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We describe measurements of the far-infrared conductivity 0.
&
—i0-2 of thin superconducting lead 6lms

with resistances of about 200 0/square in the normal state. The conductivity is inferred from measurements
of the transmittance and reQectance of a thin film of lead which has been evaporatively deposited on a
quartz crystal. We report results for the real part of the conductivity of lead over the frequency range
9 to 120 cm . From these we infer an energy gap for lead balms at T=0 of 22.5%0.5 cm, or (4.5~0.1)k T„
where k is the Boltzmann constant and T, is the superconducting transition temperature. The measurements
were made at 2.0, 4.3, and 5.5'K, and the energy gap varies with temperature in the manner predicted by
the Bardeen-Cooper-SchrieGer theory. The frequency dependence of the real part of the conductivity also
is in good agreement with the theory. No evidence is found of the strong precursor absorption which had
been previously reported in the energy gap in lead, but 02 is found to be anomalously low (by ~25 jo) near
and below the gap frequency. This is believed to result from the strong-coupling anomalies discussed by
Nam. This anomalously low 02 would also account for the anomalously steep absorption edge observed in
other experiments on lead.

I. INTRODUCTION

K shall report here our far-infrared spectroscopic
measurements on thin superconducting lead films.

From these data we have determined the real part of
the conductivity of these films as a function of photon
energy in the interval corresponding to frequencies
9 to I20 cm ', and we find it to be in good agreement
with that predicted theoretically by Mattis and Bar-
deen. ' We find a well-defined energy gap of 22.5&0.5
cm ', consistent with the tunneling measurements of
Townsend and Sutton' after taking account of the gap
averaging according to the Anderson theory' of dirty
superconductors. The temperature dependence of this

gap is found to be consistent with the prediction of
Bardeen, Cooper, and Schrieffer. 4 No precursor absorp-
tion is found, but the transmission data at frequencies
near and below the gap frequency are too high to be in
quantitative agreement with the prediction of the
Mattis-Bardeen theory. The latter discrepancy is
attributed to an anomalously low value of 0-2 related
to the strong-coupling anomalies predicted by Sang
Boo Nam. ' A preliminary account of this work has been
given earlier. ' ~
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A previous experimental measurement, by Ginsberg
and Tinkham, of the transmission of thin supercon-
ducting lead 6lms in this frequency region suggested
that there are absorptive processes eAective at energies
below the energy gap which must be considered to be
anomalous when compared with the theory of Mattis
and Bardeen. ' Furthermore, this apparently anomalous
absorption behavior limited. the precision of the gap
determination to the rather crude result 20&2.5 cm ',
corresponding to (4.0&0.5) kl', . The absence of the
anomalous "precursor" effects in later tunneling experi-
ments'' was consistent with the idea expressed by
Ginsberg and Tinkham that their origin might be in
some sort of collective excitation, which, while optically
active, might be weakly coupled to a tunneling process.
Richards and Tinkham' saw evidence for the existence
of precursor structure in reQectivity measurements on
bulk samples of nominally pure lead. Later, Leslie
and Ginsberg" observed corresponding structure in
their measurements, which were made on bulk samples
of lead alloyed with varying quantities of thallium,
bismuth, and tin, using a method substantially identical
with that used by Richards and Tinkham. Recently,
after our experimental work was completed, Norman
and Douglass" reported observation of precursor struc-
ture in a bulk lead foil by a direct-absorption technique,
but they subsequently found this precursor absorption
to be spurious. "

' D. M. Ginsberg and M. Tinkham, Phys. Rev. 118)990 (1960).
9 I. Giaever and K. Megerle, Phys. Rev. 122, 1101 (1961).
'0 P. L. Richards and M. Tinkham, Phys. Rev. 119,575 (1960) ."J.D. Leslie and D. M. Ginsberg, Phys. Rev. 133, A362

