PHYSICAL REVIEW VOLUME

165,

NUMBER 5 25 JANUARY 1968

Model of Self-Induced Strong Interactions*

LEONARD SUSSKIND
Belfer Graduate School of Science, Yeshiva University, New York, New York
(Received 10 March 1967; revised manuscript received 11 September 1967)

It is postulated that the theory of self-induced strong interactions possesses an infinite-momentum limit.
This limit is defined and its consequences are examined. It is found that some important simplifications
occur if the limit exists. The limiting form of the theory is shown to have Galilean invariance with respect
to motions transverse to the direction in which the momentum is infinite.

I. INTRODUCTION

N two recent articles,'? the author,! with Frye,?
proposed a theory of “self-induced strong inter-
actions.” The form of the theory is greatly complicated
by the presence of vacuum structure effects. Further-
more, because the theory is not manifestly covariant,
in each approximation the input form of the energy-
momentum relation

E(p)=(p*+m?)'2

will not be reproduced in the output.

Stimulated by Weinberg’s? observation that vacuum
effects disappear in perturbation theory, when the limit
of infinite momentum is taken, I have examined the
possibility of taking the same limit in the theory ef
“self-induced strong interactions.” Besides eliminating
vacuum effects the limiting process is found to have the
additional advantage that the form of the energy spec-
trum is manifestly reproduced at each stage of
approximation.

In Sec. IT we introduce the infinite-momentum
method in terms of a system of free scalar bosons. A
remarkable analogy between two-dimensional Galilean
invariance and the invariances of the infinite-momen-
tum limit is demonstrated.

In Sec. III the infinite-momentum limit is defined
for the theory of “self-induced strong interactions,”
and it is shown that in the limit the transformation
properties of the theory are the same as for free particles
for those transformations which were discussed.

The limiting forms of the dynamical equations of Ref.
(2) are developed in Sec. IV.

In Sec. V, a formulation of the theory is given in
which the search for solutions is reduced to a search
for a set of infinite-dimensional matrices satisfying cer-
tain algebraic properties.

II. FREE PARTICLES AT INFINITE MOMENTUM

There are two types of reference frames from which
we shall describe a system of particles. “Ordinary refer-
ence frames” (ORF) are frames in which each particle
has a finite-momentum vector. Limiting reference frames
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(LRF) are frames which move along the z axis in the
negative z direction with velocity close to the speed of
light (which we take to be 1) relative to the ORF. Of
course, for fixed v<1 such a frame is also an ORF.
However, we are interested in the limit v— 1. A LRF
then is one whose velocity is sufficiently near 1 that the
limit of all the quantities under consideration have al-
most been attained.

Quantities measured in the LRF will be primed and
those in the ORF will be unprimed. The connections
between primed and unprimed quantities are given
below.

¥ =x,
y'=y,

"= (z401)/(1—2%)17,
= (o) /(=)

®

and
P =Pz
Py,’_“ Pw
b= (patvpe)/ (1 =227,
pi = (pstvp.)/(1—2?)'2

We consider a scalar particle moving with momentum
p as seen by an ORF. From the point of view of the
LRF, the 2 component of momentum given in Eq. (1')
becomes infinite. Therefore, the description of the
motion in the 2’ direction shall be in terms of the
“longitudinal ratio” «, defined by a=p.’(1—22)/2 which
tends to a finite limit as v — 1.

Scaling the momentum by the factor (1—22)!/2 ig
equivalent to stretching the 2" axis by a factor (1—22)~1/2
which is necessary in order to see any structure in the 2’
direction for systems which have Lorentz contracted by
the factor (1—2%)!/2. In terms of the ORF, a= p,+vp,,
which becomes

)

a=?z+?t
asv— 1.
When considering the state of a system of free par-
ticles from the point of view of ORF, we shall use the
notation

[p1** Pa)-
The description of the same state from the LRF is

| (ka)s- - - (ka)n),
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where k is a 2-vector in the x,y plane equal to (p.,p,),
and a; is the longitudinal ratio for the ith particle,
ai= (p.)i+(p:)i. We note that a>0. Whenever possible
the combination (a,k); will be replaced by a single
symbol z;. Hence a typical state in the LRF is

I 2100 211).
We are interested in the transformation properties
of the |z-:-2,) under the inhomogeneous Lorentz

group.
Let us first consider (finite) boosts in the z direction
with velocity #. For such boosts each free-particle

momentum transforms as follows:

Pz__) Pz)
Py pu,
pe— (patup)/(A—u?)'?,

pe— (petup.)/(1—ur)1?,
so that
1+u

Pt pe— m(ﬁ:‘f‘ P0)-

Or, from the point of view of LRF:

k—k,
o — NMw)a, @
Nau)=(1+u)(1—u)"12

Boost transformations are therefore scale transfor-
mations on the @ with positive scale factor A(x). De-
fine A to be the generator of such boosts so that the
unitary boost operator U(x)= ¢ 12Mw)] giyeg

U®)| (k)1 (k)n)=| (e ])1- - - (Nt )).

Translations in the #,y plane are as usual generated
by the x,y components of momentum which are

conserved
T(a)|21- - za)=exp(ia- > K:)|21- - *za),

where 7'(a) is the unitary translator along the 2-vector
a. Also, since Y e is proportional to p,’ it is conserved.

Rotations about the 2’ axis in the LRF are repre-
sented in the obvious manner, k forming a 2-vector and
a being invariant.

