q) =1,
NB=Z1/2

Z '=D'( 8)—
Then (27) can be inverted to give

Ys(t) = e '~"Yri 'ea, v*V——(t)

(32)

follows:

Y.(N'tV —V'V)

=~ e. v*V+ e.*( )Na(1)dk ~(NtN —Vtv)

=' —e,v*V+ e„*(k)Na(k)dk (38)

+ equi*(k) N(t) a(k, t)dk,

V(q, t) =e-"'&"V(q) =e, , v*V(t)
(33)

= V —2e, y*V

=' V —2e. , v* ea, v Ya+ e, , v Y(q)dq

+ eq*(k)N(t)a(k, t)dk.
so that the coupled equations become

That Yr(q) ~0) is actually the state with an incident 0

particle with momentum q follows from investigating
the amplitude

(0~ Na(k)
~

Nq'") = e, (k), (34) i it, Y.h'~ V=' (L&'.+Fv —E&)Y.~Vt V+ Y &a*(k)a(k)dk

and noting that in k it has a plane wave and out. going
spherical waves. Finally, we list the matrix e

Na(k)

—2e„,v* ea, vYa ti*(k)a(k)dk
(39)

+ p*(k)e, , v Y(q) a(k)dkdq
t (k)

gj/2
8+&(k)

g j/2

ti*(q) t *(q)t (k)
b(q —k)+

D'(~(q))L~(q) —~(k)+ 0)D'($(q))

The elements in (35) really correspond to e,'; there is a
similar matrix if we use the states ~Nq'"') instead of

~

Nq'"). The functions e, '"' are obtained from e, '" by
changing +i0 to i0— Yg(t)Ni(t) V(t) = e '»+"i'U(X)dX

(3&) Equations (39) are redundant because V' NiV can be
expressed in terms of Y a(p) by using (33) and (27).
However, it is apparently just this redundancy that
makes it possible to solve (39) by using algebraic
techniques.

As in (14), we introduce the Fourier transforms

v-e sECTOR

The coupled equations in the V-0 sector can be
written

Y(q, t)Nt(t) V(t) = e-'i»+»'U(q X)dX

i B,Y a(k) = j&u(k)+E, )'Y a(k)+a(k) V„N'V,

iBiY,cVtV = (E~+Ev—E~)Y iVtV

+Y (iVtN VtV) p,*(k)a(k)d—k,

(3t )

Y,(t)a(k, t) = e-'i»+ii 2 (k,Z)d~,

Y(q, t)a(k, t) = e "e'+"&'T(k,q, X)dX,

where o. stands for 8 or q, and we have used the equa- with E2 the E—20 threshold:
tions

iB)V =E I (37) E2 Er+(o(0) =EN+ 2(o(0), —— (41)

that follow from (33). The last term is transformed as and substitute the explicit forms of the e,, to obtain
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the coupled equat o ~

L~+

U qiX) i

y) = (k) U(~

p, ](k)—«q )jT(k,q, &)=&( ) (o)~t(o) 1 (0) l )

(ol p(q, o)lv f(o)v(o)l )=f (.(1 ),
(o

l

I (q o)g(k, o)
l
a) = g= .(k,q),

(46)„*(k)T(k, ~)d( ~g g)U(P) =(

can havein Clearly fn &C or gP~~ or &P»' . g ~ then the ~ par
where ~

t te delta yf ~isonly the boun
of fp(q)"

g(k)pp(p) T(kipi )

(47)in =Z"9(pzii2(ol y(q, o)l+P )

k)T{kq, y)dk

l the g part o& C& k) isSjmj»r y

(4g)a &(P—")='('o va(o)l )

(k) have no pureThefun«i»sgp( '
&' (kq) is0 plP2

(49)

, „,&(,) „*(k)T(k»

e &part g

,)+h(k —p )~«g(k p,) 5(q—
P&

—2P(q) q(k) ps(p) T(k,pi~)

, (42):olvet e rerst two o
.