(1964)."S.L. Norman and D. H. Douglass, Jr., Phys. Rev. Letters 17,
875 (1966)."S. L. Norman and D. H Douglass, Jr., Phys. Rev. Letters 18,
339 (1967).
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were determined using an ac-bridge technique to
measure the resistance of a germanium resistance
thermometer. The thermometer was manufactured
and calibrated by Texas Instruments. All "normal"
measurements on the Glm were made between 8 and
9'K, and all "superconducting" measurements were
made at 2.0'K, with the exception of the temperature-
dependence measurements. No attempt was made to
measure 61m thicknesses directly. Film resistances
measured by a four-contact dc method and those
calculated from absolute transmission measurements
in the normal state (by sample in-sample out compari-
sons) agree to within 3% for all samples. Numerical
values are given in Table I. In contrast to our excellent
agreement, Ginsberg and Tinkham typically found
that the resistance of lead 6lms inferred from normal
transmittances was 10%less than the directlymeasured
dc resistance. This comparison supports the notion
that our films are more ideal and uniform than those
used in the previous work.

The far-infrared intensity was measured at the two
detectors which are gallium-doped germanium bolom-
eters of the type invented by Low. '~ The radiation was

chopped at 33 cps and coherently detected using high-
gain low-noise phase-locked ampli6ers connected to
the bolometers. Since the films are very thin, charac-
teristic electron scattering frequencies will be much
higher than the frequencies of interest here, leading to
a real and constant conductivity in the normal state.
Therefore, we expect the normal-state transmittance
T~ and the normal-state reBectance E~ to be frequency-
independent in our spectral region. Absolute measure-
ments made on one Qlm at the extremes and in the
middle of the accessible spectral region showed this
tobe a justified assumption, at least to within 5%. We
used this assumption to simplify data acquisition,
making our measurements relative to these constant
values rather than repeatedly attempting the more
dif6cult absolute determination. Our data were taken
by recording the signals from both bolometers as the
frequency was swept with the 61m in the supercon-
ducting state. A second sweep was then made with the
film normal, and, if necessary for satisfactory data
quality, alternate superconducting and normal sweeps
were repeated. Transmittance ratios Ts/T~ and re-
Rectanceratios Rs/R&were then computednumerically
from values read from the recorder charts at frequent
intervals throughout the experimentally accessible
spectral region.

The radiation was derived from a conventional
Littrow di ffraction-grating monochromator designed
and built by Ohlmann and described adequately else-

where. " The radiation has a relative bandwidth of
about 7% throughout the experimental region.

'7 F. J. Low, J. Opt. Soc. Am. 51, 1300 (1961).
'8 R. C. Ohlmann and M. Tinkham, Phys. Rev. 123, 425 (1961);

R. C. Ohlmann, Ph.D. dissertation, University of California,
Berkeley, 1960 (unpublished}.

4e(1 2Ri+RgR—)
T(1-R,)

"+"+" (2)

where m is the index of refraction of the substrate and
E, is the reQectance of the vacuum-substrate interface.
Apart from the spot-check frequencies at which absolute
measurements of T were made, the values of T8 and EB
required in (1) and (2) for the determination of os
were inferred from the measured ratios Ts/T- and

Ra/R~ under the assumption that o- and hence T~
and R~ were known constants, independent of fre-

quency. For convenience, all results for o8 are plotted
as ratios to o~, assumed constant. It turns out to be
very dificult to determine y2 accurately above the
energy gap frequency, since it is expected to be a
number smaller than unity in the region above the

gap, and depends sensitively on the difference between
two numbers each of the order of ten. It will also de-

pend on the imperfectly known index of refraction e
in addition to experimentally determined parameters.
It is also dificult to determine y2 much below the gap
frequency, since the signal to noise ratio deteriorates

» L. H. Palmer and G. J. Dick (to be published).

The film temperature was maintained using a heating
control loop which did not include the germanium
thermometer used for measurement of the film tem-
perature. Temperature stability was easily maintained
within a few mdeg, entirely adequate for the measure-
ments reported here. The sample assembly is linked
to the helium bath through a superQuid 6lm heat
switch inventedby G. J.Dick and one of us (L.H.P.)."
The switch opens automatically when the sample is
heated above the lambda temperature of helium.