Two interesting symmetries are derived as follows,

The direction in which the momentum is infinite in
a state |ak) may be changed infinitesimally. Consider
an infinitesimal rotation of the system through angle
e about the y axis. This induces a transformation among

the p’ components.
P ll’ - P v,:
Pz’ nd ?zl'l' 6?/,

Pal'"Pz"— EPz'-
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Expressed in terms of « and k the transformation is
given by
kl/ - ky}
ke —> katoQs, 3)

a—a,

where in the limit » — 1, € has been allowed to go to

zero so that ¢/(1—1%)12— Q,.
Since these transformations are rotations in the LRF,

the theory must be manifestly symmetric under them.
Similar considerations apply to the rotation about x
which mixes p’, and p’y, so that Eq. (3) can be gen-

eralized to
k— k+aQ, @)
where & and Q are 2-vectors.
In terms of the ORF the transformation (3) is given

by
P:ﬁ - pz'l" Qz(Pz+ pt);

Pz"l'pt - P2+Pt,
Py pu-

This transformation is a homogeneous Lorentz trans-
formation generated by R,+L,, where R, is the ro-
tation generator about y and L, is the x-direction boost
generator. We shall refer to this combination as Q,.

The motion of the particles in the LRF is generated

by p. which equals a sum over particles:

D=5 L@ maT
= Z [e/(1—v?)+k2+m 2 ]2

kﬁ—f-m

Qi

¢ (1 _..02)1/2

= OZH—Z

B 1—®)12
+higher order in (1—2%)12. (5)

Consider the possibility of a coherent superposition
of two states with different total a. The leading terms
in the energies of the states are ai1/(1—v%)1/2 and
as/(1—22)1/2, Hence, as v— 1 the relative phase of the
two terms in the superposition will change infinitely
rapidly so that this relative phase is meaningless. There-
fore, in the limit v — 1 one should introduce a super-
selection rule for total a. In doing so there is no loss of
generality.

For interacting particles, which we have not yet in-
troduced, the amplitude for a real transition need only
be computed for eigenstates of . Using the Lorentz
invariance of the scattering amplitude we automatically
obtain the transition amplitude in an ORF. If the state
in question happens to be a coherent superposition of
different 4-momentum in the ORF, we can superpose
the ORF amplitudes in the customary manner.

Since the leading term ¥ a;/(1—2%)!/2 only multiplies
the state vector by an uninteresting phase for eigen-
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states of > a, we subtract it out of the expression for
the energy in the LRF. Transitions among states of the
relative coordinates and transverse x,y motions of the
system are generated by the rest of the energy which
goes to zero as (1—1v%)!/2 corresponding to the fact that
all such motions are slowed down by a corresponding
factor due to time dilation. Hence it is natural to in-
troduce a new time scale T for the LRF, defined by

T= %l/(l—'l)2)“2.

In order to compensate for this, the generator of
motion must be multiplied by 2/(1—22%)/2. Hence, we
define an effective Hamiltonian by

kH-m?

H=% (6)

o
In terms of the ORF’s momenta

H=3; [(p2)24(py)2+m2]/[(p)i+ (p)i]
=(p)i—(p:)i.  (7)

Thus we have found the following combinations of
the elements of the Lorentz algebra of interest:

(1) kz=ps, ky=py; the generators of transverse trans-
lations.

(2) a=p.+p:; the sum of the generators of trans-
lation in the z direction and ¢ directions.

(3) R., the generator of rotations about the 2’ axis.

(4) A, the generator of boosts in the z direction.

(5) Q. (Qy), the sum of the generators of boosts in
the x (y) direction and rotations about the y (x) axis.

(6) H, the difference of the translation generators in
the time and z directions, p:-p..

This set of eight generators forms a subalgebra of the
10-element Lorentz algebra. The commutation relations
can be obtained from the usual Lorentz algebra by
making the above identifications and are given below:

lok]=[a,H]=[a,Q]=[kA]=[kH]
=[R.a]=[R.H]=0,

[ayA]= —ia, [k’Q]= —ia,
[Q;H] = Zik: [Rz,ki] =1e;ik;,

[R.,Q:]=1€:Q;.

The seven generators excluding H also form a sub-
algebra which we call F. In fact, it is easy to show that
F generates the subgroup of the Lorentz group which
leaves invariant the hypersurface z4¢=0 in Minkowski
space. This hyperplane is tangent to the light cone and
is the limit of the surface /=0 for the LRF as v— 1.
Hence one may think of the LRF as a reference frame
in which “space” is tangent to the light cone. The sub-
group F plays the same role in the infinite-momentum
limit as the rotations and translations do in an ORF in
which they leave invariant the surface {=0.

SELF-INDUCED STRONG
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The geometrical significance of the generator H=p,

— p. from the point of view of the ORF is that it gen-

erates motions along the lightlike direction given by

dx/dt=dy/di=0, dz/di=1.

Hence the effective Hamiltonian H generates motions
of the surfaces x+t=c — x+i=c-+34.

Unlike the subgroup of rotations and translations in
the ORF which cannot change the magnitude of the
spatial momentum of a particle, the subgroup F can act
on any particle state |a,k) to give a state of motion of
the same particle with any other values of « and %.

Finally, we wish to call attention to a remarkable
analogy between infinite-momentum transformation
properties and Galilean invariance.

Consider a two-dimensional system of nonrelativistic
particles invariant under the Galilean group consisting
of the following transformations:

(1) translations generated by the two components of
linear momentum called ¢, and gy;

(2) rotations in the %,y plane generated by L; and

(3) velocity boosts (Galilean, not Lorentzian) gener-
ated by G and G,

The energy is

E=3 (qiz/zﬂi)‘i'é‘vij(“i"ril) ,
K 17l

where p; is the mass of the ith particle.

