PHYSICAL REVIEW VOLUME

165,

NUMBER 5§ 25 JANUARY 1968

Phase-Shift Analysis of Pion-Nucleon Elastic Scattering below 1.6 GeV
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A phase-shift analysis of w-nucleon elastic scattering has been developed, one energy at a time, up to
1.6-GeV pion kinetic energy. This analysis differs from a previous one in that final experimental data and
new polarization measurements are included. Particular care has been taken to have a coherent set of data
(2170 experimental points). In addition to the known important effects, the phase shifts of the solution have
oscillations coming from the experimental data. It is not possible to say whether the oscillations are due to
experimental biases or to physical effects. This analysis is consistent with the one presented by Lovelace

at the Thirteenth Berkeley Conference.

I. INTRODUCTION

HASE-SHIFT analyses have gained increasing
interest in the last few years. The reason for this
popularity is probably that they have been able to
detect the presence of new resonances, most of which
show up very little in the total cross section from pro-
duction experiments or in a plot of the invariant mass
from formation experiments.

The formalism of the expansion of the r-nucleon scat-
tering amplitude in a limited number of partial waves
is well known (see Appendix). In Cence’s! and in our
previous? phase-shift analysis, the only assumption was
a regular behavior with energy of the partial waves.
Some theoretical considerations are included in the other
phase-shift analyses. In the so-called energy-dependent
analyses, the variation of the amplitudes or phases of
the various partial waves with energy has an a priori
form which is deduced from the model used. This form
is very simple in the work of Roper e al.?: Breit-Wigner
resonant amplitudes and polynomial variation for the
phases of the background. More elaborate models based
on dispersion relations are used either as starting point
in Ref. 4 or as a guide for the parametrization in Ref. 5.
The energy-independent analysis by Lovelace® makes
extensive use of the theory. The starting point of the
analysis is the partial-wave dispersion relation calcula-
tions” for the small waves; those relations are also used
to check the final result and to impose a smooth varia-
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tion of the amplitudes with energy. This analysis may
be considered as the most important work combining
theory and fits to the experimental data.

The general belief has been for a long time that the
experimental data are not sufficient by themselves for
a phase-shift analysis and that theory or hypotheses are
also necessary. This fact is probably due to the difficul-
ties encountered in performing nucleon-nucleon analy-
ses.® Also, the ambiguities resulting from the analysis of
pion-nucleon scattering at 310 MeV® had given a general
feeling that higher energies analyses were rather hope-
less. This analogy with nucleon-nucleon scattering is not
valid because the #-V scattering matrix has a much
simpler structure. Moreover, the experiments with =
mesons are now done with a better accuracy and more
systematically than those which were previously avail-
able for energies lower than 300 MeV.

In his analysis, Cence! has shown that the experi-
mental data he used did not require the presence of
phase shifts passing through 90°. However, this analysis
does not fit the new and more accurate polarization
experiments data and is in disagreement with the dis-
persion relations predictions for the B amplitude.?®

In our previous paper,?2 many of the more essential
data used were only preliminary. The polarizations and
charge-exchange angular distributions are the most
important ones to resolve ambiguities; they are pub-
lished now in their final form. Also new polarization
results from Berkeley! are available and have been in-
cluded. We thought it was worthwhile to reconsider our
first solution. Although we were more certain of the
experimental results, we checked their consistency and
in some cases made a selection. We analyzed more
carefully the small effects on the partial amplitudes to
see if they were really unavoidable. This considerable
amount of data has allowed us to extend our analysis up
to 1.6 GeV.
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The method used is not different from that used in
Ref. 2 (see Sec. I1I). A phase-shift analysis is done at all
energies where a sufficient number of experimental data
are available. Each energy is treated separately and no
hypothesis is made for the variation of the partial-wave
amplitudes with energy. A rather large number of series
of phase shifts is obtained at each energy, and the
“best” one is extracted by continuity. This is clearly
possible because the energies where the analysis is done
are not separated by more than 50 MeV below 1 GeV.

The resulting solution has, in our view, a high proba-
bility of being the real solution because, at each energy,
the fit of the experimental data is good, and a fair
continuity for the variation of the partial-wave ampli-
tudes with energy is assured. It must be pointed out,
however, that our method does not permit the detection
of the biases in the measurements which is supposed to
be the biggest advantage of energy-dependent fits. Thus
we cannot assert that our solution is free of spurious
oscillations: it is readily seen that, for instance, the
coefficients of the expansion of angular distributions in
Legendre polynomials do not have an absolutely smooth
energy variation.

II. EXPERIMENTAL DATA

A large number of experiments have been done in this
energy range on the interaction of = mesons with

nucleons.
The experimental data'** available before January
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1967 are analyzed and discussed more completely in an
internal report.? A few comments are made hereafter
on these data.

For the total cross sections we used mainly the
measurements from Saclay®® between 300 and 700 MeV
and those from Saclay®” and Brookhaven® for higher
energies. The measurements from Princeton® are in
good agreement with the former in the high-energy
region and have also been used. The low-energy part is
affected by very large systematic errors and has not
been considered. The older measurements have been
disregarded.” As there are a large number of experi-
mental points, the actual value fed in the program was
obtained after a smoothing of all the data, the mean
accuracy being about 1.5%, (Fig. 1).

The total inelastic cross sections are obtained by a
more indirect way. The data come mainly from bubble-
chamber experiments with the exception of those con-
cerning the neutral channels given by one counter® and
two spark-chamber experiments.?6:2® The references of
the available data except for the very latest ones can be

Lapidus, I. N. Silin, A. A. Tyapkin, and V. A. Schegelsky, Phys

Letters 23, 174 (1966).

28 F, Bulos, R. E. Lanou, A. E. Pifer, A. M. Shapiro, M. Widgoff,
R. Panvini, A. E. Brenner, C. A. Bordner, M. E. Law, E. E.
Ronat, K. Strauch, J. Szymanski, P. Bastien, B. B. Brabson,
Y. Eisenberg, B. T. Feld, V. K. Fischer, I. A. Pless, L. Rosenson,
R. K. Yamamoto, G. Calvelli, L. Guerriero, G. A. Salandin, A.
Tomasin, L. Ventura, C. Voci, and F. Waldner, Phys. Rev.
Letters 13, 558 (1964).

2 P, J. Duke, P. J. Jones, M. A. R. Kemp, P. G. Murphy, J. D.
Prentice, and J. J. Thresher, Phys. Rev. 149, 1077 (1966).

3% P, J. Duke, D. P. Jones, M. A. R. Kemp, P. G. Murphy, J. J.
Thresher, C. R. Cox, K. S. Head, J. D. Prentice, and R. Atkinson,
Rutherford High Energy Laboratory Report No. RPP/H/8
(unpublished).

81T, Bertanza, A. Bigi, R. Carrara, and R. Casali, Nuovo
Cimento 44A, 712 (1966).

2 R. D. Eandi, T. J. Devlin, R. W. Kenney, P. G. McManigal,
and B. J. Moyer, Phys. Rev. 136, B1187 (1964).

# W. Busza, D. G. Davis, B. G. Duff, R. E. Jennings, F. F.
Heymann, D. T. Walton, E. H. Bellamy, T. F. Buckley, P. V.
March, A. Stafanini, and J. A. Strong, Nuovo Cimento 424, 871

1966).
( # S, Suwa, A. Yokosawa, N. Booth, R. Esterling, and R. Hill,
Phys. Rev. Letters 15, 560 (1965).

