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The long-range forces arising from neutrino-pair exchange between elementary systems are studied with
the use of dispersion-theoretic techniques previously applied to the study of multiphoton exchange. It is
shown that the potential decreases as r 5 for large separation r, independently of the particles or systems
under consideration. The weak lepton-lepton force does not seem to be observable at present in laboratory
experiments. The long-range forces on neutrinos are also studied. For the case of two neutral molecules, a
numerical comparison is made of the three types of long-range forces: gravitational, electromagnetic,
and weak.

I. INTRODUCTION

'T has been known for some time that the exchange
~ ~ of a pair of neutrinos will produce a long-range
force between two particles. ' However, there has been
some disagreement in the literature' ' about the depen-
dence of this force on distance. For example, it has been
suggested that such forces could be responsible for
gravitation. This is not possible since, as we shall see,
the force falls oR much faster than the inverse square
of the distance. In this paper, we will use the techniques
previously developed to treat multiphoton exchange'
to find the force coming from neutrino-pair exchange.
It turns out that the power dependence of the force is
insensitive to the type of the (nonderivative) neutrino
interactions, or to the type of particles exchanging the
neutrinos. However„ the strength and the sign of the
force do depend on these factors.

We treat first, in Sec. II, the long-range potential
coming from neutrino-pair exchange between two
electrons, assuming a direct four-fermion electron-
neutrino interaction. This potential is finite, and
behaves as r ' for large r, in agreement with an old
result of Ivanenko and Sokolov. ' We then consider how
this result might be modified in an intermediate boson

theory of weak interactions. We show that if such a
theory is assumed to give finite results for the process
e+e -+ v+ v at low energies, then the result for the one

neutrino-pair exchange force, expressed in terms of the
measurable amp1itude for e+e~ v+v, is the same as
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and in part by the U. S. Air Force under Contract No. AFOSR
500-66.

' For early work, see H. Bethe and R. A. Bacher, Rev. Mod.
Phys. 8, 201 (1936);D. Iwanenko and A. Sokolow, Z. Physik 102,
119 (1936);G. Gamow and E. Teller, Phys. Rev. 51, 289 (1937).

2For more recent work, see G. Gamow, Phys. Rev. 71, 550
(1.947); H. C. Corben, Nuovo Cimento 10, 1485 (1953); P.
Bocchieri and P. Gulmanelli, ibid. 5, 1016 (1957); P. Gulmanelli
and E. Montaldi, ibid. 5, 1716 (1957);M. Kawaguchi, ibid. 8, 506
(1958).

3 G. Feinberg and J. Sucher, Phys. Rev. 139, 81619 (1965).
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in the lowest order four-fermion theory. This result is
valid even when the eRects of many virtual intermediate
bosons are considered.

It is also interesting to consider the long-range force
between neutral particles, since in that case it is possible
for the neutrino force to asymptotically dominate the
multiphoton exchange force. For an ordinary hadron,
say, a nucleon Ã, there is no matrix element of order
Gv for X+Ã ~ v+v, because of the presumed absence
of neutral lepton currents. The weak long-range force
between two hadrons or a hadron and a lepton is there-
fore much smaller than that acting between two leptons,
at the same distance, although the dependence on
distance is the same. This suggests that we consider a
mixed hadron-electron system, or molecule, in which
case the main contribution to the neutrino-pair ex-
change potential comes from the electrons. This is
analyzed in Sec. III; the neutrino-pair contribution to
the long-range potential between two molecules is
found to behave asymptotically as r ', with a coefficient
which, for spinless molecules, is simply related to that
occurring in the corresponding potential for electrons.

For the sake of justice and completeness we also
consider, in Sec. IV, the dominant long-range force oe
neutrinos, which arises from two-photon exchange.

Finally, Sec. V contains a summary and a com-
parative discussion of the three types of long-range
forces acting between neutral molecules: gravitational

electromagnetic, and weak.