(43)P(q) =e, , v*.
w}lere

k, q, ~)

U(q, ) ),
~—~(q) —«")+'

T(k,~) =X(k)g(~—((k)+~)
(so)

P,(k)
U (y)+

~ p ](k)+io

uation &or g) givesn into the equSub stif uf 10

(~-t(q) —~~ I+p.—«q)j)U(q" = '
)( (q)+Z&&2c(&)+

f,»,~x(p»»" '2

~(&)

zii 2z+(x+&) U(")~ '

f() (, )
,
( ~) f~(q)xc(~)

we can swe need t

k ~ y ](k)—$(q))tor. If t
X with elgenv

h l.respond-

here is a . -
alue &2n o erator

in) wif, &Oi

have an op
ttering states q,

) th operators,„d, really "'"'
„k the «n«""' f'

ing X(l)
'

(25) and (26), wX(q q2). As in

g that give

X(P,XU(p) —fo iixc(~)+

(q)x(p»2 )2

(k ~) ge(k) Xe(~), + „(k)x(p,~

g „(k)x(pip»~ i

(44)

,(„g)-t(»'""
*(k)LX(k,q)+x(q )jy(q, X) = 2

*( )p'(p)l x("')+X'(p, k)jg(X) =
2

(s2)

)+ g(k, q)X(P) (k q)xg(X

(k q)X(PiP» ) '+ 2 gPiP2

X,(~)=X.~(&+~»

X(p,x) ==X()~&&—«P'+ '
X( P2") g(~ —t( i)—"(P')) '

(~) ~+(k)X(k) g(X+~—«")'"

g(x) = p( )J~(g ((p))U(p,

on the e is D'(~i„notion mul 'p y
~ ((q) g. Th

ltj lying U
heref ore, the

(45)
d it has a ze~(q)), a,n
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zr(q, x =z=z x(q)~(~+'-"q
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—2p(q) t ~(')+
D+(~- t(q»

(q»)

(g3)+g(a Zl/21+(/+8) U(

where

„t,. n,'nto A(&) g'~es

Zi/2f(g)+J () ), ~.(~)j~p)=«")+z'
„,„(„+~)p(~)j, (54)(y)+Zl/2c(~)+Z

F 2 (57)—(62).I/ IG. gs Qsed ill q

l counterclockwiseare in6nitesi~
an~

where and C.+& a
p respectivelco . -

y Then
around &—

shown in Fig

2~iBZ
p2 (P)f+(X—t(P))

( ~)dP
D+(~—6»)

( ))x(P)&(&+~ ~(P)) 'I+(

D()D( —')

D(2)D(s—
&)

D(.+&)

2,Z(s+&)
)

D(s+W
(6o)

I( gj', ) p p
, )x( )qP, +a—((P)

~ p( ) ~
I( —$(P))

J( ) = —2
D( —k(P))

p(y) hecomes

g+(x)j~(~+~)+2ZI
2z-~ (»j'("

)+z f(x))2z'/2L//(y)+ d &

Jg W 1Ch' h can be wi-ittenF' twecoFirs w

p(g)I(s —&)

J(s)= 2
D+,)D-(~)D(s

D(,)D(s—~)

, D(2)D(s ')

(s—/')d"

D(s—p)D(p)

Therefore,

D( )D( —)

wher~
qdE

Z(s) = —
2,.

/2(&)d'

D+( )D-(p)D(s —
&)

I p«dq. (62)
D(s—e(q))

Z(s+2@ '~(,), (~I)=2r2
D( + g)

(, 2Z)Z(s) (63J(s)=&-2z+z(+")~D'+
&hen

d
(~7),D(~)

nd

t-I —Z+(&)%'( +
~+(~)D'(~+@j

~ +2ZI.(&+8)
64)(g—»)Lz+~

a
econd int gte ra»sthe contoUr i'n»here

easily seen to give

27ri A—= 2~i(z —), le algebra to see thatIt is now simple a ge r

y S(X—P(k) —g(P))dl dP,

*(k)p'(P)x(k, P)ni . h ther hand, we ~(y)+

D(e) D'( 8) c„e-
d(X) = (X—2A) 22 pnit . On the ot erthe circle at infini y. h t erwhere C„is t e

have

c D(e)D(s —e)

c td'
X

D(e)D(s —e)

X = (X—2D) p*(k)tc —2Z —J—+(z) jc(~)—2zf(z) =

l S a+a-~(k))dk,X E+(X)D+(X+8) Zjx( )(—



166 V —8 SECTOR OF LRF. MODEL 1/6S

Since the point X=26 has nothing to do with anything, is easy to see that E( 8)—is negative, so the condition

we can write (56) as for a bound state is

F+(X)U(X) = P*(k)[F+(&(k)—8)—2Z 1X(k)
iE(—8) i

&z/D(o). (6s)