8% A, S. Carroll, A. B. Clegg, I. F. Corbett, C. S. J. Damerell,
N. Midlemas, D. Newton, T. W. Quirk, and W. S. C. Williams,
Proc. Roy. Soc. (London) 289A, 513 (1966).

36 G. Bizard, J. Duchon, J. Seguinot, J. Yonnet, P. Bareyre,
C. Bricman, G. Valladas, and G. Villet, Nuovo Cimento 44A, 999
(1966).

87 A, V. Stirling, thesis, Commissariat 4 ’Energie Atomique
Report CEA-R 2838 (unpublished).

38 J, Teiger (private communication) ; R. L. Cool, G. Giacomelli,
T. F. Kycia, B. A. Leontic, K. K. Li, A. Lundby, J. Teiger, and
C. Wilkin (to be published).

#® T, J. Devlin, J. Solomon, and G. Bertsch, Phys. Rev. Letters
14, 1031 (1965).

4T, J. Devlin, B. J. Moyer, and V. Perez-Mendez, Phys. Rev.
125, 690 (1962); J. C. Brisson, J. F. Detoeuf, P. Falk-Vairant,
L. van Rossum, and G. Valladas, Nuovo Cimento 19, 210 (1961).

47, C. Brisson, P. Falk-Vairant, J. P. Merlo, P. Sonderegger,
R. Turlay, and G. Valladas, in Proceedings of the Aix-en-Provence
International Conference on Elementary Partidles, 1961, edited by
E. Cremieu-Alcan et al. (Centre d’Etudes Nucleaires de Saclay,
Seine et Oise, 1961), Vol. I, p. 45.

2P, Bareyre, C. Bricman, and G. Villet, Commissariat 4
’Energie Atomique Report CEA-R 3401 (unpublished).



165 PION-NUCLEON ELASTIC SCATTERING BELOW 1.6 GeV 1733

| 4. [Ce C.

2 ¥ T

[3,]

w

N

L T IR Ly

LAY L_Enu_-vu

)

+ ﬂ
1 5
3| : i
f} } p
i
2 3
{ )
I “ '
(- iJ i } t i
il '
1 . 37 i ¢ 1 i
i3 ¥
{ Wi H
-l*! i
CRdER e ny 1 +
l*§
0l T T"M-v]
e 200 400 600 800 1000 1200 1400 1600 0 200 400 600 800 1000 1200 1400 1600
+ C+
C: 6
6—— 5
[ 3 4
Py
4 il s
[ I
iy {
3 < 1 ¥
; o
! i
2 % 1
1 ¥
1 ', T RTLIAL
* ]
*L{.I!
vy Trv(mev)
200 400 600 800 1000 - 1200 1400 1600 +0 200 400 600 800 100 1200 W00 1600
3 C:
. [CS ;
5 1 5
§f T
a i 4l
4 K
3 T
2 2
¥
1 $ 1
' I
[ H
) 3 oy Prath? saely 1lE MY
¥ e - ¥ T }
: . Treivev - Trep
10 200 400 600 800 1000 1200 1400 1600 0O 200 400 600 800 1000 1200 1400 1600

Fic. 2. Coefficients of the expansion of the elastic =*p angular distributions in Legendre polynomials; see Ref. 42 for references.



1734

found in an earlier paper® and in Ref. 36. Here also a
smoothing has been done, but the points are much more
separated in energy and the errors are larger than those
of the total cross section.

The elastic differential cross sections of charged =
mesons are rather well known. There are mainly three
series of counter measurements Refs. 18 and 24, Refs. 26
and 29, and some hydrogen bubble-chamber results with
good statistics (see footnotes in Ref. 42). The usual way
of summarizing those results is to give the coefficients
C. of the expansion of those distributions in Legendre
polynomials:

do/dQ=2%2Y Cp,P,(cosf). [Eq. (A9) in Appendix]

To give an idea of the consistency of the measure-
ments, Figs. 2 and 3 show the coefficients C,* obtained
by a method described in Ref. 42, which includes the
usual precautions regarding the order of the expansion.
However, it must be pointed out that sometimes, when
two measurements of comparable accuracy exist for the
same energy, the agreement is not always good. In those
cases, the final choice was made on the basis of which
measurement gave the “better” solution, i.e., the one
with the lower X2, or if both solutions have almost the
same X2, the one for which the continuity was easier to
achieve. Stated in other terms, the chosen distribution
allows a smoother variation of the coefficients C,. This
choice is not above all criticism, but seems to be the
most reasonable one. To enter both distributions would
have the same result as entering the average of the two
distributions, the X2 being certainly very bad; this is
not easier to justify.

As the C, coefficients have been obtained at energy
intervals generally smaller than 50 MeV, it is possible
to predict with a linear interpolation the angular dis-
tributions for any energy below 1.6 GeV. This inter-
polation has been applied to obtain with a rather good
degree of confidence the angular distribution in a few
cases, where there is no measurement available.

The charge-exchange differential cross sections have
been measured at many energies with heavy-plate spark
chambers.282 The charge-exchange coefficients C»? of
the expansion in Legendre polynomials have larger
statistical and systematic errors than in the charged
final states. However, their variation with energy is well
defined (Fig. 4). These coefficients have been used to
obtain the angular distributions by linear interpolation
at the energies where they are missing (i.e., for 775, 795,
845, 950, 1048, and 1227 MeV). As large errors have
been attached to these interpolated coefficients, this
procedure cannot introduce any bias in the analysis.

Only one point at 310 MeV exists for the polarization
of the neutron in 77p — 7%. The polarization of the
proton in elastic scattering has been measured by many
groups. With the exception of the 410- and 490-MeV

4 P, Bareyre, C. Bricman, G. Valladas, G. Villet, J. Bizard, and
J. Seguinot, Phys. Letters 8, 137 (1964).
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experiments, Refs. 21 and 22, the results obtained
by using a polarized proton target at Nimrod,®
Berkeley, and Argonne* are much more accurate than
the first results where the polarization of the proton
was analyzed by a second scattering on carbon. It
seems that the polarization measurements are of great
importance to reduce the hugh number of phase-shift
series which can fit the differential cross sections.
Unfortunately, they were not always done at energies
where measurements of differential cross sections al-
ready existed; this fact somewhat reduces the interest
of such measurements. They were used together with
constructed angular distributions using the interpolated
values of the coefficients C, as explained above. The
phase shifts obtained with these distributions are how-
ever certainly less reliable than those found for energies
where all the data are available. It should be noted that
it is not possible to “construct” polarization data by the
method used for the differential cross sections. Only for
some measurements is the expansion of

P(do/dQ)/sinf=2X2 Y, D,P,(cosf)
[Eq. (A12) in Appendix]]

meaningful; for the others, either the accuracy is too
low, or the polarization is known in a too restricted
angular range to allow the determination of more than
2 or 3 coefficients. The maximum order of those expan-
sions does not show the presence of F or G waves even
when they are required by the angular distributions
(Figs. 5 and 6).

