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to have the form
E,= 6ab:% (q—-k),px/dgdn et (k@) E+ily

XQOIT(V A (0)V(1)]0)
= e“bs% (q-—k) vp)\[evnp (k+q)plr]

where G is a scalar function of the invariants.

We now notice that when /-p=1.q=1-k=01=0, T,
must vanish. In this limit, therefore, 4, and E, are
equal. (We are now referring to the invariant functions
which multiply the usual kinematic e-tensor form in
T,, 4., and E,.) However, then E, is proportional to
2?; therefore, we divide out the factor of p? before we

(15)
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use PCAC to obtain amplitudes for which the » meson
is on the mass shell. Apart from this trick, the com-
putation proceeds without difficulty. Note that al-
though the n-decay amplitudes have a common factor
of p?, there is no need to conclude that the amplitudes
vanish on the mass shell.’ All the interesting infor-
mation is obtained from the coefficient of p?. We are
able to divide out this kinematic factor since we have
already eliminated the model-dependent term 7.
Finally, we conclude that the CA calculations done
recently*® give the correct results for the » decays.

The author wishes to acknowledge the hospitality of
the Aspen Institute for Humanistic Studies, where this
work was done.

15 D. G. Sutherland, Nucl. Phys. B2, 433 (1967); see also A. D.
Dolgov ¢t al., Phys. Letters 24B, 425 (1967).
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The rate for » — 77~ n% has been calculated in terms of the rate for » — =%y, using current algebra
and the hypothesis of a partially conserved axial-vector current. The results agree with a previous calcula-
tion by Singer based on a vector-meson dominance model. The rate for bremsstrahlung emission was found
to be smaller than the direct decay rate, but not negligible.

I. INTRODUCTION

ECENTLY, current algebra has been used to study
various n-decay modes.’7 In particular, the decay
mode 5 — 27+ has been examined®7 using current
algebra, and a branching ratio of (7 — 27+v)/(n — 2v)
=0.19 has been obtained, in good agreement with the
experimental value 0.15.

In this paper we shall be concerned with applying
this same method to the decay mode n — 37<+. Such
a mode has been considered previously by Singer.?
Singer’s calculation, based on a quadrilinear meson-
interaction model, predicts the branching ratio
(9 — wra—rty) /(g — 70yy)=0.23%. However, if one

* National Science Foundation Predoctoral Trainee.

1D. G. Sutherland, Phys. Letters 23, 384 (1966).

2R. H. Graham, L. O’Raifeartaigh, and S. Pakvasa, Nuovo
Cimento 48A, 830 (1967).

3 C. H. Woo, Phys. Rev. 156, 1719 (1967).

4S. L. Adler, Phys. Rev. Letters 18, 519 (1967).

§J. Pasupathy and R. E. Marshak, Phys. Rev. Letters 17,
888 (1966).

6 M. Ademollo and R. Gatto, Nuovo Cimento 444, 282 (1966).

7A. M. Polyakov, Zh. Eksperim. i Teor. Fiz., Pis'ma v Re-
daktsiyu 4, 74 (1966) [English transl.: Soviet Phys.—JETP
Letters 4, 50 (1966)7].

8 P. Singer, Phys. Rev. 154, 1592 (1967).

adopts the theory of Bronzan and Low? in which a new
A4 quantum number is introduced, the above ratio is
much larger. The current algebra approach would permit
a model-independent estimate of this branching ratio.

There have been two recently reported experi-
mental searches for the — wtr % mode. These
experiments have established upper limits for the ratio
I'(np— 7wtr—n'%)/T(n — 7o) of 7 and 0.99.10:11

It should also be noted that the n— 3w+ mode
could offer a new test of a possible C violation in electro-
magnetic interactions. If a sufficient number of
n— wtrn% decays are found, one might hope to
observe a wt/r~ asymmetry due to electromagnetic
C-violating interactions.

II. DETERMINATION OF THE FORM-
FACTOR RELATIONS

In applying the current-commutation relations and
the partially conserved axial-vector current (PCAC)

9J. B. Bronzan and F. E. Low, Phys. Rev. Letters 12, 522
(1964).

10 S, M. Flatté, Phys. Rev. Letters 18, 976 (1967).

1T, R. Price and F. S. Crawford, Phys. Rev. Letters 18, 1207
(1967).
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hypothesis, we shall adopt the technique developed by sion technique has been successfully used by Weinberg!?
Weinberg.!?!* We will expand decay amplitudes in for K. decay, by Abarbanel for K;. decays, and by
powers of the pion momenta. The resulting expansions Pasupathy and Marshak® for the n— 2wty decay
will give us the on-mass-shell decay amplitudes up to mode.

lowest nonvanishing order in pion momenta. This expan- We begin by considering the quantity

M= /dxdydz ¢t wtarutaea (0] 7'(A4,4(x) 4,2 (v) A2(2) T M (0)) | 0) (2.1)
where the electromagnetic current
JMM=V34-(1/V3)V 5

Vs is the third component of the AI/=1 strangeness-conserving current; V,® is the hypercharge current;
A4,° is the AS=0 axial-vector current; gq, ¢s, ¢. are the pion four-momenta; and @, b, ¢ are isospin indices.
Isolating the pion pole terms in Eq. (2.1) in the manner of Weinberg, we write

r rl]a2iq bvch)\Mv)\(q b,(]a)

