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Multipion Final States from ~-p Interactions at 3.2 and 4.2 GeV/c*
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(Received 31 July 1967)

We have analyzed approximately 30000 four-prong events at m beam momenta of 3.2 and 4.2 GeV/c,
obtained with the 72-in. hydrogen bubble chamber at the Lawrence Radiation Laboratory. We present all
the effective-mass distributions obtainable from the 6nal states pm++ ~, pm+m'x m, and nx+x+x m, as
well as the cross sections of the these 6nal states. In addition, we present the results of our study of the
quasi-three-body 6nal states ¹++(1238)wx, p~ p, pm co, and px g. We have given particular emphasis
to the production and decay of the AI, A2, and B enhancements; the AI and B enhancements observed
in our data are consistent with the interpretations as kinematic enhancements, although the possibility
exists that what we observe at our energies is an admixture of resonant states and kinematic enhancements.
On the other hand, the A2 enhancement can be interpreted only as a genuine resonant state. Prom the
study of the decay angular correlations in the A2 region as well as the control regions, we have determined
that the lowest possible quantum numbers of the A2 are J~=2+.

I. INTRODUCTION

~~URING the past few years, many people have
investigated the multipion final states from x p

interactions at incident beam momenta ranging from
1.5 to 10 GeV/c. ' This report consists of an analysis of
approximately 30000 four-prong events leading to
multipion production from m p interactions at 3.2 and
4.2 GeV/c.

Previous investigations in irp interactions have shown
abundant production of resonant states such as the
isobars [especially the $*(1238)] and the meson
resonances p, or, and q. More recently, many investi-
gators have observed enhancements in the spectrum of
a pion and one of the meson resonances cited above.
Thus, the A ~ and A 2 enhancements have been observed
in the spectrum of x and p, ' and the 8 enhancement in
the spectrum of m. and co.'

Our main objective in this report is to describe in
detail the production and decay mechanisms of these
enhancements, as well as the competing channels which
contribute to their background. For the A~ and 8
enhancements, we show that the competing channels
dominate and the enhancements as observedie our data
may be interpreted as kinematic sects in the com-
peting channels themselves. On the other hand, the A2
enhancement is shown to be consistent with the inter-
pretation as a genuine meson resonance. From the study
of the internal correlations for the A2 as well as the
control regions, its spin-parity (J~) assignment is
shown to be consistent only with J~=2+.

In Secs. II and III, we discuss brieQy the experimen-

*Work done under auspices of the U. S. Atomic Energy
Commission. Based on Suh Urk Chung's Ph.D. thesis (UCRL-
16881, 1966).

f Present address: Physics Department, Brookhaven National
Laboratory, Upton, N. Y.

'See Refs. 8—17. See, in addition, T. G. Schumann, (Ph.D.
thesis, Lawrence Radiation Laboratory Report No. UCRL-11942,
1965 (unpublished). For a comprehensive list of references on ~+p
interactions in the same energy range, see F. E. James and H. L.
Kraybill, Phys. Rev. 142, 896 (1966).' For the A1 and A2 enhancements, see Refs. 25-35 and Ref. 54.' For the 8 enhancement, see Refs. 59, 60, 64, 73, and 75.

tal procedures and the results of cross-section measure-
ments. A more detailed account of experimental details
is given in Appendix D.

In Sec. IV, we discuss the final state pair n= in
which the p' and the doubly charged isobar 1V*++(1238)
are produced copiously. Results concerning the A& and
A2 enhancements are presented here, while the matrix
elements used in their spin and parity analysis are given
in Appendix A.

In Sec. V, we discuss the final state ps++'m ir, in
which co and g production is observed. Results concern-
ing the 8 enhancement are presented in this section.
Properties of the co Dalitz plot are derived in Appendix
8, while in Appendix C the expected angular correla-
tions in the 8—+ +co decay are given for various spin-
parity assignments.

II. EXPERIMENTAL PROCEDURE

This experiment was carried out in the 72-in. hydro-
gen bubble chamber (at the Lawrence Radiation
Laboratory) exposed to a m. beam from the bevatron.
A total of 37 000 four-prong events were measured and
processed through the standard data-reduction system
of the Alvarez Group at the Lawrence Radiation
Laboratory. 4 The pictures were taken at two distinct
beam momenta; the lower momentum was determined
to be 3.21&0.026 GeV/c and the higher momentum to
be 4.16&0.015 GeV/c.

About 42% of the total sample came from the higher
beam-momentum data where all four-prong events
were scanned for and measured (the 4.2-GeV/c sample).
Of the remaining 58% of the sample, at 3.2-GeV/c
beam momentum, about 33% consists of events mea-
sured only when an outgoing proton could be identi6ed
on the scanning table on the basis of ionization density;
we call this the 3.2-GeV/c selected sample. In the
remaining 25% of the total sample all four-prong events
were scanned for and measured; we call this the 3.2-
GeV/c normal sample.

4 See A. H. Rosenfeld and W. E. Humphrey, Ann. Rev. Nucl.
Sci. 13, 103 (1963).
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Total

Cross sections (mb)
3.2 GeV/c 4.2 GeV/c

1.91+0.08 1.92+0.10
1.86+0.08 2.18+0.11
0.89+0.04 1.16+0.06

1.46+0.07 2.75w0. 14

6.13+0.24 8.01+0.39

TABLE II. Partial cross sections.
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FIG. 1. Distributions in the square of four-momentum transfer
to the proton for final states p3m. , pkr, and p37rMM: (a) 3.2-
GeV/c normal, and 1bl 3.2-GeV/c selected samples.

We note that the distribution for the selected sample
in the four-momentum transfer squared to the proton
(As') is more peaked in the lower region than that for
the normal sample (see Fig. 1).For this reason, only the
3.2-GeV/c normal and 4.2-GeV/s samples have been
used for histograms and scatter plots involving 6„' or
d„+'. Since resonances of interest are produced more
often in peripheral collisions than in other types of
interactions, the selected sample should be richer in
these resonances.

Types of reactions that have been tried are as follows:

reactions (1a) through (1e) by p3tr, p4, ss4tr, p3trMM,
and 4n-MM, respectively, where MM stands for the
unobserved neutral system (as well as its effective
mass).

For fitted events /reactions (1a), (1b), and (ic)$,
only those with a confidence level greater than 0.5%
were accepted. s Events were tried for hypotheses (1d)
and (1e) only if they failed to fit reactions (1a), (ib),
and (ic). All ambiguous events that could be resolved
on the basis of ionization density were looked at by
physicists and trained scanners, and the hypotheses
inconsistent with the observations were eliminated.

In addition, a small fraction of p4tr events (less than
3%) which were ambiguous with p3tr events was
dropped from the p4tr sample; it was judged from
efFective-mass plots that 80% of this sample contained
p3tr events. Moreover, if the measured missing mass for
any P4tr event was too far removed from the tre mass
and the con6dence level was low, that event was
dropped from the sample (less than 4%). In a similar
fashion, a small fraction (6%) of events was deleted
from the e4z sample. A more detailed account of the
event separation among different hypotheses, as well as
other related topics, is given in Appendix D.

The total number of events used in the analysis for
each reaction category is given in Table I. As expected,

~ p~ p~+~ ~
—+ pm+mom x—

~ Im+x+m w

~ Ptr+tr sr-(ktre), k&2

~ 7r+sr+sr sr e(ktr') k&1

(ia)

(1b)

(ic)

(id)

(ie)

2.0—

For convenience, we shall denote the final states in

TAaLE l. Number of events used in the analysis.

b

0.5—
ses~- p ~ n rr+ sr+ rr

Final states

p~+~ ~
pm+vox m.

n7r+m. +Ã ~
p~+~-~-(k~0), k & 2
~ + + —-(e o), k &1

Total

3.2-GeV/c 3.2-GeV/c
Normal Selected 4.2-GeV/c Total

2333 3985 2986 9304
2336 3772 3471 9579
iii4 449 1803 3366
665 1379 1954 3998

1040 165 2236 3441

7488 9750 12 450 29 688

0 t t t

4 6

P~ ( GeV/c)

IO

Fn. 2. Summary of cross sections for multipion production at
various w beam momenta, taken from the results given in Refs. 8
through 17. The curves drawn are freehand its to the data.

' The g' from which the confidence level is calculated has been
adjusted separately for each constraint class, so that the distri-
bution in the resulting confidence level is as isotropic as possible
(see Appendix D3).



M ULTIP ION F I NAL STATES

the 3.2-GeV/c selected sample shows a drastically
reduced number of events for the Gnal states with no
proton (res. and 4sMM); the events fitted to these
final states represent cases in which the low-momentum
s+ track (or steeply dipping track) was misidentified
as an outgoing proton during visual examination of
ionization.

III. CROSS-SECTION MEASUREMENTS

Table II shows partial cross sections at the two beam
momenta studied (3.2 and 4.2 GeV/c). The cross
sections were obtained by normalizing the total number
of interactions to the precise measurements of the s p
total cross sections given by Citron et cl.'

In a special cross-section scan, the entire quantity of
film used for this experiment was rescanned to find the
number of two-prong, four-prong, and strange-particle-
production events. For two-prong events, we corrected
for the loss of events due to small-angle scatterings. '
Other corrections were made for scanning efEciency,
failing events, and the possible contamination in each
channel due to misassigned hypotheses. A more detailed
account on cross-section measurements is given in
Appendix D4.

Figure 2 shows partial cross sections reported to date
for reactions (1a), (ib), and (ic) at various beam
momenta. '-" The curves drawn are freehand 6ts to the
data. According to these curves, the cross sections for
p3s and p47r final states reach their maxima in the
region of s beam momentum from 3.5 to 5.0 GeV/c,
whereas the maximum for n4n- Gnal states seems to lie
above this interval.

A. Citron, W. Galbraith, T. F. Kycia, B. A. Leontic, R. H.
Phillips, and A. Rousset, Phys. Rev. Letters 13, 205 (1964);A. ¹

Diddens, E. W. Jenkins, T. F. Kycia, and K. F. Riley, ibid. 10,
262 (1963).

7 L. D. Jacobs, (Ph.D. thesis), Lawrence Radiation Laboratory
Report No. UCRL-16877, 1966 (unpublished).

8 Saclay-Orsay-Bari-Bologna Collaboration, Nuovo Cimento
29, 515 (1963) (s. p at 1.59 GeV/c).' R. Christian, A. R. Erwin, H. R. Fechter, F. E. Schwamb,
S. H. Vegors, and W. D. Walker, Phys. Rev. 143, 1105 (1966)
(s p at 1.89 GeV/c).

'0 D. D. Carmony, F. Grard, R. T. Van de Walle, and Nguyen-
Huu Xuong, in Proceedings of the ZP62 Aengal Irftereatiowal Con-
fer@Ice oe IIigh-Energy Nuclear Physics at CERE, edited by J.
Prentki (CERN, Geneva, 1962), p. 44, (s p at 2.03 GeV/c)."P. H. Satterblom, W. D. Walker, and A. R. Krwin, Phys.
Rev. 134, B207 (1964) (2f. p at 2.1 GeV/c).

~ J. Ahtti, J.P. Baton, A. Berthelot, B.Deler, W. J.Fickinger,
M. Neveu-Rend, V. Alles-Borelli, R. Gessarolli, A. Romano, and
P. Waloschek, Nuovo Cimento 35, 1 (1965) {21. p at 2.75 GeV/c).

Ie V. Hagopian, Ph.D. thesis, University of Pennsylvania, 1964
(unpublished) (s. p at 3.0 GeV/c).

'4 W. D. C. Moebs, III, Ph.D. thesis, University of Michigan,
1965 (unpublished) (s p at 3."/ GeV/c).

'5 Aachen-Birmingham-Bonn-Hamburg-London (I. C.)-Mun-
chen Collaboration, Nuovo Cimento 31, 485 (1964) (m p at 4.0
GeV/c).

"N. M. Cason, Phys. Rev. 148, 1282 (1966) (s p at /. 0
GeV/c).' N. N. Biswas, I. Derado, N. Schmitz, and W. D. Shephard,
Phys. Rev. 134, B901 (1964) (21. P at 10.25 GeV/c).

IV. Pss+ct ss FINAL STATE

A. Effective-Mass Distributions

In this section we present general features of the p3s
final state. In Figs. 3 and 4, all the effective-mass
distributions are shown separately for 3.2- and 4.2-
GeV/c data. The histograms at 3.2 GeV/c (Fig. 3)
include both the normal and selected samples. Both
these samples exhibit rather similar e6'ective-mass
distributions, except for somewhat stronger production
of resonances such as N*(1238), At, and As for the
selected sample.

The most striking feature of this anal state is that
both Ee++(1238) and ps resonances are copiously
produced. The curves in Figs. 3 and 4 were obtained by
adding nonresonant phase space (42%), phase space
modified by a Breit-Wigner form for X*++(1238)(34%),
and the same for ps (24%)."The amount assumed for
each resonance is somewhat arbitrary"; the curves are
meant to show only to what extent gross features of this
Anal state can be explained. in terms of phase-space
curves modi6ed by the two noninterfering resonances.