A velocity boost with velocity v translates the mo-
mentum of each particle by uv. Hence the unitary oper-
ators representing the boosts are

e'9e=expliv 2 pixi],
i
edv=expliv 2 piyil,

where x; and y; are the spatial coordinates of the ith
particle and the generators are

Go=2 i piti,
Gy=Z,- MiYie

From this we deduce the commutation relations for
the Galilean group:

[92,G=1=1 2 i,
[90,Gy1=12 iy
[42,G,1=0,
[G.,G,]=0,
[G+,L]=1G,,
[Gu:L] =—iGy,
[E,G.]=1ga,
Eq’E:‘: 0,
[L,E]=0.
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These commutation relations are identical with those
of Eq. (8) if we identify ¢ with %, G with Q/2, L with R,
E with H, and p; with «a;/2. Thus the infinite-momen-
tum limit is Galilean invariant with «/2 playing the
role of effective transverse nonrelativistic mass and Q/2
replacing the generator of Galilean boosts.

The origin of this symmetry is not difficult to under-
stand. The expression for the Hamiltonian in the LRF
is X" (ki>+m?%)/a;. The term k;2/a; is formally identical
to the ¢2/2u of nonrelativistic physics, and the m:*/a;
can be regarded as internal binding energy. The trans-
formations k — k+aQ, generated by Q, are formally
identical to momentum — momentum--mass X velocity.

Thus any relativistic theory, if it has an infinite-
momentum limit, must satisfy all the general require-
ments of Galilean invariance in the LRF. It is therefore
in the LRF, not the center-of-mass frame, where our
intuitions from nonrelativistic quantum theory may
have their most useful analogs.

III. INTERACTING PARTICLES

In Refs. 1 and 2, multiparticle state vectors
|p1- - -pa) were introduced. The |pi---p.) are not en-
ergy eigenvectors for interacting systems. In a conver-
gent field theory, if a'p were the polynomial in Fock-
space creation operators which acts on the physical
vacuum |0) to produce the single-particle momentum-
energy eigenvector |p), then

[p1- - -pa)=0a"p1- - -a"p,]0).

Unless the field theory is noninteracting, the |ps- -« - pa)
cannot be expected to be energy eigenvectors since they
do not contain the “scattered wave.” They are, however,
momentum eigenstates.

Under Lorentz transformations the |pi---p.) for
7n>1 generally become very complicated superpositions
of multiparticle states involving different numbers of
particles as well as different values of total and sub-
momenta. The physical reason for this is that Lorentz
transformations which move the surface {=0 (this in-
cludes boosts and time translations) leave a region of
space-time between the surfaces of simultaneity of the
two observers. Interaction, absorption, creation, and
scattering of particles can take place in this region caus-
ing the connection between the descriptions in the two
frames to be complicated. In particular, since the pres-
ence of one system will affect the behavior of another in
the region between the two spacelike surfaces, the
Lorentz transformation will not act as a product trans-
formation on the subsystems of a system.

Those Lorentz transformations which leave invariant
the surface =0, namely rotations and spatial trans-
lations, act separately on the coordinates of each sub-
system.

We again introduce two frames ORF and LRF mov-
ing with relative velocity v along the z axis. Although
the states |pi---p.) are not energy eigenvectors, we
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still define (p.);="[|p:| 2-+m2]"/% Primed variables are
related to unprimed by

P$,= P%
D=1y,
p'=[paAvp ]/ (1—09)'7, ©

PL’E ]:p;-i-vj)z:]/l(l"?)z)llz-

We are interested in states |pi---p.’) as seen by
LRF. These configurations, as observed by ORF, are
not simply |pi---p.) but are U(v)~!|py - - - p.’), where
U (v) is the unitary operator connecting ORF with LRF.
Define |p1- - -pa; v) by U (0) [p1'+ - - pa')=[ D1+ - - Pu; 0)-
By definition [pi- - -pa; 0) equals |ps- - -p.) and for free
particles [p1- - pn)=|p1-*-pa;v) for all v. Our basic
assumption, which we introduce as a postulate, is that
lim,.,1 | p1- - Ps; v) exists and that in the limit the struc-
ture of the vector space spanned by the limiting vectors
and the relations of these vectors are unchanged. The
meaning of this latter qualification will become clear as
we proceed.

The limiting vectors lim,.1 |pi- - pa;v) we denote
by |(ak)i---(ak).), where as before, a;=(p.)i+ (ps):
=lim p/(1—2%)'"2 and ks,y= P2,y

According to the assumptions of Ref. 2 the
|p1- - - pa; v) are complete for any value v. As an example
of the meaning of our basic postulate, we assume that
the limit vectors |(as,k1)- - - (an,kz)) are also complete.

We shall now prove that the action of the sub-
group F, introduced in the previous section, on the
| (ak)1- - - (k),) is identical to the action of the free-
particle transformations. This is obvious for the gen-
erators of transverse translations and rotations about
%', ks, ky, and R..

The generator p,+vp, is (1—22)1/2p,/. Hence it acts
on |p1++ - pn; v) to give

(1= 37, (p )il pr-+ *Pas V).
In the limit v — 1 this gives
(patpo) |21+ 20) =il 21° - -2a),

where we have used the notation z; for (ak):.

The z-direction boost by velocity |#| <1 takes a state
which is seen as |pi---p.’) by an observer moving
relative to ORF with velocity —v into the state
[ps---p.’) as seen by an observer with velocity
—w=(—u—1)/(1—wuw) relative to ORF. By definition,
this state is

Pz+upt

a__m...;

'P%Pl/a

Now as » — 1 so does w, so that the boost of | (e,k)1- - -)
is

(Partw,

lim

w1

Pz‘f‘”?t .
A—wpz w>
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Hence the action of the z boost (called A) is again a
rescaling of all the ;.

