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that the above ratio will drop continuously to zero
when «—1/V2, whereas the experimental ratio levels
off at a constant value similar to our ratio R(H,*)/R..
The theoretical model due to Rothwarf e/ al.’® assumes
after Fink and Kessinger,® a sheath of thickness ¢ with
a constant order parameter over a normal bulk. A
complex conductivity is assumed in the sheath, and
the boundary-value problem is solved exactly in the
local, two-fluid classical limit. At low « the model
fails before these last conditions are strongly violated
because the model ignores depairing. For large «
Fink and Kessinger® have shown that #=2¢f in the entire
sheath regime since, for >1, &KN=25, one has <K3.
This thin sheath at H, does not contribute much ab-
sorption by depairing, but also it does not much atten-
uate the microwaves, which easily reach the normal
bulk. With its short mean free path this bulk absorbs
strongly, and therefore R(H.,) is very large even
though it is almost entirely dominated by carrier-
motion absorption. Note that R, is very large too.
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As k becomes smaller, ¢ at H, becomes larger. The
contributions to absorption by depairing and carrier
motion reverse in relative importance. At the same
time, R, decreases. When <1, the sheath thickness
at He or H, is very large (£>6) and absorption by
carrier motion becomes negligible. To explain the
persisting large ratio R(H,*)/R,, one must assume
absorption by depairing, and this, in turn, is possible
only if the necessary depairing energy has been reduced
by a large amount 2evpA4o/c.

In conclusion, we believe that we have provided
strong experimental evidence that a magnetic field re-
duces the observable optical energy gap (i.e., the energy
necessary for depairing by electromagnetic radiation)
at the free surface of a superconductor by a large linear
term 2evpAo/c, and that we have explained the mech-
anism of this effect. We have also indicated in what
sense the gaplessness in the excitation spectrum of the
surface sheath is to be understood when « is not very
large.
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Some mechanisms are investigated for the coupling of the surface plasma mode in a semi-infinite medium
with a flat or almost flat surface to incident electromagnetic waves. In a classical approximation the mecha-
nism of surface roughness (the departure of the surface from a perfectly flat, smooth plane) is studied.
Using Green’s-function techniques, the coupling of light to the surface plasmon assisted by phonons or
impurities is considered. With phonons, the change in the reflectivity due to the mode may be on the verge
of measurability at room temperature, while the change in reflectivity with coupling to an irregular surface
or impurities near the surface is found to be measurable.

I. INTRODUCTION

N this paper some mechanisms are investigated for
the coupling of the surface plasma mode in a semi-
infinite metal to normally incident electromagnetic
waves. Classically, direct coupling of light to the sur-
face plasmon in a slab with perfectly smooth, flat
surfaces occurs only in thin samples.! In this case the
branch of the surface plasmon that describes ‘tan-
gential” oscillations for small wave vectors couples to
electromagnetic radiation if the incident electric field
has a component of polarization parallel to the plane
of incidence. The magnitude of this effect vanishes in
thick samples as ¢?4, where d is the thickness of the
slab and p is the wave vector of the mode parallel to
the surface. Quantum mechanically the surface plasma
mode in a thick sample possesses a small transverse
component which couples to light when the electric
* Work supported in part by the U.S. Air Force Office of Re-

search, Air Research and Development Command.
1 R. A. Ferrel, Phys. Rev. 111, 1214 (1958).

field is polarized parallel to the plane of incidence.?
However, this will contribute to the reflectivity only
to order (%/ks)?, where % is the wave vector of light
and k; is the Fermi wave number. For light which
strikes the surface at normal incidence, neither of the
above mechanisms contribute to the reflectivity. In
addition, Ritchie® has shown that the surface plasmon
can couple to light through the intermediary of an
intraband transition. This mechanism yields an ab-
sorption edge rather than a peak or resonance. The
magnitude of this edge is not very large.