The effective mass of the s.+s. s. system (3f + ,)—-
shows clear deviation from phase space at the mass of
the A2 and a broad enhancement in the region of the
At Lsee Figs. 3(g) and 4(g)]. The distribution in /Jf„,
LFigs. 3(b) and 4(b)j shows evidence for Ã*'(1238),
E*s(1518),and X*s(1688) productions.

Note that the M + — distributions )Figs. 3(c) and
4(c)] do not show evidence for fe(1253), in contrast
with the results from s+p interactions in this energy
range"; it has been shown that the fs production from
s.+p interactions takes place mainly through the channel
N*~(1238)f». The equivalent channel for s p inter-
actions would be the channel Ee (1238)f, the cross
section of which should be only 9 that of the reaction
~+p ~ E*++(1238)f'. In addition, f' cannot be pro-
duced in conjunction with higher-mass isobars such as
E*(1688),since the reactions of this type are below the
threshold at our energies.

For the partial cross-section evaluation at 3.2 GeV/c,
we use the normal sample alone; the cross section for
po production is determined to be 0.48~0.07 mb, and
for E*++production, it is 0.59&0.07 mb. At 4.2 GeV/c,

"The mass and width assumed for lP'++(1238) and p' are as
follows: M(¹}=1.236 GeV, F(lP') =0.12 GeV; M(po) =0.769
GeV, I'(p) =0.112 GeV. The phase-space curves on the M2 +-
(M +w-) histograms are obtained by including only the eGect of
p0(Ã*~} resonance and by normalizing to the events outside the¹++region, where the Ã*++ region is chosen to be the interval
1.0 to 1.46 GeV, and the p0 region the interval 0.60 to 0.92 GeV.
The phase-space curves on the M + —— (or M —,0} histograms are
normalized to the portion of the histograms with M + - — (or
M —,0) above 1.45 GeV.

"In particular, these values are not the ones used to calculate
the production cross sections of E*~ and p'. See the following
section for the cross sections.

~ See, for instance, Aachen-Berlin-Birmingham-Bonn-Ham-
burg-London (I. C.}-Munchen Collaboration, Phys. Rev. 138,
B897 {1965);B. C. Shen, Ph.D. thesis, Lawrence Radiation
Laboratory Report No. UCRL-16170, 1965 (unpublished}.
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FIG. 3. (a—g) All eGective-
mass distributions for the p37)-
anal state at 3.2 GeV/c. (h)
The M — - distributions for
events at 3.2 GeV/c with M„+
in the g*~ region (1.12 to
3.32 GeV). (i) The M + ——
distributions for events at 3.2
GeV/c with M, ~,- in the p'
region (0.66 to 0.84 GeV). The
horizontal scales are in GeV,
and the vertical scales are for
the number of combinations
per 40 MeV. In each histogram,
the total number of combina-
tions is shown after the heading
"Total." The curves represent
42% phase space, 32% S*++
(1238), and 24 jo p' except on
(a) and (c), where the Ã~~
and p contributions are left
out in turn. On (g) and (i) the

~ curves are normalized to the
region above 1.45 GeV (see
Ref. 18).
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we find the cross sections 0.52&0.07 and 0.59&0.07 mb
for p and S*++productions, respectively.

The respective production cross sections for the A~
and A2 are 140 and 150 pb at 3.2 GeV/c, and 160 and
175 pb at 4.2 GeV/c. The errors in these values are large
because of the proximity of the resonances and the
uncertainty in estimating the background. The errors
range from 25 to 35%.

In the following sections we discuss in detail the
channels Ã*++e. m. and px. p' in turn.

B. Reaction ~—
P —+ N*++~ ~-

In order to investigate the production mechanism of
the 3-3 isobar, we present in Fig. 5(a) the Chew-Low
plot of four-momentum transfer to the ps.+ system
(h~ +') against iV~ +. The fact that the isobar is pro-
duced predominantly in the region of low 6„+'suggests
the one-pion-exchange process represented in Fig. 6.
This feature is emphasized further in Figs. 7 (a),7 (b) and
8(a), 8(b), where we show the A~ +' distribution" in the

isobar region (1.12 to 1.32 GeV) and the M~, + distri-
bution for 6„+'(0.5 (GeV/c)' at each beam momen-
tum separately.

Before we study the Anal state S~~m x, we first
look for possible contamination in the E*++sample. As
is shown in Sec. IVC, one of the important channels of
the p3n final state is that of double resonance formation,
1V~ (1238)p, 1V* (1518)p, and Ã* (1688)p . Figure 5 (b)
is a scatter plot of M„- versus M + —for events in the
Ã~++ region [and with D~ +'(0.5 (GeV/c)'j, where we
used only the combinations M„,—and M„+,—satisfying
the condition 6„,-'&h~, -'. There is clear evidence
that the Ã*'p' channel is present; the 1V~'(1238) channel
especially appears to be an important one. The pro-
jections onto the M„+ — and 3f~ — axes shown in Figs.
7(d), (e) and 8(d), (e) demonstrate further the presence
of p' and E~' resonances.

It is rather difficult, however, to estimate quantita-
tively the amount of p formation in the E*++sample;
the distribution of M +,—with &y 1 &Ay 2 tends to

scatter plots which involve 6„' or 6„+2, we have eHminated the
"As pointed out in Sec. II, when plotting the histograms and 3.2-GeV/c selected sample.
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be peaked below the p' region, and it is not clear how
one should estimate the background. Nevertheless, we
believe that there is a fair amount of contamination
from the E*'p channel. Furthermore, kinematics and
decay angles of the E*++x ~ channel are such that
some of the Ã~++ events "spill over" to %~op' anal
states, especially in the N~'(1238) region.

With this possible contamination in mind, we next
turn to the description of decay correlations at ~ zr

and Ã~++ vertices (see Fig. 6). For this purpose, we
de6ne two coordinate systems as follows: In the
~ ~ (pm+) rest frame, the s axis is parallel to the beam
(target) momentum and the y axis is parallel to the
normal to the production plane. Polar and azimuthal
anglesinthesesystemsaredenotedby8(~ n ), P(~ ~ ),
8(pgp+), and y(pgp+), where the symbols in parentheses
indicate the rest frames in which they are evaluated.
Note tha, t the azimuthal angles thus defined are just the
Treiman- Yang angles.

Figure 9 gives the distributions in cose and @ for
events in the N*++ region (and with low 6„+')and also
the same distributions for those events with the further
selection that M +,— (h~„-'&h~, -') lie outside the p'
region (0.66 to 0.84 GeV).

We see that the Treiman-Yang angles are relatively
isotropic, supporting our belief that the one-pion-

The coeQicients ao, aj, and a2, normalized to the total
number of events at each momentum, are as follows:

Momentum
(GeV/c)

3.2
4.2

Qp

166.0&4.1
66.0m 2.6

105.9&7.8
48.2+5.0

11|.0~9.5
62.6&6.0

The behavior of cos8(x n. ) and Q {n. s ) as a function
of M — — is shown in Figs. 5(c) and S(d). Here the
distribution in cos8 (~ ~ ) is relatively isotropic (s wave)
at the low-mass region of M — -; higher partial waves
appear gradually as M — — increases. The distribution
in p(m. w ), on the other hand, remains relatively

"A similar conclusion has been drawn in Ref, 15: see their
section on the 3-3 isobar channel.

exchange mechanism is the dominant one. Note that
the distributions in cos8(ps+) become more symmetric
outside the po band" Lsee Figs. 9(c) and 9(g)] and
approach the well-known (1+3cos'8) distribution for
the isobar decay. The solid curves in these 6gures are
fitted by the least-squares method to the Legendre
polynomials,

do n
=Qa)P((cos8) .

d cos8
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Fzo. 5. Scatter plots relating
to the 6nal state S~~~ m at
3.2 and 4.2 GeV/c: (a) 6„+
versus M~+ for all events (see
Ref. 22); (b) Mt, ,- versus
M.+„,— {a...-~&a,-~); (c)
M —- versus cosg(~-~-}; and
(d) M —- versus @(~ m ). In
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events with M~ + in the Ã*++
region 1.12 to 1.32 GeV and
with 6„+'&0.5 {GeV/c)'. See
Sec. IVB for the definition of
angleS8(2r m. }and&(m x ).

Fra. 6. One-pion-exchange
+ diagram fOr the prOCeSS 2r p -+

1P++~-~-.
P4++

isotropic throughout the entire range of M ——. The
cos8(s. s. ) for four different regions of M' - - are shown
in Pig. j.0 for two beam momenta separately. Results
of a least-squares Gt to the data are shovrn in Table III.

The M — —plots for the E*+ region with 5„+'~0.5
(GeV/c)s are given in Figs. 1(c) and 8(c); we see no
evidence of a s.s resonance (Z=2). Several authors"
have used M — — distributions to calculate the total

cross section for the reaction x x —+ x-m . However,
in view of the contamination in our data from the
Ã~op' channel and of the uncertainty in using semi-
empirical formulas, we do not present our result here
at this time; we merely point out that our results are in
fair agreement with those obtained by others.

Finally, the M —,, distributions (with p selected as
described above) are shown in Figs. Zf and Sf; there is
little evidence that the Aq production contaminates
this channel.

C. Reaction ss p-+ pss yo

In order to study this reaction, we cut oG the E*~
region LMs, + in the interval 1.12 to 1.32 GeV and

TABLE III. Least-squares Gts to the cose(~ ~ ) distribution. a

M -„- (GeV} Co

3.2 GeV/c

c.r,. (p)

0.28-0.56
0.56-0.84
0.84-1.12
1.12-1.60

33.55+1.30
65.69&1.81
53.54&1.63
11.67&0.76

48.17+4.42
82.47~4.63
26.50~2.45

36.17~5.47
19.71&3.28 1477+2.97

4.54
7.08
1.51

11.28

87.6
52.6
98.2
7;9

0.28-0.56
0.56-0.84
0.84-1.12
1.12-1.60

10.67+0.73
21.66&1.04
20.07+1.00
12.31+0.78

11.0 +2.44
32.39&2.90
31.85+2.67

17.70&3.18
23.26&3.45 9.60+3.16

10.28
239
5.32
4.95

32.7
96.6
623
55.1

a Fitted to the Legendre-polynomial series Lsee Eq. {2)j. (CoeKcients are normalized to the total number of events. )
b e is number of degrees of freedom.

s' N, Schrnitz, Nuovo Cimento Sl, 2SS (1964); see also Refs. 12 and 14.
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&s +'&1.5 (GeV/c)s). s' This cutoff does not sub-
stantially aGect the analysis presented here, except for
certain angular distributions; these are shown sepa-
rately for the E*~region.

It is in this channel that we observe the well-estab-
lished enhancements —the A~ meson, " '4 and the A~

"We have eliminated these events I 1.12 Gev&Ms +&1.32
Gev if A~+s&1.5(GeV/c)'g to reduce the g~ contamination in
Figs. 11-28 I except Figs. 18(i) through 18(1)J.

~~ G. Goldhaber, J.L. Brown, S. Goldhaber, J. A. Kadyk, B.C.
Shen, and G. H. Trilling, Phys. Rev. Letters 12, 336 (1964)~'s S. U. Chung, O. I. Dahl, L. M. Hardy, R. I. Hess, G. R.
KalbQeisch, J. Kirz, D. H. Miller, and G. A. Smith, Phys. Rev.
Letters 12, 621 (1964)."Aachen-Berlin-Birmingham-Bonn-Hamburg-London (I. C.)-
Munchen Collaboration, Phys. Letters 10, 226 (1964)."M. Deutschmann, R. Schulte, H. Weber, W. Woischnig, C.
Grote, J. Klugow, S. Nowak, S. Brandt, V. T. Cocconi, O. Czy-
zewski, P. F. Dalpiaz, G. Kellner, and D. R. O. Morrison, Phys.
Letters 12, 356 (1964}."R.L. Lander, Maris Abolins, D. D. Carmony, T. Hendricks,
Nguyen-Huu Xuong, and P. M. Pager, Phys. Rev. Letters 13,
346 (1964).

enhancement, "which is not so well understood. Figure
11(a) shows the Chew-Low plot of hs' versus M -„,
"J.Alitti, J. P. Baton, B.Deler, M. Neveu-Renb, J. Crussard,

J. Ginestet, A. H. Tran, R. Gessaroli, and A. Romano, Phys.
Letters 15, 69 (1965).

"A. Bettini, M. Cresti, A. Grigoletto, S. Limentani, A. Loria,
L. Peruzzo, and R. Santangelo, Nuovo Cimento 38, 1495 (1965}."V. E. Barnes, W. B. Fowler, K. W. Lai, S. Orenstein, D.
Radojicic, M. S. Webster, A. H. Bachman, P. Baumel, and R. M.
Lea, Phys. Rev. Letters 16, 41 (1966).

33M. Deutschmann, R. Steinberg, H. Weber, W. Woischnig,
V. Belyakow, C. Grote, J. Klugow, S. Nowak, S. Brandt, V. T.
Cocconi, O. Czyzewski, P. F.Dalpiaz, E.Flaminio, H. Hromadnik,
G. Kellner, and D. R. O. Morrison, Phys. Letters 20, 82 (1966).

