PHYSICAL REVIEW

VOLUME 165, NUMBER 1

Correlation Energy of an Electron Gas with a Slowly Varying
High Density*

SHANG-KENG MA AND KEITH A. BRUECKNER

Institute for Radiation Physics and Aerodynamics and Department of Physics,
University of Calfironia, San Diego, La Jolla, California
(Received 15 June 1967)

The correlation energy (the exact energy minus the Hartree-Fock energy) of an electron gas with a
high and slowly varying density is examined. The term proportional to the square of the density gradient
is evaluated by the application of perturbation theory to the external field and of the random-phase (or
high-density) approximation to the Coulomb interaction. This term has the form AE/[p]=/d%r
B(p(x))| Vo (x)|?, where p(x) is the electron density. B(p) is found, by summing the leading divergent dia-
grams, to be [8.470X1073+4-0(p"131np) +0 (p71/%) Jp~4% Ry, with the length measured in units of the Bohr
radius. The role of the density gradient in the correlation energy problem of atoms is discussed.
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I. INTRODUCTION

HE correlation energy problem of a many-electron
system has not been extensively investigated
except for a uniform electron gas at high density, where
the random-phase approximation is applicable and the
translational symmetry greatly simplifies the problem.
The calculation of the correlation energy for a non-
uniform electron gas or for systems with a finite number
of electrons has not been carried out except for the
lightest atoms,! although the Hartree-Fock energy for
the most important nonuniform electron gas, namely,
the many-electron atoms, can be calculated with high
accuracy.? Because of its complexity, the calculation of
the correlation energy of a general nonuniform electron
gas seems to be beyond the technique available at
present. However, the problem becomes tractable under
the idealized condition that the density is high and
slowly varying. When the density is slowly varying, the
correlation energy may be expanded in powers of the
density gradient. Such an expansion can be defined
unambiguously with the aid of the density-functional
formalism recently developed by Kohn and his co-
workers.*~® When the density is high, the coefficients of
the density gradient expansion may be calculated by
the standard diagrammatic perturbation theory.

The objective of this paper is to examine the cor-
relation energy in the limit of high and slowly varying
density. The correction term to the correlation energy
of a uniform electron gas which is proportional to the
square of the density gradient is evaluated by analyzing
the second-order contribution of the perturbation
expansion in powers of the external field. Qualitative
features of the correlation energy problem of atoms are
also examined. In Sec. II, we describe the basic physical
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features of the problem and give a qualitative estimate
of the effect of the density gradient on the correlation
energy. Since the small density nonuniformity must be
caused by an external field, the problem reduces to a
study of the response of a uniform electron gas to an
external field. Section III is devoted to a derivation of
the expression of the correlation energy in terms of the
long wavelength values of the density response function
of a uniform electron gas. To separate the correlation
energy from the total energy in a transparent and
unambiguous way, we make moderate use of the basic
language of the density-functional formalism3. The
response function is studied in terms of diagrams, and
the subset of diagrams contributing to the correlation
energy are identified. The mathematical procedures for
evaluating these diagrams are carried out in Sec. IV,
and the explicit formula for the correlation energy is
determined. In Sec. V, the role of the density gradient
in atoms is considered. Because of the large density
gradient in atoms, the density gradient expansion is
shown to be a divergent series. It is also shown that the
collective motion of electrons plays a much less im-
portant role in atoms than in the uniform or nearly
uniform gas and the notion of the dielectric constant is
not very useful in describing electrons in atoms.

The appendices are devoted to the mathematical
details involving the derivatives of the Green’s function
and a few singular integrals needed in the text. Some
useful formulas are listed. These appendices should
serve as a convenient reference for other calculations
involving the high-density electron gas.

II. QUALITATIVE FEATURES

Let us first review some of the basic characteristics
of a uniform electron gas at high density. The average
Coulomb repulsion among the electrons is canceled by
the field of a uniform positive external charge back-
ground and thus, a uniform average density is main-
tained. By high density, we mean that the average
interparticle distance 7, is small compared to the Bohr
radius, i.e.,

roK (e*m)~1,
18



165

or
e2 P02
—L—, (2.1)
ro 2m

where po~7y! is the Fermi momentum. The energy of
the system is the sum of the kinetic energy and the
interaction energy due to the correlation of density
fluctuations. The correlation over a distance com-
parable to 7o can be approximately described in terms
of the motion of free electrons since, by (2.1), the
Coulomb potential becomes much less than the kinetic
energy of the electron states which contribute to the
correlation. The correlation over a distance large com-
pared to 7o is mainly due to the long-range Coulomb
force. On the other hand, the motion of the electrons
tends to screen the Coulomb force produced by the
density fluctuations. The screening may be charac-
terized by the screening length L,. The density fluctu-
ations separated by a distance much larger than L,
become uncorrelated. The leading terms of the perturba-
tion expansion in powers of ¢ and Ine® based on the
above physical picture has been extensively studied.®”:8
The screening length is given by

Lo~ (Empo)™'2. (2.2)

Now suppose that the external charge distribution
becomes nonuniform. Then, the average electron
density will be nonuniform. There will be a change in
the electrostatic energy of the charge distribution as a
whole, a change in the kinetic energy Fyin, and a change
in the interaction energy Ei,, due to the modification
of the correlation of density fluctuations. Explicitly, the
total energy is

E= f P p(X)p(x)+1 / P p(x)p (x+1)

+Ekin+ Einc y

where ¢(x) is the potential due to the external charge
and p(x) is the average density. From the above dis-
cussion of a uniform electron gas, we see that Ein
involves only the correlation of density fluctuations,
which is small beyond a distance L,. More explicitly,

(2.3)

2

(4
Fuem} / Prbr (o (0 (1))
r

(o' (x)p' (x+1))— 0,

where p’(x) is the density fluctuation. Therefore, if p(x)
varies very little over a distance of a screening length,

e, if L2 Vo/o|=g1, (2.4)

( °1\§I). Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364
1957).
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for v>L,,

CORRELATION ENERGY OF AN ELECTRON GAS 19

we expect that

Ein~ / P35 End(p(2)), (2.5)

where Ein(p) is the interaction energy per unit volume
of a uniform gas with density p. To obtain better
approximations for Ei,, one naturally expects an
expansion in powers of g to be helpful. Such an ex-
pansion is the “‘gradient expansion.’”