In this paper the coupling of the surface plasmon
in a thick sample to normally incident light through
surface irregularities,* phonons, and impurities is stud-

2 P. A. Fedders, Phys. Rev. 153, 438 (1967).

3 R. H. Ritchie, Surface Sci. 3, 497 (1965).

4The coupling of the surface plasmon to light by means of
roughness has been proposed as an explanation for the peak in radi-
ation from surface plasmons produced by electrons incident very
obliquely to Ag films by E. A. Stern, in Optical Properties and
Electronic Structure of Metals and Alloys, edited by F. Abeles
(North-Holland Publishing Co., Amsterdam, 1966), p. 397.
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ied. The magnitude of the effect is characterized by
the dimensionless quantity AR,

AR=wq! / do[R () — Ro(e) ], (1)

where R(w) is the reflectivity of the metal as function
of frequency, Ry(w) is the reflectivity of the metal in
the absence of the surface plasmon, and wy is the reso-
nant frequency of the surface plasmon. It is roughly
estimated that AR can be of order 10~ for Ag because
of surface roughness or impurities near the surface.
This brings the theory into rough agreement with the
experiments of Jasperson and Schnatterly.® An accu-
rate calculation would require a more detailed knowl-
edge of the surface structure and a better knowledge
of the structure of the surface plasmon for momenta
which are not very small compared with the Fermi
momentum. The coupling due to phonons contributes
only about 1073 to AR for Ag at room temperature.
The effects of a slightly rough surface on the surface
plasmon are investigated classically in Sec. IT. Instead
of the perfectly smooth surface described by =0, the
surface in this section is defined by the equation

2+ 2. ausin(que gtaa) =0, (2)

where g, is a wave vector in the x-y plane and cylin-
drical coordinates r= (g, ) have been used. The sur-
face plasma mode is studied to first order in the surface
roughness components and it is found that the mode
acquires a partially transverse character which allows
it to couple to light.

In Sec. III (and the Appendix) the coupling of the
surface plasmon in a semi-infinite metal to normally
incident light through impurities and phonons is calcu-
lated using Green’s-function techniques. A symmetric
set of diagrams is used which yields the same bulk
absorption as obtained by Hopfield®” if one uses the
random-phase-approximation (RPA) dielectric constant
in his results. For phonons these diagrams describe the
creation of a surface plasmon and phonon from an
electron-hole pair excited by the incident light. The
results of Secs. IT and III are discussed in Sec. IV and
are used to estimate AR for real metals. Since only
impurities very close to the surface effect the excita-
tion of surface plasmons, impurities are equivalent to
surface roughness in many ways. The units used in
the paper are cgs units with fi=1.

S. N. Jasperson and S. E. Schnatterly, Bull Am. Phys. Soc.
12, 399 (1967) ; and (private communications).

¢ J. J. Hopfield, Phys. Rev. 139, A419 (1965).

7 These diagrams also yield the expression for a quantum plasma
obtained by A. Ron and N. Tzoar, Phys. Rev. 132, 2800 F 1963).
The connection to our work can be seen by examining diagrams 4
and 5 in Fig. 1 of their work. In the quantum limit, the contribu-
tion to the conductivity from both electron-electron and electron-
ion interactions comes when one wavy line represents screened
electron—electron interactions only and the other wavy line repre-
sents screened electron-ion interactions.
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II. SURFACE ROUGHNESS

The method used to investigate the effects of an
irregular surface in this section is an extension of the
method used by Ferrell! for perfectly smooth surfaces.
The model consists of a metal characterized by the
frequency dependency dielectric constant e(w) below
the surface defined by Eq. (2) and free space above
that surface. The electric scalar potential ¢ satisfies
Laplace’s equation everywhere except at the surface
in the absence of free charges. The normal modes of
the system are obtained by finding the frequencies at
which V-D=0 and E>0.

Because of the irregular boundary, there is no con-
venient orthonormal set of functions to express ¢ in
terms of. Instead it is convenient to solve Laplace’s
equation by transforming to a new coordinate system
(denoted by the subscript zero) defined by

X=X, Y=,

20=3+ D, @ Sin(Qn* o+atm)o. (3)

The sum in Eq. (3) includes components of surface
roughness with wave vectors g, in the x-y plane. These
waves have amplitudes @, and phases a,. Because the
new coordinate system is not orthogonal to the original
one, ¢ is not the solution to Laplace’s equation in the
new system. Instead it satisfies the equation

[V02+A (ro) ]d)(l'o, t) = 0) (4)
except at 20=0. A(r) is the operator,
A (I‘o) = Z 2anqnj cos(q,.- 90+an) 62/az06xo,-
n,J

- E @ugni® SIN(Qn* @o+an) 8/020

n,J

+ Z [ @ugnj 08(Que gotan) JP8%/0222.  (5)

The index j takes on the values 1 and 2, where x;=x
and x,=7y. The quantity ¢.; is the jth component of
qn. These last two equations are obtained from the
Jacobian of the coordinate transformation described
by Eq. (3).