The generators Q, Qy can be handled by recognizing
that they are infinitesimal rotations about the y and «
axes, respectively, in the LRF. Their action is therefore
identical to the free-particle case.

In Refs. 1 and 2 the |p1---pa) were not an ortho-
normal set because of the extended structure of the
physical particles. The inner products were shown to
possess a cluster decomposition, identical to that of the
S matrix except that since the vectors |pi---pa) for
7>1 are not energy eigenvectors, the inner products are
not diagonal in the sum of p,. This allowed nonvanishing
of inner products between single- and many-body states
and vacuum and many-body states. This is forbidden,
of course, for the S matrix.

The connected parts of the inner products are con-
tinuous functions apart from an over-all multiplicative
 function of initial less final total momentum which
we called C(q1** *qm; p1°* *Pn)-

In the present development the unhealthy “vacuum
pollution” represented by nonvanishing of inner prod-
ucts between the vacuum and multiparticle states is
absent because the multiparticle states have «>0 and
are therefore orthogonal to the vacuum. Actually one
must be more careful about this point because the phase
space “blows up” at a — 0. However, it is plausible,
especially in view of Weinberg’s? result in perturbation
theory, that the vacuum structure effects do disappear
asv— 1.

It follows immediately from the invariance of the
inner product under the subgroup F of the Lorentz
group that the inner products ((8l)1- - - (8| (a,k)1- - -
(a,k),) are unchanged by the following substitutions:

a;— )\Ol,;
{ } (10)
Bi— A3;
k; — k;4a:Q
{ } (11)
1,—1;4+8,Q
kotik, — e(kotik,)
{ . } (12)
L+il, — e(l,4il, )

Conservation of total  and k requires the inner product
to be diagonal in these quantities.

Assuming the inner products have the same cluster
structure in the LRF as in the ORF, the connected
parts

C(wl. ©Wp; 31" .zm)

must have the same invariances as the inner products.
The notation w; is used in bra vectors to denote (8,1)i,.

A function, invariant under the transformations (10),
(11), and (12), which conserves « and k is called
an F invariant. It can be expressed in terms of the
invariant coordinates a;/4, B;/4, L;—(B;/4)K, and
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k@'- (az/A)K, where 4 =Zi o; and K=Z; ki. The F-
invariant 6 function is defined to be
d(wr- - wa; 210 2m) = (i @) =25 ;)

X ki—251). (13)
The requirements of (a,k) conservation are expressed

by the connected parts C being proportional to
d(w-++;z-++). For example

(w|z)=C(w; 2) = 8(w; 2) = 6(1—a/B)8*(k—1). (14)
We also know about the C’s that
C(0;3---)=0 15)
and
C(w---;z”-):C(z'--;w---)*. (16)

In Refs. 1 and 2, the postulated composite nature of
the particles was represented by each single-particle
state being a superposition of multiparticle states:

Ip)= é ep(P1***Pa) [P1 - - Pa)d™p. a7

The linear dependence of the single- and many-
particle states is postulated to go over in the limit
v— 1 to a relation similar to Eq. (17):

=3 [ e 2a) |- - za)dna.

(18)
n=2
In Eq. (18), d"z=dz:" - -dz, and dz= dk,dk,do/a. The
differential volume element dz is F invariant.
Projecting Eq. (18) into (w:- - -w,| gives

(w1 Wn|2)= i drze.(z1° - 2n)

X(wl. . .wmizl. . .zn>.

(19)

From Eq. (19) and the F invariance of the inner
product we conclude that e,(3:---3,) must be an F-
invariant function of z and z;.

We shall also require a set of coefficients which resolve
the identity. We call them I(z---;w---).

2 | dmadmw|z - zm)(wre - o wa

m,n=0
XI(z1° - zmywi--w,)=1. (20)

Taking matrix elements of Eq. (20) gives
@2 )= %

m,n=0

dmgdmw(w’ -+ | 210+~ 2m)

XI(ZI' *Zmy Wyt .wn)
X(wi -« -wmlg’-+-). (21)

The F invariance of the inner product and differential
dz require the I to be F-invariant functions of w; and
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z;. We have formally included the vacuum projection
operator into Eq. (20) by summing over #=m=0. The
coefficients 1(0; 0), I(z;0), and I(0,w) equal 1, 0, and
0, respectively.

In Ref. 2, the inner products satisfied an internal
particle “X” representation. We postulate the correct-
ness of the representation in the limit. Since the vacuum
projections {0|z1- - -2,y are zero, the X representation
is not complicated by vacuum terms. We use the follow-
ing cluster notation:

Z or W stands for an entire cluster of particles. For
example,

Z=(21""2m), W=(wr" wy).

The total transverse momentum of Z(W) is K(L)
and the total longitudinal ratio is 4(B). The vacuum
is formally included in the cluster notation as in Ref. 2
by a “null” or “empty” cluster. Hence we have in
symbolic notation that

%7 |21z W)W|=1,

where Y wz means summation and F-symmetric inte-
gration over the clusters Z and W.
The X representation is given by

<701. . .wnlzl. . .zm>

=X (w1]|Z1, 212" Zim* (@ |Zn1" * * Zm)
W,z

X<I/V11' ° 'W'nllzl>' * '(Wlm' * 'anlzm>

X](Zu; Wu)I(le; Wm) v ‘I(Zﬂmi Wm") - (22)

We state a theorem which is proved by inspection.
Theorem: The right-hand side of Eq. (22) is F in-
variant if the single-particle projections, (w;|Z- - -) and
(W---|2:), and the I’s are. Hence an iteration method
may be used to obtain the multiparticle overlaps, which
at each stage yields F-invariant projections. The first
step of the iteration is to replace the sum over inter-
mediate I’s by vacuum and single-particle contributions.
The resulting overlaps imply a set of I functions
which can be obtained by the method of Ref. 2. The
new I functions can be used in the second iteration
to improve the projections through the X representation.
In first approximation