We are only interested in the correlation energy of a
nonuniform electron gas. The Hartree-Fock energy
includes the first three terms of (2.3) and a part of
E;ny because of the correlation arising from the Pauli
principle. If the condition (2.4) is satisfied, we expect
that the correlation energy E, may be written as

E.= / &% EQ(p(x))+AE,,
(2.6)
AE,= / B B(p())] Vo(@) |4+-0(2),

where E2(p) is the correlation energy per unit volume
of a uniform electron gas of density p and B(p) is a
function to be determined in the next two sections. Let
us give a crude estimate of B here.

In calculating the HF energy of a uniform gas, no
screening is taken into account. The correlation energy
is roughly the correction due to the effect of screening

Ec~ % fd3xd3r { (P’ (X)P’ (x+l') >screened
62
- (P, (X)Pl (x+r) >unscreened}“' . (27)
r

The unscreened density-fluctuation correlation function
is well known to be?

—30°L(sinpor— por cosper)/ po'r* 2.
Thus, the screened correlation function is, for ©>>p¢,

<Pl (X)P’:(x'i' 1‘) )screened
~ —0/4(3x) AL/ 0e, (2.8)

where we have substituted (37%)!/3 for p, and 1 for
cos’per. We need not consider the small » behavior of
the correlation function because the effect of the density
gradient is appreciable only for large r. The constants
pand L, in (2.8) are no longer defined for a nonuniform
gas. However, if the density is nearly uniform, one may
use the density at x to evaluate these constants. This
approximation is good for  much less than L,. As 7 be-
comes larger, one may use the density at x+2ir to
evaluate these constants. As a function of r, (2.8) be-

9 See, for example, C. Kittel, Quantum Theory of Solids (John
Wiley & Sons, Inc., New York, 1963), Chap. V.
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comes distorted from the density correlation function
for a uniform gas as a result of the slight variation of the
constants. An estimate of the effect of the density
gradient on the correlation energy may be deduced
from such a distortion, which is given by the difference

A(xr)=p**(x+r/2){exp[ —7/L.(p(x+1/2)) ] -1}
—p*P(x){exp[—r/L.(p(x))]—1}.

Expanding (2.9) in powers of Vp(x) assuming

(2.9

r r
p{(x+2) =00+ %50,
(s3) 04,
we find, keeping only the second order in Vp(x)

” ,»
A(x,r)= { -—Evpzls. VL.—1+2_4P2/3(VL'—-1)2]e—-—r/L,.
(2.10)

A crude estimate of the effect of the density gradient on
the correlation energy is given by

e
AE.~}% / dBxdr[—9(3n) 3 /4 A (x,r)— .  (2.11)
r
The 7 integrals are easily performed. One finds

AE~ 87137135132 / &Px{L,Vp*3- VL, !

—3p23(L,VL, 12}, (2.12)
Using the fact that L,~ (e?mpo)~'/% is proportional to
p~ M8 (2.12) reduces to

AE0~2.7X10‘3e2/d3x o3 (x) | Vo(x)|2. (2.13)

Although (2.13) is a very crude estimate, it does show
that B(p) [see (2.6)]is of the order O(e?). Since EJ, the
correlation energy of a uniform gas, is of O(e*)+0 (¢!lne?)
[see (3.16)] and L2=0(¢?), one might expect, by
(2.4), that AE,=0(gEL)=0(e?)+0(¢ Ine?). Equation
(2.13) and the calculation in the next sections show that
the O(e? Ine?) term is absent.

The above estimate is based on the picture of a
distorted density correlation function and a distorted
screening length. The distortion is described by the
average density p(x), which is regarded as a parameter
slowly varying in space. However, nothing has been
said about the physical processes which give rise to the
distortions. Since the nonuniform density is due to an
external field, we have to study the response of the
many-electron system to an external field. When the
density variation is small, the analysis reduces to the
analysis of the density response of a uniform electron
gas. The next two sections are devoted to the deter-
mination of B(p) based on such an analysis.
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III. FORMULATION

In this section, we search for a formula of the form of
(2.6) for the correlation energy of a nearly uniform
electron gas. It is clear, from the qualitative discussion
in the previous section, that the problem should reduce
to an analysis of the response of a uniform gas to a weak
external field, which causes the small density non-
uniformity. From such an analysis, one can determine
the energy and the density in terms of the external field.
One then looks for a way to eliminate the explicit
dependence of the correlation energy on the external
field and obtain an expression in terms of the density
only. We find it convenient to start our analysis with
the density-functional formulation.?

The energy E and the average density p(x) may be
obtained by minimizing the energy functional E[p]
keeping the total number of electrons fixed. We break
up E[p] into two parts:

E[p]=Eus[p]+E.[p].

Eur[p] is defined such that, by minimizing it, one
would obtain the energy and the density in the Hartree-
Fock approximation. E.[p] is the “correlation energy
functional.” When the density variation is small, we
expect that EJ[p] may be expanded in powers of the
density gradient Vp(x). If only the two lowest-order
terms are kept, one has

(3.1)

Efp])= / &2 (4G()+BGE)| VMY, (.2)

where 4 (p), B(p) can be determined by applying (3.1)
and (3.2) to a weakly perturbed uniform gas in the
following way.