II. NEUTRINO-PAIR EXCHANGE BETWEEN
CHARGED LEPTONS

Ke consider the force between two electrons arising
from v-pair exchange, first within the framework of the
universal four-fermion interaction and then in a 8"-
meson theory of weak interactions. The forces between
other pairs of leptons are the same, within the approxi-
mations being made, up to a sign change when a lepton
is replaced by its antiparticle.
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FIG. 1. Lowest-order Feynman dia-
gram for e-e scattering via y-pair ex-
change in the four-fermion theory.

the 0 functions being understood, and using

C'k S(k')b(k')[1 k~ k~k"]

A. Four-Fermion Interaction
we find that

[K")=-(1/3-)(g t-e e) (2.7)
If we assume the usual form of the current-current

weak interaction theory, then there is an electron-
neutrino part of the weak interaction Lagrangian of the
form4

Comparison with Eq. (2.6) yields

Using (2.2), (2.6), and

(p —p')w(p')r„u(p) = —2)&)u(p')y u(p),
(2.1)

M=u(p2')u(pg') Tu(p2)u(p2),

where G& = 10 'M~ ' and I'&=y&(1+y~). The lowest-
order matrix element for electron-electron scattering we get
arising from (2.1) is (see Fig. 1)

(2.8)

where

and

iM—= (—-',v2iG~)'B K&"

H„„=u(p, ')I"„u(pi)u(p, ')I'„u(p, )

de i i
Tr I'~—7"—

(2m)' k k'

(2 3)

(2.4)

and the superscript i indicates that the corresponding
Dirac matrix acts between the spinors associated with
electron i (i= 1, 2). Since, in the c.m. system, y&i'&y&i'&

taken between Dirac spinors is proportional to

[—1/(2m)']0&'& Qoi'& Q (2.10)

(2 2)
where

7= —i~iG&'(I'i'& I'i'&A —4m'ps''&yg "&B), (2.9)

The minus sign in Eq. (2.4) arises because there is a
closed loop in Fig. 1. It is convenient to define

1 1 2 2

k= —k'= Q —k,

and to rewrite (2.4) in the form

d4k ——L",
(2)r)4 k' k'

where
LI'"=—Trl I"y H'"y k

= 8(k~k "+k"k~—g~"k k).

(2.5)

If the quadratically divergent integral (2.5) were sup-
plied with a convergence factor, such as [&i2/(k' —X'))2,
the general form of EI""would be

K~"=A g ~"+Be~e" (2.6)

where A and B are (cutoff-dependent) functions of t,

t= Q2

analytic in the t plane with a cut starting at t=0. The
discontinuities [A] and [B] across the cut are 6nite
as P +~, and may be obtaine—d by replacing (k') ' and
(k') ' by 2vri8(k')—e(k') and —27rib(k')0(k'), respec-
tively, in (2.5). Thus with

taken between the corresponding two-component Pauli
spinors, only the term proportional to A in. (2.9) con-
tributes to the spin-independent part of the potential.
Furthermore, for collisions which are nonrelativistic in
the c.m. system [(s—4m')/4m'&(1) the matrix I'&'& I'i'&

is approximately equivalent to unity, spin-dependent
terms being dropped. As discussed in Ref. 3, the long-
range part of the potential is determined by the ab-
sorptive part of the scattering amplitude via

p(t)e i '&"Ct, (2.11)

ol

p--(t)= (2 ) '(—-"G~)[A(t))

p„„-(t)= (G '/12~)t. (2.12)

From (2.11) we then get for U„„-, the long-range, spin-
independent part of the electron-electron potential
arising from exchange of a neutrino pair,

where p(t) is the spectral function, equal to (2i) ' times
the discontinuity of the Feynman amplitude. [The
normalization factor in (2.11) is appropriate for the
scattering of two spin--', particles. ) Thus, dropping the
second term in (2.9) and replacing I'"& I'i'& by unity,
we get for the spectral function

U,p= Gy /47rsr'. (2.13)

[K~"]=——(—2~i)' 8 (k') t& (k')L""
(2)r)'

4We use Dirac matrices yt' with yt'y"+y"yt'=2gt'" g00= —g'
= —g"= —g33 = 1) and y6 ———jy'y'y'y3.