I=10)0]+|2){w| 8(1 —a/B)o*(k—1). (23)

IV. DYNAMICAL EQUATIONS

The generator of time translations in the LRF is
related to the components of 4-momentum in the ORF

by

= (ptvp.)/(1—vH)12 (24)

This energy becomes infinite as v — 1. However, the

leading term in the energy is proportional to p,’. If we
are working with a system which is in an eigenstate of
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the total 2 momentum we can subtract any function
of p./ and p,/ at the expense of doing nothing more
drastic to the time development of the state than multi-
plying it by a time-dependent phase factor. We shall
therefore subtract from p,” its infinite part, p,". We stress
that this does not prevent us from considering systems
which contain subsystems with indefinite p,” as long as
the total p,’ is well defined. In terms of ORF variables,
the “effective Hamiltonian” p,/— p.’ for LRF is given by

r_ ﬁt""vi)z Pz+vpt
~(1-—1*2)”2 (1—o2)1/2°

P:‘,/—' pz

which for v — 1 becomes
(pe—p.) A1—2)1%/2,

This is the “real” transition-producing part of p.’
which goes to zero as v — 1 in a manner consistent with
the time dilation for internal processes of a system with
velocity near 1. As for free particles, a change in time
scale eliminates the factor (1—1v2)'/2/2, leaving the LRF
effective Hamiltonian

H=Pt“‘Pz. (25)

We define the total mass squared invariant p,2— p;?
—py*—p.? to be S. Using the definitions of a as p.+ p:
and H as p.— p., the invariant S may be expressed in

the LRF as
S=Ha—k?,

which gives

H=(K+S5)/a. (26)

Note the similarity between Eq. (26) and Eq. (6).
In fact for a system of free particles, Eq. (26) reduces
to Eq. (6).

Since S is Lorentz invariant it follows that it is also

F invariant.
In terms of matrix elements, Eq. (26) takes the form

WH|Z)y=W|Z)|K|*/A+SW; Z)/4. (27)

In Eq. (27) S(W; Z) are the matrix elements of the F-
invariant operator S and are therefore F-invariant func-
tions of the z; and w;.

In Ref. 2 it was proved that the matrix elements of
the Hamiltonian satsify a cluster decomposition which
follows from the cluster decomposition of the unitary
time development operator. The cluster rule for energy
is based on the cluster decomposition of the inner
product. For each term in the cluster decomposition of
(W|Z) containing N disjoint clusters, there are N terms
in the decomposition of (W |H|Z), each one obtained
by substituting for one of the C clusters a connected
function H,(w- - -; z- - -), leaving the other N—1 factors
as C functions.

We shall use just such a cluster structure for the
matrix elements of the effective Hamiltonian in the

LRF.
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The justification for this is that both the operators
p: and p, satsify this cluster rule. In terms of the func-
tional methods introduced in Ref. 2, a set of functions
T(q:1+ * *qm; P1* * *Pn) satisfies the cluster structure pro-
posed for H if the generating functional 7" of T satisfies

T= 7T, exp[C],

where 7', is a connected functional and @ is the gener-
ating functional for the C(W; Z). Hence, since p," and
p.’ are the energy and momentum in the LRF, the func-
tionals which generate their matrix elements satisfy

(Pt’ = ((pgl)c exp(‘},

@,/ =(®."). expC,
and therefore

Je=(®/—®.") =3C, expC.

(1__2)2)1/2

The structure of the functions H (W ; Z) can be clari-
fied by considering the fully connected part of Eq. (27).
This gives

H(W;Z)=(K*/A)CW; 2)+S.(W; 2)/A. (28)

Given that H satisfies the cluster structure
3=73C, exp@, Eq. (28) is necessary and sufficient for
Eq. (27).

In Eq. (28), S.(W; Z) is the momentum-conserving,
F-invariant, connected part of S(W; Z).

Inserting Eq. (28) into Eq. (32) gives

1
)= D
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For the single particle
(w| H|z)=H(w; 2)=8(w; 2)(k*+m?/a,  (29)
from which it follows that
Se(w; 2)=d(w; 2))m? (30)

A significant feature of Egs. (29) and (28) is that the
structure of Eq. (29) is reproduced under the expansion
of the single-particle states:

(w|H|z)=08(w; 2)(K*+m?)/e
=2 eDeo W)W H|Z). ()

In Eq. (31), > zw means summation and F-sym-
metric integration over the variables describing Z and
W. In order to prove Eq. (31) consider the particular
terms in the cluster expansion of H which contains N
connected C clusters and one H,. Such a term gives a
contribution to the right-hand side of Eq. (31) of the
form

1
=2 2 e(ZyZyp)ew(Wr - - W) *Ho(W1; Zy)
N! perm ZW
XC(Wa;Za)- - C(W w15 Zwya) . (32)

The sum over permutations means a sum over every
different partition of the 2z; and w; into the clusters
Z1—ZN+1 and W1—WN+1.

. | Ky |?