III. DATA REDUCTION

We de6ne the 61m conductivity a in terms of the
impedance per square of the film Z by the relation
Z=1/od, where d is the thickness of the 61m. We
express the conductivity o- of the film as o-=o-&—io-2,

where o.~ and f72 are real, and we assign to the film a
normalized admittance y=ZO/Z=y& iy2—, where y& and

y2 are real.
In the case of radiation which is normally incident

on the 6rst surface of a lossless substrate with the
sample 61m on its second surface, we can calculate the
transmittance T and the reflectance E in terms of the
index of refraction of the substrate and y& and y2 in a
straightforward manner~ from simple electromagnetic
theory. For this calculation, we average over inter-
ference eGects due to multiple reflections within the
substrate. No such effects are observed in the experi-
ment since the substrate is quite thick and wedged
(1 mm to 1.5 mm) and the relative bandwidth of the
radiationis about 7%. Inverting the resulting equations
for T(y„y2) and R(y&, y2), we get

y& ——(1 T R)/T, — —
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FIG. 2. Frequency dependence of normalized conductivity
co131Pollollt8 0'1/o'~, o'a/(J~, Rncl of Tg/T~ at T=O RccoDiUlg to tile
calculation of Mattis and Sardeen. The transmission curve is for a
61m resistance 377/(x+1) 0 per square, where e is the refractive
index of the substrate.

rapidly. For these reasons wc were unable to infer

significant values for the imaginary part of the adrnit-
tance of our 6lms from our data except in a limited
frequency interval.

IV. RESULTS

Figure 2 shows the predictions of the Mattis-Bardeen'
calculation for aq/o~, oq/o~ and. the normalized trans-
mittance ratio Ts/T~ for a typical superconducting
61m. t These are calculated in the "extreme anomalous
limit" and are appropriate for either high Fourier
components (qfo»1) or dirty samples (f/go&(1), go=
ho~/wh(0) being the usual coherence length, and l
the electronic mean free path. Both of these conditions
should obtain in the present case of a thin dirty 61m.f
The curves are plotted in terms of the frequency v

normalized to the superconducting energy-gap fre-
quency v, .

Figure 3 shows our measurements of 0», the real part
of the conductivity, as a function of (wave number)
frequency v from 8 to 60 crn ', compared with a Mattis-
Sardeen theoretical curve with v™,=22.5 cm '. Measure-
ments from three samples are recorded here. The value
of v, is taken as the value of v at which 0.» goes to zero
with a distinct break in each curve. The agreement of
experiment and theory above the gap is good. Although
the plot is cut ofI' at 60 cm ' for better display of the
most interesting spectral region, the 6t of experiment
with theory is also good from 60 to j.20 cm ', our high-
energy limit. Despite the generally good consistency
of the data (by far-infrared standards, at least), drifts
of up to &5% are evident from the lack of overlap
between gratings in the region around 50 cm ' and
the systematic divergences of runs on diferent 6lms.
These systematic errors result because of the dBBculty
of holding source intensity and detection sensitivity
absolutely constant over the long periods of time
(typically 30 min) between taking the superconducting
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FIG, 3. Results of measurements of the real part of the normal-
ized conductivity of three thin lead 6lms at 2'K, compared with
Mattis-Sardeen theory with gap frequency 6tted to 22.5 cm '.
To reduce the clutter in the 6gure, only about one fourth as many
points are shown as were taken and recorded in Ref. 7. The points
shown are selected typical points above the gap and local averages
below the gap.

and normal-state data as described a,bove. Moreover,
auxiliary heaters are required to hold bolometer tem-
peratures and hence sensitivities the same while the
film is superconducting and normal. These enabled the
bolometer resistances at least to be heM constant to
about &0.2%. From these considerations of error
sources, we see that systematic drifts of a few per cent
a,re probably inevitable, and one must expect tha, t an
over-all average of the runs will give the truest result.
This over-all average for o.t/o~ is typically 0.03 below
the Mattis-Bardeen curve for frequencies above the
gap out to 60 cm '. This discrepancy is of the sense
and order of magnitude of the strong-coupling anomaly
predicted theoretically by Nam' to lie in this frequency
region. Our data on 0» are not sufficiently good to
constitute a real con6rmation of the theory, but at
least they are not inconsistent with it. We shall return
to this theory later.