The long range force between two electrons coming
from neutrino-pair exchange is, therefore, to lowest
order in G~, repulsive and proportional to r '. It should
be noted that the long-range potential (2.13) is finite
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(cutoff-independent) because the spectral function
p„(t) i-s finite, even though the two-neutrino exchange
graph as a whole is infinite. Thus, the formalism being
used is especially convenient for the calculation of
effective potentials. The wide spectrum of results for
neutrino-pair exchange forces given in the literature"
may in part be attributed to the difFiculty of separating
unambiguously the finite long-range force from the
cutoff-dependent short-range forces in other approaches,
and in part to the fact that the calculations were based
on a variety of Lagrangians, proposed before the four-
fermion interaction was understood,

The fact that U„„- is repulsive may be understood on
qualitative grounds. within the framework of the V—3
theory, the exchange of a neutrino pair is equivalent to
a continuous superposition of vector-meson exchanges
with a Yukawa-type coupling, as can be seen from Eq.
(2.7). It is well known that the exchange of such a
vector meson between like particles gives rise to a,

repulsive force, as for photon exchange. These remarks
also serve to explain why, as already stated, changing
a particle to its antiparticle changes the sign of the
force.

Incidentally, the above line of reasoning shows that,
for example, a scalar four-fermion interaction will be
equivalent to a superposition of scalar-meson exchanges
and so should give rise to an attractive potential.
Indeed, with

(2.14)

we get

V,;(s)= (—3/Sir3)Gs'/r'. (2.15)

Although the effective electron-neutrino interaction
Lagrangian may contain either "induced" or "direct"
terms other than the V—A term (2.1), in the present
picture of the weak interactions the corresponding
coupling constants, such as Gz in Eq. (2.14), are
expected to be much smaller than G~.

It should be noted that any second-order calculation
of the neutrino-pair force which is based on a non-
derivative four-fermion interaction and is independent
of any cutoff must yield a V„- r ', simply on dimen-
sional grounds. The fermion masses occur only in
the external kinematical factors such as (m/E)'(',
which are unity in the low-energy limit, so that if we
are to have V,-„~GJ'r ", the proportionality constant
must be dimensionless. Since dim G ~' ——L, dim V„„-=I. '
requires n= 5.

An alternative way of understanding the r ' behavior
is to imagine the computation carried out in coordinate
space where it can be reduced to the integration over a
relative time x' of the trace of the square of the neutrino

propagator 5);(x), where x=xi—x2 and x; is the co-
ordinate of electron i (i =1, 2). Since Sz(x) ~ y OAF(x)
~ y&x„/(x2 ie)', the in—tegrand is proportional to
(x'—ie) '. On integration over x' one therefore gets

~ x~ '", for ~x~ WO. Of course, for x=O the calculation is

V' „(e,e) —V' + V' spin (2.18)

In a,rriving at Eq. (2.18) we have dropped spin-
other-orbit type interactions and terms which fall off
faster than r ', The term V„„- then arises entirety from
the interaction of the vector currents carried by the
leptons, whereas V„„-"'"comes entirely from the inter-
action of the axial currents. Since under charge con-
jugation the vector current is odd, but the axial current
is even, it follows that V„„-' '+), the electron-positron
potential, is obtainable from (2.18) by changing the
sign of the &st term;

V (e, e+) V' + V' spin (2.19)

In the spin singlet state, V„„-'I'"is equivalent to 2 V„„-,

so that the net force is repulsive for both an e -e and
an e -e+ system. In a spin-triplet. state, V„„-'&'" is

equivalent, on taking a spherical average, to —-', V„„-,

so that the force is still repulsive for an e -e system
but is attractive for an e -e+ system.

B. v-Pair Exchange in the W'-Meson Theory

If we consider instead of the four-fermion interaction,
the 8'-meson theory to lowest order, then the matrix
element for e +e+ ~ p+i is modified by a factor

For the small values of the external momenta that are
relevant to the long-range force, this factor is approxi-
mately unity, so that the same result is obtained for the
longest-range term in U„„-as in the four-fermion theory.