- iQa;ﬂ:q bvchX]Vl.w)\ = iQaMiq bvchka)\Jf ‘1L pel‘mutations
(ga*—1?)
["12([412(1 bgiqMM)\(q» 1"71'3q‘12q b2(102M
— ~+ permutations , (2.2)
, (ga®— 1) (gs*— 1) (ga*— 1) (gp*— w) (g — 1)
with
M 1(9ayq8) = (— 9> +4?) f dadyds ¢f (e rtarviaeD(Q| T(4,(x) A, (9)$+(2) 7 7M(0)) 1), (2.3)
M u(ga) = (—go*+u)(—g+n?) [ dxdyds ¢'(eetarvtasD 0] T(A 1)+ (y)$x(2)J M (0)) [ 1), (24)

M= (— a4 (— o) (— g+ s) / dadydz ¢t =t ar vt (O] T (. (x)px"(¥)x"(2)/ M (0)) [m),  (2.5)

where 7, is the pion decay amplitude, ¢, is the pion field, and u is the pion mass.
Adopting the notation of Weinberg,!? the current-commutation relations proposed by Gell-Mann!® are given by!6

[40°(2),4,°(y) J6 (20— y0) = 2ieapc Voo (x)84(x—1) , (2.6)
[Veo(x), V.5 () 16 (xo—y0) = 2ieasc V., ()84 (x—%) , (2.7
[40°(x), V,2(y) J6(0—y0) = 2ieave A, () 8% (x—) , (2.8)
[46%(x), V33(5) J6(xo—y0) = [Vo*(x), V. 5(3) J6(x0—30) =0, (2.9)

where egp. is the totally antisymmetric symbol with €23= 1. We also make use of the conserved vector current
and PCAC hypotheses

8,V ,%(x)=0, (2.10a)
0ud (%) = F rp’5*(x) (2.10b)
along with the additional commutation relations!?
[40%(x),0u4,°(¥) J6(x0—y0) = 0an(x)84(x—7) , (2.11a)
[40%(x),05c(y) J6(20—y0) = 850,44 ,%(x) 84 (x—y) . (2.11b)

12S. Weinberg, Phys. Rev. Letters 16, 879 (1966).

13 S. Weinberg, Phys. Rev. Letters 17, 336 (1966).

1 H. D. I. Abarbanel, Phys. Rev. 153, 1547 (1967).

15 M. Gell-Mann, Phys. Rev. 125, 1064 (1962).

16 In these commutation relations we ignore the so-called “Schwinger” terms.

7In the o-model the term oqy(x) would be just dapo(x), with o(x) the o-meson field. See M. Gell-Mann and M. Lévy, Nuovo
Cimento 16, 705 (1960).
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Computing the various terms in Eq. (2.2) by partial integrations,'® and making use of Eqs. (2.3)-(2.11) as well

as the following identity for time-ordered products!4:

9
ET{Au(x)B»(y)C A(z)Do(0)} = T{ 9,4 4(%) B,(y)C\(2) Do(0) }+8(0— ya) T{[ 4 o(2),B,(y) JCi(2) D+(0) }

we find!®

—~1Gapi65ig AN yn= Fx3(— o+ p2) (— g2+ u2) (— g2+ u?)

X / dx €190 | T(¢+°(x) V4%(0)) | n)+ permutations— F revaa(qs— ga) u{ — g2+ u2)

X/dxdz ¢ilaata) - ztite2(0| T(p,%(z) V o (x)J ,2¥(0)) | n)+ permutations — $iecacenea(ge— ga)u

X

X

/
/

dz ei@ataa) (0| T(V ,¢(x) 4 ,%(0)) | n)+permutations

dx eiteetartee)=(0] T(4 ,%(x)J ,BM(0)) | n)+ permutations— 2ie.a0€03a(gc— ga)

+8(wo—20)T{[4o(x),Cr(2) 1B,()Ds(0) }+8(x0) T{[ A4 o(x),Ds(0) ] B,(y)C(2) } , (2.12)
X / dxdydz ¢' (9@ =t vtae (0| T(¢%(x)px"(¥)bx*(3) ] 2 (0)) | n) 4218 £2easa(— go?+u?) (— go®+u?)
X / dydz (e vt (0] T(px"(y)dx°(2) A ,4(0)) | n)+ permutations — 2F (€aszcepeat €v3c€aca) (— g2+ u2)
—$4i€asa(evasecset€casense) (0] A% n)+permutations. (2.13)

In order to proceed with the calculation it is necessary
to neglect a large number of terms in Eq. (2.13). The
validity of this procedure will, of course, be ultimately
determined by a comparison with conclusive experi-
mental data. However, we are encouraged by the fact
that our final result is consistent with recent experi-
ments,'% as well as being in agreement with the model
calculation by Singer.8

We consider first the terms involving the matrix
element (27|A,|n). We neglect terms of this kind
on the basis of G-parity considerations and the absence
of second-class currents as discussed by Weinberg.2
Next, we consider terms with the matrix elements
OIT(Vi(x)4,(0)) [n) and (0| T(4,(x)T,(0))]n). If
we include only single-particle intermediate states, then
these matrix elements will vanish by ordinary parity
arguments or the absence of second-class currents.
Furthermore, terms of the form (0|4,|7) must vanish
since they involve matrix elements of a AI=1 current

between I=0 states.

18 We will neglect all surface terms arising from the partial
integration.

19 We neglect, as is always done, the “o terms” which are gener-
ated from the commutation relation (2.11a). One assumes that
this is a good approximation without any real justification. See
H. Abarbanel (Ref. 14).

20 S, Weinberg, Phys. Rev. 112, 1375 (1958).

We note that our matrix elements are all taken on the
mass shell.3 This means that (P,—¢a—qs—¢c)?=0.
But since we may also consistently take (P,—g¢.)*=0
simultaneously, the matrix element (z¢|V,|n) corre-
sponding to n — mw°++ is also dropped as this decay is
forbidden.