III. METHOD AND RESULTS

The first step of our analysis is to perform single-
energy fits; this is done with a fairly simple program.
Starting from any set of phase shifts, the program
computes the theoretical values of the given experi-
mental data. The usual formulas, which can be found
in many textbooks, have been used; they are sum-
marized in the Appendix. The Coulomb corrections are
those given in Ref. 3. The total number of 7%p scattering
data points was equal to 2170. It included the total
cross sections and total inelastic cross sections at all
energies and, when measured, the elastic and charge-
exchange differential cross-section points and the recoil
nucleon polarization points (see Sec. II for the special
cases where the differential cross sections were missing).
The forward cross sections obtained from dispersion
relations were also used.*

The resulting X? is deduced by the sum

. Z<Gie'— Gﬁ:)z
Xi= Y )
T AG;

where G, is the computed value, and G. and AG the value
and the error of the fitted quantity. The phases and

4 G, Hohler, G. Ebel, and G. S. Giesecke, Z. Physik 180, 430
(1964) ; and (private communication).
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Tasie I. Value of the phase shifts & (deg) and absorption parameters p for the final solution A in the /=3 state.
T
(MeV) Sa1 Psi Pss D3 Dss Fas Fy Gar Ga
310 5 —204 £03  —9.5 +03  —429 +£0.2 —1.7 =+0.3 —0.5 £ 02 —09 0.2 2.0 +0.3
P 1.0 1.0 1.0 1.0 1.0 1.0 1.0
370 5 —25.8 +£0.6 —8.5 =+0.5 —35.5+0.3 0.0 0.3 —1.0 + 0.4 1.1 +0.3 —0.7 0.9
0 1.0 1.0 1.0 1.0 1.0 0.99:0.01 1.0
410 5 —24.0 03 —11.6 +£0.6  —31.3 0.3 0.2 0.3 —1.9 £ 03 —1.3 =02 2.3 0.2
P 0.9940.01 0.96 4:0.01 1.0 1.0 1.0 0.99:0.01 1.0
492 & —247 +06 —10.6 £12  —24.6 =0.5 4.3 0.5 —5.3 + 0.7 0.7 +0.4 0.2 0.4
P 0.87::0.01 0.99:0.01 1.0 1.0 1.0 1.0 1.0
533 5 —28.4 09 —114 +£1.7  —21.5 =+0.8 2.4 =+0.7 —4.7 £ 0.8 —0.5 =+0.6 1.5 +0.6
P 0.924:0.02 0.89:0.04 0.99-0.01 0.98:0.02 1.0 1.0 1.0
581 & —27.6 +1.1 —13.3 +£32  —18.3 =x1.1 3.7 +1.9 —4.5 + 4.0 0.7 =£0.7 14 +0.6
P 0.89:0.05 0.90-0.06 0.952-0.03 0.990,05%0.:01 1.0 1.0 1.0
618 & —269 1.1 —205 2.0 —13.1 +£1.0 —1.0 =1.2 —0.6 * 0.8 —0.9 +0.7 3.4 0.7
o 0.96 40.04 1.0 1.0 0.90--0.04 1.0 0.94::0.02 1.0
650 5 —25.1 1.7 —18.8 x1.1  —10.2 =%1.0 1.7 1.6 —2.6 =+ 0.9 1.0 0.7 3.2 0.6
P 0.91::0.05 0.97-0.03 1.0 0.76 2-0.01 1.0 0.9740.03 1.0
698 5 —26.2 2.0 —189 13  —103 +£08 —0.3 0.9 —33 £ 1.2 —13 +1.0 4.8 £09 —0.5 0.5 0.6 =+0.5
Py 0.68:0.08 1.0 0.95:0.02 0.894:0.01 0.994 0.01  0.99:0.01 1.0 1.0 0.96-0.01
750 & —24.8 £2.6 —24.8 £2.1  —11.2 1.2 1.4 £2.0 —1.5 =+ 0.9 0.7 +1.0 2.0 £0.6 —0.3 0.6 0.7 +0.4
P 0.56 :0.06 0.99 _0.05*0.01 0.940.05 0.94:0.06 0.904 0.03  0.91:0.04 1.0 1.0 0.98:0.02
775 5 —30.7 1.8 —28.7 =%1.9  —10.8 =£1.1 3.1 424 —1.2 =+ 0.7 2.6 +1.1 1.8 +£0.7 —0.1 0.8 0.1 +0.5
P 0.38-0.04 0.84 20,05 0.93 ::0.05 0.9040.03 0.83£ 0.04  0.99_0.05%008 1.0 1.0 1.0
795 & —25.5 42.1 —28.6 £1.7  —12.2 1.1 6.0 =+3.6 —1.7 + 0.8 5.1 =19 2.0 +0.7 2.0 0.8 0.1 0.4
P 0.222:0.04 0.810.07 0.854-0.04 0.92 0,04 0.844 0.04  0.99_.04%000 1.0 1.0 1.0
845 5 —42.4 414 —263 4.1  —10.8 £1.3  —1.4 0.5 —7.1 + 0.5 2.1 £1.0 7.4 £0.5 1.8 +04 —1.6 0.4
P 0.46 0,02 0.9340.02 0.82:0.02 1.0 0.844 0.02  0.97::0.02 1.0 1.0 0.93:0.02
873 5 —61.7 09 —13.2 +1.3 —7.3 £08  —16 +1.8 —6.3 + 0.8 1.7 0.6 5.7 +0.4 —1.3 405 1.6 0.4
P 0.65:0.03 0.90-£0.03 0.73:0.01 0.97=:0.02 0.76== 0.01  0.96-:0.02 0.99::0.01 1.0 1.0
900 5 —55.1 1.0 —242 +0.9 —6.5 09  —2.2 0.6 —6.8 + 0.5 2.6 +0.5 8.3 0.4 1.0 0.4 0.1 0.4
p 0.64:0.02 0.90:0.02 0.7740.02 0.88-0.02 0.854 0.01  0.92::0.02 1.0 1.0 0.96 0,01
950 &5 —66.7 3.1 —14.2 2.0 —3.2 £22  —85 %1.6 —2.2 + 1.8 3.8 0.7 9.0 £0.6 —0.3 0.6 1.2 0.8
P 0.62 0,03 0.84::0.05 0.66 40.10 0.62:0.03 0924 0.02  0.9720.02 1.0 1.0 1.0
990 5 —56.1 +1.4 —16.3 =%1.1 —8.2 %26 —9.6 +1.3 —3.4 £ 1.5 3.3 +0.8 11.3 +£35 —3.1 +08 3.2 +0.8
» 0.824-0.06 0.97-0.0+0:03 0.800.07 0.77£0.04 0.77+4 0.4  0.87::0.07 0.99:£0.01 1.0 1.0
1048 5 —50.5 +£2.9 —26.0 =2.1 1.0 £1.9 —12.3 +1.3 —22 £ 15 —06 £1.0 14.9 409 —03 07 —0.3 038
» 0.83:0.07 0.97_0.0570:03 0.910.04 0.90-0.02 0.84-4 0.03  0.7640.02 0.88::0.02 0914002 1.0
1150 5 —65.6 +£3.1 —18.6 ==3.7 —1.6 £1.6 —16.6 =*1.5 1.0 & 1.9  —0.5 1.5 19.7 £0.9 —0.4 207 —0.8 =0.9
P 0.83£0.05 0.71:0.10 0.96 £0.04 0.89 20,03 0.70 0.05  0.70-£0.02 0.90:0.04  0.98::0.02  0.92::0.03
1227 & —72.2 +£46 —21.6 =3.1 1.5 2.0 —14.9 £1.6 -33 £ 14 1.7 £1.0 22,6 +2.6 —1.7 £1.0 0.2 0.9
P 0.87 2-0.09 0.544-0.04 1.0 0.79 4-0.03 0.60-= 0.03  0.744:0.02 0.75£0.03  0.93::0.04  0.94::0.03
1300 6 —72.6 £3.2  —9.5 4.4 1.4 +21 —12.6 +1.3 —6.8 & 2.6 —0.7 *1.2 304 %1.5 0.8 £0.7 —0.6 +1.4
» 0.594-0.06 0.37£0.06 0.84 :£0.06 0.86 :0.04 0.47+ 0.03  0.65:0.04 0.66+0.05 1.0 0.98:0.02
1446 5 —48.8 +42 —188 429  —10.8 1.7 —7.0 1.0  —11.5 =+ 1.6 —4.5 £1.0  —60.6 =43 —1.6 £0.7 0.4 0.8
» 0.494-0.12 0.69 4-0.06 0.82-0.03 0.88-0.02 0.66+ 0.05  0.87:-0.02 0.2540.04 1.0 0.95 :0.03
1560 5 —1.5 4.8 —13.1 +50  —340 £3.8 —16.1 £2.6 —23.6 *11.0 5.6 £1.8 13.6 +1.3 —3.9 +1.0 0.3 +1.0
P 0.60:0.12 0.68:0.06 0.63:0.12 0.63-0.08 0.38 0.14  0.67-0.06 0.65+0.08 1.0 1.0