Suppose, however, that we consider higher-order
effects in this theory, involving more than one virtual
8" meson. It is well known that individual graphs for
such higher-order effects are in general divergent. No
systematic way of obtaining finite answers for such

ambiguous, corresponding to the divergence of the
closed loop and the need for subtractions in Eq. (2.5).

To conclude this subsection, we state some results
concerning the spin-dependent parts of the long-range
interaction. Retention of the terms involving electron
spin operators in the reduction of (2.9) yields, apart
from spin-other-orbit type interactions which vanish
in the nonrelativistic (NR) limit, a spin-spin interaction
whose long-range part V„-'I'" is given by

spin &(1),+(2) U

+(Gr'/24)r')o(') Vo(') Vr ' (2..16)

The first term in (2.16) arises from the A term in (2.9),
on using the equivalence of I'(') I'(') to 1—o(') a") in
the NR limit, and the second term in (2.16) arises from
the 8 term in (2.9), on using (2.10). Equation (2.16)
may be rewritten in the form

V -'p'"= (—'er").re") r 'a(—"—o(")V; (2.17)

the total electron-electron potential is then
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Fxo. 2. Symbolic diagram for the re-
action e +e+ —+ v+v, with —p' and —k'
the momenta of e+ and v, respectively.

effects has yet been devised. Several years ago, a method
was proposed" for describing what effects the higher-
order terms might produce at low energies if it were
indeed possible to obtain 6nite answers for them. It is
of some interest to apply this method to the present
problem.

We consider the amplitude F for e +e+ —+ v+ v with
the kinematics of Fig. 2. If we neglect lepton masses in
the calculation of higher-order terms, then this ampli-
tude may be written as

P =v. ( P')7'(—1+vs)s4(P) ~"&.(k)

Xy (1+ps)tt„(—k'), (2.20)

where M, has the form

M,.=ng, .+pQ, Q.+P,.
Here n and p are invariants, Q=k —k' as before, and
P„ is a tensor which vanishes when Q is kept finite
and the other linearly independent momenta are set
equal to zero. For the calculation of long-range forces,
we need M„at small values of the external mornenta.
According to the "power-counting method" of Ref. 6,
in the limit of zero external momenta one has

(0)=('/~ )C+O('),
p(0) = g'/res '+O(g'),

(0)=O(g').

Here g is the coupling constant of the W-meson —lepton
interaction, and C is an unknown constant, of order
one in g'. If only ladder graphs are considered, then
C=ss. We note that the quantity n(0) determines the
low-energy electron-pair annihilation into neutrinos.
It is therefore in principle experimentally measurable,
say, through the astrophysical effects of this interaction.

We may now compute the long-range interactions as
in Sec. II A. From (2.20) it can be seen that the net
effect is to replace (Gv/&2)F" by 3f»'F„. or, to lowest
order in g', by

(2.21)

Since Eq. (2.7) shows that

Q «.,j=Q «..j=0,
the p terin in (2.21) does not contribute to the absorp-
tive part, so that (Gv'/2)LK„„) is simply replaced by
rr'(0)«„.].Hence the same result is obtained as in the
four-fermion interaction theory taken in lowest order,
except that G&/V2 is replaced by rr(0) However, sin. ce

n(0) is according to the above discussion the effective
Fermi coupling constant for e +e+~ v+v at low
energies, it follows that even when the higher-order
effects are included, the long-range potential between
two electrons coming from neutrino-pair exchange can
be written

V„p= G,tP/4s. srs, (2.22)

where G.~~ is the measurable Fermi coupling constant
for e +e+ —+ v+ v at low energy.

Thus, within these approximations, there is one
eff'ective constant which determines both the long-
range force md the low-energy annihilation amplitude.
This situation is reminiscent of the Thirring theorem
in electrodynamics, 7 which states that the low-energy
Thompson cross section is given by the same coupling
constant which determines the long-range Coulomb
force.