Equation (4) can also be written in the integral

form

(}5(1'0, t) =¢0(r0: t) + / d3rlG(r°, r,) A(r,)¢(r,)’

VPG (xo, ') = — 3 (1r—1'),

Vi'¢o(To, £) =0. (6)
The quantity G is the Green’s function for all space
and its Fourier transform is G(p) = p~2. The zero-order

solution ¢ solves the problem when a,=0 for all #. It
is given by the equation

¢o(ro, t) =B CXP(—"k l 20 l +ik'90'—iwt),
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where k is a wave vector in the x-y (29-y) plane, o is
the frequency of the mode, and B is an arbitrary coeffi-
cient. The solution for ¢ can be obtained by iterating
Eq. (6) to any desired order. However, the second
iteration is already horribly complicated and it ap-
pears feasible to iterate only once. For only one Fourier
component of surface roughness additional iterations
are less complex. However the inclusion of only one
component of surface roughness is not very physical.
To lowest order the resonant frequency is still given
by e(w) =—1.

The last term of A, as defined by Eq. (5), is of
order a? and is neglected since other terms from the
second iteration are just as large. Thus only terms
which are first order in a, are kept. It is now straight-
forward to obtain the lowest-order solution for ¢. After
transforming back to the original coordinate system,
the solution can be written as

(1, 1) =B exp(—iwt) {exp(ik-g) exp(—k | z| )
+e(z0) 2 exp[i(k+00u) +9]Cns

XLexp(—k |z |)—exp(—kn|20[) ]}, (7)

where %, is given by Eq. (3), €(z) equals +1 if 2>0
and —1 if <0, and the quantity o takes on the values
#+1. The wave vector k is the wave vector of the
unperturbed surface plasmon and the rest of the quanti-
ties are defined as

k7W= I k+dqn I)
Cro=—3}iazko exp(ioan).

In order to estimate the validity of the perturbation
expansion, first consider only one component of surface
roughness so that the surface is described by the equa-
tion z+asingy=0. It is expected that the perturba-
tion theory has some validity if the slope of the rough-
ness is small, i.e., if ag is small compared to 1. This,
and the condition that ag?<%, guarantee that | A¢, | <
| Vo’po |. In order that ¢ be a solution of Maxwell’s
equations, the electric displacement vector D derived
from it must have a vanishing divergence everywhere.
By another straightforward exercise one can verify
that this occurs when e(w)=—1 only if k and q are
parallel (or antiparallel) and | k2| > | ¢ |. However, for
the absorption of normally incident light, only those
modes for which k=-q contribute. In order to make
the divergence of D vanish otherwise, the B’s for differ-
ent values of k must be related.

When one combines various components of surface
roughness the condition that the slope is small becomes

| 020/0%; | <1.

What this implies about the @, and ¢, depends on the
phased a,. One might impose a sort of rms condition,
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that the quantity

E=[2 (angup) 2] (8)

not be large. However, this may be a very poor approxi-
mation and, indeed, Eq. (3) may be a poor way to
represent the surface of any metal. Nevertheless, it is
within the spirit of this calculation to use some cri-
terion such as Eq. (8) for the degree of the surface
roughness. This point will be further discussed in Sec.
IV. The fact that the B’s should be coupled when more
than one component of surface roughness is present has
been neglected.

The contribution of the surface plasma mode to the
normal incidence reflectivity of the sample is now cal-
culated using first-order time-dependent perturbation
theory. The effect of the roughness of the surface itself
on the incident light is neglected since (wa/c)? is as-
sumed to be very small compared to 1. (It is of order
1078 if @ is of the order of an atomic spacing and w is
near the surface plasma frequency in metals.) The
interaction of the surface plasmon with an electro-
magnetic field is

H=—ct f A-Jdr, 9)

where A is the vector potential of the incident light in
the gauge V-A=0 and J is the current due to the sur-
face plasmon. Since J= (e—1)E/4r and E=—V¢, one
finds that the current in the x direction of a surface
plasmon with original wave vector k is

J= (wB/2x) exp(—iwt) {k, exp[kzy+ik-o]
+ 2. Cuo(k+0Gs) s exp[lnszoti(k+04a) - 0]

+ X [ Ca(b+0s) = 2iangn ok exp(ive) ]

Xexp[i(k+0qn) o+kz]} (10)
for 2,<0 and zero for z>0.