34 G. Benson, L. Lovell, E. Marquit, B. Roe, D. Sinclair, and
J. Vander Velde, Phys. Rev. Letters 16, 1177 (1966).

35 In addition to Refs. 25-34, see also J. F. Allard, D. Drijard,
J. Hennessy, R. Huson, A. Lloret, P. Musset, J. J. Veillet, H. H,
Bingham, M. Dickinson, R. Diebold, W. Koch, D. W. G. Leith,
M. Nikolic, B.Ronne, G. Bellini, E. Fiorini, P. Negri, M. Rollier.
J. Crussard, J. Ginestet, A. H. Tran, M. Di Corato, W. B.Fretter,
H. J. Lubatti, and W. Michael, Phys. Letters 12, 143 (1964);
ibid. 19, 431 (1965); G. Boz6ki, E. Fenyves, E. Gombosi, and
E. Nagy, ibid. 18, 206 (1965).
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where we have taken those events with M + —in the po

interval (0.66 to 0.84 GeV); since these enhancements
appear to be primarily associated with the low 6„, it
appears likely that peripheral processes are responsible
for their production [see Fig. 12(a)j. The histogram
projected onto the M —,, axis LFig. 11(b)j shows a
prominent peak at the A~ mass and a broad enhance-
ment in the region of the 2 i. Broken lines in Fig. 11(b)
show the distribution of M — + —for events with 3II +-
outside the p interval; there is no evidence that either
the A& or the A2 decays directly into a 3m- channel
without the intermediate p' formation.

According to our data, the mass and width of the A ~

meson are 1310&20 and 80&20 MeV. As for the A q, the
mass and width of 1090 and 125 MeV are consistent
with our data; their precise values are rather dificult
to determine, as the A ~ does not appear as a sharp peak.

In this connection, note that a recent world compilation
by FerbeP' of the iV + ~distributio— n from s+p
interactions shows a similar trend; the A ~ enhancement
does not appear as a sharp peak.

In this channel, another important process occurs,
namely that of double-resonance formation E*p, as is
illustrated in Figs. 11(c) and 11(d). We see from these
figures that N*'(1238), N~'(1518), and N*'(1688) are
copiously produced. Again, they are produced primarily
at low h~ -', which suggests the one-pion-exchange
(OPE) mechanism for the process Lsee Fig. 12(b)j.

In Figs. 11(c) and 11(d), only one combination of
ps. (or s+s. ) has been chosen for each event. For
single-p' events (oddly one combination of iV + in the-
p' interval), we naturally choose the combination ps. 2

"T.Ferbel, Phys. Letters 21, 1j.i (1966).
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narrovrer po interval, we choose that combination of
Prrs- (or w+srr ) for which As„-s is less than 6„.,-'.
This is done in an eGort to isolate the peripheral process
of Fig. 12(b) as much as possible. "

An additional purpose in devising this method has
been to somehow circumvent the eGect of interference
due to double-po events so that, for instance, a meaning-

ful comparison can be made betvreen the virtual
process at the lower vertex of Fig. 12(b) and the physical
process a. p —+ a p. We emphasize, however, that the
analysis @which followers does not dier appreciably from
other methods that can be devised; for instance, one
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could have simply chosen that combination of m+m

which is closer to the p mass.

f. Differences between the A~ and A~ Enhancetnents

A number of authors'~" have observed that the A~
and A2 enhancements have different production
mechanisms; the production of the A2 meson seemed
to be consistent with that of a genuine resonant state,
whereas the Aq enhancement seemed to be associated
with the OPE process leading to the anal state ps p,
which would be clearly inconsistent with the A ~'s being
a resonant state.

We erst show the Dalitz plot of M~ -' against M -„o'
in Fig. 13(a); this plot illustrates the extent to which
the A ~ and A2 interfere with the three neutral isobars.
The projections onto the M~- axis for the A~ and A2
regions separately show that isobars are more prom-
inent in the A ~ than in the Aq region Lsee Figs. 13(b)
and 13(c)g. A further difference is seen when 6„-' is
plotted against M -,, [Fig. 13(d)]; the A~ enhancement
is concentrated in the region of low h~-', while the A ~

clearly is not. In fact, the Dalitz plot for 4„-'&0.55
(GeVjc)' LFig. 13(e)j shows the entire Aq but almost

g L. Seidlitz, O. I. Dahl, and D. H. Miller, Phys. Rev. Letters
15, 217 (1965).

~ B. C. Shen, G. Goldhaber, S. Goldhaber, and J. A. Kadyk,
Phys. Rev. Letters 15, 731 (1965).

40 See also Refs. 20, 32, and 34.
4' For a detailed analysis on the A1 as well as E**(1320)en-

hancements, see G. Goldhaber and S. Goldhaber, Lawrence
Radiation Laboratory Report No. UCRL-16744, 1966 (un-
published).

none of the A2, while the same plot for 6„-2&0.55
(GeV/c)' [Fig. 13(f)j shows very little evidence for the
A~. These 6gures clearly demonstrate that the A~
enhancement is primarily associated with the channel
%*Op, which is produced through a peripheral process
(presumably an OPE process). For completeness, we
show distributions of 6„' and d „-' for the Aq and A~
regions separately at two different beam momenta
(Figs. 14 and 15).

If the A q enhancement is produced in association with
the channel E~epe through an OPE process Lsee Fig.
12 (b)j, the decay angular distribution of pe with respect
to the incident beam direction, cos8(s+n. ), shouM show
the characteristic cos 8 distribution, while for the A~,
this would not necessarily be true. ~ Distributions in
cose(m+m ) for four different regions of M -„(below
A q, A~, A2, above Am regions) are shown in Fig. 16. We
see a strong cos'8 distribution for the A ~ region but not
for the A 2 region. We note that about 50% of events in
the A~ region are estimated to be the background
events. If these background events are subtracted out,
we may have a drastically different distribution for the
A2. The corresponding Treiman-Yang angle for the A j
region is relatively isotropic, which is consistent with
an OPE process. The same distribution for the A 2 shows
a signilcantly anisotropic distribution.

4' If the As were a meson with J~=1+(l=0) and produced in a
peripheral process through exchange of the vacuum trajectory,
one should observe a cos'8 distribution for the A~', see Ref. 41.
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24 and 37): (a)—(d) 3.2-GeV/c
data, (e)-(h) 4.2-GeV/c data, and
(i)—(l) the &*~ region f1.12
&M~+&1.32 GeV and b, ~ +'&1.S
(GeV/c)'j at both momenta. See
Sec. IVC2 for the definition of
angles used in these figures. The
curves. drawn in (a) and (e) are the
least-squares fits to the data.
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Z. Interpretation of the Aq as Ksnentatsc Enhancentent

Since the Aj is predominantly associated with the
final state E*'p', is the A & merely a kinematic reQection
of this final state and riot a resonant state at all? Shen
et al.39 showed that this interpretation was indeed
consistent with their s+p da.ta at 3.7 GeV/c; a strong
diffractive process at the s+p vertex caused an enhance-
ment near the A ~ mass in the M +pp distribution, in

conformity with a theoretical model proposed by Deck4'
and developed further by Maor and O'Halloran. '4 We
find that the A~ in our data can be explained in sub-
stantially the same way, although we cannot rule out
the possibility that the A ~ resonance is produced on top
of the strong background due to the Deck mechanism.

In order to study the angular distributions for the
E*p channel, we first make a cut on 3,„-' at 0.55
(GeV/c)'. This cut has been chosen to reduce the back-
ground in the A* p Anal state and at the same time to

"R.T. Deck, Phys. Rev. Letters 13, 169 (1964).
44 U. Maor and T. A. O'Halloran, Jr., Phys. Letters 15, 281

(1965).

hold the A~ contamination at a minimum. The histo-
gram of ~ —,o for &„.-s(O.55 (GeV/c)' together with
that of M„- is shown in Fig. 17; the A2 peak is seen to
be drastically reduced, as was pointed out in Sec. IpCg.

We present in Fig. 18 decay angular correlations a
p and E* vertices for two different beam momenta.
Relevant angles are defined as follows: 8(s+s ) and
P(s+s ) are polar and azimuthal angles of s= in a
coordinate system de6ned in the ~+m rest frame with
the z axis along the incident beam momentum and the
y axis along the normal to the production plane.
Similarly, 8(ps. ) and $(ps ) are polar and azimuthal
angles of the outgoing proton in the ps rest frame,
with the z axis along the incoming proton direction and
the y axis along the production normal.

Again, the cos 8 distributions in cos8(s+s ) are con-
sistent with an OPK process. However, the forward-
backward asymmetry seen in the data of Shen et al.39

does not show up in our data. This is to a large extent
caused by the E*~ cutoff I see Fig 18(i)$; d.ecay
angular correlations and reaction kinematics are such
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FIG. 19.The M —,o distributions
for pp events at both momenta (see
Ref. 24); (a} in the diffraction
region and (b) outside the diffrac-
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(0.55 (GeV/c)' and cos8(P«)
&0.8 (see Ref. 37).
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that the region near cos8(s+s )=+1 tends to be
depleted by the Ã*++ cut. The distributions in p(w+s )
are consistent with isotropy, if we take into account the
effect of the iV~++ cut Lsee Fig. 18(j)).

For completeness, we have Gtted the cos8(vr+m. )
distributions Lsee Figs. 18(a) and 18(e)) to the Legen-
dre polynomial series LEq. (2)) by the least-squares
method:

Momentum
iGeVg.)

3.2
4.2

Cp

94.0+3.1
46.7+2.2

—1.50&5.98
—0.57+4.17

85.5+7.4
41.7+5.4

The coefficients ao, a», and a2 given above are normalized
to the total number of events at each momentum.

As for the angular correlations at the ps vertex, the
most prominent feature is the strong diffraction peak
in the cos8(px ) distribution. The corresponding Trei-
man-Yang angle p(ps ) is uniformly distributed, again
consistent with the OPE process. Note that the angular
distributions at the p~ vertex are not affected by the
E*++cutoff Lsee Figs. 18(k) and 18(1)).

In order to demonstrate the relationship between the
diffraction region [cos8(pw )=+1) in the cos8(ps-)
distribution and the A» enhancement, we show in Fig.
19(a) the M,—,o plot for only those events with cos8 (px )

&0.8; here the events are confined entirely to the A»
region with a prominent peak near the A» mass. This
demonstrates clearly that the events in the diffraction
region and those in the A» peak come from the same
events. Figure 19(b) shows that if this diffraction region
is cut off, there is no evidence for the A» enhancement
at all in the resulting M, -po distribution.

If we can now show that the diffraction peak we
observe in the cos8(prr ) distribution is inherent in the
virtual process m p-+ m p (at the p~ vertex) and not
a reQection of a genuine resonant state A», we wi11 have
established that the A» is a kinematic enhancement in
our data.

For this purpose, we 6rst show how the distributions
in cos8(pn. ) and p(ps ) vary as a function of M~-
(see Fig. 20). We see that most of the diffraction effect
comes from high-mass isobar regions. The distribution
in p(ps ) is essentially isotropic throughout the entire
region of 3f„-.

Figure 21 gives the cos8(per ) distributions for 6ve
different M~ - intervals. Kith increasing M~ —, the
peak at cos8(Ps. )=+1 becomes more prominent and
the slope is approximately exponential, which is
characteristic of a diffraction scattering.

%'e now compare these distributions with the experi-
mentally measured differential cross sections for the
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24 and 37).

—1.00 -0.50 0.0 Oo50 1.00
Cos e (p «-)

04 90 180



MULTIPION FINAL STATES

IN p ~ - I I.I 2-I.32)

IOQ-Ib)
20I events

IN p g -II32-I.42)60-

tc)
l

380 events

IN p ~ "II&2-M)0

I dl

224 events

IN p ~-I-IP) IN p~- I&I,S)

40-

IOO—

6Q-
20-

IO

S

6

-I-P'

I-+' 9

v( j

I &

I
I

I

IO—

4
-I.O

I
I.O -I.O I,O

I

0 I 0 -IQ

cos 8 (p vr j- I,Q

0.8—

0.6—

04
40

FXO. 21. C088(Ps' ) dlSfllblltl0118 f01' SCvC1'Rl M~- llltcl'vR18, whcrc wc have tskcll thc p cvcllts st b0th m0mcllts wtth g +(0 88
(GeV/g)~ (see Refs. 24 and 37); the horizontal bars represent the number of events normalized to each bin size, and the vertical bars
are the errors in these numbers. See Sec IVC2 for the explanation of the curves in these Ggures. Because of small statistics in (e), we
have indicated only the slope in the diffraction region by a dotted line.

8 P elastic scattering. ss "This comparison is meaningful
if vre assume that the exchanged pion is suSciently
close to the physical region and that it behaves like a
physical pion. With this assumption, the dMerential
cross sections are averaged over each N ~ —interval and
the resulting curves are compared with the cos(plr) 8
distributions" (see Fig. 21). For Figs. 21(a) and 21(b),
the curves are normalized to the total number of events
ln each 6gurc~ for thc lest of thc 6guresq thc curves l'ac
normalized to the number of events in the cos8(ps )
interval from 0.8 to 1.0.

We see that our experimental distributions are in fair
agreement with the curves. Thus it seems plausible to
conclude that the peak near cos8(Ps. )=+1 results
from the diffractive scattering at the plr vertex and is
not a reQection of a resonant state.