Consider an electron gas in a unit volume perturbed
by a weak static field:

p(X)=2 pretr.
k=0

The perturbing Hamiltonian is then

H=23 oxb-x,
k#0

where py is the density operator. The energy to the
second order in ¢ is

0|k 510
E=E(n)+2 <Pk¢—kz< [pulm)m| -4 [0)
k0 m FO— Fm

= E‘O(n)—i_%ggo ﬂok‘P—kg(k:O) ) (3'3)

where n, |0), E°, |m), E™ are, respectively, the density,
the exact ground and excited states and their energies
of a uniform electron gas, and F(kw) is the density
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response function of a uniform electron gas given by

5 (kw)=—i / gt s+t (T (3(x, )5 (0)))

=F(—k, w)=5k, —w). (3.4)
The average (- --) is taken over the ground state of a
uniform electron gas. The density, to the first order in
¢, is given by

Pr= (pkff(k,()) )

po=1n. (3.5)
Equations (3.3) and (3.5) summarize the effect of the
external field. F(k,0) contains the full information of the
response of the uniform electron gas to the external
field. Now we have to separate the correlation energy
and Hartree-Fock energy from the total energy. This is
accomplished in the following manner.

The results (3.3) and (3.5) may be obtained by
minimizing the functional

E[p]=E'(n)+ % o352 pup—xF1(k0). (3.6)
k70 k#0

Similarly, minimizing the functional
Eue[p]=Ear(m)+ X o_xpx—3 2 pup—xFur ' (k,0)
k0 k0
3.7

will give the density and energy in the Hartree-Fock
approximation. Here Fur is the density-response func-
tion in the Hartree-Fock approximation. It is the sum
of all the Hartree-Fock energy diagrams perturbed
twice by an external field. (See Fig. 1.) Thus, the
correlation energy functional for a weakly perturbed
uniform gas is, by (3.1), (3.6), (3.7),

E[p]=E[p]—Enz[p]
=ELm)—32 pupr—x(57'(k,0)— 5 'ur(k,0)),
k0
(3.8)
where
ELl(n)=E"(n)— Eur’(n) ,
is the correlation energy of a uniform electron gas. The

density-response function § may be expressed as a
geometric sum (see Fig. 2)

§=F+FVF+FVFVF+---

=F/(1-VF),
and hence,
§l=F1'-V,
where
V=4re*/k?,

and F contains no isolated interaction line. Equation
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(b)

Fi6. 1. (a) The Hartree-Fock energy diagrams. Because of the
translational symmetry and the uniform charge background, only
the first diagram is nonzero for a uniform electron gas. (b) The
first diagram gives the second-order perturbation on the kinetic
energy. Each cross represents a density vertex with the momentum
of the external field.

(3.8) now becomes
Efp]=El(n)— %Eo prp—x(F'(k,0)— Fur (k,0)).

(3.9)
The contribution of the — V' term of §!

3 pro—x(4me?/k?)
k=0

cancels that in $ur*. This cancellation means that the
electrostatic energy of the electron charge distribution
as a whole is included in the Hartree-Fock energy and
plays no part in the correlation energy.

Equation (3.9) is an expression with no explicit
dependence on the external field. Furthermore, it is
applicable even if the density varies rapidly in space as
long as the amplitude of the variation is small compared
to n. To obtain 4 and B of (3.2), we only need the long-
wavelength part of (3.9). On the other hand, (3.2)
makes sense even if the density varies appreciably as
long as it is slowly varying, i.e., as long as it varies very
little over a screening length, according to the quali-
tative discussion of the previous section. Therefore, to
compare (3.9) and (3.2), we expand the integrand of
(3.2) in powers of (o(x)—#n) and the (F'—Fyg) of

F % + F 4 oo

F/{1-VF)

F16. 2. The full density-response function
as a geometric sum of F.
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F16. 3. (a) Diagrams for Fgr(k,0). (b) Additional terms for
F(k,0). (c) The correlation energy diagrams calculated by Gell-
Mann and Brueckner. The thick wavy line represents an inter-
action line modified by the dielectric constant in the random-
phase approximation.

(3.9) in powers of k2. Let

F(k,0)=a"'4+bk>+- - -, (3.10)
then
F(k,0)=a—a%k>+---. (3.11)
a~!is given by the “compressibility sum rule’1
a'=lim F(k,0)= —dn/du.
k-0
Therefore,
a=—(d*/dn?) E*(n). (3.12)

Expanding (3.2) gives
d2
Efp]=Am)+—Am)}X prp—x
an? k0
+Bn) Y Fowp—x. (3.13)
k=<0
Substituting (3.11), (3.12) in (3.9) and comparing the
result with (3.13), we conclude that
A(n)=ES(n),
B(n) =—12—(a2b—aHF2bHF) .

10 See, for example, D. Pines, in Lectures on the Many-Body
Problem, edited by E. R. Caianiello (Academic Press Inc., New
York, 1964), Vol. II.

(3.14)
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The correlation energy can be calculated once A and
B are substituted in (3.2). If we regard E,[p ] as a small
correction to Emr[p], the correlation energy E. is
approximately given by

E.=E[pur], (3.15)

where pur(x) is the density in the Hartree-Fock
approximation, and minimizes Enr[p]:

EHF[p]} =0.

P=PpgF

{ 5/1‘:?()

The remaining task is to evaluate (3.14), i.e., to find
the ground-state energy and the long-wavelength
behavior of the density-response function for the uni-
form electron gas. For such an analysis, we proceed to
apply the perturbation theory, which seems to be the
only technique available. The perturbation expansion
is an expansion in powers of e?m/ po, which is valid only
in the high-density limit. In this limit, the ground-state
energy is well known.