The normally incident light is taken to be polarized
in the x direction. A pulse of light is described by the
vector potential

Az, f) = / do exp(—iwl) A (o) explioz/c), >0
= /dwexp(—iwt)A(w) exp(wz/c), 2<0
(11)

pointing in the x direction. Since the calculation is
only for the lowest-order contribution to AR from the
surface plasmon, the effect of the mode on A is ne-
glected. The A (w) is nonzero only in a small range
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around wo, the resonant frequency of the surface plas-
mon.

[O) O)p/\/2—= Cku.

The quantity %, is the wave number of the light, where
¢ is the speed of light. It has been assumed that

e(0) = 1— (wp/w)?, (12)

where w, is the plasma frequency. Effects due to the
imaginary part of e(w) (such as the Drude tail) could
be included as another perturbation. In fact in the
present calculation the surface plasmon is arbitrarily
narrow. This calculation does not obtain the mode’s
line shape but only its contribution as defined in Eq.
(1) (a sort of “oscillator strength’). By first forming
Poynting’s vector one easily finds W, the incident en-
ergy of the pulse.

W= (26)~ Le? f dw| A(w) I, (13)

for a sample enclosed in a square of side L in the x-y
plane.

The energy from the incident pulse lost to the sur-
face plasmon can be calculated by treating the surface
plasmon as a harmonic oscillator.! The energy stored
in the electric scalar field can easily be computed and
is just % of the total energy of the oscillator. To zeroth
order in the roughness, this energy is

Uw=Fk | B [212/ 2= o, (14)

where units with =1 are used. On the other hand,
the energy transfer to the surface plasmon, AW, is

fH’(t)dtr/(n—l—l),

where the surface plasmon is excited to its nth state.
Since the calculation is classical, #>>1. From Egs. (9),
(10), (11), (14), and (15), one obtains

AW =aralgntL? | Alwo) /2%

AW = (15)

(16)

as the contribution from the mode with wave vector k,
where k=-q,. It has been assumed that k;&Kga.

The reflectivity is the ratio of the power absorbed to
the power reflected. Since the surface plasmon is arbi-

Fic. 1. One of the four dia- (a)

grams contributing to the ab-
sorption: represented in dif-

W
(b)

ferent ways.
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o 2. The iy sweened T T
trarily narrow and
| Aan) = [ do] Aw) Po(a—a),
the total contribution to AR is
AR= Y 2ra.2qm2ko/ | Qn |- (17)

The reason why AR is proportional to % is that, except
for extremely small wave numbers, the surface plasmon
is localized in a distance much nearer the surface than
the skin depth. Thus the surface plasma mode can
take advantage of only a small part of the penetration
of the electric field.

III. IMPURITIES AND PHONONS

In this section the coupling of the surface plasmon
to light through the intermediary of impurities or
phonons is treated using the techniques of quantum
field theory. The basic model is the interacting electron
gas confined to a slab 0<z<d with perfectly smooth
surfaces.? Some of the effects of bands can be added
phenomenologically. The contribution from the surface
plasma mode to «, the complex polarizability of the
system, is calculated from a symmetric set of four
diagrams. One of these diagrams is shown in Fig. 1,
where the solid lines indicate single-particle propaga-
tors or Green’s functions, the wavy line indicates a
phonon or an interaction with an impurity, and the
2’s indicate the incoming and outgoing phonons. The
dashed line with the circle represents the dynamically
screened Coulomb interaction as shown in Fig. 2. The
other three diagrams for « are the same except that
the directions of the pairs of arrowheads on the bubbles
are permuted. These diagrams yield the results ob-
tained by Hopfield®7 for the bulk case if one uses the
RPA dielectric constant in his result and the screened
phonon interaction in ours.

Since in metals the frequency of the surface plasmon
is much greater than any characteristic phonon fre-
quency, the contribution to « from phonons and from
impurities is similar. The calculation is carried out for
impurities of concentration ¢ and a screened potential.
The mean free path for electron impurity scattering,
I, can also be expressed in terms of these quantities
and the final answer will depend only on I. The results
are equally valid for phonons if / is taken to be the
mean free path for electron—phonon scattering.