Although our data appear to be consistent with the
hypothesis that the Aq is a kinematic enhancement of
the type proposed by Beck, this is by no means a
conclusive proof. In fact, it is quite possible that a
genuine resonant state is present superimposed on a
background enhanced by the mechanism of the type
described here.

Finally, ere comment on other theoretical models
proposed. for the Ay. Month has shown that a triangle
singulaxity can yield a thx'ee-pion peak at the A q mass. 48

According to this model, wc expect to see a cluster of
events at the low N + - region in the A~ Balitz plot.
However, it does not appear that this condition is met

'II J.A. Helland, C. D. Wood, T. J. Devlin, D. E. Hagge, M. J.
Longo, B. J. Moyer, and V. Perez-Mendez, Phys. Rev. 184,
B1079 (1964}.

«C. D. ood, T. J. Devlin, J. A. Helland, M. J. I.ongo, B.J.
Moyer, and V. Perez-Mendez, Phys. Rev. Letters 6, 481 (19')4).

O' This is the same method as used by Shen et aL, Ref. 39.
'8 M. Month, Phys. Rev. Letters 18, 357 (1955).

l 46 l events

g 66$ events, A2 region

& l00-

I.OP. IA2 l.e2

M& ~- t GeV)

?e22

FIG. 22. The M~ - spectrum for po events (outside the digraction
region, see I"ig. 19} at both momenta with 6„'&0.65 (GeV/c)'
(see Refs. 24 and 37); the shaded histogram is for events in the &II
reg'on (1.20 Gev&M. -,.&1.42 GeV).

49 N. P. Chang, Phys. Rev. Letters 14, 806 (1965).

for our A~ events. The region of low' M~+~-, would
correspond to the region cosP =+1where P is the angle
between m+ and 8.1 in the (lr+m 8 ) rest frame Lace Fig.
2'/(b)]; we see very little evidence for an enhancement
in this region. Another kinematic origin for the A~
enhancement has been proposed by Chang, '9 vrho has
shown that the CGect of Bose symmetrization can lead
to the enhancement. Ho@&ever, the test he proposed
cannot be apphed in our data due to the ill-de6ncd A y

peak.
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Fio. 23. (a) The 3f po spectrum for p events (outside the
diffraction region, - see Fig. 19) at both momenta with d~ (0.65
(Gev/cl' (see Rei. 24). The vertical dashed lines indicate the As
region as well as the control regions, and the horizontal dashed
lines indicate background levels in the A2 region. (b}, (c), and (d)
Distributions in cosP for the three M -po intervals indicated in
(a}.See Sec IVC3 for the definition of the angle p.

likely J~ assignments for the A& are 1+, 2, or 2+. The
XE decay mode of the As, however, limits the J~
assignment to 2+."Previous analyses did not take into
account the large background associated with the A2
peak (see, however, Ref 34.); assuming that the back-
ground does not interfere with the A2, we have sub-
tracted the background effect by examining the control
region.

Our basic approach to J" analysis of the A2 is to
compare the distribution in cosP with that obtained by
the theoretical calculation's for a given J~, where P is
the angle between tr+ and the "bachelor" rr (not in p')
evaluated in the p rest frame. The matrix element
assumed for each spin and parity is given in Appendix A.

In order to suppress the At enhancement (and also
the channel N*'p ), we have eliminated the di8raction
region I see Fig. 19(a)j, i.e., those events with hs -'
&0.55 (GeV/c)' and cos8(prr )&0.8. Furthermore,
since the A 2 is produced at low 6„,we limit our analysis
to events with Ass& 0.65 (GeV/e)' I see Fig. 23 (a)j.We
erst show what the effect of E* 's are in this subsample
(Fig 22)..Here N*s(1238) is strong, with some evidence
for N*s(1518) and N*(1688). In the As region itself,
however, these isobars appear to be not so important
(the shaded area in Fig. 22).

The distributions in cosP for the As region as well as
for control regions are shown in Figs. 23(b) through
23(d). Note that the distribution in the As region is
quite different from those of control regions.

In order to understand the background effect, we use

3. Spin and Parity of the At and As Enhancements

Before we present the results of our spin-parity
analysis, we irst comment on other quantum numbers
for the A2. Many investigators" have shown that the
isotopic spin for the A2 is not consistent with I=2.
Furthermore, the decay modes xp or EE for the A2
would be in contradiction with I= 2. Since the up decay
mode implies 6=—1, we conclude that the Ag meson
has the quantum numbers I~=1 .

We shall apply the spin-parity analysis to the A2
meson, as well as the A~ enhancement, assuming the
latter is a genuine resonant state. In addition, we shall
investigate the production angular correlations for the
A~ and the A2 in order to infer the possible quantum
numbers as well as the production mechanisms.

Previous spin-parity analyses5 indicate that the
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FIG. 24. Variations of g' (19 degrees of freedom) for various J
assignmerits for the A2 as a function of the background level.

50 M. A. Abolins, D. D. Carmony, R. L. Lander, N-H. Xuong,
and P. M. Yager, in Proceediri gs of the Second Topical Conference
on Resonant Particles (Ohio University Press, Athens, Ohio,
1965), p. j.98; See also Refs. 34 and 38."See Refs. 26, 29-32, and 34.

~'O. I. Dahl, L. M. Hardy, R. I. Hess, J. Kirz, and D. H.
Miller, Phys. Rev. 163, 1377 (1967);see also Ref. 26.~ We use a computer program written by R. Diebold, CERN/
TC/PROG 64-25, which has been modified for our purpose.
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Fxo. 25. Comparison of the
experimental cosP distributions
in the A~ region at the 50% back-
ground level with the theoretical
curves for the J~=1, 2+, 1+(l=0)
and 2 (/= 1).
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the following method. 5' For a given amount of back-
ground, which is assumed to vary from 0 to 100%, we
compare the theoretical distribution of a given J"with
the distribution composed of {n,') (i= 1, 20), where n, '

is obtained by

O''=I' —— [n t'&+nn &'&]

S&"+vX &2)
(3)

TmLx IV. Fits to various Jp hypotheses for the A~p

Here e; is the number of events in the ith bin of the
cosP distribution in the As region [Fig. 23(c)], ;noi&s

the number of events in the ith bin for the region below
the As and. n;&'& above it )Figs. 23(b) and (d)], and S,
E&'), and E&') are total numbers of events in each
category. The parameter ~ varies from 0 to I, corre-
sponding to the amount of background level from 0 to
100%. The parameter rr has been used to vary the
relative amount of control regions. Ke have taken n=1
for the spin-parity analysis on the A2. However, we
have also tried other values of n (see below).

The resulting xs (19 degrees of freedom) for each J~
assignment for the A2 as a function of the amount of
background is shown in Fig. 24. %e observe that if the
background is assumed to be zero, we obtain J~ assign-
ments of either 1+ (l=0) or 2 (l=1) for the As. We
believe, however, that the amount of background is
certainly not less than 40% and probably not more than
70% )see Fig. 23(a)]. Within this region (shown by
dashed lines in Fig. 24), we find that there is only one
unique J~ assignment consistent with the data —it is
2+. Assuming 50% background, we give in Fig. 25 the
cosP distribution along with theoretical curves for a
few J~ assignments. In Table IV, we list the value of
X' for each J~ assignment, along with the corresponding
confidence level at 50% background.

%e have also weighted E&') and E&'& by diGerent
amounts (n= j&&&'&'&/E&s&) so that eqlal numbers of
events contribute to the background; the general
structure of x' did not change appreciably throughout
the entire range of background level.

Therefore, with the assumption that the background

m p phase space
1
2+
0—
1+ (3=0)
1+ (1=2)
2 (k=0)
2 (l=3)

44.89
46.25
21.56

316.08
56.22

135.04
56.20

145.19

Confidence
level ('Po}

=0.07
=0.04
30.7
0.0
0.0
0.0
0.0
0.0

a 50% background level assumed.
b 19 degrees of freedom,

f'4 Criticism has been raised on the method we use to take into
account the background PD. R. O. Morrison (private communi-
cationlg; the objection is that the peak in the cosP distribution
due to the presence of p' shifts as the M + —— changes and that
therefore the sum of the control regions does not adequately
describe the background under the Ag peak. However, this effect
is not important as long as the background consists mostly of the
3m state and not much of the 7rp state, which is the case experi-
mentally with our data. In fact, a slightly difkrent approach to
the background problem, which takes into account the presence
of the wp background, gives practically identical results as the
ones given here. See S. U. Chung, 0. I. Dahl, L. M. Hardy, R. I,
Hess, J.Kirz, and D, H. Miller, Phys. Rev. Letters 18, 100 (1967).
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FIG. 26. The 3f —,0 spectrum for po events at both momenta
vgith 5„'&0.65 (GeV/c)'(see Ref. 24). The dashed lines at 3E pp=1.0, 1.20, 1.42, 1.62 GeV delineate the A1 and A~ regions as well
as their control regions.
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Fzo. 28. The distributions in
coss for the four M —,e intervals
de6ned in Fig. 26. The solid-line
histograms correspond to events
at 3.2 and 4.2 Gev/e, and the
shaded histograms correspond to
events at 4.2 GeV/c alone; two
points are plotted for the double-p~
events and one point for the rest.
The dashed-line histograms cor-
respond to events at both momenta
vrith tow points plotted for each
event. See Sec. IVC3 for the
de6nition of the'„'angle g.
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Cos z
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internal structure of the three-pion system, whereas for
2 this is generally not the case.

Figure 28 shows the distributions in cosa for the four
different regions of M -,& mentioned earlier. The solid

histogra, ms were obtained by taking two points for
double-po events to take into account the interference
effect,"and the shaded areas were obtained in the same
way with events at 4.2 GeV/c alone. To take advantage
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FIG. 29. Efkctive-mass dis-
tributions obtainable from the
P4tr ftnal state at 3.2 Gev/e.
The horizontal scales are in
GeV, and the vertical scales
are for the number of com-
binations per 4D MeV. The
total number of combinations
for each histogram is shorn
after the heading "Total."The
curves in each histogram are
the phase-space curves normal-
ized to the total number of
combinations.

600 -(g)

400-

200"

s I

Q44 0.84 1.24
Total 6108

1.0 1.4 1„8
Toto 1 6108

M~+vr-~-

0.6 I.O 1.4 LB
Total 6108

~~ For single-p events, the normal to the decay plane of the A and its directioN can be uniquely determined; @re just form a cross
product betvreen the momentum of 2r+ and that of the bachelor g . However, this procedure is not unique for douMe-po events.
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FIG. 30. Additional effective-
mass distributions from the
P4m. final state at 3.2 GeV/c.
Scales are as on Fig. 29 except
in (a} where the vertical scale
corresponds to the number of
combinations per 20 MeV, and
the phase space is normalized
to the portion of the histogram
for M + 0 —above 0.9 GeV.
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of the fact that for some values of J~ the distribution
should be independent of the interference effect, we
have taken two points for each event; the resulting
histograms are shown as dotted lines in Fig. 28. Note
that this particular method makes the resulting histo-
grams symmetric with respect to coss=0.

In Fig. 28 there is an enhancement of events at the
region coss=O for all four 3E -po regions. Taking the
distributions at face value, we observe that the distri-
bution in the A j region is consistent with a sin's distri-
bution. If J~ for the A~ is assumed to be 1+ and if it is
produced via po-exchange process, we may infer that
p»(0, where p„~ is the density matrix for the A& (see
Appendix A).

If the A2 is produced via the p -exchange process and
absorptive effects are negligible, the angular distribution
is predicted to be /see Eq. (A6), Appendix Ag

I(z)= 1—3 cos'z+4 cos4z, (4)

which is peaked in the region coss=&1. If the back-
ground in the A~ region is taken into account, our
experimental distributions are consistent with (4).
However, due to the possible absorptive effects" and

~'lt is generally recognized that absorptive eRects are not
negligible: see, for instance, J. D. Jackson, Rev. Mod. Phys. 37,
484 (1965).

the background contamination, it is difBcult to make
strong statements concerning the distribution in coss.

Finally, we observe that the dotted and solid histo-
grams are consistent with each other within statistics.
It is amusing to note that if the two histograms were

significantly different for the A & region, we would have
been able to distinguish .between the two J~ assign-
ments 1+ and 2 . As pointed out earlier, this is because
for J =2, the angular distribution depends in general
on the interference of double-p' events, whereas it is
completely independent of the interference for J~= 1+.

V. Pe+~&~ ~ FINAL STATE

A. Effective-Mass Distributions

We present in Figs. 29—32 all the effective-mass plots
for 3.2- and 4.2-GeV/c data separately. Again the
3.2-GeV/c data are for both the normal and selected
samples. The effective-mass plots for the selected sample
alone showed little difference from those of the normal
sample. The curves drawn in each of these plots are
simple phase-space curves.

The outstanding feature in thisfinal state (Pz+z'z z. )
is the production of co and q mesons Lsee Figs. 30(a) and

32(a)]. Also, there is evidence for E*++(123g) produc-
tioli. For the production cross section for these reso-
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FIG. 31. Same effective-mass
distributions as in Fig. 29 for
events at 4.2 GeV/c.
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nances at 3.2 GeV/c, we have again used the normal
sample alone; the cross sections are determined to be
230&30, 31&9, and 320&80 pb for co, g, and X*++
productions, respectively. "At 4.2 GeV/c, the respective
cross sections are 185+25, 21&7, and 335~65 pb. '~

We show in Fig. 33 the e6ective-mass distributions
for quasi-three-body final states when M + — 0 is
limited to the co region (0.76 to 0.80 GeV) or the rI

region (0.53 to 0.57 GeV). The phase-space curves are
those of three-body final states normalized to the total
number of combinations in each histogram.