BE'=Eus*™+E?,
Eupl= n{%poz/Zm— (3/41!’)82170} ,
El=73e'mn(0.0622 Inr,—0.096)+0 (%) ,

e2m /9m\1/3
r,E——-(-—) ,
po\4

and p, is the Fermi momentum. @, exr can be obtained
by differentiating E° and Eng’ respectively [see
(3.12)]. The function F(k,0), and hence &, can be
calculated using the perturbation expansion given in
Fig. 3. The sum of the diagrams in Fig. 3(a) gives Fur.
The sum of all the diagrams in Fig. 3(a) and Fig. 3(b)
gives F. Let

(3.16)

where

b=bur+b.. (3.17)

b. is then the contribution of Fig. 3(b). The diagrams
may seem to indicate that b,=0(e*), but the last five
diagrams of Fig. 3(b) diverge unless the interaction
lines are properly modified by the dielectric constant.
As one would expect, after introducing the dielectric
constant (in the random-phase approximation), Fig.
3(b) becomes the correlation energy diagrams of Gell-
Mann and Brueckner perturbed twice by an external
field. [See Fig. 3(c).]

The qualitative argument in the previous section has
shown that

be=0(e?). (3.18)
By (3.14) and (3.17),
2B(n)= (a®—aur?)bur+a®.. (3.19)
Since a—arr=0(e*), we have
7r2 2
B(n)= (——-) 2beto(e?), (3.20)
pomn
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using the fact that
@?E°

dn?

a=—

—n?
=——+0(e).
pom

The formula (3.20) may be understood qualitatively
in the following way. b is the long-range part of F (k,0),
which may be viewed as the second derivative of the
energy with respect to the external potential as is
clearly demonstrated by the diagrams. #?/pem is the
derivative of the chemical potential, or roughly of the
external field, with respect to the density. Thus, B(n)
is qualitatively the second derivative of the correlation
energy with respect to the long-range variation of the
density.

The fact that b, diverges without the modification of
the dielectric constant shows that one must have the
screening of the Coulomb force for the local density and
the expansion in the density gradient to be meaningful.
This is obvious in view of the qualitative discussion in
Sec. I1. By using the dielectric constant, one effectively
sums the leading divergent diagrams of all orders and
defines a lower cutoff for the divergent integral over the
momentum transfer of the Coulomb interaction.

IV. EVALUATION OF b,

To calculate b, to O(e?), we only need to consider the
last five diagrams [labeled by (1), (2), and (3)] in Fig.
3(b). Itis not practical to evaluate the diagrams for an
arbitrary £ and then identify b, with the coefficient of
k* in the & expansion, because multidimensional inte-
grals are involved in the evaluation. We shall instead
obtain an expression for b, by expanding the integrand
and extract the coefficient of k2. Then, the integral to
be performed, involving no k, becomes much simpler.
Consider the diagrams (1) first.

A. Diagrams (1)

These two diagrams have the same value. Their
contribution to F(k,0) is

FWWﬂmﬁwwwwwm<m

where the symbol /'dp always denotes the four-dimen-
sional integral
d*p

(2n)4

The Green’s function is given by
G(p)=[e—eptptinsgn(e,—u) 1™,
€p= Pz/zm )
B= Poz/zm )

(4.2)
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and
ﬂ»z—/@wwm@+@, 4.3)
with
V@%ﬁch—Q (19
¢ \e(q)

e(q,w) is the dielectric constant in the random-phase
approximation. The extra factor of 2 in (4.1) is due to
the spin multiplicity. The precise meaning of G*(p) in

(4.1) is )
ad
ap=—L
de

4.5)

which has a double pole (forced by momentum con-
servation) at e=e,—u—in sgn(e,—pu). The derivatives
of G(p) are discussed in more detail in Appendix A. As
will be seen shortly, we need to make the substitution

0 d
——G(p)=——G(p)+2rid()d(u—ey), (4.6)
Jde ou

for G*(p) in (4.1), which becomes, after integrating the
5(e)d(u—ep) term

d
Fﬂmkm=-4/EPEQXXp+mg+xm
n

a
+2(po,0)—F(k,0), (+7)

m
where
aép Nprk—MN
P (kw)=—2 ] P , (48)
(27)? w— €eprxt €ptin sgnw

np= 0(u— 51:) .

To find the k% term of F®(k,0), we expand (9/du)
F(k,0) and G(p+Kk):

i) m  k?
—FP(k0)=——+— +--, (4.9)
o T po® 12w

I'OEPO/m:

G(p+K)=G(p)+k-V,G(p)+3(k-V,)’G(p)+- -
i}
=G(p)— (k-p/m+k/ an)a—G(P)
n

LT
2m? Ou? 4 B

+ (4.10)

By symmetry, (k:p)> may be replaced by k%p?/3.
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! !
] p
A2 (o) = /a
p

p

(b)

F1c. 4. (a) The %2 term of the diagram (2) in Fig. 3(b). Each
circle represents a factor k-v operating on the line on which the
circle is drawn. (b) The zero-momentum-transfer vertex function
which constitutes the lower parts of the last two diagrams in (a).

Therefore, the k2 term of —G(p+k)dG(p)/ou is
_ k2 E2pr 32 3
lim [————ﬂ(p+s)+——c(p+a>} (-]
80 2m o ou
k? a3 2k2?

= _Z——X 1—G(P)+_€pX§I_G(P) (4.11)

We have used the identity (see Appendix A)

lim

o (mil)!(_-;;)w1 (p+3) (n—1 )<_§;>"—IG(” )

! a)Mn_lc;() 4.12)
_(m-l-n—l)!( on P, @

where m, n are integers greater than zero. Therefore,
by (4.9) and (4.11), the &2 term of F® (k,0) is

k2 63 84
= / dpE(P){—%—G(P)Jr%ep——G(P)I
m oud dut

—E23 (p0,0)/ 24mt0ou=bWk?.  (4.13)

B. Diagrams (2) and (3)

The %2 term of diagram (2) in Fig. 3(b) is given in
Fig. 4(a). A circle represents a factor k-V. The V
operator operates on the momentum variable of the
Green’s-function line on which the circle is drawn. The
over-all factor of 2 is due to the spin multiplicity.