Finally, we also drop the term gaugowgearVpsn which
is cubic in the pion momenta. Neglect of such terms
is notalways justified, as noted by Rubinstein and
Veneziano.2! This is particularly true in the analysis
of the »— 2w+ decay carried out by Marshak and
Pasupathy.5

However, in our particular case the approximation is
indeed valid. This may be seen as follows: As indicated
below, the » — 3w+~ amplitude is linear in the mo-
menta of the mesons. We shall also find that the form
factors are quadratic in the pion momenta, so it would
appear that cubic terms cannot be neglected. However,
only g4, the form factor multiplying the n momentum, is
nonvanishing. Thus, to lowest order, the amplitude is
actually quadratic in the pion momenta and we may
neglect the cubic term.

21 H. R. Rubinstein and S. Veneziano, Phys. Rev. Letters 18,
411 (1967).
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Thus, Eq. (2.13) becomes

n—ortr~7%y DECAY MODE

1653

I"73(27r)9/2(8([a0qbO(]eU) l/2<.".a7rb7rc [ J,EM(O) I n) — 1"1'(27")3/2(2(100)llzebac(ql)“‘QG)u

X/ da ¢t e (pe| T(V ()T FH(0)) | m)+ Fo(20)9/2(245%) 2ecas(ge— o)

X / du et ae)=(rt | T(V ()] =M (0) | )+ F x(2m)/2(290") ?ecte(g:— q0)u

The » — 3w+ form factors may be defined by
(2#)9/2(8qa°qb0q¢°)1/2<7r“1rb7r°|],EM I 1’)5 —-i(27r)—3/2

1
X(ZPO)_I/ZJW{gIQaa+g2qba+gSch+g4Pc} ) (215)

n

where P, is the four-momentum of the », and M, is the
7 mass.

We write the amplitude for the decay of 7 — w042y,
where one photon is an isovector photon, as

(2m)¥1%(2¢.°)11 / du ¢* @t =(re | T(V 4#(x)J 4 (0)) | n)

E(27")_3/2(2P0)_”2Twe(1)’ gatqs, qc) . (2.16)

On grounds of covariance, the most general expression
for T, associated with » — 7942y (real), is

T;ur=Alpn(klv+k2v)+A2(k1u+k2u)Pv
+A 3(k1uk2¢+k2pkla)+A 4.P“P¢
+A5(k1pkla+k2uk2a)+A66#‘: (217)
where we have demanded symmetry in the photon

momenta &y, k.
Gauge invariance demands that

1T ue=0. (2.18)

Thus,
Al(.P'k1)+A3(k1‘kz)+Ae=0, (2.193.)
Ay(P-k1)+As(kr-k2)=0, (2.19b)
Ag(kl'k2)+A4(P'k1)=0. (2.19C)

We shall assume that the form factor 4¢ is slowly
varying, so that it will remain essentially constant for
arbitrary photon momentum. Then we note from Eq.
(2.19a) that in the soft-photon limits, P-k;— 0,
k1-k2— 0, A vanishes. This condition, of course, rests
on the fact that there are no pole terms in 4; and 43
whose residues would contribute in this soft-photon
limit. Thus, we take

A0
and obtain
As=A4s, (2.20a)
141= —BA5, (2.20b)
Ay=—BAs, (2.20c)

X /dx eitartao a(ga| T(V ,o(x)J (0)) | n) . (2.14)
where
,8=k1'k2/P'k1. (221)
Let us write 3=1—¢, where
€=Q’k1/P'k1. (222)
Then,

TmrzA5(€Pu"gu)(Pa_qv)+A2(€Pn_‘In)Pvy (2.23)

where g, is the pion momentum.
We retain only the lowest-order terms in the pion
momenta. We then have

Tuo=F(ePy—qu)Ps, (2.24)

with F=A4,+4;. Thus, although there are actually
two form factors in the amplitude for the decay mode
7 — w27, for the case of “soft” pions, i.e., neglecting
higher-order terms in the pion momenta, T, is given
in terms of a single form factor F.

We note, however, that the preceding result is not
symmetric in photon momenta since e=q-ki/P-k;. We
have not demanded that the form factors be symmetric
in %y and k.. We may now impose this symmetry by
symmetrizing T, from the start, in the obvious way:

T / ksl | T8 54(0)) | )
‘w_z{ € X\ u X)J o 1

+ f e adn(r| T(J“EM(x)-chM(O))lﬂ)} - (225)

Then one finds
Tyo=F(ePy—q,)Po,

1 Q'kl q: ka
(22412
2\P-ky P-ky
and F must be symmetric in k; and k.
For the isovector photon decay, we define

Two*(P, gatqs, gc)=Fe[:e(a,b)P,,—qc,,:]P¢ , (2.26)

where

(2.24)
where now

(2.22)

1/¢:-(qatqs) e (P—qa—qs—qc)
5('1;[)):— }
2\P-(gat+qs) P-(P—ga—qs—qc)

). (2.27)
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If we assume that the photon is a U-spin scalar, then
by SUj; invariance these form factors can be related to
those associated with the real photon process by

Fe=34F3.. (2.28)

Combining Egs. (2.14)-(2.16), (2.26), and (2.28) we
obtain

7
A_[—z{gIQav+g2gbo+gsqca+g4pa}

n

F
=—3 _“GbaS(Qb_ qa)n{ E(d,b)P,f‘ ch}Pa

2
F.?

F
-3 ;—26%3(%_ ga)u{ €(a,0) Pu—qu,} Ps

L

F
_‘23‘ ;‘—250b3(QC_gb)n{ e(b}C)P#_qal‘}Pﬂ' (2'29)