This type of conclusion regarding the effects of higher-
order corrections to the e e+~ vf amplitude may also
hold in the four-fermion theory, provided that no infra-
red troubles occur, since the power-counting arguments
of Ref. 6 appear also to apply in this case.

V (h, h) er g4G 2/4~3rh (3.2)

This is a factor of i0 ' smaller than the corresponding
potential V„„- t Eq. (2.13)g between leptons for Ms/
M„=10, and still much smaller than V„„-for Ms/Mv
as large as 100.

However, there is a larger contribution to the long-
range hadron-hadron potential coming from v-pair ex-
change, arising from the charge form factor' of the

III. NEUTRINO-PAIR FORCES ON
HADRONS AND MOLECULES

The amplitude for scattering of a hadron k by a real
or virtual neutrino, or equivalently, the amplitude for
k+8 ~ v+ v, has no terms of order Gv in a four-fermion
theory or of order g' in 8"-meson theory, as a conse-
quence of the assumed absence of neutral currents. The
higher-order graphs are, of course, divergent in either
kind of theory. The leading term coming from weak
interactions alorse is formally of order g4 in a W-meson
theory; explicit summation of a certain subset of di-
vergent graphs in this theory gives in fact a 6nite
amplitude of order g', for a spin--,'hadron such as the
proton. ' At low momenta this amplitude is proportional
to

(g'/~~')(~h'~. (&+vs)Nh)(~. 'v" (&+vs)N.) (3 1)

For an effective 6+v —+k+v amplitude of the form
(3.1), the considerations of Sec. II apply. Using
g'/Ms'=Gv/V2, we are led to expect a long-range
potential between hadrons of the form

5 G. Feinberg and A. Pais, Phys. Rev. 131, 2724 (1963).' G. Feinberg and A. Pais, Phys. Rev. 133, 3477 (1964).
7%. Thirring, Phil. Mag. 41, 1193 (1950).' J. Bernstein and T. D. Lee, Phys. Rev. Letters ll, 512 (1965).
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neutrino. This gives rise to an effective hadron-neutrino
interaction proportional to

I (4 )'"7'(a'/~ ')kn A.0.~"(1+v )f., (3 3)

and hence to a potential

V g &" "' ~ L(4')'"e7'GF'/4~'r' (3 4)

omitting cross terms between (3.1) and (3.3) (of order
g'e'). Similarly, the long-range hadron-lepton potential
arising from v-pair exchange is

Vaoog '" "oo L (47r)'"e7'G p'/4''f'. (3.5)

It seems more interesting to study the v-exchange
force in a case where it may be asymptotically dominant
over electromagnetic forces. Such a possibility arises
when one considers the v-pair exchange force between
neutral atoms or molecules. It is known' that the
potential arising from multiphoton exchange between
such objects falls off asymptotically at least as fast as
1/r'.

The amplitude for the emission of a v pair by a
molecule is the sum of terms corresponding to pair
emission by any of the constituent electrons or nucleons.
The dominant terms arise from the electrons, since
these are of order g', whereas the nucleon terms are at
best of order g'e'. Thus a molecule, although electrically
neutral, does not act like a neutral system for neutrino-
pair emission.

The amplitude for v-pair emission is therefore the
sum of contributions from each of the Z electrons. The
axial-vector contribution may be neglected for small
momentum transfer, since the electrons are nonrela-
tivistic and we consider only the spin-independent part
of the force. The vector contribution is proportional to
the electronic part of the charge form factor of the
molecule. The molecular neutrino emission amplitude
is therefore equal to Z times the amplitude for emission
of a v pair by a free electron, provided that the mo-
mentum transfer to the neutrinos is small compared
with the inverse molecular radius. The results of Sec.
II can thus be applied to obtain for the intermolecular
potential arising from neutrino-pair exchange,

V' mol + (g2/4~3) G 2/r5 (3.6)

IV. LONG-RANGE FORCES ON NEUTRINOS

Since the neutrino has been the agent responsible for
the forces on other particles that we have considered
here, it seems only just to inquire whether there may be
long-range forces acting on the neutrinos themselves.
This could be of interest in connection with the propa-
gation of neutrinos across astronomical distances, as

valid for r much larger than the molecular radius. We
note that at suitably large distances this potential will
dominate the van der Waals potential, arising from
two-photon exchange, since the latter falls off as r '.