In the M -„plots, we observe the 8 enhancement
near 1220 MeV. Based on the combined data, we have
obtained 1220~20 MeV for the mass and 150&20 MeV
for the width. Rough estimates for its production cross
sections are 108&30pb at 3.2 GeV/c and 67&20 Iib at
4.2 GeV/c. In the 3f , plot at 3.2 GeV/c—LFig.33(c)],
we observe an enhancement near the A2 mass; the mg

decay mode of the A2 has also been observed in other
experiments. '~ '0 However, the width appears to be too
broad for the A2 when compared with that of the z p'
decay mode. In addition, there is little evidence for the
A2 decay at 4.2 GeV/c Lsee Fig. 33(g)], although our
statistics are limited at this energy (66 events). We find

5' The cross sections quoted here for co and p productions do not
include corrections for the other decay modes.

0.6 1.0 1.4 1.8 0.6 I.O 1.4 1,8
Total = 3471 Total =3471

M»+»-»-

that its production cross sections are roughly 12~7 pb
at 3.2 GeV/c and 5+5 Iib at 4.2 GeV/c.

Schumann" reported an enhancement (mass=1. 71
GeV and width (50 MeV) in the M„+ 0 distribution
for 7r p data at 3.9 GeV/c. Our data, however, do not
show any evidence for the enhancement )see Figs.
30(b) and 32 (b)].We note that our sample is 6 times as
large as that of Schumann at 3.2 GeV/c, 3 times at
4.2 GeV/c.

In the M„- )Figs. 33(b) and 33 (f)] there is evidence
for the decay of E*'(1238), X*'(1518),and Ã"'(1688).
The situation here appears to be analogous to that of
the per po final state discussed earlier.

We discuss in detail the final states p7r co and pn. iI in
the following two sections.

B. Reaction ~ P —+P~ ~
In this section, we discuss in detail how the peak at

1220 MeV in M -„, known as the 8 meson, " can be
' T. G. Schumann, Phys. Rev. Letters 15, 531 (1965)."M. Abolins, R. L. Lander, W. A. W. Mehlhop, X-H. Xuong,

and P. M. Pager, Phys. Rev. Letters 11,381 (1963);S. U. Chung,
O. I. Dahl, R. I. Bess, G. R. KalbQeisch, J. Kirz, D. H. Miller,
and G. A. Smith, in Proceedings of the Siennu International Con-
ference on Elementary Particles und High-Energy Physics, 1963,
edited by G. Bernardini and G. P. Puppi (Societa Italia di
Fisica, Bologna, 1963), p. 201; for a review on the B enhancement
as well as other multiparticle resonances, see G. Goldhaber,
Lawrence Radiation Laboratory Report No. UCRL-11971, 196$
(unpublished).
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shown to be consistent with the hypothesis of kinematic
enhancement. The treatment here is similar to that of
our earlier work. '0 This work is based on a larger sample
at 3.2 GeV/c, and the total sample is somewhat more
re6ned than the sample on which our earlier work is
based.

Throughout this section, we chose the or region to be
in the interval 0.76 to 0.80 GeV. Most of our analysis
was done on single-~ events (either neutral pion triplet
lies in the &a region —but not both). There are 94
double-co events (both neutral pion triplets lie in the co

region) in our sample, compared with 186"I single-~
events. For most of our purposes, the interference effect
arising from double-~ events is considered to be
negligible,

Unlike the p3n. final state, the 1V*++(1238)production
is weak in the p4m final states. In particular, its inter-
ference with the pm ar final state (and especial)y the 8
meson) is negligible for our purposes. To demonstrate
this, we show for single-~ events a scatter plot of M„+
against M' — with d„+'(1.0 (GeV/c)' t Fig. 34(a)j;
there is little enhancement in the E*++ region. This is

~0 S. U. Chung, M. Neveu-Rend, Orin I. Dahl, J. Kirz, D. H-
MiOer, and Z. G. T. Guiragossian, Phys. Rev. letters 16, 481
gm).

further illustrated in Fig. 34(b), a projection onto the
jf& + axis ill tile 8 i'egloil (1.12 to 1.30 GeV). For
completeness, we also show in Fig. 34(c) the distribution
of My 0 with similar selections. Again, little evidence is

seen for the E*+interference.
Therefore, we do not make any cutouts to suppress

Ã*++(1238) (nor Ã*+), as we did for the p3s final state.
In what follows, we demand merely that the M + 0 —for

an event be in the co region.

1. 8 Enhan(,"ement and %*0~ Final States

The Chew™Lowplot of 6„' against 3f -„for single-cv

events shows a cluster of events near the 8 mass /Fig.
35(a)]. The projected histogram onto the M, — axis

LFig. 35(b)j further illustrates the presence of the 8
enhancement.

VVe note that the 8 enhancement occurs mainly in the

region of the low 5„', which suggests a peripheral
mechanism for its production. The exchanged particle
could either be mo or (o [see Fig. 37(a)j.The distribu-

tions of d „' for all single-~ events and for events in the

8 region are shown in Fig. 36. The distributions in the
8 region show sharp peaks near 6~2=0—a characteristic
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ble spin-parity assignments for the 8 are J~=1,3,
etc."However, the possibility of co exchange cannot be
ruled out, in which case there would be no restriction
on the J~ (except 0+).
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Fxo. 34. (a) Scatter plot of Mt + versus M -„for single-~ events
at both momenta with 6„+'&1.0 (GeV/c)'. (b) The Mj,~+
spectrum for eu events at both momenta with 3f — in the B
interval (1.12-1.30 GeV). (c) The M„o spectrum for the same
events.

FIG. 33. (a) and (b) The M, -re and M„- spectra for events at
3.2 GeV/c with the remaining three-pion mass in the co region
(0.76-0.80 GeV). (c) and (d) The M —,and jII~ —spectra for
events at 3.2 GeV/c with the remaining three-pion mass in the g
region (0.53—0.57 GeV). (e)-(h) The same effective-mass distri-
butions as in (a)-(d) for events at 4.2 GeV/c.

s~ See, for instance, the Aachen-Berlin-Birmingham-Bonn-
Hamburg-London (L C.)-Munchen Collaboration, Ref. 20; H. 0.
Cohn, W. M. Bugg, and G. T. Condo, Phys. Letters 15, 344
(1965);S. Goldhaber, J. L. Brown, I.Butterworth, G. Goldhaber,
A. A. Hirata, J. A. Kadyk, and G. H. Trilling, Phys. Rev. Letters
15, 737 (1965);see also Ref. 56.

O' As pointed out in our earlier paper (Ref. 60), these spin-parity
sequences would allow the B to decay into ~7r or EE. Although
phase-space considerations alone would not inhibit these decay
modes, they have not been observed so far: See Refs. 7 and 52.

single-~ events with h~'(0.35 (GeV/c)'. ~ We see that
the B enhancement tends to occur in association with
nucleon isobars [see also Fig. 40(b)j. In order to
further investigate the interference of isobaxs and the B
enhancement, we show in Fig. 38(a) the Chew-Low plot
of h~ -' versus M„- for single-co events and the pro-
jected histogram in Fig. 38(b). It is evident that the
isobars are produced in this Anal state with low d ~ -',
which suggests a peripheral process [see Fig. 37(b)J.

On the other hand, Fig. 38(c) shows that the J3
enhancement is produced mainly with ~~ -'& 1.0

68 VVe take only one point per event, i.e., the combination Mt„&-
with M + o &- in the ao region.
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Fn. 35. (a) Scatter plot of d„' versus M -„and (b) the 3f -„
projection for single-co events at both momenta (see Ref. 21). (c)
Dalitz plot of M~ -' versus M — ' with the further selection
b,„'(0.35 {GeV/c)2.

(GeV/c)', which is also the region where most of the
isobar events are concentrated, as is clear from Fig.
38(a) (see also Fig. 40). The extent to which isobars and
the 8 enhancement interfere is further illustrated in
Fig. 38(d), the Dalitz plot of the p7r cv final state with
&~ -'(1.0 (GeV/c)'. For completeness, we present in
Fig. 39 the distributions in A~ — for all single-co events
and also for events with M -„ in the 8 region.

Consequently, if the B enhancement is a genuine
resonant state, ~ p interactions at 3 to 4 GeV/c do not
provide a suitable 6nal state in which to determine its
quantum numbers, Nevertheless, a simple study of the

Since final states pB and N*oco seem to be so closely
associated with each other, one is naturally led to ask:
Is it possible to interpret the 8 enhancement as a
kinematic consequence of the anal state S*'~ rather
than a resonant state? We shall show in this section
that this is indeed the case in our data. However, this
kinematic interpretation is meaningul only if the
observation of the 8 is limited to ~+p interactions.
Recently Saltay et al."reported an enhancement at the
8 mass in the ~ca system from pp annihilations. It would

appear that the 8 as is observed in our data is perhaps
a superposition of a genuine resonant state and a
kinematic enhancement.

In extending a suggestion made by Deck,4' Maor and
O'Halloran44 pointed. out that virtual dissociation of the
incident pion, ~+-+cu+p+, followed by the strongly
asymmetric inelastic process, p++p —+ m.++p, should
result in a broad enhancement in the region M +„=1200
MeV. In this section, we show that such a model
accounts naturally for the essential features of the 8
enhancement as observed in our data.

To this end, we study in detail the decay correlations
of the process x p -+ N*'cv, limiting ourselves to single-co

events with 6„-'(1.0 (GeV/c)'. We emphasize that
this is the region where we observe both the 8 enhance-
ment and the isobars (see Fig. 40).

Figure 41 shows the angular distributions for the
upper and lower vertex of the exchange process [see
Fig. 37(b)]. The angles corresponding to this diagram
are defined as follows: In the co rest frame, 0(co) and
P(co) are, respectively, the polar and azimuthal angles
of the normal to the co-decay plane with the s axis along
the incident beam and the y axis along the production
normal. "In the p~ restframe, 8(pn. ) and&(pm ) are,
respectively, the polar and azimuthal angles of the
outgoing proton, in a coordinate system with the s axis
along the incident proton and the y axis along the
production normal.

If the exchanged particle is the p, the Treiman-Yang
angles P(co) and g(pz ) need not be isotropically
distributed; Figures 41(b) and 41(d) show that the
distributions are indeed not isotropic. The hypothesis of
the p-exchange process can be tested for the process
~ p~ N*'(1238)co. Figure 42 shows the same angular

' C. Baltay, J.C. Severiens, N. Yeh, and Z. Zanello, Phys. Rev.
Letters 18, 93 (1967}."In case of the three-body decay of a resonance, the parity
conservation in the production process leads to the symmetry
property I(8,@)=I(~—8, ~—@), where I(8,@) is the angular
distribution of the normal to the decay plane of the resonance. If
I (8,@) is integrated over the angle 8, one obtains I'(p) =I'(7t —@),
where I (@) is the angular distribution in @. Hence, the proper
angular interval for the @ distribution is from —90 to +90 deg.
This result can be shown easily by using Eq. (11) in Ref. 84 and
Eq. (AS) in Appendix A.
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distributions for the ¹'(1238)region. The solid. curves
which provide a reasonable fit to our data are those
obtained by Aderholz et al. in their analysis of the
reaction s+p ~ ¹++(1238)&oat 4.0 IieV/c; the curves
are also in good agreement with Svensson's calcula-
tions" based on the p-exchange model with absorptive
corrections. Theoretical calculations are not available
for higher-mass isobar regions; however, it seems reason-
able that the p-exchange process leading to ¹0(1238)
will also produce ¹ (1518) and ¹ (1688).

The distribution in cos8(pm ) l Fig. 41(c)g shows a
strong peaking near cosg(pm. )=+1.In order to investi-
gate this peak, we show a scatter plot of 3f„-versus
cos8(p7r ) in Fig. 43(a). We see that most of the peaking
near case(pn. )=+1 comes from the M~ —region above
¹'(1238).The same scatter plot for events in the 8
region [Fig. 43(b)j shows that most of the j3 enhance-
ment is associated with the peak at cose(pm )=+1.
Conversely, the distribution in M -„shows a striking
enhancement at the 8 mass, when only those events
with cos8(pn. ))0.6 are plotted [the shaded area in
Fig. 40(a)j.

For a more detailed analysis, we divide the M~-
spectrum into five intervals; for each of these intervals,
the distribution in cose(pgr ) is shown in Fig. 44. The

FIG. 37. (a) The m- (and/or co)
exchange diagram and (b) the
p-exchange diagram for the process
71 P + PK 07

(b)

8 QJ~1r"
pro, co

shaded regions in this figure were obtained in the
following manner. The M -„distributions for events in
each M„- mass interval were plotted separately for
cos8(ps )=0.6 to 0.8 and 0.8 to 1.0 (not shown), and
the number of 8 events was estimated; these events are
shown as shaded areas in Fig. 44. It is apparent that the
8 enhancement and the bulk of the asymmetry in
cos8(p7r ) result from the same events. Consequently,
the nearly fiat distribution in cos8 (pn. ) in the ¹'(1238)
region LFig. 44(a)] should not give rise to a strong B
enhancement. This is borne out in the M„-distribution
for events in the 8 region, which shows a relatively
reduced ¹'(1238)peak Lsee shaded area in Fig. 40(b)j.