MA AND K. A.
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Figure 4(b) defines the vertex function A® (p), i.e.,
oG(p)
ou

With the aid of the identity (4.12), the analytic ex-
pression for the diagrams in Fig. 4(a) can be obtained:

A®(p)=— / dp’ V"(P-ﬁ’)(— > (4.14)

2 [ap o o)(E L6 tes >)
m/P P(za,ﬁ ? SE’a,ﬁ ?

=b®k2.  (4.15)

Diagrams (3), the last two in Fig. 3(b), contribute
equally to the %2 term. Similar to Fig. 4(a), 5(a) gives
the %% term of diagrams (3). The over-all factor of 4
is due to the fact that each vertex has a spin multi-
plicity 2. The last two terms of Fig. 5(a) give

11d aF" ))2V( k-v,)V k-v,V 2
s/ 4(3; @) (V@) k-Y2V () [k- VoV @)}

=p,®k2, (4.16)
where

P (qu)=2 / dp G(p+9)G(p)

is also given by (4.8). Each triangular loop gives a
factor —19F°/ du. V(q) is defined by

V(g)=4me?/q%(q).

Let the vertex function A®(p) be defined by Fig.
5(b). Then the first two terms in Fig. 5(a) are the same
as those in Fig. 4(a) except that A® is replaced by
A®_ Thus, their contribution 5,® k? is obtained by
substituting A® for A® in (4.15). Now b, can be ob-
tained from

be=bWO 4@ by ® 45, ®
The sum is, by (4.13), (4.15), and (4.16),
be=b"4b"4b""—Z(p0,0)/241% 0 ,

. @ _
Q

(p)

(4.17)

|-
——

(b)

F16. 5. (a) The %2 term of diagrams (3) in Fig. 3(b). (b) The
vertex function constituting the lower parts of the first two
diagrams in (a).
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where
32 9
V=——— dPZ(P)(%“—G(P)_SI)—“G(P)Gp> ’
m u ou? o’
=— [ dp (P} ——G(p) (1.18)
a 2
b= _‘QJ'I/‘dq <—F°(¢I)>
Ou
d 2
X[ vavero-(3vw) |-
dq
In deriving (4.18), we have used the identity
9z
A® (p)+A® (p)=— @) , (4.19)

n

which is easily seen by putting a density vertex of zero
momentum on the diagrams for Z(p) in all possible
ways.

C. Evaluation of the Integrals

The next step is to evaluate the integrals in (4.18)
and Z(po,0) to the order O(e?). Since Z(po,0) is known
to be O(e* Ine?),"* we need only to consider &', 5", and b""’.

Recall that [see (4.3), (4.4)]

2= [ V-@6G+o. G

Since the O(¢?) term of b, is due to the small ¢ part of
the Coulomb interaction, and since the Green’s function
and its derivatives are highly singular, it is more
desirable to substitute (4.3) in (4.18) and perform the
p integration first. Then the remaining ¢ integral is
nonsingular and the O(e?) term can be extracted easily.
Of course, no p integral is needed for 4",

Substituting (4.3) in (4.18), we have

19
Y f dq V=()[31:(9)—3:(@)],
m u

(4.20)
'=—— /dq V=(q)§1:(q),
where 5
L= / U G(r+0—G(p),
u
63
L()= / IGp+I—G(p), G2
"

63
1@= [ 1 Glr+o—G(Pen
"

11 J. Quinn and R. Ferrell, Phys. Rev. 112, 812 (1958).
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For the sake of continuity and clarity, we leave the
detailed algebra of these p integrals in Appendix B, and
quote the results when they are needed.

The g integral is a four-dimensional integral

/ q_/ 2y ) o 2mi’

It is convenient to turn the w-integral contour to the
imaginary axis and let the dimensionless variable y be
defined by

w=1qvoy. (4.22)
Then, by spherical symmetry and (4.22),
4o
Jura [ ol 5 o
We consider the ¢ integrals for &, &'/, and &

separately.
Since b, has the dimension of an inverse velocity, and
9/0u=15"19/9po, b’ must be of the form [see Eq.

(4.20)]
dq 9 1 ) q )
—{—1 —y), (#.24)
,/; q aﬁo . 27r< f([)o (

where f(x,y) is a dimensionless function. Notice that
¢’m, the inverse Bohr radius, has the dimension of a
momentum. Equations (B26) and (B28) show that
I,(¢,y) and I;3(q,y) are of O(¢?) as ¢— 0. Therefore,
f(x,y)=0(1) as x — 0. The dielectric constant has the
form
) 4”21;0( iav03)
€= 1——=77(q,2q%)
¢

2 4
I —R<_q_, ) ,
¢ ™ \po

where R(x,y) is a dimensionless function, and [see
(B16) and (B17)]

ROy)=R(y)=1—y tan~'y 1. (4.26)

The O(e?) term of (4.24) can be easily extracted. It
comes from the lower limit of the ¢ integral. Let us
introduce an arbitrary upper cutoff at g= po. Above any
finite cutoff, the integral is of O(e*). Explicitly, the ¢
integral is now

””/(,m%[(f*)f(f;y)]ﬂ@%

— x[1+——R<y)] 10.9)
11[70 0

(4.25)

—e/(0,9)/ poto(e)

=—¢f(0,9)/2poto(e?). (.27
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Substituting (4.27) in (4.24) and using the expressions
for I, I given by (B26) and (B28), we have

4w m * dy 1
el | _(_—)
(21!’)3 (2#)2110 —w 2T Zpo
._..2 2 2 5 9
x{ y +y( + y2))+o(e2)
(+99 " 9(1+5)

2,

(@),
(27!‘)3%?0

(4.28)

Again, by dimensional argument, b” [see (4.20)]
must have the form

em r°dqg ° dys1
b"=—-—/ —g[ —2(—— l)g(—q—, >, (4.29)
povoto g J_w2m\e Po

where g(x,y) is a dimensionless function. From (B27),

we see that
4 yG—y)

. (4.30)
2x)* (14?3

Since

0

/ dy g(0,y)=0,

(4.29) becomes, after the ¢ integral is performed,

em [ dy

¥'=—> | —[—%InR(3)]g(0,)+0(e&)
PO'UO —0 &M
elm 1
=— —0.82872+0(¢?).
povo (2m)? (4.31)

The y integral was performed numerically.

b’ [see (4.18)] may be obtained in the same manner
although the algebra is more tedious. With the aid of
the formulas given in Appendix B, ’" reduces to, after
some algebra,

em ® g 1 1
—X2 / '}",(Z‘l' \
povo(2m)® ) o 2w

blll=

143/ (145?7R ()
em
=——-X0.59136. (4.32)
pove(2m)?
Combining (4.28), (4.31), and (4.32), we have
bc=bl+bll+blll+0(eg)
e2m
————X1.97563+0(e?). (4.33)

- povo(2m)?