From Eq. (2.29) we obtain

g1=g=g3=0, (2.30a)

and
3iFM 2

2
T

+ €cas{e(a,0) P (g 9a) — b+ (9:—9a)}
+€cb3{€(b,6)])'(Qa—“qb)_qa‘(‘]o'—qb)}]a
where e(a,c) and e(d,c) are defined analogously to
e(a,b).
Iileglecting terms quadratic in the pion momenta,
Eq. (2.27) reduces to
1/ge-(gatgs) Pge
o=t Py
P- (%‘H]b) M172

2
and Eq. (2.30b) becomes

3iFM 2 Qc(Qa'}"Q) Qc°P
g4= i I:ebas{P' (qz,— Qa)<““——b + >
4F ;2

ge= [evas{e(@,0) P+ (gs—qa)—¢c* (qv—ga)}

(2.30b)

(2.31)

T P(Qa+qb) Mﬂ2
gv (9atg2)
_2(1c'(qb_qa)}+€ca3[P'(Qc‘(1u)<-_—_
P'(Qa'!’”gc)
g P P
+M”2>—2Qb‘(Qc"‘(Ia)]+€rb3{ (ge—q»)

qa (g5+9.) . ga*P
T
: (qb+qc) M2

For the n — 37%4+v mode, we obtain

>_an.(qp_gb)}]. (2.32)

g1=g=g3=g4=0.
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°(q)

7(P) F

)

7 (k)

F16. 1. Feynman diagram for the decay n — «%yy.

Thus, T'(n — 37°4v)=0, a result which we know to
be true from the fact that such a mode corresponds to
a forbidden 0-0 transition.

For the n — wtr—n% mode, we obtain

3FM f[ o (g++q-)
g4= P-(g—g)|———
YRy " (g++¢-)
P'Qo
+ T 2>2qo-(q——~q+)], (2.33)

7

where ¢4, ¢—, go are the 7+, #~, 7* momenta, respectively.

We have thus related the form factor for p — 7tr 7%
to the form factor for n — #%~. We observe, however,
that the form factor g4 is, to lowest order, a function
quadratic in the pion momenta. This strong momentum
dependence suppresses the rate for the mode
n— wtr~w% and accounts for the small branching
ratio for this mode.

III. CALCULATION OF THE 9 — =42y
DECAY RATE

The S-matrix element for the decay 7— #'42y
obtained from Fig. 1 is

e2(2m) 40 (P—q—Fki—ks)
2(27) (16 M ywiwo Er) V2
X (enentemen) T,

(royy|n)=—

3.1)

where we have symmetrized with respect to the photon
momenta, and

Th= F(GPV_QV)PM (3.2)
and
1/9-% -k
e=—<q L g 2). (3.3)
2\P-ky Pk
Then
e2
(woyy|n)= -3 (ZW)G(ZT)“&“(P- q—ki—ks)
Mottt 70D
+(€€2‘P—62'q)(61'P):|. (34)
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The decay rate is given by

EPTIE — — ——4(P—q—k1—ks)
a\4T

Er w1 we

a2 / & d%, &%

X2 |(eer* P—er-q) (e P)

pol.
+(eea P—er-q)(es P) |2, (3.5)

where « is the fine-structure constant. We have taken
F out of the integral, assuming that it may be approxi-
mated by a constant. This approximation is certainly

legitimate to lowest order in the pion momentum.
We have

2 (a2 P)=P=Mp,

pol.

S lere (eP—q) Jp= M 2Hpo?—2eP-q, (3.7)
pol.

(3.6)

> (a2 P)es (eP—g)]=eM,2—P-q,

pol.

(3.8)

where uo is the #° mass. Thus,

a?f? d3q d%k: d%ky
—— -—[262M,,2+n02—461>- q
E, 2w1 2602

(P-g)?

e

2M 3(2m)?

+

]64(1’— g—ki—ks), (3.9)

where we have defined the dimensionless form factor

fby

F=f/Mz?. (3.10)

The detailed calculation of the n — m%4-2y decay rate
is carried out in Appendix A. We obtain the result

o fouo [ (\=1)(2A*+1)

I'(n — n%y)=

sl 8
M—1)(A—1)2 (\—1)
+( ( + § In\
6473 32\

1
—)\2ln)\——6—>;()\2—1)3+4Bl+Bg—-—4>\B3:|, (3.11)

where
B;,= f x¥(x)dx, (3.12a)
1
Bz=/ (x2—1)Y2(N2—2\x+-1)
1
¥(x)
X[l - :ldx, (3.12b)
A—x)(x2—1)1/2

n—=atr~x%y DECAY MODE

1655
7 (k)
Fic. 2. Feynman diagram for the decay 7 — w7 70y,
By= f W(x)dx, (3.120)
1
x2—1 M2

¥(x)=(A\2—2 x+1) tanh‘l[ ] ’ (3.13)

(A—=)?
A=M/po, (3.14)
Xmax= (>\2+1)/2)\' (315)

The integrals By, Bs, Bs can be evaluated numerically.
From the experimental value of the rate,??