Since the far-infrared signal power available at con-
stant resolving power rises roughly as v3, the random
scatter is greatest at low frequencies, where noise is the
most important. In addition to random error, sample C
appears to show significant absorption below 13 cm ',
but, as indicated above, this may be due to a systematic
error for that particular run. The over-all preponderance
of points is below &r~/o~=0 1throughou. t the region
below the gap, indicating that no "precursor" absorp-
tion process of the size of that reported by Ginsberg
and Tinkharn exists in our samples. It is particularly
clear' that there ls no slzcablc absolptloIl lIl thc uppcl
part of the gap region.

In Fig. 4 we present the result of making our meas-
uremcnts on a superconducting film at three diGerent
temperatures. The theoretical curves are derived from
Mattis and Bardeen, using the SCS4 temperature
dependence of v„normalized by the experimentally
determined value v, =22.5 cm ' at O'K. Our only
approximation here is that F,(2'K) =f,(0'K), which
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FxG. 4. Temperature and frequency dependence of normalized
conductivity cr1/0~ in a thin superconducting lead 61m (sample C),
compared with predictions of Mattis —Bardeen theory (calculated
with the assistance of a program supplied by Harris), shown as
solid curve. The gap frequency was 6tted only for the low-tem-
perature limit. The number of data points shown has been reduced
as in Fig. 3.

introduces no significant error. We note that the de-
crease of v™,with increasing temperature is in excellent
accord with the theory. The increase in absorption
below the gap at higher temperatures is generally
consistent with theoretical expectations. The quantita-
tive disagreement of o.&/o~ from the theory above the
gap at the higher temperatures is probably due to
systematic drifts, but since this region was of less
interest, repeated runs were not made to check this
point.

We tried to infer o.q(F) from our transmittance data
alone, using a method similar to that of Ginsberg' "
involving the Kramers-Kronig relations. We were
unable to get convergent results from the application
of our iterative scheme to our experimental data,
although the method contained improvements on the
earlier version. The scheme does yield convergent
results when applied to test data generated from the
theory, and the o~(F) generated is identical to the o~(v)
used to produce the data. The success of this test sug-
gests that, while the algorithm is sound, the experi-
mental transmission data were not complete and/or
accurate enough to permit analysis by this method.

We originally intended to use the Kramers-Kronig
method as a check on our data, but because of the
failure of convergence we shall make only qualitative
observations. We have shown that o.q(F) appears to
agree well with the Mattis-Bardeen theory, but Fig. 5
shows that the transmittance does not agree with that
which we would predict using the Mattis-Bardeen
oq(F) and o~(F), which are appropriate Kramers-Kronig
conjugate functions. The transmittance ratio at fre-
quencies near and below the gap is systematically

2.0—

Ts

T„

+ SAMPLE A

————SCS 252 IL------- BCS 200 fL

NAM 252fL

1.0—

I I I I I I I

0 IO

I i I I I I I I I I I I I I I I 1 I I I I I I

40 50 6030
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Fto. 5. Detail of transmittance ratio data showing excess of
experimental transmittance over that of BCS theory for fre-
quencies at and below the energy gap. The measured 61m resistance
was 252 0/square. The 200 0 curve was calculated for an assumed
6lm resistance 20/0 lower than that determined from the absolute
normal transmittance or from the dc resistance. This adjustment
was chosen arbitrarily to give a better 6t to the data, but the dis-
crepancy near the peak and below the gap is not eliminated. The
solid curve was computed using the strong-coupling conductivity
ratios calculated by Nam. The number of data points shown has
been reduced as in Fig. 3.