The evaluation of 4, to O(e?) is thus completed. One
easily verifies that the small term o(e?) in (4.33) is of the
order O(e*)+0(e! Ine?).
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Substituting (4.33) in (3.20), one obtains B(p). Then
(3.2) reads

Efp]= / P ES(p(@)+AE[p],
AE[p]=4.235X 10-%? / B 5~412| Vp (x) |2

X[140(e? Ine?)+0(e?)]. (4.34)
If we measure lengths in units of the Bohr radius
(e2m)™, we have

AE[p]=(8.470X107? Ry)/d"‘x 43| Vo (x) |2

X[14-0(p3 Inp)+-0(p712)]. (4.35)
We see that the results here agree in order of magnitude
with the estimate given in Sec. II. [See (2.13).]

The correlation energy is given by (3.15), i.e., by
substituting the electron density in the Hartree-Fock
approximation in (4.34) or (4.35).

In the above evaluation of b,, there was no approxi-
mation made until we performed the ¢ integration,
where only the contribution of the small ¢ is extracted.
The dielectric constant, which describes the collective
motion of the electrons, behaved like a lower cutoff of
the otherwise linearly divergent ¢ integral. The lower
g cutoff by the dielectric constant near (e*mpo)'/? is
equivalent to the cutoff of the density correlation out-
side a sphere of radius L,~ (e*mpo)~*/2. The number of
electrons inside this sphere is of the order (po/e*m)*?,
which is large in the high-density limit. Thus, the long
range correlation and the collective motion of many
electrons contribute substantially to the correlation
energy.

The above mathematical procedure is very straight-
forward and involves no numerical work except for two
one-dimensional integrals. The calculation of the next-
order term, i.e., O(e*)40(e! Ine?), would involve more
complicated numerical work for the evaluation of the
exchange diagrams [ the first five of Fig. 3(b)]. We have
demonstrated the power of the many-body diagram
technique combined with the density-functional for-
malism. Such a technique may be generalized to study
other many-body systems with slowly varying densities.

V. DENSITY GRADIENT IN ATOMS

For a many-electron atom, a large fraction of the
electrons is concentrated within one Bohr radius around
the nucleus and the density there becomes very high.
In spite of the qualitative difference between the high-
density uniform electron gas and the atoms, which we
shall discuss in detail later, it is instructive to apply to
the atoms the correlation energy formula for a high-



165 CORRELATION ENERGY

<€ (EMPIRICAL)/Z W
0I5F o687 Ao K i
Ne>©Na
oo
olf T
_ .
2 005} 7
2
= s L 1
= 10 20 30
o 7
g
T T T
S 0isF g (EMP)/Z 1
= 1
N K
0.1 Ar K 7
e Na >t e
-N*‘-
0.05\ B
1 L 1
10 20 30
7

OF AN ELECTRON GAS 27
T T T
v AE/7 (8)
68
03F X (Ec(EMPI-E*)/Z -
(Ec(EMP) ) vé\‘r( .
3 NeVg
= 025 o .
(&)
o
w
& 02 .
a.
g
& 015+ -
=
01 i
0.05¢ N x* Xx -
1 L 1
10 20 30
3

F16. 6. —E, (empirical) is taken from the last column of Table III of Ref. 5.
ESB is given by (5.1) and (3.16), AE. from (4.36) and E.’ from (5.2).

density uniform electron gas. The integral

Eos= / B2 ESG(x), 5.1)

using the Hartree-Fock electron density!? for p(x) and
EJ given by (3.16), can be easily evaluated numerically.
Figure 6(a) shows EGB and the empirical correlation
energy® for a few atoms. We see that £GB over-estimates
the correlation energy by about a factor of 2 in every
case. The obvious reason for the discrepancy is the fact
that the density is not uniform. To estimate the effect
of the nonuniformity, the formula (4.35) can be used to
compute the correction to (5.1). The results are shown
in Fig. 6(b). We see that (4.35) overestimates in every
case by about a factor of 5 the correction needed to
reproduce the empirical correlation energy. These
overestimates can be easily understood as follows.

If one uses the Thomas-Fermi density instead of the
Hartree-Fock density [although, strictly, the latter
should be used according to (3.15)7, (4.35) would be a
logarithmically divergent integral due to the r—%/?2
behavior of the density near the nucleus, i.e.,

- / ridr [p(r)*3| Vp(r) | *Tre

dr
N/,ad, [(,—3/2)—4/3|,—5/2|2],\,/_.
r

2T, G. Strand and R. A. Bonham, J. Chem. Phys. 40, 1686
(1964). We are grateful to Dr. Jerry Peacher for pointing out this
and related references to us.

13 The empirical correlation energy has been obtained for many
atoms by Clementi (see Ref. 2) by subtracting the HF energy from
the experimental total energy.