absorption parameters are then varied to minimize the
X2 using the steepest-descent method. The time needed
to get a solution is rather variable, depending on the
number of experimental data used and on the difference
between the final and starting values (i.e., the number
of iterations), a typical time being 1 to 2 min per good
solution, for an IBM 7094 computer. For each energy,
the first stage of the search is to get a large number of
solutions starting from random sets of parameters. To
spare computer time, the starting point for the param-
eters of the small waves was chosen in a limited range,
using the knowledge of the range of variation of that
parameter for the preceding energies. This range was
never smaller than 50° and 0.5 for phase shift and
absorption parameters, respectively. In any case, a
solution falling out of this range would have been re-
jected as noncontinuous at the next stage of the analysis.

The search was done using .S, P, D, and F waves up

to 698 MeV; for higher energies, we also included G
waves, although they are not needed before 900 MeV
according to the usual criteria of statistics. In fact, be-
tween 700 and 900 MeV all good solutions ended with
G waves smaller than 3°. On the average, about 200
starting points were tried at each energy. A small pro-
portion of them gave no useful result, as the X? remained
very high, the program finding no way out of a false
minimum. The others converged towards a not-too-large
number of solutions. For most of the energies, there is a
separation between two groups of solutions, the first
having a X? smaller than about 1.3 times the best X2
found for the same energy (Xmin2), the other containing
solutions with a much higher X2. In those cases, only the
first group of solutions is retained for the second stage
of the analysis. When the X2 of the solutions form an
almost continuous spectrum, we only keep the solutions
for which X2<1.5Xin2. After this selection, the number
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of remaining solutions is always smaller than 15, includ-
ing some scarcely different solutions.

The problem is now the selection of the best solution
among the many possible ones at each energy. The
spacing between the energies where an analysis has been
done corresponds to an interval of about 25-MeV total
energy. In such a small interval, one does not expect to

observe dramatic variations of the partial-wave param-
eters. We have required that no anomaly should have
occurred in the variation with energy of the following
quantities:

(a) The phase ¢ and the inelasticity parameter p for
each wave.
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TasiE II. Value of the phase shifts & (deg) and absorption parameters p for the final solution A in the I =4 state.
Tr
(MeV) Su Pn Py D1 Dis Fis Fu Gn G
310 5 123 =+ 0.3 222 4 03  —3.8 +0.5 5.7 +0.2 1.0 +0.3 1.4 £02 —0.9 =03
I3 1.0 0.99+ 0.01 0.96:0.01 0.990.01 1.0 1.0 1.0
370 5 123 =+ 0.8 26.5 + 0.7  —7.8 0.2 5.7 403 0.8 0.2 1.2 £02 —23 =402
p 0.96-= 0.02 0.96 0.02 0.98 0,02 1. 1. 0.99::0.01  0.98::0.01
410 5 12.1 = 0.8 343 + 04  —7.6 =04 9.7 +0.3 3.1 +0.3 2.8 £0.2 —2.1 02
P 1.0 0.88+ 0.01 0.91-0.01 0.96-0.01 1.0 1.0 0.99:+0.01
492 5 26.7 + 0.8 454 + 0.6  —9.3 £0.9 16.7 0.8 5.7 0.8 2.7 £03 —03 03
o 0.954 0.01 0.65 0.02 1.0 0.83:0.02 1.0 0.98:£0.01  0.99:-0.01
533 5  23.7 =+ 2.0 63.9 &+ 2.7  —82 1.1 28,9 +3.4 41 £1.0 41 £23 —0.2 0.7
P 1.0 0.42+ 0.05 0.910.09 0.89+0.06 0.93 :0.02 0.98:£0.02  0.99:£0.01
581 5 30.1 =& 1.9 73.5 £ 5.8 —17.1 *1.8 38.3 1.0 2.9 1.2 2.4 +£1.2 0.6 0.8
P 0.66 % 0.02 0.40 0.04 0.790.06 0.69::0.08 0.90:0.03 0.99+0.01 1.0
618 & 389 + 3.0 —66.1 x 2.8 —11.1 0.8 62.8 8.7 6.8 +0.7 6.8 £1.1 —0.8 0.7
P 0.44+ 0.06 0.53+ 0.02 0.80:0.03 0.09 2-0.07 1.0 1.0 0.99 0,01
650 5 37.5 & 5.7 —483 x£ 1.9 —7.2 07 —388 1.0 9.9 +0.6 10.7 #0.6 1.4 +04
3 0.20+ 0.03 0.52 0.03 0.87 4-0.02 0.53:0.03 0.88::0.02 0.99£001 1.0
698 & 256 & 3.5 —51.7 + 2.7 —13.8 £0.5 —24.5 0.8 16.1 +0.4 9.6 +0.5 1.2 0.4 2.5 +£0.4 0.0 0.3
P 0.18% 0.03 0.43+ 0.03 1.0 0.61:0.02 0.92£0.02 0.98::0.01  0.920.01 0.96 :-0.01 1.0
750 &  29.6 +£10.5 —46.3 & 4.6 —82 1.3 —289 1.6 11.9 +1.1 19.7 £12 —02 +05 —0.4 +0.7 —0.5 =04
P 0.47% 0.6 0.194 0.08 0.73 0.06 0.79 4-0.06 0.78:0.04 1.0 1.0 0.98-0.02 0.99 :0.01
775 8 27 =+ 2.2 —52.6 +13.6 —8.1 1.6 —29.4 +2.3 15.2 1.1 224 1.6 —1.4 0.7 1.6 0.9 0.1 0.5
» 0.52+ 0.03 0.08+ 0.08 0.77+£0.04 0.76 £0.08 0.81:0.04 0.88+0.04 1.0 0.95 0,03 1.0
795 5 375 &+ 1.5 0.0 —10.0 £1.5 —25.0 1.2 23.7 2.2 229 +1.2 —03 0.8 2.3 +£0.8 1.3 +0.5
P 0.86+ 0.06 0.01_9,01+0.08 0.74-0.06 0.67-0.05 0.72 +0.03 0.940.06  0.93-0.02 1.0 0.99 £0.01
845 5 597 & 1.4 —50.6 & 5.6 —14.4 4.1 —27.5 +0.8 15.2 42.0 429 +11 —3.9 +06 —0.8 06 —0.6 +0.5
p 0.63+ 0.10 0.23+ 0.04 0.85 4-0.03 0.9740.03 0.34::0.03 0.44:0,03  0.992-0.01 0.994-0.01 0.92 4-0.02
873 5 781 & 2.1 —24,0 £ 93 —155 £1.5 —15.7 £2.1 2.7 +£7.1 471 +3.8 —3.5 1.0 —4.1 =*1.0 2.0 0.9
p 0.92+ 0.03 0.11+ 0.07 0.80-0.03 1.0 0.124-0,02 0.19£0.05 1.0 0.90:0.02 0.97 0,02
900 5 767 + 1.8 —27.2 2.9 —10.3 0.8 —21.5 +£0.8 —3.4 +2.6 79.3 +2.2 —2.3 +0.6 09 +£0.5 —1.0 +0.5
P 0.64 0.02 0.31+ 0.03 0.83:0.02 0.79:0.05 0.200.02 0.2740.01  0.990.01 1.0 0.940.01
950 5 —75.2 =+ 3.2 13.6 =+ 6.9 7.1 24  —2.5 24 —15.8 2.2  —46.5 14 1.4 +08 3.6 +08 —0.6 =+0.6
P 0.69= 0.05 0.33+ 0.06 0.7340.03 0.624-0.04 0.4340.03 0.4140.03 1.0 0.95 £0.02 1.0
990 5 —70.2 + 1.8 24 =+ 3.3 21 +£13 —14.2 +£1.0 —13.2 =1.0 —30.1 %15 3.8 x1.4 0.9 0.9 3.9 0.7
P 0.76= 0.03 0.38== 0.08 0.67-0.03 0.884-0.08 0.444-0.04 0.60:0.05  0.920.02 0.99:0.01 0.94::0.02
1048 5 —61.4 = 5.9 9.0 + 3.8 —4.6 2.4 —86 x24 —167 x£1.1  —203 1.5 —04 =+0.9 4.7 +0.7 24 +£07
P 0.75 0.07 0.374 0.09 0.48 40,04 0.742£0.05 0.81:0.03 0.7240.04  0.94:+0.02 0.894-0.03 1.0
1150 5 —63.8 + 1.6 9.0 = 48 —44 +24 —107 +2.6 —146 +1.3 —144 +1.6 —1.9 +09 5.9 0.9 2.6 +0.8
o 0.49+ 0.03 0.23 £ 0.07 0.45 40.05 0.684-0.04 0.97-0.05+0.03 0.690.03  0.8220.03 0.9740.03 1.0
1227 & —67.7 & 2.9 129 4+ 41  —85 14  —7.0 £1.5 —10.7 1.0 —16.0 £1.0 0.3 0.7 3.4 +£06  —0.1 0.7
P 0.53 0.03 0.25+ 0.04 0.49 4-0.03 0.76 £0.03 0.75-0.03 0.594+0.02 1.0 0.85 40,02 1.0
1300 5 —52.8 = 3.8 18.8 & 4.1 —202 £1.8 —7.4 14 —142 +15 —139 +1.7 45 1.0 2.4 +0.7 1.9 +0.9
P 0.29+ 0.05 0.27 0.05 0.67 :0.03 0.76 4-0.03 0.6240.03 0.53::0.02  0.99-0.02Y00  0.84:0.03 1.0
1446 5 —82.0 & 5.2 111 &+ 59 —13.9 7.0 11.0 2.7 =54 5.7 —2.1 +£1.6 —3.3 7.1 3.0 £13  —1.2 =11
o 0.29+ 0.05 0.45+ 0.06 0.76 4-0.05 0.78 +0.06 0.310.06 0.9840.02  0.60-:0.03 1.0 0.810.02
1560 &  24.0 £10.0 46 + 4.5 —188 %£7.0 —1.6 +44 1.1 +4.6 7.6 £1.9 1.0 1.9 41 +£1.0  —3.2 15
3 0.58+ 0.14 0.84 0.09 0.10-0.07 0.6840.07 0.34-0.05 0.754£0.09  0.59:-0.07 0.99_0.044001 0,76 0,05

(b) The real and imaginary part of the partial ampli-
tudes: Rea=3p sin25, Ima=3%—%p cos2s. (Those two
combinations of the parameters are sometimes more
useful than the phase and absorption themselves.)

(c) The real and imaginary part of the B amplitude
associated with the spin-flip amplitude:

1
m3=zl:{l(l+E/m)ar— (+D(+H1—-E/m)ar} .
" [Eq. (A16) in Appendix]

This combination of amplitudes is very sensitive to the
higher partial waves. The real part of the forward
scattering amplitude f(0°),

ReF(0°)=%x Y [(I+1) Rea;*+1 Rea;-],
7
[Eq. (A15) in Appendix ]

is also a sensitive combination of the partial-wave
amplitudes, but, as the 0° cross section was fed in the
program, the fitted value of ReF(0°) was always well
inside the errors quoted for the calculated dispersion-
relation value. So it does not bring any useful additional
constraint for continuity.

(d) The coefficients D, of the expansion of (1/A2 sinf)
X P(do/dQ) in Legendre polynomials. This is particu-
larly useful for energies where no polarization or only
inaccurate ones exist.

In practice, this was done by plotting the variation
with energy of all the preceding parameters. For a given
solution, as soon as one of those quantities could not be
joined with the corresponding one at neighboring
energies without a physically unacceptable discon-
tinuity, that solution was discarded.

After this second stage, the number of remaining
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TaBLE III. Number of experimental data used for each energy.
T, Number of experimental data Total x? x}/N
(MeV) ot + o - Totals Sol. A Sol.B Sol. A Sol. B References
310 24 4 29 30 13 104 108.6 1.25 27, 12, 13, 14, 15, 16, 17
24 4 29 6 13 80 76.2 1.16

370 18 24 6 12 64 45.8 1.04 18, 19, 15

410 35 12 36 12 99 90.9 1.16 18, 20, 21

492 40 12 33 12 20 121 98.7 137.8 0.99 1.38 18, 20, 21, 22, 23
533 16 8 16 9 21 74 39.8 56.3 0.8 1.13 24, 25, 26, 23

581 17 10 17 11 21 80 80 120.8 1.43 2.16 24, 25, 26, 23
618 21 10 11> 27 21 94 57.4 98 0.8 1.36 18,11, 28

650 21 21 21 67 62.4 92.2 1.45 2.15 18, 23

698 18 9 18 26 21 96 72 129.3 1.1 2.0 24, 25, 26, 11, 23
750 19 4 19 16 21 83 61.2 106.4 1.2 2.1 29, 30, 28

775 11> 11 21 27 11b 85 47.8 113.5 0.89 2.1 11, 31

795 19 19 16 11p 69 48.4 235.6 1.31 6.4 29, 30

845 19 14 19 16 21 93 80.8 378.8 1.34 6.31 29, 30, 28

873 18 11 19 13 21 86 63.7 394 118 7.3 29, 30, 32, 23
900 19 14 19 16 21 93 79.8 322 1.33 5.54 29, 11, 30, 28
950 19 13 19 16 11 82 48.56 202.4 095  3.97 29, 11, 30