X&(&+8—&(k))dk —Z' ' P'(1)P*(y)X(l,y)

Ke will assume that there is a bound state at s= —C,
28&C&8. Then we see that

fc,a=~c,

F(z) =E(s)D(s+8)+Z. (67)

X&(&- $(k) —$(y))dkdp, (66) F'($(y) —8)—»
f&.s=p*(y)

F+(k(p) —8) (69)

P*(y~)p*(y.)
fu n.s= 2Z"'—

F «(')+~(p.»'The condition for a discrete state in the V-0 sector is
that F(s) have a zero for z real and less than —B. As

~s
~

-+ ~, E(z) ~ (1—Z)/s, so that F(s) —+ 1. Since
E(s) isnegativeforsrealandlessthan —8andD(s+8) where ec is a normalization factor to be determined

is negative for s real and less than —28, it follows that
C is less than 28. At s= 8, F(s) =Z—+D(0)E(—8). It Next we can solve for U(q, X), with the results

Finally,

P(q)D(8 —C)
fo(q) =-—,no,

Z'"D(—C—&(q))

2P(q) Z"'~*(y)
f.(q) =Z'"~(p-q)—

D"(~(y)—8-~(q)) F'(~(y)-8)

D'(f(p )+$(y )+8) P(q)P*(u )P'(u )
f~ ~ (q) =P*(y~)~(p~—q)+P'(pm) b(yi —q) —2

D'($(yi)+ k(p~) —k(q)) F'«(yi)+ &(y2))

(70)

~(k)
gc(k) = SQ ~8—C-g(k)

~(k)p'(y) F+(k(y)-8)-2Z
gp(k) = b(p —k)+

~(p)-~(k)+ 0 F'(~(p)-8)

u(k)p (y~)P*(y2)
gui, ~2(k) = —2Z'"

[&(yi)+$(p )+8—5(k)+iolF'(&(u~)+ $(y2))

~(k)p(q)D(8 —C)
go(k, q) =- Ng yZ"'~~+ 5(k)+ $(q) jD(—~—k(q))

Z"'~(k) ~(y —q) 2Z"'~(k)~'(y)p(q)
gy(k, q) =—

$(k)+8 [~(p)—k(k) —k(q) —8++jD'($(p) —8—k(q))F+«(y) —8)

u(k)P*(y )
g„„(k,q)= b(y& —k)8(y, —q)+b(p, -q)8(p, -k)+ b(p, —q)

[(y,)—~(k)+ io

~(k)p'(p~) ~(k)p(q)P*(p )P*(u )D'(&(y )+t(y )+8)+, 8(yg-q)-2
(pm) $(k)+i0 [~(p,)+~(p,) $(k) $(q)+~0jD+«(p, )+$(p,) $(q))F+«(y,)+$(p,))
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(8I Cytitttt'tt v+

+ Yt(q) Y(q)dq&t& V

the norIDyn the V-Os

,t k),(k)dkjln&&~ICV'V+

(72)

We have chosen

.k,q)dkdq'.(k)dk+ g,*(k,q)g-f,*(q)f-(q)dq+

fear,

*f »+

/
P2t)+ t)(pt —p2 )~(y~( p, )t)(p2 yi p&~, pg P2 (73)

(74)
b t tutgon glv

( 4)

(t)p't(t) V(t)+X. t =& iEatx =
g
—fa» Y( t)tqrt(t) V(t)dqq

(75)*( q)Y(qt)'(+ ga ~(k) Ya(t)a(k, t)dk+

„,
I

=2m( —~)t'"'(

d funct&ons iven ~bove.ld with the f sat on.sThe other orthono
'

erted to give

MATRIXX ELEMENTSSCATTERING

e a(k t) that follow from (6):e uation for aby using the eq ae o — atrix elements yKe obtain 5-ma rix

Then

t —a', —'
ka(k, t) = a' (k, t) —ip( e '""—ta(tt) (t—t')g(t t )tg~t t' U(t')dt' (76)

OUC

e'. '(BI~Vt(t')U(t')I -&dt'

a, '" =lim t." '»t(B!a(p, t) ln'"'" = B a'"'(p 0) ln'")=lim t,' t n'"&B

Bl»"(0)U(0)
I )in

(77)