This divergence is weak, however, and can be cutoft
at a very small r to match the result given by the
Hartree-Fock density, which is very high (although
finite) at »=0. This suggests that the density gradient
is too high for the gradient expansion to be useful.
Recall that the physical picture behind the correlation
energy formula for a uniform electron gas is the long-
range correlation due to the Coulomb force. This long
range is made finite by the effect of screening owing to
the collective motion of electrons. Thus, qualitatively,
the correlation energy involves an integral over a sphere
of radius L,, the screening length. The same physical
picture is behind the formula for the density-gradient
square correction term with more emphasis on the outer
region of the sphere since &, is essentially the second
moment of the density fluctuation correlation function.
One encounters the same situation, when evaluating
higher-order terms in the gradient expansion, with the
outer region of the sphere contributing even more
substantially to the integrals. In an atom, however, the
electrons are concentrated around the nucleus (see
Fig. 7, for example), so concentrated that a sphere of
radius L, becomes larger than the high-density core,
i.e., the outer region of the sphere is essentially empty.!
In view of the above discussion, it is clear that the
gradient expansion tends to overestimate and that the
higher the order, the worse the overestimate. In short,
the density gradient in atoms is so large that the gradi-
ent expansion becomes a divergent series.

The divergent series must be summed formally before
it is used for computation. The formal sum is unknown,
but a crude estimate can be made as follows. We look
for a function f(p,|Vp|2) which is well behaved for

1 This point was made by C. Herring during discussion at the
Slater Symposium held on Sanibal Island, January, 1967.
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Fic. 7. (1) 4xr*B(p(r))|Vo(r) |2, see (4.36). (2) 4xr?ES(p(r)),
see (3.16). (3) 4xr2f(p(r),Vp(r)), see (5.3). (4) p(r)/100, the Har-
tree-Fock density in units of hundred electrons per cubic Bohr
radius (Ref. 12). The screening length L,~r,/2 is shown for
r=0.1 (L,~0.37) and for r=0.5 (L,~0.68).

0.0

infinite |Vp|? and which reduces to the integrand of
(4.34) for small | Vp|2 Then the difficulty arising from
the very high density gradient may be avoided, and
we expect

E/= f sardr G010 (5.2)

to be a reasonable estimate of the correlation energy.
Since, if the density gradient is high, a higher density
gradient would imply a smaller region in space for the
distribution of the same number of electrons, and since
the correlation energy is mainly a long range effect, we
expect the correlation energy per electron to decrease
as the density gradient increases in the region of high
density gradient. Since E2(p) is roughly proportional
to the density, the function

f@,|Vo|)=EL(0)/[1—B(p) |V |*/ WEL(0)) ] (5.3)

where y is an adjustable constant greater than zero,
satisfies the above requirements. We found, if y=0.32,
then E. given by (5.2), agrees well with the empirical
value. [See Fig. 6(c).] The integrand of (5.2) is shown
in Fig. 7 together with the integrands of (4.34) and the
density for Z=10. We see that the integral is mainly
contributed by the electrons in the middle and outer
shells where the density is high.

From the above discussion, we arrive at the following
qualitative conclusions on the calculation of the atomic
correlation energy. First, the gradient expansion cannot
be used unless it is formally summed to infinite orders.
Second, the screening due to the collective motion of
electrons is not as important as it is in a uniform elec-
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tron gas because the small size of the atom effectively
cuts off the long-range correlation between electrons.
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APPENDIX A

In this Appendix, we review a few of the basic
mathematical properties of the Green’s function:

G(p)="[e—eptutinsgn(e,—p) 1

=P- —mid(e—ept+p) sgn(e—p).  (Al)
e—eptu
Since
8(e—eptu) sgn(e,—u) =08(e—eptu) sgne,
we have
G(p)=[e—eptutinsgnel™. (A2)

Equation (A2) is a convenient form if G is regarded as
a function of u or e,. Because the infinitesimal imaginary
number in has a variable coefficient, extra care is needed
in manipulating the Green’s function. For example,
differentiating (A1) with respect to ¢ and (A2) with
respect to u, we have

d
-a—G(P)= Le—etutinsgn(e,—u) ],  (A3)

d
—E—G(P) =[e— eptutin sgnel 2. (A4)
m

Although the right-hand sides of (A3) and (A4) both
appear as the square of G, they are not the same. The
Green’s function is a distribution. The square of a
distribution is in general not defined without additional
specifications. Equation (A3) represents a double pole,
or the square of the simple pole G(p), only if we regard
it as a function of e. Similarly, (A4) is the square of
G(p) only if it is regarded as a function of u or e,.
Equations (A3) and (A4) are simply related. Differ-
entiating the last line of (A1) shows that

9 d
——G(p)=——G(p)—2mid()d(u—e;). (AS5)
du de

Similarly, higher powers of G(p) in the variable e are
different from those in the variable e, or u. Their
relationship can be found by direct differentiation. For
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example,
62
—G@)= 'G (p)+27i8(e)8 (—ep),
Iu? de du
62
=—G(p)+2mid' () (u—ep)
€
+27id(e)d' (u—ep), (A6)
and
a° ik
——G(p)=——G(p)—2mid" ()3 (u—e,)
oud aé

— 278 ()8’ (u— €p) — 2m18(€)8" (u—e€p).  (AT)

At a static density vertex of the infinitesimal momen-
tum 8, one encounters the limit

lim G(p+3)G(p)

= lim G(ep+8)G(ep). (A8)

Regarding the G’s as simple poles in the u plane, we see
that (A8) reduces to a double pole in the u plane, i.e.,

lim G(p+8)G(p)
= %12)1 (e— €prst+u+in sgne)~L(e— ep+pu—+in’ sgne)™!
= (e— ep+u+tin sgne)~?

d
=——=G(p). (A9)
ou

More generally, when an mth-order pole approaches an
nth-order pole, the result is an (m-+n)th-order pole.
Thus, we have the identity

i 1 9 )m—lG( 5) 1 F] )n—lG )
8 (m— 1)!< A a (n— 1)!( ou v

1 a>m+n—IG( )
—(m+n—-1)!< 5; P

mon=1,2,3, - (A10)
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APPENDIX B