990 20 14 20 14 21 93 54.9 202 0.93 3.43 24, 32, 26, 23
1048 19 17 19 24 11 94 71.72  655.1 1.3 10.9 29, 11
1150 19 25 18 16 21 103 72.6 326.0 1.07 4.79 29, 11, 30, 28
1227 19 22 19 23 11 98 73.3 442 1.13 6.8 29, 11, 30
1300 20 30 19 16 21 110 83.6 314 1.1 4.14 24, 11, 29, 30, 23
1446 18 24 19 16 81 447 215 0.95 4.57 29, 11, 30
1560 21 25 34 26 21 131 65.17 0.68 24, 11, 33, 34, 35

* The total number in column 7 includes also 4 points for the total and total inelastic cross sections. In columns 8 and 9 we give the resulting x2 for the
solutions A and B, and in 10 and 11 the same x2 divided by the number of degrees of freedom. A
b The corresponding points are calculated from interpolation on the coefficients of the expansion of the angular distributions.

solutions is greatly reduced, but, unfortunately, there
are energies where there is more than one solution left.
However, even when there are still 2 to 5 solutions
left, most of the phase shifts are nicely grouped and
almost identical within the errors. But the problem is
not always satisfactorily solved, especially for the low
angular momenta, where (i) S11 (between 0.6 and 0.85
GeV, and above 1.2 GeV), (ii) P11 (between 0.6 and
0.9 GeV), and (iii) P13 (between 0.5 and 1 GeV), present
two slightly different behaviors. Also, above 1.3 GeV
we were faced with some difficulties to get continuity.

To solve these two possibilities, we required that the
unambiguous phase shifts, corresponding mainly to high
angular momenta, have a smooth energy variation,
whereas beforehand small discontinuities were accepted.
These smoothed values were then used as input to the
minimization program.

The two behaviors observed for low angular momenta
(i, ii, iii) then merged together : the resulting solution is
shown in Figs. 7 and 8.

We have tried to resolve the ambiguity arising above
1.3 GeV with the same method. In that region, the
energies where the analysis is possible are more spaced
and we are also close to the end of the range, so that the
selection is less clear. We show the most probable solu-
tion, i.e., that with the best x2. The other possibility,
however, is not very different, and this difference affects
only the small waves.

It should be noted that when performing this last
selection two solutions compatible within the errors
have not been considered as different.

The errors given are statistical only. The meaning of
the error on the value x of a parameter is that the best
X2 obtained with the value x4-dx or x—dx is greater by
1 than that found for x, all other parameters being able
to move freely. We do not claim that it is the real
relevant error from the point of view of physics but it is
the only one which has a definite meaning, reflecting the
form of the X? hypersurface near the minimum. Given
a certain solution, by fixing any one of the parameters
at a much different value, it is sometimes possible to
get a rather good X2, but then the other parameters are
obliged to take values very different from the initial
ones, showing that we are in presence of a different
minimum not linked with the previous one. On Figs. 7
and 8 the final solution for all the energies where the
analysis was done is given. The corresponding values
are given in Tables I and II. The solution resulting from
the smoothing done by hand on the real and imaginary
parts of the partial-wave amplitudes, as explained
above, is shown in curve A in Figs. 7 and 8. At some
energies and waves, the points are rather far from the
curve; this is so because a curve passing through all the
points would lead to an unreasonably fast oscillating
behavior. We have tried unsuccessfully to obtain more
continuous solutions for those energies. In fact, we feel
allowed to put more or less weight on certain energies.
For instance: At 870 MeV the polarization data are old
and not accurate (see Fig. 6). The n*p angular dis-
tributions have been measured in two different labo-
ratories; in 7*p they are incompatible (see comparison
in Ref. 42). Here there seem to be important systematic
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Fi16. 9. Plot of the amplitude of some waves in the complex plane for 7'=$ state.

errors. At 795 MeV, the 7tp polarization is missing and
we were obliged to construct the charge-exchange
angular distribution from the C,? coefficients. At 950
MeV, the (do/d2)x0s is also constructed.

An other smoothing has been done, which erases all
the small irregularities (see solution B, Figs. 7 and'8).
If we try to get solutions corresponding to the B
smoothing allowing a maximum variation of 3° for the
phases and 0.03 for the absorptions, the resulting total
X?=4928 is very high (to be compared to X?=1633 for

solution A ; see Table III). When the constraints on the
parameters are released, they drift towards the values
corresponding to solution A. This proves that those
effects are required by the experimental data used. In
an energy-dependent analysis, where a continuity is
obtained by imposing a specific kind of variation for the
amplitudes or phases, the final solutions could be at
best like our solution B. The number of parameters
needed to get a solution like A would be very large.
Moreover, a random search seems to be excluded due to
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Sti D15

Fic. 10. Same as Fig. 9 for T'=3 state.

the large number of experimental data that must be fed
in; the final solution reached will never be far from that
used as input. In an energy-dependent fit it should be
possible to detect if there are any isolated wrong

(5
-0.5 3 410 \@g 18 0.5

experimental data. In fact, in our solution B the very
high X2 obtained for most of the energies is not due to all
data equally, some data contributing more than others.
However, those measurements cannot be eliminated on
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Fi6. 11. Partial-wave cross sections computed from the solution
A. otot, solid curves; ge1, dot-dashed curves; oine1, dashed curves;
rate of variation of the amplitude, dotted curves. Vertical scale:
2 mb by step.

this basis only, because they are usually part of a series
of measurements done at several energies by a single
group of experimenters using the same method and
apparatus.

As no dependence of the parameters with energy is
supposed, it is not possible to quote on over-all proba-
bility of the fit covering all energies, as done in energy-
dependent analyses.

Our method would be inadequate if important dis-
continuities (cusps or other mechanisms) are expected.
However, we feel that an important discontinuity is
quite improbable. In any case, a theoretical knowledge
of it would then be necessary for any kind of analysis.
For the energy-dependent fits, it is even more difficult
to cope with discontinuities. A cusp in Sy at the 5
threshold has been found in the analysis of Ref. 5 only
because it was forced in the parametrization; it was not
observed in Ref. 3, where the parametrization did not
include it @ priori.

The solution of Lovelace is basically an energy-
independent fit; however, partial-wave dispersion rela-
tions are used in addition to the experimental measure-
ments. We refer to Ref. 45 for the description of this
method. The solutions, which have been presented at

% A. Donnachie, 1966 Edinburgh Lecture Notes, CERN
Report 66/1042/5-TH.690, 1966 (unpublished).
46 A. Donnachie and J. Hamilton, Phys. Rev. 138, B678 (1965).
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TaBLE IV. Mass and width of the resonant states estimated
from the partial cross section and from the rate of variation with
energy of the amplitude, and approximate elasticity. The accuracy
for mass and widths is not better than 20 MeV. Elasticities are
taken at the maximum of ot with an accuracy of about 0.1.

From total cross From velocity in

Estimated

section complex plane
State M r M T elasticity
lar,as (MeV) (MeV) (MeV) (MeV) x=Te1/Ttot
Su 1695 250 1650 130 e
Py 1240 110 e 1
Fy 1975 180 1980 140 0.57
Sn 1535 155 1515 105
Su 1710 260 1665 110
Py 1470 255 1505 205 0.68
D3 1510 125 1515 110 0.54
Dis 1680 135 1655 105 0.41
Fis 1690 110 1680 105 0.64

s These values come,from_Ref. 6.

the Thirteenth High Energy Conference of Berkeley,
showgthe same big effects as the solution presented
here. The irregularities are even sometimes larger than
in our solution.