FiG. 3. Symbolic diagram for two-
photon emission by a neutrino.

well as in connection with their interaction in the
laboratory.

Although the neutrino is a spin--,' particle, the fact
that it occurs with a definite helicity forbids it from
carrying any magnetic moment. The single-photon
vertex of the neutrino therefore reduces to a charge
distribution, which leads to exponentially decreasing
forces. ' Therefore, as in the case of a spinless neutral
particle, we are driven to consider forces arising from
two-photon exchange between neutrinos and charged
particles.

We thus need to know the amplitude M for emission
of two photons by a neutrino. The general form of M,
consistent with current conservation, CI' invariance,
and the identity of the two photons, may be obtained
by the same methods used in Ref. 3 to find the ampli-
tude for two-photon emission by a spin-zero particle.
Using also the y5 invariance of the neutrino interactions
and the Dirac equation for the neutrinos, pu=p'u'=0,
one finds that on the neutrino and photon mass shells,
but with ~ q and ~' q' not necessarily equal to zero, one
may write, neglecting terms which vanish more rapidly
than the third power of momentum in the low-energy
limit,

M= (u'F u) el"e'"(P T &'~+F T ~'i) (4.1)

Here

Tapv = Aa(Paqv Pvqa )+P A(gapqv gavqa )
A'(a-aP. +g-Pu) PAA-g—u. —

and

T „„~'&=A (P„q„' P„q„)+P A(g —„q„g„q.'), —

with
A =

q
—q', P=P+P',

and the kinematics is given by Fig. 3. The F& are scalar
functions of the invariants I' 6 and 6'.

The term proportional to F& in Eq. (4.1) corresponds
to an effective Hamiltonian density H &'& for the
neutrino-photon interaction of the form

(4.2)

where FI'"=8"AI'—8&A" is the electromagnetic field
tensor and J p is a neutrino tensor current defined by

J,,= T4.r.aA (a,y)rA7, —

A discussion of single-photon exchange forces between neutral
particles is given in J. Soffer and J. Sucher, Phys. Rev. 161, 1664
(&967).
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where f is the neutrino field operator. The term pro-
portional to Fs in Eq. (4.1) corresponds to an effective
Hamiltonian density

II&'&=X&J.&F ~B„A~. (43)

We wish to consider the effect on the neutrino of an
external electromagnetic held. To this end we replace
the photon field A„by an external (c number) field in
Eqs. (4.2) and (4.3). For a static field Hi" vanishes, "
so that in this case we need only consider H('~.

To compute the effect of II(" we need to know X~.

For small momentum transfer to the neutrino and at
not too high neutrino energies, we may identify X& with
Fi(0), the value of Fi for zero value of F 6 and 6s.
Although Fi (and Fs) vanishes to order Gq in the four-
fermion theory, in the 8'-meson theory the value of
Fi(0) is both nonzero and finite (cutoff-independent)
in lowest-order perturbation theory, as has been
recently shown by Tesoro. "To order e'g' the result of
Tesoro is

U'= —F,(0)p'[(EXP)'+(HXP)'+2EXH Pj, (4.5)

where we have used Eq. (4.1) and the identities

u(p)i' N(p) = 2p"/po,

(p-F")=(1 E, p'E —nXH).