It is convenient to calculate separately the portion
of the diagrams which includes the screened Coulomb
interaction (and thus the surface plasma resonance)
since it is the same for all four diagrams. This quantity
is a correlation function which is called L and is shown
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Fi16. 3. The part of the diagrams
that includes the surface plasma
mode.

- Dol

diagrammatically in Fig. 3 where it is represented by
the shaded box. In terms of L, Fig. 1(a) becomes
Fig. 1(b). That part of L which is due to the surface
plasmon is calculated in the Appendix. The resonant
frequency of the surface mode and its decay rate into
the continuum depend linearly on p, the momentum
of the mode parallel to the surface of the slab. Thus
the mode will degenerate as p increases from zero and
a cutoff is assumed to exist as some value ¢, that is
small enough so that an expansion in terms of (g./ky)
is reasonable. The subject of this cutoff is to be further
discussed in Sec. IV,

Consider the case of normally incident radiation with
the electric field polarized in the # direction. If the
only absorption is due only to the surface plasmon, then

E(r, t) = Ey exp(—iwt) exp(ikez), 2<0,
= Fy exp(—iwt) exp(—2/9), 2>0,

dzp d2p/ dzp/l d&), dwll

4e?
T e e d d 4
oy (#21750) o f %3023 (2m)2 (2m)% (27)2 27 2mi
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where w=cko and 8 is the skin depth. The energy ab-
sorbed by the surface plasmon is

dw/di= | By | f Caslt, 73 )

Xexp(—z/8) exp(—Z/6)drd’F, (18)
where the integrals extend over the range 0<z, 2<d.
The conductivity ¢ is given by the real part of —iwe.
After dividing by the incident flux, one obtains the
reflectivity due to the mode.

Ra(w) = (4m/) f o' (2, %, )

Xexp(—2/8) exp(—2/5)dzdz, (19)
where o'’ is the imaginary part of @ and a(z, 2, ) is
equal to a(7, 7, w) integrated over p—@.

The part of a,, (written as a from now on) repre-
sented by Fig. 1'is

(24 Z (11+netns+mns)

XG(I)N’ kl, w+w”)G(p”+p; kZ} w”) G(p"’ kﬁ) w”)G(P""P: k3, w’_w)

XG(p', ks, w')G(P', ks, &' — ) pa'p’" | w(D, k1) |2 cn[ L(pw, kukoksks) ]

X sinkyzy sinkez, sinkazs sinksz, sinkezs sinkezs cosks (23— 237) sinkszy sinkszs,

(20)

where the summation is over %; through #; and the 2 integrations extend from 0 to d. The impurities are charac-
terized by their concentration ¢ and potential «(g) while # is the density of electrons. The rest of the quantities
are defined in the Appendix. The contributions from the other three diagrams are similar.

To a very good approximation, the integral in Eq. (19) is given by

1
oz(w)=1fdzd2 a(z, Z; w),

(21)

where the z integrals run from zero to d. The reason is that 1/§ is much less than any characteristic momentum
in the system (such as ¢, and %;) . In other words, the electromagnetic field penetrates much further into the metal
than the surface plasmon does. The factor of 2 comes from the fact that only one surface is exposed to the light.
This approximation may also be verified by a direct integration of a. After adding the contributions from the
other diagrams and performing the w and z integrations, one obtains

e2 d2p d?p’ dZP”

(2m)? (2m)% (2m)?
X | u(p, k1) ]2L3(pw, bykoksks) (d6 (kr-tke— k1) d8 (Rrt-ls— ks)

4k (kstke) 2~ k2T (bt Bo) 2— kT msFmat- 13 {mFmam4-13 )6 (E(D”, k) )6 (E(D, ks)),  (22)

(2d5) 71 {mtnytnstns} cnps?

S

where the summation is over #i, #s, #3, ns, and n;. fact that

This is the contribution to a(w) from the surface plas-
mon as discussed in the Appendix.