It is instructive at this point to compare the A i and 8
enhancements. We have shown that both of them are
associated with the peak at cos8(ps )=+1.For the 2 i,

s M. Aderholz et al. , Aachen-Berlin-Birmingham-Bonn-
Hamburg-London (I. C.)-Munchen Collaboration, Nuovo
Cimento 35, 659 (1965).

6' B.K. Y. Svensson, Nuovo Cimento 37, 714 (1965). N*
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we have compared the cose(px ) distribution with the diffractive n. p scattering. Unfortunately, the same
differential cross section for the elastic s. p scattering cannot be done for the J3 enhancement. The virtual
and thus inferred that the Az is a consequence of the process p p —& n. p in the isobar regions is below the

50
(o)

QO

546 events

3.2 GeV/c
normo l

20. «b)

1.5

l97 events

3.2 GeY/c normal,

B region

20

O

4J

50 (c)

40

504 events
4.2 GeV/c

10 t

0.00 GOO 2.00 3.00 4.00
8 nnn

0.00 l.00 2.00 3.00 4.00

l20 events
4.2 GeV/c

B region

FIG. 39. Distributions in
d,„-s for single-co events (see
Ref. 21): (a) 3.2-6eV/c data;
(b) the B region (1,.12 GeV
&M -„&1.30 GeV) at 3.2
GeV/c; (c) 4.2 GeV/c data;
(d) the 8 region at 4.2 GeV/c.
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Fxo. 40. (a) The M - spectrum
for single-co events at both mo-
ments with a„,-'(1.0 (Gev/pl',
the shaded region indicates events
with cos8'(pm ) &0.6. (b) The
M„~- spectrum for the same
events; the shaded region indi-
cates events in the 8 region (1.12
to 1.30 GeV).
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threshold for p production. "We have instead taken the
following two approaches.

As a first method, we have 6tted the cosi)(ps )

{o)

I I

296 events
I& p ~- {I.IR- 1.52 )

distribution in each isobar region with the Legendre
polynomial series LEq. (2)j by the least-squares
method. The result is shown as solid curves in Figs.
44(a), 44(c), and 44(d), and the fitted coef6cients u; are
shown in Table VI. Our data require up to the second-
order polynomial for ¹'(1238)region, third order for
¹'(1518),and fourth order for ¹'(1688); these
results are consistent with the spin-parity states known

Cos 8 {ao) $ {)
LLj i ) Ro-

200—
0

ce I.O
C

OP

LLj

I

Cos 8 (~)
I.O -90' 0 9 0

FIG. 41. Angular correlations at the meson and isobar vertices
for the p-exchange process (see Sec. V82};single~ events at both
momenta with A~-s&1.0 (GeV/c)' have been used. The shaded
histograms are for events at 4.2 GeV/c alone. The curve in (a) is
the best 6t to the data obtained by the least-squares method t the
fitted coefEcients for the polynomial in Kq. (2) are: co ——91.70
&3.03, c1=—0.09&5.50, and ate=24.06+7.27j.

"However, the interval of the highest-mass M„- can be

0 .- I,O

compared with experiment. The reverse reaction w p —+ p p at the
w p c.m. energy of 1.8 GeV shows a strong peak at cos8=+1:See
E. Pickup, D. K. Robinson, and E. 0. Salant, Phys. Rev. Letters
7, 192 (1962).

I )

O . I.O O' SO leO'
Cps e (pvr-) $ (per-)

FIG. 42. Same angular correlations as in Fig. 41 for events with
M„- in the E~o(1238) region. See Sec. VB2 for the explanation of
the curves.
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to exist in these regions. " ln general, one would not
expect to get these results if the asymmtery;in cos8(per )
were entirely the reQection of a genuine resonant state.

Our second method is to compare our data with the
virtual process ply-+ s p that might occur in a different
final state. For this purpose, we investigate the reaction
s CC ~ per n. frOm Our deuterium data at 3.2 GeV/C. "
The h~ and M~ — distributions in Figs. 45(a) and
45(b) show evidence of isobar productions through a
peripheral mechanism, which is presumably a p-
exchange process /see insert in Fig. 45 (a).] The
cos8(Per ) distributions for this reaction are shown in
Figs. 45(c)—45(g). We see that these distributions are
rather similar to those in Fig. 44. Especially, the peak
at cos8(pet )=+1 is seen in both reactions, although

O' Recent analyses have indicated that both the Ã*(1518) and
$*(1688}are probably superpositions of several closely spaced
resonances: See. P. Bareyre, C. Bricman, A. Stirling, and G. Villet,
Phys. Letters 18, 342 (1965).' See Ref. 38. For this reaction, we have applied a cutoff of
0.2 GeV/c on the momentum (in the laboratory system) of the
spectator proton, to ensure a reasonably pure sample of the
reaction m n ~ px m .

we do not in general expect identical angular distri-
butions for the two reactions. ~'

Judging from the arguments we have presented, it
appears likely that the strongly peaked cosg(ps.-)
distribution ls intrinsic to the process p p ~ Cl p and
is not a reAection of a resonance in the 3I -„spectrum.
We therefore conclude that the observed correlations
are consistent with the model for the 8 enhancement,
as suggested by Maor and O'Halloran. ~ The low h~'
distribution in the 8 region (noted in the previous
section) is accounted for by the strongly peaked
cos8(Pcr ) distribution resulting from the process
p P —+ 7c P. In particular, the model provides a natural
explanation for the strong tendency of the B enhance-
ment in our data to be associated with the isobar
production. However, as was the case in the A~ en-
hancement, the possibility of a genuine resonant state

"The presence of co in the p& cu ftnal state aGects in general the
spin states of the exchange p differently from that of ~ in the
anal state p~ m, so that the angular distributions for the reactions
p p ~ m. p and p n —+ w p may be diBerent. However, both
reactions proceed through the same /*0 intermediate states.
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Tmx,z VI. Least-squares 6ts to the cos8(pm. ) distribution. '

1.12-1.32
1.42—1.60
1.60-1.80

28.74a1.69
24.23+1,.56
22.85m 1.51

7.17+3.06
25.86+3.18
25.10~3.22

6.49&3.94
23.37&3.87
30.59+4.26

9.70+4.29
6.33a4.49 12.01+5.10

8.61
4.67
7.52

Con6dence
level (%}

28.2
58.7
18.5

~ Fitted to the Legendre-polynomial series I see Eq. (2)j. (CoeKcients are normalized to the total number of events. )
& e means number of degrees of freedom.
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Fio. 45. (a) The 6„-' distribution
(two points per event) for the reaction

7r n ~ per x taken frOm the deu-
terium data at 3.2 GeV/c (see Ref.
70) (4) the M — distl lbutlon
(6„ lm&h„, -') for events with 6„,-'

(Ge~/c)', (c)-(g) the cos8(per
distribution for various M~, - inter-
vals (in GeV).
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superimposed on a background due to the E*'co process central part of the ~ Dalitz plot, we shouM be able to
cannot be ruled out. reduce the relative amount of background associated

with the co peak. For this purpose, we first define a
3. Possible Anomaly of the ar'8 Associated with the 8 qua))f j(:y r by

Since the J~ of co is 1, the decay distribution in the co

Dalitz plot should be peaked in the center and vanish
on the periphery. "' Therefore, by selecting events in the

".S. C. Maglic, L. W. Alvarez, A. H. Rosenfeld, and. M. L.
Stevenson, Phys. Rev. Letters 7, 178 (1961); M. L. Stevenson,
L. W. Alvarez, B. C. Maglic, and A. H. Rosenfeld, Phys. Rev.
125, 687 (1962).

where 5K is the matrix element for the ~ decay. The
central region is then defined by the condition r&0.7,
and the peripheral region by r(0.7. The value of r was
chosen so that in the absence of background, equal
numbers of ~ should be contained in the two regions.
In Appendix 3 we give the analytic expression of the



1520 CHUNG, BAH I. , KI RZ, AN B M II. I. F. R

400

O
N 300

C

200

l00

(o) r& 0. 7 70Q,
( b)

600

600

400

300

r& 0.7

FIG. 46. The M + o spectra
for (a) the central (r)0.7), and
(b) the peripheral (r&0.7) regions
of the 3m Dalitz plot. Events at
both momenta were used in these
figures.
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FIG. 47. (a) The co Dalitz plot for single-co events at both
momenta and (b) for double-co events. (c) Radial-density distri-
butions of w decay (single-co events) for the B region (1.12 to 1.30
GeV) and (d) outside the B region. The dashed-line histograms
represent the total number of events in each category; the solid
histograms correspond to events with background subtracted
(see Sec. VB3). Curves 6tted to the solid-line histograms are those
expected for the decay of a J =1 meson.

78 G. Goldhaber, S. Goldhaber, J. A. Kadyk, and B. C. Shen,
Phys. Rev. Letters 15, 118 (1965).

contour on the or Dalitz plot for a given value of r, as
well as a brief description of the Dalitz plot.

Recently, Goldhaber et al.~' reported possible anom-
alous behavior of or mesons associated with the B
enhancement. They observed a clear B enhancement
for events in the peripheral region of the or Dalitz plot;
within statistics, no enhancement was apparent for the
central region. In addition, the Dalitz plot density for
or's associated with the 8 enhancement diGered signifi-
cantly from theoretical prediction for a meson with
J~= 1—.

In order to investigate the possible anomaly of or in

our data, we first show in Figs. 46(a) and 46(b) the
M + 0 — distributions for r&0.7 and r&0.7, respec-
tively. As is expected, we observe a markedly reduced
background in the I0 region for r)0.7 in Fig. 46(a). The
number of &o events above background in Figs. 46(a)
and 46 (b) is consistent with each other within statistics,
as is expected.

In Figs. 47(a) and 47(b) we give the s& Dalitz plot for
single-or events and for double-or events. The peaking in
the center of the Dalitz plot is apparent for single-or

events, but not for double-or events. This is because
double-~ events are constrained to lie within the lower
left part of the Dalitz plot Lsee Fig. 47(b)]. For this
reason, in what follows we treat single- and double-~
events separately.

The radial density distributions are given in Figs.
47 (c) and 47 (d) for single-a& events inside and outside the
B region. The background has been estimated from the
3f + e —spectrum plotted separately for each interval
of r. Agreement with the theoretical curve is good in
both cases (the confidence levels inside and outside the
8 regions are 74 and 37%, respectively).

The 3f -„distribution for single-or events for the
central (r)0.7) and peripheral (r(0.7) regions of the
ru Dalitz plot are shown in Figs. 48 (a) and 48 (b). Within
statistics, the number of 8 events above background
for the central region (92&21) is consistent with the
number in the peripheral region (83+22). The M -„
distributions for double-or events are shown as shaded
areas in Fig. 48. Although these distributions are peaked
somewhat below the Bpeak, it is clear that the inclusion
of these double-or events tends to favor the peripheral
region. '4

Therefore, we conclude that the or events observed
in ocr data are consistent with a meson with J~= 1 for
both inside and outside the 8 region.

74In a recent compilation of ~+co data, not including ours,
the anomaly discussed in Ref. 73 is less pronounced. Although
double-co events were included, the number of 8 events in the
central and peripheral regions were compatible within two
standard deviations I G. Goldhaber (private communication) g.
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FiG. 49. (a) The 3f spectrum for single-cu events at both momenta with A„~&0.35 (GeV/c)'; (b) the distributions in cosP for
the B region (in GeV) and (c) outside the B region. The shaded histograms are for events in the central region (r)0.7) of the eu Dalitz
plot. See Sec. VB4 for explanation of the curve in (b).

4. Spin Parity Analy-sis of the 8 enhancement

In this section, we brieRy discuss a simple spin-parity
analysis on the 8 enhancement, assuming that it is a
genuine resonance. '~

For this purpose, we first introduce an angle (vr —p)
which is defined as the angle between the normal to the
co-decay plane and the "bachelor" m. (not in co) evalu-
ated in the co rest frame. Theoretical distributions in
cosp for various J~ assignments are given in Ap-
pendix C.

In order to increase the signal-to-background ratio
for the 8, we take single-co events with 6„'(0.35

"An attempt to determine the Jp for the B has been described
by D. D. Carmony, R. L. Lander, C. RindAeisch, N-H. Xuong,
and P. M. Yager, Phys. Rev. Letters 12, 254 (1964).

(GeV/c)'. The 3E -„spectrum for these events, as well
as for those events in the central region of the co Dalitz
plot, are shown in Fig. 49(a). Figures 49(b) and 49(c)
give the distributions in cosp for both inside and outside
the 8 region.

We see that the distribution in the 8 region shows
approximately a sin'p distribution, but the distribution
outside the 8 region is relatively isotropic. The curve
in Fig. 49(b) is that of sin'P normalized to the number
of events above a uniform background assumed to be
about 46%.