higher than we would predict. Thus, if we extrapolate
our measured 0-~ to be zero for all frequencies between
0 and 14 cm ' and to continue to approach a constant
0& at high frequencies following the Mattis-Bardeen
dependence, we shall clearly run into an inconsistency,
since o-& will then be substantially identical with that
of Mattis and Bardeen for all frequencies, implying
that a.2 must also agree with Mattis and Bardeen if
dispersion theory is applied. We believe this to be a
strong indication of the inapplicability of the Kramers-
Kronig technique with the assumptions and extrapola-
tion. methods used in the earlier work of Ginsberg and
Tinkham. '

The dearest indication we have that there is an
anomaly in lead is the excessive peak height in the
transmission ratio at the gap. Figure 5 shows that our
data on sample A exceed the peak height of the Mattis-
Bardeen theory by about 11%. (Similar plots for sam-
ples B and C show excess peak heights of 22% and
12%, respectively. ) One might try to explain this by
assuming an error in the measurement of the normal
transmittance (or, equivalently, the normal resistance)
of the him has been made. We tested this possibility
by adjusting the 61m resistance used in calculating the
SCS prediction to try to obtain a better fit. As an
example, in Fig. 5 we show a SCS curve computed for
a 200 0/square 61m as well as for the measured value of
252 0/square. We still have not got the peak height to
agree, and the low-frequency discrepancy has been
made worse, even though the assumption used to
generate the adjusted curve is that the resistance we
determined by measuring the normal transmittance
was 25% too high, which is 6ve times our probable
error. We conclude that it is not possible to Qt our
data by a BCS curve for any value of Glm resistance.
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An anomalously high transmittance can. be explained
by an anomalously low 0~ or f72. In the Mattis-Bardeen
theory for T«T„o~ is near zero at the peak and at
lower frequencies, and so could hardly be anomalously
low. Rather, we calculate that 0~/0~ is about 40%
below its theoretical value of unity at ~™„becoming
about, 25% low at lower frequencies. These same re-
duced values also give excellent agreement with the
peak heights for samples B and C, although the dis-
crepancy in peak height was twice as large in sample B
because it had substantially lower resistance. This
systematic agreement supports the notion that this
is an intrinsic effect and not an experimental artifact.
Note that impurity radiation (radiation of other
frequencies, a common problem in far-infrared spectros-
copy") cannot account for a peak height increase, since
the transmittance ratio for all other frequencies is
lower than that for the peak. Another manifestation
of the internal consistency of the data, but of the
inconsistency with BCS, is shown in Fig. 6. This figure
shows the values of 0~/&r~ inferred using both transmis-
sion and reQection data, as outlined above.

In seeking to understand this anomaly we erst recall
that the constancy of T~ and hence of o-~ has been
veri6ed to a precision of only 5% even in the region in
which data were taken. Any significant variation of
tT~ would undermine the assumptions on which the
analysis is based. Such a variation would not be com-
pletely unexpected'0 since the frequencies involved
span the range of typical phonon frequencies in lead.
Still the variation of 0~ should be small even in a
strong-coupling superconductor, since in our thin dirty
61ms we are dealing with the response for high-q Fourier
components and rapid scattering. Hence, we do not
think that this effect causes any serious error.

2 ill I I I I I J I I'ql I Iil I I I
i

I I I I I I I I I

"—-
NAM

---8CS

P I I I I I I I I I I I I I I I I I I I I I I I I I I I I I

p' 'lp 20

FREQUENCY v (cm ')

FIG. 6. Smoothed results of measurements of the imaginary part
of the normalized. conductivity of three lead Glms (A, 8, and C)
at 2'K. Curve labeled BCS is the weak-coupling result of Mattis
and Sardeen, vrhile that labeled Nam presents a revised version of
a curve shovrn in Ref. 5.In both cases, the gap frequency vras taken
to be 22.5 cm-'.