+
Anya/a

} C Wl;
Al/a ] ( Zl)

1 1 a
XCWws1; Zo)+-2 — X X e(Zr - Zypr)ew(Wy - 'WN+1)*ZSc(W1;Z1)C(W2$Zz)' =

a N Nlperm zw

1
XCWasr; Zusr). (33)

In Eq. (33), a is the longitudinal ratio for the external particle z. Since each quantity in Eq. (33) has a transverse-
momentum- and longitudinal-ratio-conserving & function, the entire expression is proportional to 8(w;z). The
entire second term which multiplies 1/« can easily be seen to be F invariant, and, therefore, has the form g,6(w; ),

with g1 just a number.
In the first term, Y1t | K;|2/(44/a) is written as

] 3 g
| Z ]
=1 Ai/a ’

where

N+1

k= Z Kir

te=1
and is, in fact, the transverse momenta associated with z. The |k|? term gives a contribution to Eq. (33) of the
form
k| _ 1

— 22— X el Zn)ew(W1- - - Wa)*C(W1; Z1)-

a N Nlpem zw
k|2

a

C(Wn; Zn)

u% e Z)en(W) (W | Z)=% k| *w|2)=1 | k|2%5(w; 2). (34)
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The term involving ¥ |K;|2/(4:/a)— |k|? is F invariant since Y (a/4;)|K;|?— | k|2 is F invariant. The in-
variance under A transformations is obvious since the only longitudinal dependence is in the 4;/a, which are F
invariant. Under Q transformations we have

o2 [Ki|/4:i—|k|*/a]— o[X |Ki+4:Q]%/4i— |k+aQ|*/a]=a[3 |Ki| %/ 4~ [k|*/a].
Hence this term is F invariant and gives a contribution to Eq. (33) of the form (gs/a)8(w; ). The entire right-

hand side of Eq. (33) is
CIk[%/at+ (g1t g2)/a]b(w; 2),
which proves the assertion.
The Schrodinger equation for the single-particle state |z) is

H|z)=(|k|*+m?/a|z). (35)
Expanding |z) in multiparticle states and taking matrix elements gives
K22
L WIH|Z)e2)=———X (W|Z)e(2).
z a z (36)

Using the cluster decomposition of H as in Eq. (33) gives

1
2 T > Y elZa e Zy)H (W1 Z1)C(Wa; Zs) - - - C(Wsa; Znsa)
N lperm Z

_ k[ 4m?

a

1
%X— %ﬁ 2 ey ZN)C(Wi; 21)- - C(Ww; Zw),  (37)

perm

which by Eq. (28) becomes after some rearrangement

Z—l- Y X elzi--Z ){[lez IKNIZ [klz]C(W'Z)‘*'NS(W'Z) CWy; Zs)+ - - C(Wy; Zw)
¥ Nlvam o 0 Al/al A/ 1541 (W1; Z1 2; L2 N 2w

—m22 > X elZyZN)CWy;Z1)---C(Wh; Zn).  (38)

' perm WZ

Both the left-hand side and right-hand side of Eq. (38) are F invariant. The equation is a linear eigenvalue,
eigenvector problem for the eigenvalue m? and eigenvector e.(z1- « 2m). The F invariance of the equations means that
the problem can be solved for a particular choice of a and k say a=1 and k=0, and the solution can be continued to all

a and k by F transformations.
The & representation for H postulated in Refs. 1 and 2 is assumed in the present model:

llH,le" ) .
1 (Z i3 Wij) <Wsl Wi [Z] )

Wi Wy H|z zm) Z H(wzlzz zm
e e =1W.2 i a / (wi| Zy- -+ Zs,)
m (W11W2z' e Wntllel>
+3 3 I ilZa- - Zim)I (Zij; Wij) (Wi Waslzn— 2 2 11
1=1 Wz i W1,Wey Wyl 2z kL WW.,2Z' i)
I(Zkz, WHYHW'; ZI(Z'; Wkl)
X{wi| Zia~ - Ziw)l (Z gy Wi Wi - - Waj|2;) (39)

I(Zw; Wiy

Substituting Eq. (28) for H produces a set of matrix the first two terms of Eq. (39) give
elements whose connected structure is given by Eq. (28). . .
Hence the & representation is consistent with the trans- i": | K| i L] Z , Z _”f_z
formation properties of H. T T B, i f 7 8,
The matrix elements of H may be calculated by an ¢ ! ‘ !
iteration method proposed in (1) and (2). Since X (w1

(w|H|z)=(w| Z)(|1]| 24+m?)/a, The third term is approximated by including only the

. .wnlzl. . 'Zm)-
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effect of the single-particle configurations in the inter-
mediate sum over H. The resulting H may be used in the
& representation to give an improved approximation.

From the discussion beginning with Eq. (31) and
ending above, we see that the manifest F invariance of
the equations guarantees that the form of the energy
spectrum used as input into the cycle of equations is
reproduced in the output.

V. ABSTRACT FORMULATION

In this section we assume the space of states to be a
Hilbert space with a countable orthonormal basis. The
vacuum |0) is chosen as one of the basis elements and
the remainder of the space is spanned by the vectors
|4),  being an integer. The basis vectors satisfy

Each state |4) is a superposition of multiparticle states
and is generated by a creation operator A4,f, which is a
polynomial of particle creation operators.

U#Aﬂm=z/?wwra@mnqm

Aif——: Z/dmzfg(h . 'Zm)aTZI‘ @z, (40)

Since the |4) are complete, 4,74, can be expanded as

AT A 0)=PriA ] 0)
or
AFAF=PriA T, (41)
with
Prri= (0] AsA T A1 0)= (| k).

The complex conjugate of Pr;® will be denoted by
(o
In general we define 4,74;1---4,|0) to be |4,k - -1).
The P’s satisfy the following conditions.
A. Expandability

Each |) can be expanded in the |%7) in a nonunique
manner. This follows since

=5 [ el st [16)19),

Expanding the single-particle contribution into two and
more particles allows an expansion containing no linear
terms in the af.

@
Ad=3 Filzr - 21, 2im1 - 2m) (as+ - a)1)
2
X (‘1z~;+1;r T azfn*) .