Using (4.4) and (4.5), we may estimate the angular
deflection 60 of a neutrino beam passing through, for
example, an electrostatic field E(r) = (Q/rs)r. The
result is

68= Dp, /p 10 "(Q/e)s('Ag /b)4(Mrt/M~)', (4.6)

where Xg is the 8'-meson Compton wavelength and 6
is the impact parameter of the beam with respect to the
charge Q. It can be seen from (4.6) that one would have
to be able to pack an enormous charge Q into a small
volume to get an appreciable deAection. For example,
if Ms ——10M„, b=1 cm, and Q=1 C, (4.6) gives
69 10 ".However, although it seems unlikely, the
possibility of astrophysical effects may not be out of
the question.

We note finally that in a Coulomb field such as the
one just considered, the two-photon potential on a

"The fact that the photons were put on the mass shell in
deriving (4.1) is reilected in the fact that (4.3) is invariant only
under the restricted gauge transformations, A„~A„+B„y, with
O~=o.

"A. Tesoro, Colurnhia University Ph.D. thesis, 1967 (un-.
published).

Fi(0) = (esg'/3') (1/Ms4)[ln(Mrv'/es ') —1j. (4.4)

The effective potential U for a neutrino of momentum
y and energy p'= ~y~ arising from H&'& is then found
to be

neutrino falls off as r—4, as for other neutral particles,
but that, unlike the other cases, the force is neither
central nor velocity-independent.

B. Comparison of the Long-Range Forces
Between Molecules

It is interesting to compare the strength of the v-pair

exchange force between (identical) molecules with the
two other long-range forces known to act between such
systems: the van der Waals force and the gravitational
force. We have, from Eq. (3.6),

V„„(r)= (1/4ir'-) (ZGs)'/r' (5 1)

for the v-pair exchange potential. For the van der
Waals potential between two identical molecules we

wrj. te

V s (r) = —(23/4s. ) (crsr"')'/r' (5.2)

V. SUMMARY AND DISCUSSION

A. Summary

In Sec. I A, the long-range potential V„„-arising from
v-pair exchange between two electrons was first coIn-

puted, within the framework of a four-fermion V—3
interaction. [Eq. (2.13)).It was pointed out that both
the power law and the sign of the force could be under-
stood on the basis of simple arguments. The spin-
dependent part of the long-range potential was also
obtained [Eq. (2.1'/)j, and the e -e and e -e+ forces
were compared. In Sec. II 8, the problem was recon-
sidered in the framework of a TV-meson theory. Al-

though allowance was made for an arbitrary number
of virtual W mesons essentially the same result [Eq.
(2.22)$ was obtained, reminiscent of Thirring s theorem
in quantum electrodynamics.

The dominant v-pair forces between two hadrons and
between a hadron and a lepton were considered in Sec.
III, and were found to depend on the charge form factor
of the neutrino [Eqs. (3.4) and (3.5)). The weak long-
range force between molecules was also obtained [Eq.
(3.6)]. This force comes mainly from the interactions
between the electrons, so that V, „-

" increases as Z'.
For spinless molecules the weak force will dominate the
van der Kaals force at sufficiently large distances.

The long-range force om neutrinos was studied in
Sec. IV. This force arises predominantly from two-
photon exchange between a charged particle and a
neutrino and so depends on the amplitude for y+y ~
a+ & Although . this amplitude vanishes in lowest order
in the four-fermion theory, this is not the case in the
t/V-meson theory. Using the recent work of Tesoro, "
we were able to calculate the effective potential seen

by a neutrino in an external electromagnetic field t Eq.
(4.5)j and estimate the magnitude of the effect in a
typicaI case—extremely small, as was to be expected.
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where nsr"' is an egecfiM polarizability. " The gravi-
tational potential is, of course,

V, = —GM'/r, (5.3)

Us, / V„„-= —[(5X 10' cm)/r5'ti (5.7'l

The situation can be summarized as follows. From
(5.4), we see that the gravitational interaction catches
the neutrino-pair exchange interaction at r 10 ' cm.
If we take rl=1 in (5.5), the gravitational interaction
catches the van der Waals interaction at r 10 ' cm,
for those molecules for which (5.2) is a good approxi-
mation at this latter distance. On the other hand, with
g=1 in (5.7), the v-pair interaction does not catch the
van der Waals interaction until r is about 7 earth radii.
This distance is decreased if g(1, but substantial re-
duction does not seem likely. For example, for the case
of two xenon atoms with nuclear spin zero, a crude
estimate gives g 4. Although estimates of molecular
polarizability indicate that g is a decreasing function