~0 T. Holstein, Ann. Phys. (N.Y.) 29, 410 (1964};H. Scher and
T. Holstein, Phys. Rev. 148, 598 (1966).

Using the Kramers-Kronig transformations and a
sum rule, ""it can be shown that any anomalous
increase in 0,(f) above ~, would be accompanied by
anomalously low 02(F) for ~(v, . Thus, some anomaly
in Oq(v) above 120 cm ' (our high-frequency limit)
could account for the peak height excess. The possi-
bility of the existence of such an anomaly associated
with strong phonon coupling has been suggested by
Sang Boo Nam. ' From his plot of the strong-coupling-
induced. change in &rq/o~ from the Mattis-Bardeen
form, one can show by an. approximate numerical
integration (including an extrapolated tail at high
frequencies) that

6 (0 y/O' N) ZP~O 3Pg.

By the sum-rule argument, "" this implies a change in
the strength of the superQuid response in a.~ by a term
5(og/0~) = —('/s) 0.3vg/f~ —0.2vg/~. This is to be
compared with the Mattis-Bardeen value a~/0~
(s/2) (P,/P) as ~0. Thus we expect a reduction in
the low-frequency os/0~ by some 12%, and the ex-

pected reduction at 8, itself turns out to be about
18%. These reductions would account for about one-

half of the discrepancy mentioned above for v™&6,. Of
course there are other changes in 0.2/0~ depending on
the distribution of b, (0~/0~) in frequency rather than
simply on its unweighted integral, but for F s~ these
are generally considerably smaller than the eGect just
mentioned.

Such reductions in 02 at low frequencies are not shown
in the graphs published by Nam. ' However, in more
recent unpublished calculations, Nam has found that,
with the appropriate choice of branch cut, the 1/v
term in o& should be reduced by 26% in lead compared
to the weak-coupling BCS result. This is in remarkable
agreement with our prior experimentally estimated
25% reduction, well within our experimental uncer-
tainty. (The discrepancy of the 26% with the 12%
estimated above is surprisingly large and not under-
stood at present. ) Nam has recalculated not only the
low-frequency limit of r2 but also its frequency de-
pendence up to twice the gap frequency. This allows

a more detailed comparison with our results, as shown

in Figs. 5 and 6. Figure 5 shows that Nam's corrected
02/0~ results (together with his published o ~/0~ results)
lead to quantitative agreement with the measured
transmittance ratio over the entire frequency range.
Note that there is no need. to "adjust" the value of
film resistance, whereas the weak-coupling BCS curve
failed to fit even with adjustment of E~. Figure 6
shows that, in the range of frequency in which 02/0&
could. be directly inferred from the experimental data,
the strong-coupling curve 6ts the measured data on

"R. A. Ferrell and R. E. Glover, III, Phys. Rev. 109, 1398
(1958).

'

2~M. Tinkham and R. A. Ferrell, Phys. Rev. Letters 2, 331
(19S9).
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all three 61ms to within their scatter, whereas the
weak. -coupling BCS curve is much too high.

The quantitative agreement displayed above may
be fortuitous. At the very least, however, the above
discussion provides a plausible model explanation for
the peak-height anomaly, present in all our data and
(in the earlier data of Ginsberg an.d Tinkham on the
film Pb 3) which seemed initially to violate dispersion
theory. The point is that changes of only a few per
cent in 0-& over wide ranges of frequency many times
(in this specific case ~10 times) the gap frequency
upset the sum-rule determination of the superQuid
response strength from optical measurements extending
to even five times the gap frequency.

v. cojNCLUBIONS

As is shown in Fig. 3, there is a striking similarity
between our data on O.i/oii, the normalized real part
of the conductivity of lead (in the thin-film limit)
and the BCS-model prediction of Mattis and Bardeen.
Despite the known strong-coupling nature of lead, the
agreement is essentially quantitative (within our
accuracy of ~3%) up to five times the energy-gap
frequency. This agreement is better than that found
in previous work' even on the more ideal weak-coupling
superconductors tin and indium, but this difference
may well only reQect improved techniques of measure-
ment and analysis. The good agreement is, to be sure,
less clear below the gap frequency. In transferring
many points to Fig. 3, there is much overlapping near
zero conductivity, so points scattered away from zero
look relatively more important. However, there is a
preponderance of points around zero conductivity
between 14 and 22.5 cm '.