Each product of 4 in the expansion of 4, has been
partitioned into two factors. By the completeness of the
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|2) each operator a,,'- - -a.;" can be written as a linear
sum of A"’s. Hence

A 51' = e,-(j,k)A,-*A },;T.
The condition (I|i)=8;; gives
(0[4,4:")=(0] 4,474, |0)ei(j,k) = e:(j,k) Pjr'=61. (43)

Let us consider Pj;! to be the / component of the (jk)
column vector Pj;. Equation (43) says that the vectors
P, are complete since any basis vector 8;; can be ex-
panded. Hence there is no vector orthogonal to all Pj,
which means that there does not exist a vector R with
components R? such that P;;!R!'=0 for all 7, & unless
R'=0. Equivalenily, the mairices P with (jk) element P!
are linearly independent.

(42)

B. Symmetry

For boson systems (z|jk)= (¢| kj) so that the matrices
P! are symmetric. Also 4,54 4,'=P;PymA.!. Hence

Pj!Pyym=Pyi'Pym=Py'Pji™ (44)

C. X Representation

Since the |m) are an orthonormal basis for the space
orthogonal to |0), we can evaluate (ij| k) in terms of
the P’s:

(ij | kly= (ig| m){m | k)= Qi/"Prr™ 45)

A second formula for the same quantity follows from
the 2-cluster X representation.

(]l kl)=§v Gl ZiZa)§| ZinZir)

XW sy W i | RXW s, W 2| DI (Z sz W) I (Zii; W a2)
XI(Zj; Wir)[(Z1j; W), (46)
where the Z’s run over all particle configurations in-
cluding the null configuration.

The intermediate sums over | Z)I(Z; W){W| can be
replaced by |1){j|8:+ [0){0], giving

(17| kly= 881+ 84185+ Pt Qumit 4 Pt Qums®
+PkmiQmjl_‘_P'mlemik+PmnierlPrszsnk~

Defining a set of new matrices, p?, by

(47)

pjki=iji, for 1,],]3750
pi®=0, for j#0 or %0
po®=1, pjo'=poj*=08y;

and their complex conjugates g::é, Eqs. (47) and (45)
give
g™ prim="Tr{ p’q'p%*]. (48)
If we denote pr™(g:™) graphically by a bubble with
#(¢) in it and use the convention that internal lines are
summed over, Eq. (48) takes the graphical form shown
in Fig. 1.
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o - S

Fi16. 1. The X representation for (5| kl).

D. Existence of Space-Time Generators

The space-time group generated by a, the total longi-
tudinal ratio; k, the total transverse momentum; A, the
generator of z boosts; Q, the generator of transverse
“Galilean” transformations; R,, the rotation about the z
axis; and H, the Hamiltonian, must be reflected in the
space of states. The generators are to satisfy certain
A-type representations and commutation relations.

Consider first o, R., k, A, and Q. When not distinguish-
ing between these we shall call them F. The transfor-
mations generated by F act independently on the sub-
systems of a composite system. Suppose e‘*F | i)= U ;| 7).
Then ei<F |ik)= U ;Ui |jI). In terms of F itself

Flik)="Fji|jk)+F|if), (49)
where
Fji=(j|F|1).

We shall derive a representation for the matrix ele-
ments of F which reflects the special way in which F

ol - e+ o,

Fi16. 2. Representation for (Z|F|jk).

We start with the matrix element (7| F|ij):

(UF|if)= (U ai) g Fli)+<tlig) (| Fl7)
= (U] gj)F i+1]ig)F oj.

This is shown in Fig. 2.
Next, consider (ij| F|kl) which equals

<ij‘ql>Fak+<ij|kQ>Fql

as in Fig. 3. Using the X representation for (ij|ql) and
(ij| k) gives Fig. 4 for the matrix elements of F.

The combination {mn|q){q| F| k) appears and is equal
to (mn|F|k). Using Fig. 2 gives the symmetrical repre-
sentation of Fig. 5.

A reversal of the above argument leads to a repre-
sentation with the F bubbles to the left analogous to

Fig. 4. See Fig. 6.

o - S+ g

Fi1c. 3. Representation for (3| F|kI).

(50)
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+
o‘o 0‘0 ®

Fic. 4. Result of expanding Fig. 3 using
the X representation,

In terms of the p’s, Figs. 4 and 5 read

(ij| F| kL)
=Ti{p'"p%" IF s+ Trlp'g" g JF
=Tl pig*pig'F1+Tr{ p'¢*p'Fq"]
+Tilp'g*Fpig 1+ Trlp'F*pig'].
Consistency relations for F are obtained by equating
the expression implied by Fig. 5 to (ij/m)Fmn(n|kl).

This is shown in Fig. 7.
Let us now evaluate the commutator of two F-type

operators F and G
(i|[F,G]| k)= (ij| FG| k)= (ij| GF | ki).

The first term is evaluated by inserting a complete set
of states between F and G giving the expression in Fig. 8.
We use Fig. 1 in Fig. 8 to get Fig. 9.

ORCwO,
SOZCaN
oG o
+
5
GO

F1c. 5 Another representation for (ij | F|kl).

(51)

Using Fig. 2 for both F and G gives 16 terms, each
containing a single F and G bubble on internal lines.
Four such terms will have F and G on the same line
with F to the left of G. One such term is indicated in
Fig. 10. The other terms have F and G on different
lines as in Fig. 11.

When evaluating the product GF the terms analogous
to Fig. 10 will have G and F in opposite order while the
terms in which F and G are on different lines are ident-
ical for both orders of multiplication. Hence only the
terms like Fig. 10 will survive the commutation. The
result is given in Fig. 12.