I'(n— 797)=2.05 keV , (3.16)

where we have taken I'(y— all modes)=10 keV, we
find from Eq. (3.11) the effective coupling constant for
the mode 5 — 7% to be

f=6.2. (3.17)

IV. CALCULATION OF THE 5 — =tz moy
DECAY RATE

The S-matrix element for the decay #— wra—zly
obtained from Fig. 2 is

e
A0 = AS4(P
(wra=xdy|n) (Zw)slz(ZW)é(P G1—qa—qs—k)
1
X——eM,, (4.1)
(32M yoo,wa005k) 112
where
M,= (g4/M7:2)Pv . (42)

Using the results obtained in Sec. II, we have for
the decay rate for this mode

3 Oa f? /’ d®k d3q1 d3qa d?qs

32(27)"F M 3 k 2wy 2wp 2w;
g (1+¢2)
X4 (P—q1—qs— qs—k) {P' (2—q1) =
(@1 t¢2)
P . qs 2
+ Mﬂz]—zqa' (@“Ql)] , (4.3)

where once again we approximate f to be a constant.

22 A. Rosenfeld ef al., Rev. Mod. Phys. 39, 1 (1967).
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The detailed calculation of the n— n*z~n% decay rate is carried out in Appendix B. We obtain the result

o 3af2 kmax (w3) max Q2_4# 3/2 \ Q2 (Qqs)
I'(y— ntr WW)—_—_—64(27|-)4F,4M,,3_/0 kdk /’:o qs( 0 2) {(Q-q3)2—4u9 Q2+E(362+62)—2 e
Q*M Q- gs)* (a+c)  sa+b 1
L 111(;:;)—1]+Mﬂ4[dzﬁ2+%b4+%bz(02—4ac+62):| dos, (4.0)
where 0*+0-
a=M,,(M,,—k)(—————~23——>, (4.52)
Q2420+ gs+uo?
b kM, [(0- g2)2— uo?Q¥ M1
_ 00)P— , 4.5
(02420 gs+pe?) AN (430
D g
(= Q3 , 4.5
020 g tut (39
and
an— (2ﬂ+ﬂo)2
max= T, (4.6)
W,

B+ po®—4u?

(w3)max=_‘__-"‘, 4.7
2E, (4.7)
Ey= (M 2—2M k)'12, (4.8)
The remaining two integrals in Eq. (4.4) were carried ming over photon polarizations gives

out numerically. Using the results of Sec. ITI, namely, 2(01-5) . 2

f=6.2, we obtain for the rate?? 3 |on)2= ks __k _ , (5.2)
pol. (g1 k)(g2-k)  (qr-k)*  (ga-h)?
+tr—nly)=7.5X10' sec™?, 4.9
Ln— wtraty)=7.5X see *9) and the rate becomes

which gives us the branching ratio g% d% d*q1 dga d%gs

el (i

T'(n— wtrn'y)/T(n— noyy)=24X107%. (4.10) 22m) My k201 203 2w

XX |4 P—q1—g2—gqs—Ek), (5.3)
pol.
‘;R%A;[Jscg’ll‘algj;rlfl?};NOGF ggl\?T;rI‘BTI];‘:?II:)ANL where we assume that g is constant.

The calculation of the rate for the decay mode
n — wtr~w% in Sec. IV only contains the direct electro-
magnetic decay. It is also of interest to estimate the
contribution to the rate from internal bremsstrahlung.
We therefore consider in this section the contribution
from the bremsstrahlung emission alone which may be
computed using perturbation theory.?
The diagrams for the bremsstrahlung process are
shown in Fig. 3. The matrix element has the form o
i

M= (_q.l__e_ gz_f) , 5.1) ()
gk gk ) 9

Y (k)
1r+(q| )
7(P) g T (qp)
7°(g;)

Y (k)

where e is the photon polarization. Squaring and sum-
n°(@,)
28 We obtain the value of Fr from the Goldberger-Treiman 3
F16. 3. Feynman diagrams for the internal bremsstrahlung

Jati y Fr=\a M / . .
reﬁ ii’_“H, Dautg:‘Phl;sig'Rev. 99, 915 (1955). in the decay 5 — w*n~n0y.
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We wish to compare this rate with that for the
n— 3w mode. The diagram for the latter mode is shown
in Fig. 4, where g is the same effective coupling constant
as in the 7 — 37+~ mode.

The rate is then given by

g d%qy d%gs d%g
I‘(n—)31r)=——————~/—i-—2~——3
2(27!’)5M,, Zwl 20)2 Zws

X P—q—qe—qs). (5.4)

The branching ratio for the two modes will be inde-
pendent of the coupling constant g. As shown in Ap-
pendix C, we obtain the rate

I'(np— 37)=43.7 g2 keV.
In Appendix C we also find the rate

(5.5)

(1> 37 =
I(p—>3r+y)=——
2(2m)*M,
Emax 2k \dk
x f (1———)—<1=2<k), (5.6)
kmin M,/ k
where

By(k) = f (T 1443() T tanhee () — gx(8) e, (5.7)

and 0 g\ 12
—4u
oth)=( 2) , (58)
Q2
Ex+-po?—4p?
Omax=—"-""—, (5.9
2E
and E; is defined by Eq. (4.8). Let
P(3r)=T(y— 3n), (5.10)
and
P(3r+v)dk & 1 2k)qu> ®). (5.11)
a+7)dk=——(1—— (k). (5.
2(27r)4M,,( u)e
Then the integral
kmax P(37r+4-7)
R(k)=/ —dk (5.12)
k P(3n)

is the branching ratio of »— w7 —r% compared to
n— wtr~w? as a function of the photon cutoff energy
for internal bremsstrahlung. A plot of R(%) versus & is
shown in Fig. 5.