If we took this result at fa,ce value, we would conclude
that the likely spin-parity series is J~=1, 2+, etc.
However, this result cannot be taken seriously, because,
as we have shown, the 8 region is highly contaminated
with the channel S*'cv. Furthermore, a J~ assignment



1522 CHUNG, DAHL, KI RZ, AND M ILLER

5.00
(o) I50 events

6.00

4.00 —, 5.00 -,

Ol

3.00 -,

2.00 -,
Ol

CI
~ ~

4.00 ",

3.00 -,

I.OO -,

0.0 0
0.6.0

00
(c)

4.0 0—

~ ~

~ ~
~I ~

~ ~ ~ ~ ~ +
~ ~
~ ~~ A ~+~

~ 1

~ ~

+C ~

~ ~

~ ~

I I

2.IO

I50 events

.J IO I.60
-& (GeV)

2.00 -,

00
0,45 l.4 5

6.0

5.0 -,

2.45
M -& (GeV)

:3o45

Fzo. 50. Scatter plots for
events at both momenta
in the 6nal state pm q
(0.53 GeV&M + 0 &0.57
GeV): (a) b,„' versus
M „and (c) D~ ' versus
M„(see Ref. 21); Dalitz
plots with (b) 6„'&1.0
(GeV/c)' and (d) b, ~
& 1.0 (GeV/c)'.

Ol

3.0 0 —,

C9

( 2.00 -,

O

CI

I.OO -; ~ ~
l ~ r

~ ~
I r ~
~ ~

~
g

~ ~

I

Ol

4.0,

I~a 30-,
X

2.0 -,

0.00
I.OO I.50 2.00 2.50

I.O '.
0.45 I 45 2.45 3.45

Mp ( GeV ) M ~-& {GeV)

C. Reaction m
—
p —+ p&

—
g

As noted earlier, there is evidence of g production in
our data [Figs. 30(a) and 32(a)g. In order to study the
mechanism for the q production, we give in Fig. 50(a)
the Chew-Low plot of 6„'versus M -„.We see evidence
for A~ production in the region of low 6„', suggesting a
peripheral mechanism for its production [see Fig.
51(a)j. On the other hand, the Chew-Low plot of
A~ -' versus Mi, —[Fig. 50(c)] shows evidence for the
S*'(1238) and X*'(1688) production, again in the
region of low h~ -'. This evidence would suggest that

(b)

FIG. 51. (a) The p (g?)-
exchange and (b) the A s-
exchange diagrams for the
process m P —+Pm q.

9
A2 ~1T

n

Neo ~p

of 1 would mean that the 8 should decay into xx and
EK, and these decay modes have not been observed
so far."

the isobars are produced through a peripheral mecha-
nism which is presumably an A 2-exchange process" [see
Fig. 51(b)g.

The situation here is analogous to the Anal states
pir po and pm co; there seem to be two competing
channels leading to the final state pir g. In order to
indicate the extent of A 2 and E~ interference, we show
in Figs. 50(b) and 50(d) the Dalitz plot of M„-' versus
ilE -„' for events with 6„'&1.0 (GeV/c)' and also for
events with 6„-'&1.0 (GeV/c)'. However, our sample
of p events is not large enough for any detailed analysis.

Figure 52(a) shows the A„,-2 distribution for
events. The peaking at low 6„-' attests to the peri-
pheral character of the g production. We show in Fig.
52(b) the 3E~ spectrum for ev—ents with 6„-'&1.0
(GeV/c)'. Note that the Ã*o (1518) production is
relatively low. Ke recall that the production of this
isobar is stronger in the final state per p' and ps. co.

Figure 52(c) gives the M -„distribution for events
with A~'&1.0 (GeV/c)'. Although A2 production is
evident, there is little evidence for A ~ production. The
same distribution for events with 6„-'&1.0 (GeV/c)'
is shown in Fig. 52(d); evidence for the A2 is not so
strong. This is, of course, to be expected, as the selection
of events with a cut in 6„-' would enhance the Ã*Og

channel. However, this does demonstrate that the

"The quantum numbers of the p are such that the only known
particle which can be exchanged is the A2 meson.
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enhancement we observe in the A2 region is not related
to the final state S*g.

VI. n~+~+~ ~ FINAL STATE

Ke present in Figs. 53—56 all the effective-mass
distributions obtainable from this final state. The
curves drawn in each histogram are the phase-space
curves normalized to the total number of combinations.

From these figures, we find that no resonance is
produced strongly in this channel, except for some
evidence for N* (1238) production in M„- and p' in
M + —.The cross sections for S* and p are estimated
to be 150 and 65 pb, respectively, at 3.2 GeV/c, and 170
and 70 pb at 4.2 GeV/c. Errors in these values are
about 30%.

We have also looked for the 4m decay mode of f'
(see Ref. 77); no evidence is seen at 3.2 GeV/c, but
there may be some evidence of f' at 4.2 GeV/c [see
Fig. 56(h)]. Rough estimates on its cross sections are
0&20 pb at 3.2 GeV/c, and 30&.15 pb at 4.2 GeV/c.

There is no evidence in our data for the 47r decay
mode of p' [see Figs. 54(h) and 56(h)]. We give 2 pb as
the upper limit for the cross section of the process

(o)

300-

200-

100 -'

, Ii, ,

1.22 1.62 2.02
Tota I

= 3I 26
Mt(~+

~ l60 -"
~120-

80-
L

E 40-
D

I I

044 0.84 I.24
Total= l563

M~+w+

(e(
I60-

I20-

80"

40-
I

044 0.84 I,24
Total= I 563

400-

300-

200 —

t

IOO—

I.22 I.62 202
Total =3I26

Mn~-

sooj'

400-

300

200—

IOO-

0 I I

0.44 0.84 l,24 1.64
Tota I =6252

M~+~-

(al

—.I5-
O

I

l50 events

G 66 events, 4.2 GeV/c

(b) I 55 events
LPp —& I 0 (GeV/c )

Q 35 events, 4, 2 Ge Y

N+ ( I 688)

I
N ( I 238)

00 (l5IB)

FIG. 53. Two-body effective-mass distributions from the e4m.
final state at 3.2 GeV/c. The horizontal scales are in GeV, and the
vertical scales are for the number of combinations per 40 MeV.
The total number of combinations is given for each histogram
after the heading "Total."The phase-space curves drawn in each
histogram are normalized to the total number of combinations.

b, p»- ( GeV/c)
I. I I.3 I.5 I.7 I.9
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~-p ~ imp (p ~ 2m+2~ ) at both 3.2 and 4.2 GeV/c. At
3.2 BeV/c, Jacobs' finds that the cross section for
ir p iso(po —+ mr+or ) is 1.1&0.1 mb. Consequently,
the branching ratio p —+2ir+2ir /p —+m+m is smaller
than 2)&l0 3.

(C j I 76 events

LPp & I.O ( GeV/c)
Q 39 events, 4.2 GeV/c

Ap (I310)20—

& I5-
O

g IO-

1 I I

(d) l55 events
6 pir & I.O ( GeV/c )

6 35 events, 4.2 GeV/c

( l3IO)

0.6 I.O I.4 I.8

r

2.2 0.6 I.O 1.4 I.8 2.2

"The branching ratios for decays of the f0 as well as the A&
have been described by S. U. Chung, O. I. Dahl, L. M. Hardy,
R. I. Hess, L. D. Jacobs, J. Kirz, and D. H. Miller, Phys. Rev.
Letters 15, 325 (1965). The f0 and the A2, together with the re-
cently discovered resonances f'(1500) and E*(1400), are believed
to represent a nonet of 2+ mesons.

(Gev)

FzG. 52. (a) The d„~ and (b) M„distributions for g events
at both momenta (see Ref. 21). The M —„spectra for q events at
both momenta with (c) h„~(1.0 (GeV/c} and (d) 6„~~&1.0
(GeV/c)'. The shaded histograms are for events at 4.2 GeV/c
alone.

VII. pm+m ~ MM FINAL STATE

In this section, we discuss briefly the final state
pm+a. m. +MM, where MM stands for the mass of
unobserved neutral systems (in this case MM) 2m o).

This final state of course cannot be fitted; in particu-
lar, it cannot be distinguished from the final state
47rMM, except by the ionization density for those events
with low-momentum protons. For this reason, we have
selected for our analysis only those events with 6„'(i.0
(GeV/c)'

We examined all the effective-mass plots obtainable
from charged particles in the final state, but saw little
evidence for resonance production. We show in Fig.
57(a) the distribution in MM, the effective mass of the
missing neutrals. Here we observe evidence for the
neutral decay mode of p. A rough estimate of its cross
section is 6&3 pb at 3.2 GeV/c and 26+10 pb at
4.2 GeV/c. "

"We have assumed for this calculation that essentially all the
q meson is produced with 5„'&1.0 (GeV/c)'.
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FlG. 54. Three- and four-body
e8ective-mass distributions from
the n4m final state at 3.2 GeV/c.

pl r

1.66 2.06 246
Total 3126

Mn~+~-~-

I i I ~ l

0,9 1.5 1.7
Total 1563

M~+~+~- ~-

9a)

300-

200-

100

0:—
122 162 202

Tota I
= 5606

Mn7r+

160
( )

120-

~ 120-

80-
0
L~ 40-
E

0.44 0.84 1.24
Total = 1805

M~+ ir+

160 =(, )

(O)

300-

200-

100-

1.22 1.62 2.02
Total * 3606

Mn~-

400-

200-

0 ~~g -!wI

044 0.84 l.24 1.64
Total = 7212

M~+ ~-

The apparent width of g in the MM spectrum is
roughly 80&20 MeV. The large experimental width
refiects the poor resolution inherent in this 6nal state;
this is not surprising, however, if we recall that the
p3irMM final state cannot be fitted. One may compare
this value with the typical resolution of about 15 MeV
for M„+,— in the p3ir final state (4C fit) and with the
resolution of about 25 MeV for M + 0 — (near the mass
of co) in the p4ir final state (1C) fit).

Recently, Kienzle et a/. " reported a negatively
charged resonance X (962) with a width of about 15
MeV, produced in a reaction ~r p —+ pX at the pion
incident momenta ranging from 3.0 to 5.0 GeV/c. The
meson was found to decay into the final states (ir +
neutrals) and (ir+w ir +neutrals). ft was suggested
that this may be a charged mode of the X'(960)
(generally considered to be an isoscalar). ao

Assuming that their peak indeed represents a decay
mode of a charged X'(960), we have looked for its decay

80-

I

0.44 0.84 l,24
Tota I =1803

Fs(:. 55. Same distributions as in Fig. 53 for events at 4.2 GeV/c.

7~W. Kienzle, B. C. Maglic, B. Levrat, F. Lefebvres, D.
Freytag, and H. R. Blieden, Phys. Letters 19, 438 (1965);see also
J. Oostens, P. Chavanon, M. Crozon, and J. Tocqueville, ibid.
22, 708 (1966)."G. R. KalbQeisch, O. L Dahl, and A. Rittenberg, Phys. Rev.
Letters 13, 349 (1964); M. Goldberg, M. Gundzik, J. Leitner,
M. Primer, P. L. Connolly, E. L. Hart, K. W. Lai, G. W. London,
N. P. Samios, and S. S. Yamamoto, ibid. 13, 249 (1964); P. M.
Dauber, W. E. Slater, L, T. Smith, D. H. Stork, and H. K. Ticho,
ibid. 1S, 449 (i96C.
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FIG. 56. Same distributions as
in Fig. 54 for events at 4.2 GeV/c.
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into s n q(g~x+s vr ) in our data. Using a cross
section of 4.6&1.5 pb for the above decay chain, "we
expect to see about 30&10 events in the M + — -MM

distribution [see Fig. 57(b)j; but we see no events at
all in this region. We thus conclude that we do not have
evidence for the X (962) production in our data.

However, if X-(962) is an object which has different
quantum numbers from Xo(960), it can decay into
m p. The distribution in M -„only at 3.2 GeV/c [see
Fig. 33(c)] shows an enhancement near the region of
960 MeV, although the evidence is not striking, due to
poor statistics, We quote 8+4 pb as the cross section
for X (962) ~ ~ g (including the neutral decay mode
of g).

By restricting the MM to the g region (0.5 to 0.6
GeV), we have searched for evidence of X'(960) decay.
Figure 57(c) shows the M ~ —,distribution in our data;
we see some evidence for X'(960). Its cross section is
estimated to be about 2+2 pb at 3.2 GeV/c, 4+3 pb at
4.2 GeV/c.

We have also searched for the decay mode of the A2

' Assuming that their reported total cross section, 15&5 pb, is
applicable to our data at 3.2 and 4.2 GeV/c, we have simply
corrected the value by 30/() for the charged-decay mode (7)-+7)-'7(. )
of the g.

into ~ g(q ~ MM) in the M +„distributions, but saw
no evidence for it, because of possibly large background
under the g peak in the MM distribution. In addition,
we have looked for the possible decay mode of the A2
into n. X (960), but found little evidence for it either.

VIII. SUMMARY AND CONCLUSIONS

In all the reactions studied here, we have seen that
the peripheral processes are mainly responsible for the
production of resonant states. In particular, we have
observed that the resonances E~++(1238) and p' are
produced mainly via peripheral processes in the p7r+n m

final state, and that the A~ and A2 enhancements are
produced peripherally in the per p' channel. In the
pm+vrom m 6nal state, we have found that periphera, l
processes are again responsible for the production of g
and co mesons, and that the B enhancement is also
produced peripherally in the channel px au.