We perform the integrals

82
1= [ Go+o—60),
(3

83
o= [6p+o—6p, (19
u

a3
I(g)= / Gt G (P,

and give explicit expressions of the functions needed in
the text.
Consider 7;(g). By (A6),

Ii(g)= /

[ f —-G(p+q>—c<p>

27)3
ad
+5(u—ep)[—a—G(P+9):|

8 ()G o p+q>} . (BY)

The first term on the right-hand side of (B1) is

LI
/(21'_)3 Ppq( _np)ae2 (»

62
—np(l—nwo—c(p)]
de?

e=eptq
@p Mpta— My

6w2 (2r® D

3 F"(q,w) , (B2)
6w2
where
D=[G"(«, p+q)]n=¢p
=w—€pqteptin Sgn(fpﬂ“‘fp) , (B3)

and F° has been defined by (4.8). The second term on
the right-hand side of (B1) is

&p 3
d(u—ep)| ——D71).
/(2#)3 (s )( dw >

Since we are interested eventually only in evaluating
the ¢, w integral, to which only the part which is even
in w will contribute, we symmetrize (B4) with respect

(B4)
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to w and obtain
62

J(q,0), (BS)
dwdu
where
&3P nyrqtn
Jauy=2 [ 2 TereT (B6)
(21&')3 D

Henceforth in our formulas we only keep the even w
part. The third term on the right-hand side of (B1) is

&p
/ 5 (u— )G (@, p+-0)
@y

&p
_ / {5'(u—ep)[c(w, P+ Jumey
(2m)?

a
+6(n—ep)[———G(w, p+q)} }
ou w=¢p
02 02
P}
ou?

J—27i8(w)S(q), (B7)
0wdu

where

d3
S(g)= f z%;a@—e,,)a(u—eﬁo

m?
=——0(2p—9).

(B8)
(2m)%q

Combining (B2), (BS), and (B7), we have

I1(q) =3F o' — 3 ot 1F,0— 278 (0)S (g) . (B9)
We have used subscripts to denote partial differ-
entiations.

In the same manner, we can express I5(q) and 73(q)

in terms of F°, J, and S. By (A7),

I{g)= / (h)| —G(p+q>——c<p>

2w

+a<u—e,,)[:—;c<p+q)]

€=0

+a'<n—e,,>[—£c<p+q>}

e=0

8 (4 )G o, p+q)} (B10)
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wmw+ Fwwu

Py o o
+/ (21r)3[[_£G(w’ pﬂ)L: e

62
+[——G<w, p+q>] Bu—sy)
Owdu

n=ep

+ [G (wy P‘HI) ]M=ep6” (Il-_ ep)

ad
+2[———G<w,p+q>] ¥ (u—e)
ou

u=ep

+[ai;c(w, p+q>] B(M—ép)}

u=¢p

a
= ""[%Fww

J —%J“w_i_%F”“O—S']ria(w)S(Q)]'
n

(B11)

Remember that only even parts in w are kept.
The factor €, in 7;3(g) slightly complicates the inte-
gration. Again, by (A7),

o= [ (W‘ [ Zetraswe

[—G(;b+q)]

5(#_ fp)#

€=0

a
"‘[—‘—G(P-I'Q):I (&' (u— ep)utd(u—e,))
Jde

e=0

+Glo, p+q)[5"(#—€p)u+26’(ﬂ—€p)} . (B12)

The (even part of) first term is

ap 3 1
(2‘”)3( p+a— Mp )5;,‘; BX%(ep_qu)
=1 p (np——nﬁ_q)a—a(— 1+i)
(2mr)? dw? D
=3Pt R .

All the other terms in (B12) have been evaluated
before. Thus,

I5(9)=1wF oo’ +§ (Fuu®—J o)
+3F 0 — 478 () S (q)

2 wot32F,,0—37118(w)S(g)].
(B13)

3
+p—§F "~
o
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Fo and J can be obtained from the definitions (4.8) and
(B6). Explicitly,

2mpo m a_—7
F°<q,w)=~{—1+ (af—v[e)ln( +—>
a—-T 7o

(2m)? 2qvg
“+
F (=) ln<a+ 0)]} . (B14)
a4 — Vo
I¢] m? r a_+2 04— Vg
—J (qw)= ln< >——ln< )] ,
im (27r)2q|.. a_—1g i+
where
w g
=—ot4—
e q 2m

w is regarded as a complex number. Explicit expressions
for I, I, and I; can then be obtained by differentiating
(B14). The w integration contour is below the real axis
for w <0 and above for w>0. Thus, when differentiating
with respect to w, one must take into account the
discontinuities of the functions at w=0 across the real
axis. Let
w=1iquey,

R(y)=1—y tan~ly 1. (B15)

The following formulas are useful. For ¢— 0, and y
fixed,

—4m[)0
F(q,iquoy) = oy R(»)+0(g», (B16)
a[«" i (14+92)4-0(g? B17
o e +3)740(¢?), (B17)
621“’ 1=y (1+»24+0(¢»), (B18)
6;;2 _(2‘”)2”03 y y q),
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2

0
—F'= —47i8(w)S(q)
Jw?

8m?
+ (14+)240(1), (B19)
(2m)200¢?
82
J=—8wid(w)S(q)
Iudw \
+ (14)74-0(1), (B20)
(21r)27)oq2
9
wa—-;Fo= 4718 (w)S(q)
L +ymt0(), (B21)

(2m)*vog?®

9 8m
—(Fad—Juo) =———*@—») (1+y*)7*+0(1),

o1 @ (B22)

i) dm?v,
= oy [— A4+ R(>»)]+0(g),

1 1 (B23)
T o S - RGYHOQ)
Py )2 RO ’
dq (2m)*¢? (B24)

_4m2
Ii(g)= vy (149)240(1), (B25)
(27)*veg?
I(q)=———*G—») (14+»)*40(1),
(2‘”)2‘1)0392

(B26)

I3(Q) = (5495 (14+5)+0(1)..
(27)%og? (B27)