In analyzing these data, we find no precursor absorp-
tion as large as one-third the size of that reported by
Ginsberg and Tinkam' in the top third of the energy
gap. Although a precursor has been detected also in
diverse far-infrared experiments by Richards and
Tinkham, ' I.eslie and Ginsberg, " and Norman and
Douglass, " our experiment shows that, in thin 6lms
at least, it cannot be as large an effect as was previously
supposed. This conclusion is in agreement with that of
Norman and Douglass, " who suggest that radiation
impurity may account for the appearance of a precursor
in some experiments.

We measured an energy gap of 22.5~0.5 cm ' for
lead at 2.0'K. Our method of determining the gap
involves noting not only where 0.

& goes to zero, but also
noting where the break in the 0-i curve occurs. The
reported value is a compromise between the values
determined by these two criteria, which actually agree
well with each other. According to the BCS4 theoretical
temperature dependence of the gap, this value should
still hold true within the stated confidence limits at
O'K. Reduced to units of the critical temperature of
bulk lead T„we get a value of (4.5&0.1)kT,. (The

T. of our 61ms agrees with the bulk value to within
+2%.) This compares with the far-infrared values of
Ginsberg and Tinkham, s (4.0&0.5)kT., of Richards
and Tinkham, io (4.1&0.2)kT„and of Norman and
Douglass, " ~4.3kT, . By the simpler and probably
more precise technique of electron tunneling, Giaever
and Megerle' report an observed gap of (4.3&0.1)kT,.
Townsend and Sutton' report two gaps in tunneling
measurements on thick, well-annealed lead films:
(4.30&0.08) kT. and (4.67&0.08)kT,. Our gap seems
to be the average of these two as Anderson's theory of
dirty superconductors' predicts. In still more refined
tunneling measurements, Rochlin" has shown that
pure unstrained lead has a spectrum of energy gaps
extending from 3.4 to 4.8kT„with an average over the
Fermi surface of about 4.4kT„again in satisfactory
agreement with our results. Thus we conclude that the
average gap is the same within about 2% in our very
thin dirty lead films, (nominally 10-15 A thick) as
in pure, essentially bulk samples.

The temperature dependence of the gap appears to
agree quite well with theory' and with other infrared"
and tunneling' experiments, but our accuracy is limited

by the higher noise level of the intermediate-tempera-
ture data. The theoretical curves in Fig. 4, with no
adjustable parameters except the measured 2'K energy

gap, give a good account of the absorption by thermally
excited quasiparticles at frequencies below the gap as
well as of the shift of the gap edge with temperature.

Although our results for O.i/0~ agree within our
accuracy of a few per cent with the Mattis-Bardeen
curves, the transmittance of our 6lms at frequencies
near and below the gap frequency lies well above that
predicted assuming both O.i/0.~ and o.~/Ow follow the
Mattis-Bardeen curves. This implies that 0.,/0~ is
substantially (~25%) less than the Mattis-Bardeen
predicted values for these frequencies. Sum-rule argu-
ments suggested that the strong-phonon-coupling
anomalies discussed by Xam might offer an explanation
of this effect, although his published curves did not
predict it. Subsequent unpublished calculations of
Nam show a reduction of o.&/0~ in excellent agreement
with our experiment.