The predictions of Hamilton ef al.6 for the non-
resonating waves under 600 MeV are in good agreement
with our result; at higher energies a comparison with
the theory would also be of interest.

1V. DISCUSSION

Many of the partial waves found in this analysis
present a strong energy dependence, as shown by the
plot of the corresponding amplitudes (Figs. 9 and 10).
The main interest of such an analysis is the possibility
of discovering new resonancelike phenomena.

It is well known that when a purely elastic wave
resonates it describes the unitarity circle in a counter-
clockwise direction. When there is also an open inelastic
channel and if the ratio of inelastic to elastic channels is
constant, the amplitude also describes a circle with the
center on the imaginary axis and diameter less than 1.
If the elasticity is not constant this circle can be
strongly distorted. In a more general situation the
resonant effect will be superposed to a background scat-
tering. Due to this superposition and the resulting
interference, the circular behavior of the amplitude
could be completely destroyed.#” When one is in the
presence of an amplitude whose trajectory describes a
portion of a circle in the right direction and with a fast
rate of variation with energy, one is tempted to attribute
this behavior to a resonance in that amplitude. How-
ever, it is difficult to attribute a mass and a width to
those resonances. Without knowledge of the physical
process involved we used two methods for the deter-
mination of the parameters: one is based on the partial-
wave total cross section, the other on the rate of varia-

4 R, H. Dalitz, Ann. Rev. Nucl. Sci. 13, 339 (1964).



165 PION-NUCLEON ELASTIC
tion with energy of the partial-wave amplitude. By
analogy with the elastic Breit-Wigner amplitude, the
mass is taken at the maximum in both cases and the
width is the width at half-maximum. The values given
in Table IV are taken from Fig. 11. The accuracy on
the given values is not better than 20 MeV, for masses
and widths, and 0.1 for elasticities.

The S effect near a mass of 1650 MeV can be
interpreted as an inelastic resonance superposed to a
strong repulsive background. This background scatter-
ing could explain the fact that the two methods of
evaluation of mass and width give different results
(Table IV).

This resonance has also been observed in Ref. 48,
where the background scattering has been evaluated
from partial-wave dispersion relations. The parameters
obtained are almost the same as ours. Near a mass of
1820 MeV another structure is apparent but the ampli-
tude describe a clockwise trajectory in the complex
plane.

The established Fj; resonance is found at a higher
mass (1975 MeV) than the bump observed in 7t total
cross section. This resonance is of the quasi-elastic type
(phase crossing 90°). This behavior as compared to the
one obtained in Ref. 6 could be confirmed when more
experimental data will be available.

Except for the resonances described above and the
well known P33 resonance, the waves in the 7=$ isospin
state present some structures, mainly inelastic. For in-
stance, the behavior of P33 and D35 in the complex plane
is shown in Fig. 9.

A strong inelastic effect in the .Sy, state appears near
a mass of 1535 MeV. It has been correlated to the rise
above threshold of the #»-production cross section.
Various interpretations have been obtained (see for in-
stance Ref. 49 and quoted references). A second effect
mainly elastic arises at about 1700 MeV. The behavior
of S11 below 1 GeV has been interpreted with a general
formulation® as the sum of an inelastic and an elastic
resonance. Using the behavior of the Sy; amplitude in
the complex plane found in our previous analysis,? this
method gives, respectively, 1570 and 1700 MeV for the
masses, and 130 and 240 MeV for the widths.®

We found the P;; resonance at about 1470 MeV with
a large width. This mass differs from that obtained by
isobars excitation in proton-proton scattering (~1400
MeV).% If the 1400-MeV missing-mass bump is due to
this resonance, the shift in mass could probably be
explained by production mechanisms.

In addition, Table IV gives the parameters of the
well-known resonances in the Djs, D15, and Fy5 states.

48 A, Donnachie, A. T. Lea, and C. Lovelace, Phys. Letters 19,
146 (1965).

9 A, T. Davies and R. G. Moorhouse, Nuovo Cimento (to be
published).

8 C. Michael, Phys. Letters 21, 93 (1966).

51 E. W. Anderson, E. J. Bleser, G. B. Collins, T. Fujii, J. Menes,
F. Turkot, R. A. Carrigan, Jr., R. M. Edelstein, N. C. Hien, T. J.
McMahon, and I. Nadelhaft, Phys. Rev. Letters 16, 855 (1966).
See also the references quoted therein.
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The structures in the other waves for the I =13 isospin
state appear quite peculiar in the complex plane. As for
the I=3% state, these effects are mainly inelastic and
some cusps or inelastic resonances could be present.
However, due to the very small elasticities (smaller than
0.2) and the limited accuracy of the available data, no
reliable information can be obtained from those struc-
tures. We expect that work on inelastic pion-nucleon
scattering done currently at Saclay and Berkeley could
clarify the situation.

V. CONCLUSION

The aim of an analysis of this type is to detect the
important phenomena which take place in the pion-
nucleon interaction. In fact, we think that no big effect
has been missed.

The experiments do not yet permit the determination
of the phase shifts with an uncertainty smaller than a
few degrees.

It seems important to know whether the small struc-
tures of the partial amplitudes observed here have a real
meaning or not. This would imply not only new mea-
surements like the polarization of the neutron in charge-
exchange or the rotation parameters, but also experi-
ments of a totally new kind where both statistical and
systematic errors would be reduced by one order of
magnitude. Those new measurements would also be
useful if, for theoretical reasons, smaller errors were as
necessary at high energies as they are in the low-energy
range (determination of scattering length,® final-state
interaction in A° decay,® etc.).
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APPENDIX: DERIVATION OF FORMULAS

The S matrix for elastic =-N scattering can be
written as’

Spi= 87— 1(2m)*6(p1tq1— p2—q2)

1/2
) 'ﬁzTﬁul, (Al)
2

m2
(i
4E1E2w1w
where ¢i1, g2 and p1, p. are the initial and final four-

8 J, Hamilton, Phys. Letters 20, 687 (1966). V. K. Samara-
nayake, and W. S. Woolcock, Phys. Rev. Letters, 15, 936 (1965).
( s (7)) E. Overseth, and R. F. Roth, Phys. Rev. Letters 19, 391

1967).
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momenta of the pions and of the nucleons,
Ei= (40", wi=(2+a2) (=1,),

where m and p are the nucleon and pion masses. #; and
u; are the Dirac spinors for the initial and final nucleon

states.
The invariant scattering amplitude T is of the form

Tyi=—As+1iy-QBys, (A2)

where Q,=2(q1+¢:2), and v, are the Dirac matrices.
A and B are scalar invariant functions. Since phase
shifts are used, it is useful to express the amplitudes 4
and B in terms of partial-wave w-N amplitudes.