VI. CONCLUSIONS

We have shown in this paper that we may determine
the rate for n— 7t~ 7% in terms of the rate for

7— wy using the method of current algebra and
PCAC.

n—rtr~7% DECAY MODE
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1r+(q,)

7(P) g T o)

°(a,)

F16. 4. Feynman diagram for the decay # — w*nx~x0.

The result obtained is I'(y — wtr—7r%)/T(n — ='yy)
=0.24%, which agrees with Singer’s model calculation®
assuming vector-meson dominance.

Aside from phase-space considerations, the current-
algebra calculation affords a convenient way in which
tounderstand the suppression of the n — 77 ~7% mode.
The presence of a strong momentum dependence in the
direct-emission form factor is largely responsible for
the resulting small branching ratio.

We note that the photon spectrum shown in Fig. 6
differs from that of Singer (see his Fig. 1) in that our
spectrum tends to be skewed toward lower photon
energies. However, the total rates are in agreement.

We have also calculated the rate for bremsstrahlung
emission. The branching ratio for bremsstrahlung emis-
sion as a function of minimum photon energy is plotted
in Fig. 5, and compared to the similar ratio for the
direct decay. We note that the contribution from the

R (k)

»
PP LU

0 10 20 30 40 50 60 70 80 90 100 HO 120
k (MeV)
F1G. 5. Plot of the branching ratio R(%) as a function of the

photon energy. The solid (dashed) curve represents the direct
emission (internal bremsstrahlung) contribution.
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ARBITRARY SCALE

T T 1 LU T T
0O 20 40 60 80 100 20
k (MeV)

FiG. 6. Plot of the photon energy spectrum
for the decay n — #ta~n0y.

direct decay is about five times the bremsstrahlung
contribution except for the very low-energy photons
where, of course, the bremsstrahlung spectrum
diverges.

This result contradicts an assertion of Singer? that
we may neglect the bremsstrahlung since it is of order
a? compared to the direct emission, and illustrates the
pitfalls involved in making order-of-magnitude esti-
mates of y-decay modes by counting powers of a.

The agreement of our calculation using current
algebra with Singer’s vector-meson-dominance model
is an additional confirmation of the equivalence of the
two methods. The vector-meson-dominance model has
been used in several papers.25~2® These results also
agree quite well with the corresponding predictions of
current algebra. This agreement suggests that such
model calculations do yield excellent estimates of actual
rates.

As Singer has noted, the n — =7~z decay may offer
an opportunity to observe a C violation directly through
an asymmetry in the m-versus-r~ spectrum at moderate
photon energies where the direct emission exceeds
the bremsstrahlung. While the branching ratio for

2 1, J. Clavelli, Phys. Rev. 154, 1509 (1967).
%L J. Clavelh Phys. Rev. 160 1384 (1967).
27 K. Kawarabayashl and M. Suzuk1 Phys. Rev. Letters 16,

255, 384 (1966).
BW. W. Wada, Phys. Rev. Letters 16, 956 (1966).
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n— 3r+v is small, it would be of great interest if
such decays could be observed.
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APPENDIX A

In this Appendix we carry out the detailed calculation
of the n— 7%+ 2y decay rate. Equation (3.9) is

a2f? dq d%, d"‘kg[: ,
= [ b et ur—dep-
2525 ) En 201 200 wtmdeP g
(P-g)?
= ]64<P~—q—k1—k2>. (A1)

7
Let us write

a2f? /- d%
—— | —(I1+1:+13), A2
M2(21r)3 (1 o+1s) (A2)
where -0
P-q)? A%y d%k
Ii(M 2 pe*, P g) = [Mo2+ ] T
M2 2w1 2w,
X0 P—q—ki—ks), (A3)
d%l d3/e2
12(M'7 0 7P Q)‘ ~4(P 9)
2w, 2w2
X e P—q—ki—ks), (A4)
a3k d3ks
(M A pe?,P-q)=2M 2 | — —
2w1 20.)2
X6 P—g—rki—ks). (A5)

We shall evaluate 7, 15, /s in the center-of-mass system
of the photons. We introduce the relative coordinates
Q and R where

Q = k1+k2 3

R=k1—k2-
Thus,

(P-9)*
I,= <M02+ )/d4]€1d4/€2
M2

7
X 8(k1?)8(ko?) 64 P—g—k1—k2)

£ o

n

X3(Q-R)8(Q*—R:s4(P—¢—(Q),

1
= "(#024—
4

or

"M (P, (A6)

K
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Similarly,

g ki gk
I,= —2(.P q) d4k1d4k25(k12)5(k22)( + )
P-ky P-ke

X54(P—'q—‘k1—'k2)
= —%(P'q)fd‘Qd"R 8(Q-R)3(Q*+R?)

.0+q-R -0—¢R
PO E O Yop-a-0),
.Q+P-R P-Q—P-R
or
Iy=—=2n(P-q)+(P-q)(P-Q)J, (A7)
where RSORY)
6 . 2 2
]=Q2/d4R—£—Q——(2———, (A8)
(P-Q)*—(P-R)*
with
0=P—q. (A9)
Also,
gk qka\?
Ig=%M.,"’fd‘kﬂ“kz&(k12)6(k22)( -+ >
P-ky Pk

X4 P—q—k1—k2)
=3M,? / d*Qd*R 8(Q-R)6(Q*+R?