Note that if this reduction of 0.2/o.~ is truly charac-
teristic of strong-coupling effects in lead, it should

also be manifest in other data on lead, but not in data
on weak-coupling materials. We have already noted
that the film Pb3 of Ginsberg and Tinkham showed

the peak-height enhancement effect. '4 On the other
hand, their data on an indium film showed a peak
height in good agreement with BCS, as expected. Their

~' G. I. Rochlin, Phys. Rev. 153, 513 (1967}.
'4 Their other lead film, Pb2, does not show the peak-height

enhancement, the peak height actually being below the 8CS value.
This points to a lower degree of reproducibility and self-consist-
ency of the earlier data. We recall, however, that a low value of
peak height can have many spurious causes, such as radiation
impurity, low resolution, and film inhomogeneity. Such effects can
not cause the peak to be too high.



data on tin 6lms could not be carried to frequencies
low enough to clearly determine a peak height, but the
data suggest a peak height bolo@ the BCS value, as
might be expected because of radiation impurity at
this very low frequency ( 9 cm '). Thus the earlier
film work is consistent with our present view in that
excess peak height is found only in lead, not in tin or
indium.

Finally, we note that the reduction of 0.2/0~ would
also explain an anomalous steepness of the absorption
edge in bulk and 61m samples of lead as observed
experimentally. ' "'5 One of us has already pointed
out" that a considerable steepening can be accounted
for within the BCS framework by noting that the
strong-coupling of lead causes T, and 7, to be large, and
hence $0 ——nv/~'v, (0) Xr, rather than $0))XI. as in
weak-coupling superconductors. As X and P become
comparable, Fourier components far from the extreme
anomalous limit are important in calculating an appro-
priate absorption edge shape, and these have a steeper
absorption edge."More recently, Ginsberg" has carried
through detailed machine computations of this effect,
and reached the conclusion that the theoretical absorp-
tion edge in bulk lead is still less steep than the experi-
mentally determined one, although it is much closer
than if the oversimplified limiting expressions are
used. Because our present results are only for the
extreme anomalous limit values of 0, we can not give a
quantitative discussion of the effect on the steepness
of the absorption edge, which involves all Fourier
components. However, some idea of the order of magni-
tude of the e6ect can still be gained by noting that, if
we retain the Mattis-Bardeen value

d(~i/~~)

d(v/v, )

(as is suggested by our data); then" we have

d(Rs/R~) m/3

d(v/vu) ., L~~(vu)/~~ O'I'

~' M. Tinkham, in Optical I'roperties and Zlectronk Strlctlre of
Metals and Alloys, edited by F. Abeles (North-Holland Pub-
lishing Co., Amsterdam, 1966), p. 431.

"D.M. Ginsberg, Phys. Rev. 151, 241 (1966).

in the extreme anomalous limit,

d(Rs/R~)
'

m/(231')

d(v/v, ) ., L~2(vv)/~~ j'"
in the extreme dirty or local limit, and

d(As/Ax) ~/2

d(v/v. ) ., 5~2(vu)/~~7

for a thin but highly rejective 61m. Thus a reduction of
o2(vg)/ag to 0.6, as found. here for the thin-film

limit, wouM lead to increases of steepness by factors of
1.9—2.7, depending on the case. After taking into ac-
count the effect of a wide range of I ourier components,
as discussed above, it is likely that the additional
steepness enhancement due to this reduction of a-2

would be less than these estimates, but still of the
necessary order of magnitude to explain the residual

discrepancy. Apart from lead, the only superconductor
on which extensive quantitative absorption-edge meas-
urements have been made'~ is aluminum, a very weak-

coupling material. In this case, there is good agreement
with the simple BCS result without the strong-coupling
corrections, as would be expected according to our
model. Very recently, Norman" has measured the
steepness of the absorption edge in thick 6lms of a
number of superconductors, 6nding that it increases
with increasing T,/8~, i.e., with increasing electron-
phonon coupling strength. Such a correlation would
be expected from the considerations presented here
as well as from the arguments presented in Ref. 25 and
mentioned brieQy above.
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