The transition amplitude T'y; is related to the 2X2
Pauli scattering matrix M by

(fIM|iy=— (m/4xW)itsTus, (A3)

where |2) and | f) are Pauli spinors for the initial and
final nucleon spin states and W is the total energy in

the c.m. system.
The requirement of parity conservation allows writing

M in the form
M= f(6)+ig(6)e-n, (A4)

where o is the Pauli spin operator for spin %,
n=q:Xqz/|q:X¢qz| and cosf=du°qz/|q'qz|, (q=pion
momenta_in_the c.m. system).

fand g are the non-spin-flip and spin-flip amplitudes,
respectively. Their expansion in terms of the scattering
amplitudes a;* is

f(O=% X [(+1)ar+lar-]Pi(cosb)
' (45)
g(®) =% X [ar—a;+]Py (cosh),
7
where
art= (1/2)[orte*®*—1]. (A6)
8;* is the phase shift and p;+ the absorption parameter

BRICMAN, AND VILLET

165

for scattering in the states with J=I+%. X=1/q is the
Compton wave length of the pion.
In terms of isospin amplitudes the observable ampli-

tlldeS are
alﬂ: —'a«( / ),

= % (011(3/2)_*. Zali(l/z)) R
ar0= (V2/3) (@t @D — gD |
where the superscripts mean
F~mtp—atp,
—~Tp—o TP,

O~7p— 7%,

(A7)

£ and % are the two isospin states of the w-N system.
The measurable quantities are given in terms of the
partial amplitudes a;+ as follows.

Differential cross sections:

do/dQ=|f|*+g|*.

The cross section can be expanded in Legendre
polynomials:

(A8)

2/max
do/dQ=%2 Y. CnPu(cosf), (A9
n=0
with
C7|= Z Qn Re(alj*alr‘]l) . (A].O)
wJsJ
Recoil nucleon polarization:
2 Imf*g
P()=———n. (A11)
_ [71241gl?
The expression
1 do 2lmax—1
—P—=2%? Y D,P.(cosb) (A12)
sinf dQ n=0
is expanded in Legendre polynomials and gives
D,= ¥ Ba.Im(aw*ars). (A13)

wJyJ

Forward scattering : The forward elastic cross section

is given by

7(0°)=[Ref(0°)*+[owot/4rA]?,  (Al4)
where the second bracket comes from the optical
theorem.

Ref(0°)=A> [(+1) Reas+IRea-]. (Al15)
1

The B amplitude can be expressed in terms of partial
amplitudes:

1
— B=
4 E+m

3" [a1+Prya (cosB) —ai-Py_1'(cosb)]
1

A
+——2" (ar-—a:*) P/ (cosh) .
E—m 1
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This expression can be put in the form

1
——B=3 {I(+E/m)ar— (I+1)(+1—E/m)ar+}
47A3 1 (A1

™

6)

Representation of ¢;+ in the complex plane (Argand
diagrams) : Figure 12 gives a simple method to construct
a; in terms of 8 and p. Conservation of probability
imposes that a; be inside the “unitary circle” centered
at the point (0,5/2) and with radius 1.
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Partial cross sections are given by

Otot=0max(1— p €0828)/2=0max(0I),
To1= 0 max (14 p2—2p €0828)/4=0max(04)?,
G'inel=U'max(l_‘Pz)/4=0'max|:1—4(CA)2]/4 ’

with
Tmax™ 47rx2(J+%) .

PHYSICAL REVIEW

VOLUME 165,

NUMBER 5§ 25 JANUARY 1968

Calculation of the Low-Energy S-Wave Pion-Pion Interaction from
the K., Decay Using Charge Commutation Relations*

S. Matsupa AND S. ONEDA
Department of Physics and Astronomy, University of Maryland, College Park, Maryland
(Received 2 August 1967)

By making use of an appropriate charge commutation relation, we have computed the low-energy pion-
pion scattering length directly from the rate of K.s-decay. The main differences from previous approaches
are as follows: (a) Instead of using the current commutation relations (which have been extensively used
with the soft-pion technique), we stick to the better-known charge commutation relations. This enables us,
as in the Adler-Weisberger calculation, to avoid taking the usual soft-pion limit %, — O; instead we let
only %2(= —m,? — 0, which is certainly a smaller extrapolation. (b) In contrast with previous calculations
of K.s decays, which utilized essentially the kaonic PCAC (mx — 0), we use the pionic PCAC, which in-
volves a much smaller extrapolation (#,— 0). From the presently available K.s decay rate, we have esti-
mated the values of the =0 and 2 S-wave pion-pion scattering length as a¢=0.18 and ay~—0.017. Although
our numerical results for @, a2, and the K ,+~decay form factors turn out to be not very different from those
obtained by using the current commutation relations with soft-pion techniques, we emphasize the im-
portant difference between the two approaches mentioned in (a) with respect to the extrapolation procedures.

HE K,4 decay has been known to be one of the

best places to study the low-energy pion-pion

interaction. At the moment, experiments do not allow

a definite conclusion. They give for the I=0 S-wave
pion-pion scattering length the value!

ao= (0.6_0,5”-6)m,,'“1 . (1)

Theoretically, the strength of the low-energy pion-
pion interaction is of crucial importance for judging
the physical significance of a large number of calcula-
tions employing current algebra. The apparent success
of the soft-pion emission technique based on the current
commutation relations (CCR), which, for instance,
relates the K — 37 amplitude to the K;°— 27 ampli-
tude? and also the leptonic decay amplitudes of the

* Work supgorted in part by the National Science Foundation
under Grant GP 6036.

1 This value is presented by R. W. Birge et al., in Proceedings
of the Thirteenth International Conference on High-Energy Physics,
Berkeley, California, 1966 (University of California Press,
Berkeley, Calif., 1967), p. 37; see also, R. W. Birge, R. P. Ely,
G. Gidal, G. E. Kalmus, A, Kernan, W. M. Powell, U. Camerini,
D. Cline, W. F. Fry, J. G. Gaido, D. Murphree, and C. J. Murphy,
Phys. Rev. 139, B1600 (1965).

2 M. Suzuki, Phys. Rev. 144, 1154 (1966); C. G. Callan and
S. B. Treiman, Phys. Rev. Letters 16, 153 (1966); Y. Hara and
Y. Nambu, #bid. 16, 875 (1966); L. J. Clavelli, Phys. Rev. 160,

K meson,?* is hard to understand unless the value of
a is small. In fact, by using CCR and the hypothesis
of partially conserved axial-vector current (PCAC) and
by assuming that the scatiering length in question is small,
Weinberg,5:¢ for.instance, did indeed obtain a small
I=0 S-Wave m-r scattering length:

@0=0.20m,1. (2)

However, the procedure used in deriving the value
given by Eq. (2) is not entirely free from theoretical
ambiguity, especially with respect to the off-mass-shell
extrapolation procedure. It has been pointed out that
one could obtain a family of solutions which contains

1384 (1967); D. K. Elias and J. C. Taylor, Nuovo Cimento 44A
518 (1966); H. D. Abarbarnel, Phys. Rev. 153, 1547 (1967).

3C. G. Callan and S. B. Treiman (Ref. 2); M. Suzuki, Phys.
Rev. Letters 16, 212 (1966); V. S. Mathur, S. Okubo, and L. K.
ff’g%q]i)t’ ibid. 16, 371 (1966); L. J. Clavelli, Phys. Rev. 154, 1509
(1; (%.)Weinberg, Phys. Rev. Letters 17, 336 (1966); 18, 1178 (E)

5 S. Weinberg, Phys. Rev. Letters 17, 616 (1966) ; see also, Y.
Tomozawa, Nuovo Cimento 46A, 707 (1966) ; A. P. Balachandran,
M. Gundzik, and F. Nicodemi, zbid. 44A, 1257 (1966); N. Khuri,
Phys. Rev. 153, 1477 (1967).

6 F. T. Meiere, Phys. Rev. 159, 1462 (1967); F. T. Meiere
and M. Sugawara, 2bid. 153, 1702, (1967); 153, 1709 (1967).