"We write (5.2) by analogy with the result of H. Casimir and
C. Polder, Phys. Rev. 73, 360 (1948). These authors find
U2~= —(23/47i-)cx, 2/r', for identical atoms with electric polar-
izability n, . Contrary to the opinion sometimes stated, this form
for the coeKcient of r ' is not universally valid; this point will be
discussed in detail in J.Chem. Phys. (to be published). Incidentally,
if charge is measured in Heaviside units, and if correspondingly
one puts n, = (4') 'e, ', then the powers of 7I. appearing in the
expressions for U2~ and U„„-become the same, as one would expect.

where M is the molecular mass and 6 is the gravitational
constant.

We 6rst compare V», and V„„-. Using M 2ZM„ for
a typical molecule, we 6nd that —V&,))V&„ for r))10 '
cm, more or less independent of the molecule under
consideration. Thus the ratio of V„„- to V~, is

V„„-/Vt,= —$(SX10 ' cm)/r5', (5.4)

for r large compared to the molecular radius. We con-
sider next the comparison between V~, and V~, . From
(5.2) and (5.3), we get

Us, /Vt, = L(2 X 10—' cm)/r5srl, (5.5)
where

r)= (n,g"'—MH/nrrM)'

and crn and MH are the electric polarizability (-,'as') and
mass of a hydrogen atom, respectively. Finally, from

(5.4) and (5.5) we get

of molecular weight, only for fantastically small p
could the v-pair force dominate the van der Waals force
in a region where these forces are not swamped by the
gravitational force.

C. Concluding Remarks

We have seen that the weak long-range forces between
elementary systems have rather novel properties.
Especially for leptons, these properties are very di-

rectly related to the nature of the weak Lagrangian,
so that experimental confirmation would be of great
interest. Unfortunately, to say that detection of the
lepton-lepton weak force in laboratory experiments is

hopeless at present would seem to be an understate-
ment. ""Nevertheless, it is important to realize that a
system containing electrons will not be neutral with

regard to v-pair forces, even it it is electrically neutral.
Therefore, in spite of the weakness of these forces,
they may play some role in astrophysical phenomena,
where large particle numbers and densities are involved.
This possibility is under investigation.
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"If we cut off the potential V„-&''& (Eq. (2.19)j at small
distances, we may estimate the magnitude of a level shift AE in
positronium arising from the weak force. Thus, with Vs(r) =Gp /
4sxr'=10 '(K„/r)' eV for r)L and Vr, (r) = 10 '(K„/L)' for r (L,
we have nF, (@(Vs)p) 10 '(K„s/2oo'L') eV=3X10 ~(lt„/L)'
eV, for the ground state. The most optimistic value of L is perhaps
that associated with the value of r at which higher-order weak
interactions may be expected to become important, i.e., Gs'/
L'~1 or P.~/L)s~10s; this gives hZ~10 's eV. For a (ju+p )
atom there is enhancement by a factor (m„/m, )'~107, giving
DE~10 eV, which is 10 ' of the 6ne-structure splitting and
might be on the verge of detectability; unfortunately such atoms
are hard to come by.

'~ The lepton-baryon weak potential has an additional power of
0.=1/137 relative to the lepton-lepton weak potential, as seen
from Eq. (3.5). Furthermore, because the former involves the
emission of a photon by a baryon, it is damped at distances
shorter than the nucleon Compton wavelength by the nucleon
electromagnetic form factor, unlike the lepton-lepton force, which
is not damped in this way. As a result, the lepton-baryon potential
gives a contribution to the hfs of a p, -p atom of the order of a few
Hertz, which seems beyond the limit of feasible measurement for
this quantity. We thank Dr. L. Wolfenstein for pointing out to
us the role of the nucleori form factor in this connection.