After substituting L, in the equation from Eq. (A10),
one can perform the #; and n4 sums. Then using the

k
CORDWICELY EO)
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one obtains
4tk [ diqg
wwt J (27)3

[1—e(w) P
8¢(w) D(woqu) ’

(@) = 2(g) Lo (23)
where g1= (g.2+¢,2) 2

Since this is the contribution from the surface plas-
mon, set e(w)=—1. The integration in Eq. (23) is
now performed with a cutoff in the g1 integration at
ge. Terms of order (¢./k;) are neglected. The concen-
tration ¢ is expressed in terms of the mean free path
for electron-impurity scattering / under the assumption
that #(¢g) is a screened potential with a screening
momentum of approximately k;. Then, after integrat-
ing over w, one uses Egs. (1), (19), and (23) to obtain

AR= gt (w,*/ o) 32/ 2k, (24)
(wp*)?=dmne’/m, (25)

where % is the density of electrons and wy is the reso-
nant frequency of the surface plasma. w,* is not neces-
sarily the observed plasma frequency. The quantity
ko is the wave number of the incident light,

wWo= Ck(),

where ¢ is the speed of light. The effect on the reflec-
tivity due to the surface plasmon obtained from Eq.
(23) is

R(w) — Ro(w) = (3nkuog/ 202k ) (wp*/e20)*
{2 In[ ((@ot-ugo—w)*+g")/ ((0—w0)*+8)]
— tan((wot-vsge—w) /g)+tan” ((wo—w) /8) )},

where the surface plasmon frequency is wy+v.qr and
the momentum dependence of the decay rate is ne-
glected with respect to g, the intrinsic decay rate which
is independent of ¢..

IV. DISCUSSION

The surface plasma mode has arbitrarily been cut
off at the momentum (or wave number) ¢.. The con-
tribution to the reflectivity from phonons or impurities
depends on the square of this quantity. The quantity
AR due to surface roughness must also depend on this
quantity since the sum in Eq. (17) must be restricted
to values of # such that | ¢, | <g.. For a summation
over many components of surface roughness, the sum
may also depend on g2 The mode becomes broader
and more degraded as p, the momentum of the mode
parallel to the surface, increases because both the dis-
persion and decay rate increase linearly? with p for
p<Kks. The behavior of the mode for p not much less
than %, is not known and the cutoff is introduced as a
convenience. Thus the quantity is not terribly well
defined and any value we choose for it is somewhat
arbitrary. Also, the shape of the line should not pe
Lorentzian since the quantity D in the denominator
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of the integrand in Eq. (23) actually contains these
real and imaginary terms depending on gu.

In order to estimate numbers for Ag a value of
¢.=0.3%; is chosen® and, of course, the results are un-
certain to the extent that they depend on g¢.. Since
silver has a density of about 5.8%X10? cm™ its Fermi
momentum in the free-electron model is 1.2X10® cm™
and w,* is 8.5 eV. The unshifted surface plasma fre-
quency w is about 3.4 eV.

The contribution from the surface plasmon to the
reflectivity through the coupling of surface roughness
is given by Eq. (17). For only one component of sur-
face roughness the contribution to the reflectivity for
light polarized along that component is

AR=2wa’qk.

If a is of order (1/%,;) and g~q., this gives AR~3X107%
for Ag. However, the only restriction that was placed
on ¢ was that ag<1. For ag equal to one and ¢g~q,
one obtains AR~3X10~2, These numbers give the
order of magnitude that one might expect for AR
under somewhat favorable conditions of surface rough-
ness.

In order to describe a surface realistically, one prob-
ably has to take into account a large number of surface
components. Another crude estimate of AR can be
generated by taking a large number N of surface com-
ponents along the x direction and spacing them equally
so that

q"=n7k// N ’

where # runs from 1 to N and vk, is the maximum
wave number of the components. Further, assume that
all ¢, are equal and that the sum in Eq. (17) is re-
stricted to ¢.<g.. The quantity £ given by Eq. (8) is
taken to be the measure of surface roughness. From
Eqgs. (8), (17), and (26), one obtains

AR= (378/7") (kog?/kf*) (27)

For £=1 and y=%, this yields AR~1072 for Ag. It is
quite sensitive to the values of ¥ and g¢..

Equation (24) gives the contribution to the reflec-
tivity from the surface plasmon due to impurities or
phonons. Any number obtained from it is uncertain
to the extent that it depends on ¢2. For Ag, with
¢.= 0.3k, one obtains

AR~0.2/1k;.

For phonons at room temperature AR~1073.