"—2 8E
a'"(p,0 n — . tt) p

k) . (78)'p '"
Qt n — ~(yt)+~(y~) —E-)t (yi)'p2 '" 0 In'") 2~ih(E~+(a pt--p

ottt
i
attt(p 0

These give

&Bp"'IBq'")= (p- q) 2mib —y ——

a'" p,0) IA )

&Bl

=&Bla'" p,

'y2'"t I 1P(0)U(0) i
n' )

' »'"" n'"&= &&'y2'"'I a'" (yi,

—E-)t (y~)( p2'"'I~'

dk&Ep2'"t
i
Xk'a&f (

27nt)($(p—B

d t pg
' k'"'IBq' = — t (y~)+B—k(q))t (y~ d t p'"'i Bq' )= 2~i~(k(y—t) y~&ll'yty:"' Bq' = — t y~

'" t) pt —qt)

— —&(qt) l(q )) fq, ~,, ~,

«&l~ ""I~k'.&f„„k
p p ' = lYp "

i
Aqt' &8(pt —gy.&l)' '"'!ltq)q2 )— y2

(79)
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If we write

then we have
( out!pin) —

(~in!pin) 2~+(g p )(~I Tlp)

p(p)p*(q) (
!(BPITIB»&=p(»p*«)l 1—

F+(&(y)—B)/ D+($(q)) k &+(&(p)—B)&.(p).*(q ).*(q.)
(By I

T
I
~'»tqs& =

D'(k(q ))D'(&(q )&F'(f(q )+f(q ))

p(yi)p(ys)~*(q)
(1@yips I

T
I
Bq&= —2Z"'

D'(h(p ))D'(k(p ))~'($(p )+k(p ))

—2~ib(&(pt)+ $(ys) —h(qt) —&(»s))(~'yips I
~

I &qiqs&

~(yt)~(ys)~*(qt) p*(q")
(Xp,psl VIVE»,q,&= —2

D+(5(pi))D+(&(ps))D+(k(qt))D+(k(qs)) J"(h(qt)+h(qs))

D'(k(qt)+ t(qs)+B)

(i''p p out! pq q in) (p, p out! gq in&(prp out! +» in)+(jpp out! ~pq in&(gp out! jg» in)
(81)

A (z) =—E(z—B+oi(0))/Zs,

G(z) =ZD(z —B+co(0)),
(82)

Since we can write

These are like the S-matrix elements given by Maxon' for —B&co&0 is
when the correspondences between Maxon's A and G

&+( ) ~( ) ~&( ) Z/D(+B)jfunctions and the function E and D of the present work
are noted: X [D'(oi+B) D(t0+ B)j—

=2iriI K(z) —Z/D(z+B)jp(oi+B). (86)

although here we have not assumed anything about the
function p(k).

By considering the analytic properties of 1/D(z) it is
easy to see that

z Ip(q)ls
+ — dq,

D(z& z+B z—((q)

so that E(z) can be written

(83)

It(z) =Z Ip(q) I' Ip(q) I'fp(y) I'
dq+ —dqdy. (84)

z+B—~(q) z—&(q) —~(y)

Therefore, the function E(z)—Z/D(z+B) has a pole at
z= —28 and a cut from z= 0 to z= 0o; it follows that it
is real from z= —8 to z =0, that is, in the region in which
only the 8—8 channel is open. Moreover, if we write

F(z) =D(z+B)LE(z)—Z/D(z+B)]+2Z, (85)

then it is clear that the discontinuity of F across its cut

(Bpl T
I Bq) =~(y)~*(q)Ã($(y) —B)

Z/D(&(p))1/F+(&(p) —B) (87)

it follows in the usual way that if p, is spherically sym-
metric, then the S-wave phase shift below the inelastic
threshold is just the negative of the phase of Ii+.

RENORMALIZATION AND OTHER SECTORS

For any of the usual choices of p(k) and &o(k), only
the function D(z) requires renormalization. If, on the
other hand, the renormalized coupling constant is such
as to produce ghosts, this will be rejected in the V-8
sector also.

It seems at least possible that a technique similar to
the one presented here could lead to a solution in the
V-28 sector. The idea would be to work with the opera-
tors X u(k) and X ÃtV and use the equations corre-
sponding to (39). Further investigations along these
lines are being undertaken.

t See, e.g., M. Bolsterli and J. MacKenzie, Physics 2, 141 (1965).