X{l_ 20M0-P) | QP-0? l
(P-0)—(P-R)? [(P-Q?)—(P-R)*]?
X54(P—Q_Q))

or
Is=mM2—M4Q P)J+3M Q- P)*K, (A10)

where
/ 8(Q-R)8(Q*+R?)
K=0Q*| d*R .
[(P-Q»—(P-R)*P
J and K may be evaluated explicitly and we obtain
; 27()?
(P-Q(— MY (P Q)

(A11)

M,’2Q2 1/2
—1 —_ A
e e e
K=mQ? - ¢
MAP-Q)* (P-Q)[1—M2Q%/ (P-Q)*]"
M2QN\'?
11— . (A1
X tanh (1 70 ]‘ (A13)

Combining Egs. (A6), (A7) and (A10) gives

™

Il+12+13=2 (oM 2+ (P-q)*]—2x(P-q)

M2

+(P-g—M2(P-Q)J+7M H35M,2(P-Q)*K. (Al4)
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Thus, the decay rate is given by

. a?f? / dg(
M3(2r)? E,[4M,,2

X[2M y+pe*M >+ (P 9)*]—=(P-q)

+3(P-QL(P-q)— M +IMAP-Q)*K . (Al5)

We have for the various integrations
diq
im(uo*+2M,2) F= 312 (uet+2u0’M %)

N—1
)

4)\2
T (P-q)? AN—1\ /A2—1\?2
d3q=7r2p04’( >( )
4M 2 E, 16\ 2\

4t NLI) 11>\} A17
8(4A 1|, (A17)

—-ln)\} , (A16)

% (—1)3
| —(P-0)= —1p2
7"/ i ( ‘1) 6T Mo N )

w

(A18)

1 d3q Tmax
E/P- (P——q)(P-q)]E—-= 47r2y04/ x(\2+H1—22\x)
U 1

x2—1

1/2
Xtanh—l[ 2] dz, (A19)

(A\—2)
d3q
—E——P -(P—q)J=—4r%ue*M,

-

—1ar 2
My

x2—1

Zmax 1/2
X / (\2—2xx+1) tanh—ll: ] dx, (A20)
1

(\—x)?

d3

q
My / E—EP “(P—g) PK=n"uo*

% / " e 1) (02— A1)
1

(\2—2x+1) ] 2
. - .
8 ll (\—x)(x2—1)1/2 tan |:()\—‘x)2:| ]dx (A21)

Combining Egs. (A16)-(A21) and substituting in Eq.
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(A15) yields

a?ffuy ((M—1)(2A241)

4N (27) 82

, M=D=1)2 (A1)
64N3 32\

I'(n— x0yy)=

$1na

1
— A2 In\——(\2—1)34-4B,+ Bo—\B; . (A22)
6A2

APPENDIX B
In this Appendix we carry out the detailed calculation
of the n — w7~ n% decay rate. Equation (4.3) is

9af2 / a%k d3Q1 d3 q2 daq:;
'=——— —_————

32020)F M2 b 2wy 2w 2o
g3 (q1tg2)

X4 P—g1—qa—qs—Fk) {P- (qz—-%)[m

P'Qa }2
—2g¢3'(g2—q1) ¢ . (Bl
+M,,2] 2g5* (g2—q1) (B1)

INTEMANN AND I. R,

/ d*Qd*R 8(Q-R)8(Q*+R?— 4n2)[(P R)( 70
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We shall carry out the integrations over the pion
momenta in the center-of-mass system of the three
pions. In this system P=(Po,K), 2= (KoK), Ko=K

where
M" 1/2
K=k[ ] , (B2)
M,—2k
Po=(K*+M 22, (B3)
Also, P—k=(F,0), where
Ey=(M2—2M )12, (B4)

For the g1 and ¢ integrations, we again introduce the
relative coordinates Q and R. Then

9af? d% digs
r= / / SQdR
128Q2m)"F M2 ) & 2w
X8(Q- R)6(Q*+R2*—4p?)s4(P—Q—qs—Fk)
. P. 2
q3-Q " 93)_2%.1{, (85)
Q M 2

n

x[(P-R)

where u is the 7% mass. Expanding the bracketed ex-
pression in Eq. (B5) gives

QP ) 2q3+ R:r&“(P Q—gs—Fk)

(P-R)XQ-gs)* (P-R)*(P-g9)* 2(P-R)*Q-gs)(P-gs)

- / QiR 6(Q-R)6(Q”+R2—4u2)' o

4(P-R)(gs*R)(g5:Q) 4(P-R)(gs*R)(P-gs)

+4(113 R)Z.._

where

®-0) My

= 4 . 24 R2_ 4,2
L= [ 202 RAQ- RAQ R4

M v4 (P ) Q)M vz

}64(P—Q—-q;¢—k)=L1+L2+L3+L4+L5+L0=L, (B6)

(P. 2( . 3)2 ( 2 2_
SO o 0mgi-ir= L. pye QzMZJ(QQ “) :

Ly= (Z'qu)z / d*Qd*Ré(Q- R)5(Q*+ R*—4u*)(P- R)%*(P—Q—gs—%)

7

( -q3)
40d4R6(0 - R)6(Q2+ R2—4u2
L= /d@ (O RuE Rty

4 2 2 2 284 87r 2 2()2 Q2-4#2)
L4=4/d“Qd R3(Q-R)5(Q*+R*—4p?)(¢s- R)% (P—Q“qa—k)=“3‘[(43-(2) —ko’Q ]( o ,

(P-R)XQ-gs)