Since only the properties within a few atomic spac-
ing really determine AR, the relevant mean free path
for the electrons is the mean free path very near the
surface. In other words, only the concentration of im-
purities near the surface contributes to a(w) as defined

(26)

(28)

8 A value for g. of about 0.5k, has been measured for surface
plasmons in alkali halides by electron energy loss experiments by
O. Sueoka, J. Phys. Soc. Japan 20, 2226 (1965).
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by Eq. (21). Thus / can be thought of as the mean
free path due to surface impurities and irregularities.
In other words as far as the surface plasmon is con-
cerned, there is little difference between impurities and
surface roughness and, indeed, impurities very near the
surface are a form of surface roughness. If the first few
atomic layers of a surface were doped with impurities,
the surface plasma absorption would be enhanced with
very little change in the bulk optical properties. Of
course as the doping increases the surface plasmon
becomes more degraded. However, for a concentration
of impurities near the surface such that the imaginary
part of the bulk dielectric constant would not be
greatly changed with the same concentration of im-
purities in the bulk, the width of the resonance would
probably remain unchanged. By controlling the doping,
and thus /, a determination of an effective ¢, might be
made.

The quantity AR can be brought into agreement
with the data of Jasperson and Schnatterly,* who find

AR~1072, by choosing /, due to impurities near the
surface, equal to 20 A. However, because of the de-
pendence on ¢ the same answer could be obtained
for 1=80 A if g, were 0. 6kf In addition, the maximum
value of R(w)— Ry(w) given by Eq. (2 6) is about
0.03 if v, is of order wy/ky, g-~0.3k;, and g, as determined
from measurements of e(w), is about 0.1wp. This, and
the slightly non-Lorentzian line shape expressed by
Eq. (2.5), are compatible with the measurements of
Jasperson and Schnatterly? on some samples.
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APPENDIX

In this Appendix a brief derivation is sketched for
the correlation function L used in Sec. III, which is
shown diagramatically in Fig. 3. The techniques used
to deal with the surface and derivation of the single-
particle Green’s functions are obtained from Ref. 2.

((Zf) 2 .[

dwl

21r d n, ,L/ !

L'(1,22)= (27r)2

+ip- (91—
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The single-particle Green’s® function is defined as
G(11") =—i(T¥(Dy* (1) ), (A1)
whose arguments # stand for the space-time coordi-
nates (I, f,). The symbol T indicates time ordering
and the angular bracket (x) means that the expecta-
tion value at zero temperature is taken. ¢+ and ¢ are

the electron creation and destruction operators. From
Eq. (A2) of Ref. 2, the Green’s function is obtained:

G(rr, 1— t’)—fdw r )2d_12exp[tw(t—t)]

Xexpip(p—o’) sinksz sinkz’[G(p, &, w) ],
G(p: ky w) = Ew_ E<p> k) +7’6 Sgn( [ q I _qf) ]_..1,

(A2)
where & is a vanishingly small positive quantity and
¢s is the Fermi momentum. The values of & are nr/d
and the cylindrical coordinates (r=g, z) and q= (p, &)
are used. The single-particle energy E(g), given by

(@—¢s) /2m, is measured from the Fermi surface.
The integral equation for L is

L(11,22") = / d3dAG(13)G(31')2(34) G(24) G(42')

—2 / 344G (13)G(31")0(34) L(44, 22), (A3)

where v(34) is the Coulomb potential multiplied by a
delta function in time and dn denotes the space-time
integration d%,df,. In order to obtain L(11’, 22"), one
must first obtain L(11, 22’), which satisfies the equation

L(11,22")=L'(1, 22')

= / d3d4G(13) G(31)2(34) G(24) G(42)

—Zi/d3d4G(13)G(31)v(34)L’(4, 22). (A4)

In order to solve this equation, L is Fourier trans-
formed according to the prescription

{n—}-n’—}-n"} L'(pw, p'w', kk’k”) exp[—— iw(t1~— tz) —'iw,(tz— tz’)

02) +ip’+ (92— 02+) ] coskz; sink’z, sink”’zr,  (AS)

where the curly brackets {n} restrict the summation to even values of 7. As in Ref. 2, the method of obtaining
L is straightforward but tedious. It is somewhat simplified here because only the limit pd— oo is being considered.