+
vo NG

Fic. 6. Yet another representation for (ij| F|kI).
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02020

)

Fi6. 7. Consistency requirements on the matrix elements of F.

In Fig. 12 the E bubble stands for
E.‘j= Fikaj—Gikaj= [F,G:Iij.

Hence the commutator of two operators satisfying Eq.
(51) is another such operator.
The matrix elements of H satisfy a generalization of
Eq. (51) obtained directly from the 9 representation.
Define H;;=(i|H| 7) to be the ij element of a matrix
H. Also let (i|H|jk)=HP;i'=Hj’ be the jk element

© O,
+
()
+
()
(O—®
+
Fi1c. 8. The commutator of two F-type operators.

of the matrix H* whose adjoint is A% Then
(ij| H|kl)
=Tr[H¢*pig 4+ Ti[ p'H*pig"]
+Tilpig*Hig' H+-Trl pig*pH']
—Trpig*pig'H 1—Tr[p'g"p’Hq"]

—Trlp'g*Hpig'1-Tr{p'Hg*p’"], (52)
which for consistency must equal
Gii"H mnpir™. (53)

An easy calculation shows that commuting any oper-
ator satisfying Eq. (52) with any operator satisfying
Eq. (45) produces an operator satisfying Eq. (52). Since
operators satisfying Eq. (51) also satisfy Figs. 4 and 6,
they also satisfy Eq. (52). This is seen by adding Figs.
4 and 6 and subtracting Eq. (51). Hence commuting H
with an F produces an operator with structure similar
toHor F.

Fi6. 9. Expansion of Fig. 8 using the X representation.
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00@0
Oy

Fi6. 10. A term in [F,G] with F
and G on the same internal line.

From Eq. (8) we see that the commutator of any pair
of F’s is an F and the commutator of A with H is an H.
The last commutation relation between Q and H gives
an F.

By working in a representation in which « and k are
diagonal, as in the previous section, the existence and
commutation relations of the F’s are assured.

Hence the study of solutions of the theory may be
reduced to a search for sets of linearly independent
matrices P? satisfying Egs. (44) and (48) and admitting
the existence of the matrices H;; and F;; with the correct
& representations and commutation relations.

An interesting question is whether the group struc-
ture puts enough constraints on the spectrum of H, o,
and k to limit solutions of the abstract problem to those
with a physically realistic particle description such as
the description we started with.

Q-GGVO
0‘0

Two more generators must be added in order that
the full Lorentz algebra be represented. We can take
them to be the rotations R, and R, which mix the longi-
tudinal direction with the transverse directions in the
ORF. Invariance with respect to these rotations is a
very nontrivial requirement which we shall not discuss
here except to remark that R must have the & structure
of the Hamiltonian and not the simpler structure of the
F operators. This follows from the commutation relation

[R.,ky]=%i(a—H). (54)

Since k has the F-type structure, if R also was an F-
type operator, the commutator would also be F type.
However, the presence of H on the right-hand side of
Eq. (54) gives the commutator the more complicated
structure which can only be if R has X structure. Note
also that like H, R generates transformations which
displace the surfaces (x41)=c.

FE -

Fic. 11. A term in [F,G] with F and G
on different lines.

OO .\ O
. & G

¥i6. 12. Representation for E=[F,G].



1546

VI. ABSENCE OF VACUUM STRUCTURE

In Ref. (2) the presence of vacuum structure pre-
sented grave complications to the structure of the inner
products and Hamiltonian. In the present model we
have ignored vacuum structure altogether. This is con-
sistent with a theorem of Weinberg,® which states that
in field-theoretic perturbation theory, vacuum structure
effects go to zero for infinite-momentum observers.

Qualitatively, the reason is that each constituent of
any state in our model carries a positive longitudinal
ratio corresponding to a positive fraction of the infinite
momentum. It is not possible to avoid having at least
one line coming from a vacuum bubble connecting into
one of the lines carrying infinite momentum. If the
vacuum clusters fall off to zero as the momentum of the
legs becomes infinite, then the vacuum terms will not
be able to connect into the X or & structure. A careful
analysis of the approach to infinite momentum of the
equations of Ref. 2 would be worthwhile. In particular,
it seems likely that the vacuum Schrédinger equation
will require the vacuum clusters to fall off at least as
fast as £, where E is the sum of the kinetic energies
of the particles in the cluster.

An interesting question which we are presently in-
vestigating is whether the Galilean invariance of the
transverse motion is more than a curiosity. The author
has found that several questions concerning the struc-
ture of currents are greatly illuminated by considering
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them in the limit of infinite momentum where much of
the theory of nonrelativistic currents can be taken
directly over into a relativistic LRF description.* A
somewhat amusing point which will be discussed else-
where concerns the normal and anomalous threshold
singularities of relativistic form factors.® The anomalous
singularities are usually associated with nonrelativistic
or semirelativistic wave function effects while the
normal singularities are generally assumed to originate
in truly relativistic effects which have no analog in terms
of wave functions.

We have found that by going to the LRF, both the
anomalous and normal singularities can be understood
very easily in terms of the simplest wave-function ideas
for the transverse motion.

ACKNOWLEDGMENTS

The author wishes to thank Professor Y. Aharonov
for discussions leading to the abstract representation
of the theory and to the geometric significance of the
generators  and H. He also wishes to thank Dr. E.
Tryon for calling his attention to Weinberg’s results.

He is especially grateful to Professor G. Frye for
many stimulating and illuminating comments on the
material presented in this paper.

4 L. Susskind, following paper, Phys. Rev. 165, 1547 (1968).
51. Susskind and C. Frye, this issue, Phys. Rev. 165, 1553

(1968).