3 (Q-P)2
(B7a)
2 (P 93)2[(9 Py oM, 2]<Q2 2) (B7b)
3 M} ’
84 P—Q—qs—k)
(P-93)(Q-gs) 02— 4u2\ 302
=§.7,-__._._._.~ P)2— 2M2 , (B7
G.prs L PO ]( ) (B70
(B7d)
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P-R)(gq3-R)(qs3-
Ls=—4 / HOERNQ- R R— ) DB R D
(P-Q)
87 (049 @iy
=—— 3 2P 3, )
R ARG (876)
(P"Ia)
Lim =4 / BHOARI(Q- R)S(Q* RP—42) (P R) (gs- R)3(P—O—gs—F)
8 2—
=_3( %) ( 2) . (BTf)
Thus, ¢
Q2—4M’>3’2 Q-9 (P-qs) (P-qs)(Q-gs)
L=3r 1 { Py—QM,?
( Q? H:(Q‘P)2 M Z(Q'P)an ][(Q F=guy]
. (Q-¢s) (P-ga) ,
a0 =ui0 T4 A [0 PP} B)

where Q= P—q;—k. Equation (B8) reduces to

Q2—4u’> 302 (0-q3)(P-gs)
L=3r 3)2— 44202+ ——(P- g3)? 2.
( o {(Qq) qu+ ( -q3)*+2Q 0P

-gs ‘P)X(P-g3)? QM Q- qs)?
_2(Q qs) ‘ iy (Q-P)%(P-q3)* Q*M,2(Q-gs) . (89)
2 Myt (Q-P)?

Then, performing the angular integrations, we obtain from Eq. (B5)

3af2 (03) max 2 Q2
(n — wtraty) = < 03)2— 42024 ——
T mtrai)=— VY / kdk / ( 2) {(Q ¢3)"—4uo Q2+Mq2(302+b2)

(Q g3) \ Q’M,,’(Qqa)2 , (@t (att
(ac——b) @ +20%(Q- q:s)[ " (a—b)—l]

1
+;{—;[azcz+%b4+%bz(az—l}ac-l—c’)]}dwa, (B10)
7

where a, b, ¢ are defined by Egs. (4.5).

APPENDIX C

In this Appendix we carry out the detailed calculation of the contribution from internal bremsstrahlung to
the n — wtr—n% decay rate.

1. n— =te =
Introducing once again the relative coordinates Q, R, Eq. (5.4) becomes
g digs
16(2m)M, ) w5

2 g\ 112 g2 (©8) max M 2= 2M s+ ot — du\ 1/2
X( - 2) = (&’32_#02)1/2 ( ’ - 2) dwh (Cl)
Q 8(2m)*M yJ 4o M y*—2M ywytuot

I'(n— 3r)=

4R ‘R 21 R2—4,2)54 —0)=
S(ZW)W » f QIR Q- R)(Q*+Ri—4u)s4(P—gs— ()=
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where Q=P—gqs, Q*=M2—2M w3+uo® in the rest
frame of the 7, and

1
W, )max="~(M 2+/“ 2—‘4#2) . (CZ)
( 3 2 M,, L] ¢
We may write Eq. (C1) as
g2uo Fmax
I'(yp— 3r)= / &, (v)dx, (C3)
8(27!')3)\ 1
where
(x) = (x2—1)1/2 Az_2)"“”—4”2)”2 (€4
Py(x)= (22— —_—
' < A2—2ax4-1
1
xmax='—"()\2+1—4p2) ) (CS)
2\
A=M,/uo, p=pn/pe. (Co)
Carrying out the integration, we obtain
T'(n— 3m)=34.7 g2 keV. «€n

2. > nta w0y
Introducing Q and R, the ¢; and g¢; integrations in
Eq. (5.3) become

dq1 %2
—— 2 |M|%(P—q1—q2—qs—k)

2w; 2ws pol.

1
- / JHQA'R 5(Q- R)3(Q*+R*—4u)

§p k il
X o4 P—q3—Q— )[ O TR B
4u? 2(0*—R?)

CQE-RE (Q-k)”—(R-k)z]' )

The first two terms in the bracket of Eq. (C8) contribute
equally since the integration is symmetric.

2/ TOIR o 0- RO +R—44)
Q&+ R-1)? g

(C9)

ﬂ.QZ (Q2__4IL2)1/2

X4(P—k—gs—(Q)=
Crhmem 00w\ @
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The third term gives?
QZ___R2

(0 R)3(Q?+ R*— 4u?)d*R
O R ©-R)s(Q 12)

2_2 2 2___,4 2\ 1/2
) tanh“’(Q s ) . (C10)
©0-k)? 2
Thus, Eq. (C8) becomes
Ppdy w0
5;—2';?; || 264(P 41‘92—43-/6)——@%)2
2_4 1/2 2. 2 — /2
x(Q ”z) +27r———-——(Q 2“)tanh~l(Q2 4”2)1 ,
an ? Q-%)* Q*

go g3
I(p—3r+y)=——— | kdk | —
2(20)°M, K

Q?—4u2\ 12
")

X { 27 (Q%—2u?) tanh"1<

2___4# 1/2 1 dx
...._7rQ2< z) } f ,
Q2 -1 [(Ep—ws)+gs- 2]

where K and E; are defined in Egs. (B2) and (B4). The
above reduces to

gla

(2m)ii, / k"k/ j:;{ZﬂQZ—zﬂz)

I(p— 3r+v)=

2_4 2 1/2 2___4 2\ 1/2
xtanh—l<Q ”) -WQ2(Q ") } (C11)
Q? Q?
It is convenient to define
Q2_4“ 1/2
x(k):( = 2) . (C12)

The rate in Eq. (C11) is then given by
g

I(n— 3rt7y)=——r
2(27)*M ,

[ (1 o o (®), (C13)
PUESSUISR R , 3
/k MJE

min

where ®;(%) is defined by Eq. (5.7).