The solution for L' is

L'(pw, p'w

? The definition of G and its Fourier transform in time is the same as that used for zero temperature in A.

I: kk’k”) =¢G(P"‘P: k,, "",'—w) G(pI: k": w

") L(pw, kE'E"), (A6)

A. Abrikosov, L. P.

Gorkov, and I. E. Dzaloshinski, Methods of Quantum Field Theory in Statistical Mechanics, translated by R. A. Silverman (Prentice-

Hall, Inc., Englewood Cliffs, New Jersey, 1963).
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where L is the solution to the equation

INDIRECT COUPLING OF PHOTONS

587

L(kk'E") =[{B(k)v(k) (d/8)[8(k+k — k") +8(k—E'+k")]
—30(k' = k") [B(k) p(p*+#*) 7' — C(k) +3iBG (k—F'+E"), 3 (k+F'— k") )+1BG (+E — k"), (k—F'+£"))]}

— {same with ¥"——k"} —2R(kk'E") —2C (k) S(K'k") —2S(k'k") B(k) p(p>+E) " J(1—2B(k)v(k) ),

(A7)

where the p and w dependence of the quantities have been suppressed where possible, and where

S(KE")=d1 Y, L(EF'E")o(k) {n+n'+n"},

v(k) =4ne/ (P+F),

R(EE'E") = (2d)7* Y, B(k, k+E)v(2k-+E) L(2k+F, ¥, k),

C(k)=(2d)7 Z, B(¥', k'+Fk) pLp*+ (2k'+F)* 7,

B(k)=(2d)™' 3 B(k'+k, ¥'),

and

ap’ f(p+p, k) —f(p', ko)

BER= ] Gy B+, k) — B0, k) —aid”

with f(p, k) =f(q) the Fermi factor which equals 1 for
g<gy and zero for ¢>g¢;.

Since the surface plasma resonance is cutoff at a
value of p small compared to %, it is sufficient to
solve these equations to lowest order in (p/k;). They
are also solved only for | k| and | #/=4=%" | small com-
pared to %, since this will give the largest contribu-
tion. The surface plasma resonance is contained in the
function S. To lowest order, the only parts of L that
contributes to the determination of S given by Eq.
(A8) are the term with the Kronecker delta, the term
vBp[ p?+-k21Y, and the term —2SBp(p>+k2)~! in Eq.
(A7). Using these, one obtains

S(EE")=[1—e(w) J[v(k'— k")

—o(k+H") [ 1+e(w) T,
where e(w) is given by Eq. (12). The quantity
B(¢)v(¢) =%(1—e¢) and the wave number dependence

of ¢ has been neglected. R contributes only to higher
order so

(A9)

Lo(kk'E") =3[1—e(w) TLo(k'— ")
—o(B'+E") Jet (w) [14e(w) T

The subscript s denotes that this is the lowest-order
part of L that contains the surface plasma resonance.
Now L is Fourier transformed according to the pre-

(A10)

(A8)

scription
T Ppden |1
L(11’, 22") = /[:1 (12’;)3‘] =
X Z {m—+natns+ns} L(Droor, Paws, Paws’, krkoksks)
Xexp[ —dwy (bi— br) — Gws (b— br) — s (fa—tar)
+ip1- (o1~ or) +iP2 (01— 02) +1Ds* (2 — @) ]
(A11)

where the summation is over m, 72, #3, #4. The quantity
L can easily be obtained from L’ through Eq. (A4).
Since only the surface plasmon part is of interest, the
first term on the right-hand side of Eq. (A4) is irrele-
vant. To lowest order, one obtains

Ly( proworPwpews, kikoksks)
=G(p+py, ki, wtw) G(py, ks, w1)
XG(P2— P, ks, w2—w) G(P2, by w2) Lo (Rrkoksks),
Ly(ka, ko s, Fs) = [1—e(02) Pp[— 8e(w) D(w) 4me? ]
X[o(k1— k) — v(krtks) JLo(ks— k) — v(ks+ka) ],
(A12)

for the contribution to L from the surface plasmon.

The quantity D is the factor which contains the
surface plasma resonance. If the wave-number depend-
ence of the mode is neglected, D(w) is given by

D(w) =14¢(w).

Actually D contains real and imaginary parts propor-
tional to (p.24p,2) V2.

Xsinkiz sinkqzys sinkszs sinkszy,