We have found that the regions of the Aq and 8
enhancements are strongly contaminated by the channel
of the neutral isobar formation. In addition, we have
demonstrated that the diBractive scattering at the
isobar vertex may explain the A& and B enhancements
in our data, consistent with the kinematic model
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80-

I I I I(a)
7ic55 0) 2I90 events

ii'&& 1.0 ( GeV/c)

Q 857 events,
4 2 GeV/c

I

120 .(b)
2190 events

6 p & I.O ( G eV )

G 857 events

4.2 GeV/c

0 . . &. . . . . m . . .. . . t. . n. l l

0.2 0.4 0.6 0.8 IaO i+2 I+4

MM (GeV)

Final states
Cross sections (pb)

3.2 GeV/c 4.2 GeV/c

S*~m-vr-
Px po (including A1, and A2)

~+7r

p~ co (including B)

~+~'~-
p7t g (including A2)

m+a-'2t-

pA1 —& px p'

are
pA2 ~ pm p'

590&70
480&70

230+30

30&10

140+60

150+50

590m 70
520&70

185~25

160+60

175+45

12&7

TABLE VII. Cross sections for resonance production.

O
M

C

40—

110~30 67+20

MM (Gev)

60
(c)

40—
X'(960)

j

452 events
MM (.5-.6)
G I69 events,
4, 2 GeV/c

0.8 I.O I.2 I.4

consistent with phase-space predictions, and saw little
evidence for resonance production. The final state
p3~MM revealed very little interesting information,
except for evidence for the neutral decay mode of q in
the spectrum of MM.

We list in Table VII a summary of the cross sections
for resonance production.

20—

0 ll

0.8 I.O I.2 I.4 I.6 I.8 2,0
M ~+~ (GeV)

FzG. 57. (a) Distribution in MM for p3mMM events at 3.2 and
4.2 GeV/c with ~„'&1.0 (GeV/c)', (b) distribution in M + — -MM

for the same events; (c) distribution in M + -„ for events with
MM in the g region (0.50 to 0.60 GeV). The shaded histograms
are for events at 4.2 GeV/c alone.

proposed by Deck4' and Maor and O'Halloran. 44

Consequently, if the A& and 8 are genuine resonant
states, we may conclude that the m. p interactions in the
energy range 3 to 4 Gev/c do not provide suitable final
states in which to study these resonances.

The A2 enhancement, unlike the A ~, has been shown

to be consistent only with the hypothesis of a genuine
resonant state. Assuming a noninterfering background,
we have shown that its spin parity is uniquely assigned
tobe2+. Thusonemay conclude that the A2 is the same
particle as that observed in EX effective mass distribu-
tions"; the branching ratio I'(A ~

—& EE)/F (A q ~ ~p)
is estimated to be (5.4%2.2)%%u&.

"' We have also seen
evidence for the xp decay mode of the A2.

We have found that the e47r final state is mostly
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APPENDIX A: ANGULAR DISTRIBUTIONS
FOR A ~ m+po

Here we list explicitly all the matrix elements
assumed for the spin-parity analysis on the A& and A2.

A general formalism for describing a three-pion
system has been developed by Zemach. '2 Adopting his
notation, we write the matrix element for the A decay-
ing via xp intermediate state as

iV(ml 7(2 %3 ) AiMi, 23 CL2M2 3i, (A1)

where MI, & is an antisyrnmetric function in lm, and nI,

"C. Zemach, Phys. Rev. 133, 81202 (1964).



is the propagator for p'. It is given by

I 1/2

(M I„' Mp—p)+2M ''p
(with him, cyclic), (A2)

where I'p is the width of p'.
I.et p&, p~, and ps be the momenta of the three pions

in the 3m center-of-mass system, with their energies
denoted by Ej, E2, and E3. Let us further define qI,=—p~gp and t~

—=p~ —p . In terms of these quantities,
the matrix element assumed for each J~ and orbital
angular momentum (1) is

Sg The authors ash to thank A. Goldhaber for helpful discus-
sions on this point.

'4See S. M. Herman and M. Jacob, Phys. Rev. 139, 81023
(&9|5), Kqs. (Za)-(27).

qj

2+ yllll+ lllyl

0
1+ (l=o) tl (A3)
1+ (1=2) (yl tl)yl —-', pl'tl

2 (l= 1) —', (yltl+tlyl) (yl 'tl)I
2 (1=3) (y 't)y y —-'P'(y 't)I—-'P'(yltl+ty),
where I is a unit dyadic.

%'e emphasize that the above matrix elements are
di6erent from those of Biebold53 for 1+ and 2 . The
quantity t& used above is evaluated in the 3m rest frame,
whereas Diebold used tg', which is evaluated in the p'
rest frame. In a phenomenological approach, both
methods may be considered equally valid. "Ke have
tried both methods for our spin-parity analysis; the
results obtained did not depend critically on the method
used.

Next we present the production correlations predicted
for various J~ assignments. The angle we have chosen
for the purpose is z, which is defined as the angle
between the normal to the decay plane of the A and the
incident beam. The most general distribution for this
angle has been given by Herman and Jacob. oo Since, in
our case, we have two identical particles (two Ir 's), the
angular distribution I(8) is proportional to

I(8)

ppp COS 8+Pll Sill 8

2+ pppp sill 28+pll(cos 8+cos 28)

+p22 (1+cos 8) sill 8
0- constant

1+ poo»n 8+PII(1+cos 8)

IIf3pop sin'8+4pII(1+cos «)»n 8

+p»(sin'8+8 cos'8)]+b fpoo(1 —3 cos'8)'

+3pll Sill 28+3p22 Sln sj,

where p is the density matrix element for the A.
Constants u and b appearing in I(8) for 2 depend in
general on the internal structure of the Bm system. In
writing down the distributions in (A4), we have also
used a symmetry property on p

.
, with the production

coordinate system as dehned in the text, we obtain, for
parity-conserving reactions, ' the relation

p - =(—)" "'p- (A5)

If we assume that the A is produced via the p'-
exchange process and that absorptive effects are negli-
gible, the angular momentum conservation at the meson
vertex demands that certain matrix elements be
identically zero. With this condition, (A4) simpli6es to

I(8)

SlIl Z

2+ cos'z+ cos'2z

0- constant
(A6)1+ SIII 8—pll(1 —3 Cos 8)

2- af3 sin'8 —2p„(1—5 cos'8) sin'sj
+bf(1 3cos'—8)'—2pll(1 —12 cos'8+15 cos48)j.

APPENDIX 8' a DALITZ PLOT

|A'e describe brieB,y the (o Dalitz plot and give an
expression for the equal-probability contour on this
plot. Let the mass of pr+ be p and that of Irp be po (popo).
In the co rest frame, we denote the momenta of ~+, ~',
and x' by p+, pop and p

%e define the decay matrix element squared of the co

decay as

l~l =41y,xy. l =4p, p. -(p, +p. —p )'. (ill)
The maximum value of l 5K

l' can easily be shown to be

I
~ I- '= (W/Eo)(Eo' —po')'. (&2)

Here W is the eGective mass of the 32r system (mass
of pp), and Ep is the energy of the pro at the point where
lOR l' is at its maximum, which is given by

Ep ——(1/6W) {W' —4'+ pop

+f (W2 4p2+p 2)2+12W2p 2]l/2 j (ll3)

The energy of the pr+ at the point I~I2= l~l „' is
then simply given by

E=—,'(W —Ep). (84)
Using these quantities, we de6ne the polar-coordinate

variables p and P (both unitless quantities) by

Tp (Eo po) (p cosy+——1), —
&+= (Eo—pp) {p cos(4 —2~)+ f(E—p)/(Eo —»)j)
& =(Eo—po){pcos(4+2~)+f(E—p)/(Ep —»)j&,

(&5)
"K. Gottfried and J. D. Jackson, Nuovo Cimento SB, 309

(1N4).
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With these values, Eq. (88) reduces to an expression
for the boundary given by I ee."

The expression for the boundary (88) is, of course,
independent of the J~ state assumed for the 3x system.
In particular, it describes the boundary for the p Dalitz
plot with W set equal to the mass of g. Note that (88)
can also describe the boundary of the Dalitz plot for the
w+w p decay mode of the p or X'(960), if we put po=0.

In addition, it will also describe the boundary for the
m-+~ g decay mode of the X'(960), if we set po equal to
the mass of ri (in this case, p can be larger than 1).

FIG. 58. The co Dalitz plot (M =0.783 GeV}. The inner contour
corresponds to r =0.7, and the outer contour (boundary} to r =0.

APPENDIX C: ANGULAR DISTRIBUTIONS
FOR B~~+a

We describe here the angular distributions for the
decay 8 —+ m+&o. As defined in Sec. V8, (vr —P) is the
angle between the normal to the decay plane and the
"bachelor" pion (not in ~) as evaluated in the &o rest
frame. In terms of this angle, the angular distribution
I(P) predicted for each J"assignment is

The contour on the co Dalitz plot of the equal proba-
bility for the co decay is then given by

f(p,Q) =r, for 0&r&1. (87)

In particular, we note that the boundary of the m

Dalitz plot is simply given by

The explicit expression for f(p,g) can be derived by
substituting (85) into (81):

f(p,P) = 1—(a+5 cos'P) p' —cp' cos3$, (89)
where

a= 3Eo(W' 2WEo+yo')/W(Eo+p—o)',

b=4Eo[W(3E —W)+p' —po'3/W(Eo+wo)', (810)
c= 2Eo(Eo—i o)/(Eo+&o)'

If we put p= po, we have Eo——-', lV, so that

a =3 (W'+3', ')/(W+3@)',
b=0,
c= 2W(W —3p)/(W+3p)'.

(811)

where To, T+, and T are kinetic energies of the three
pions, and p varies from 0 to 1.

We now choose the origin of the polar-coordinate
system to be the point where ~~~'= ~~(m«' (see
Fig. 58). An arbitrary point P on the cu Dalitz plot is
then described by the polar-coordinate variables

[(Eo—iso)p, 4j.
Next we define a function f(p, P) by

(86)

sin'P

cos'P

1

1+3 cos'P

1+io cos'P

1+2 cos P

As is well known, the above results can be derived by
using the tensor representation of angular momenta. ~

It is instructive, however, to derive the above results
within the helicity formalism.

In the 8 rest frame, we denote the density matrix of
the 8 (spin J) by p evaluated in a coordinate system
fixed by the production variables. In this coordinate
system, the momentum of or is along the direction (8,&).
In the co rest frame, the normal to the or decay plane is
along the direction (P,n) in a coordinate system with the
s axis along the direction of the or momentum.

In terms of the helicity amplitude g)„ the decay
amplitude T for the 8 is given byss

where the magnetic quantum number m refers to the
spin states of the 8 in the production coordinate system
and D .(~& is the standard rotation matrix element. '

"See Eq. (12), T. D. Lee, Phys. Rev. 139, B1415 (1965};see
also G. Kallbn, Elementary Particle Physics (Addison —Wesley
Publishing Company, Inc. , Reading, Mass. , 1964), p. 198.

8' See, for instance, C. Zemach, Phys. Rev. 140, B97 (1965).
$. M. Berman and M. Jacob, Stanford Linear Accelerator

Report No. SLAC-43, 1965 (unpublished}; S. U. Chung, Phys.
Rev. 138, 31541 (1965).

89 M. E. Rose, Elementary Theory of Angular Momentum (John
Wiley R Sons, Inc. , New York, 1957).
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TABLE VIII. Summary of measured Qm.

3.2 GeV/c, normal
3.2 GeV/c, selected
4.2 GeV/c

Number
of events

'Events/pb measured

1.24&0.04

1.56&0.08

Seam
momentum

(GeV/e)b

3.220%0.035
3.200+0.020
4.160~0.015

If we integrate I(8,$; p, n) first over n and th«»«
Q and 8, we obtain

I(p) ~pilg), l'l dao"'{p)1', (c4)
where wc have used. the condition trp= 1.. Ke note that
I(p) does not contain p, so that it is independent of
the production mechanism of the 8.

The helicity amplitude g), may be expanded in terms
of partial-wave amplitudes'0:

g), ——pi ai(2l+1)'i'(101K
l JX), (C5)

where ui is the /-wave amplitude and (jimijgm2l JM)
are the Clebsch-Gordan coefficients. Using (C4) and
{C5), we can readily calculate all the distributions in
(C1)." For example, for 2- (1=3), we merely put all
a~'s to zero except u3, so that

g, = (y2)a, {301~i2~)

I(P) Zi (301~1»)'Lucio"'(P)7 1+2 cos'P.

APPENDIX D: EXPERIMENTAL DETAILS

1. Beam

The 72-in. bubble chamber was exposed to the g
beam from the bevatron; the momentum ranged from
1.6 to 4.2 Gev/c. The beam was originally designed.
for x mesons by Trilling, Goldhaber, Kadyk, and.

Shen, and later by Murray for the separated K beam.
The details of the beam are described elsewhere. "

For this experiment on four-prong events, we selected
thc 61m cxposcd Rt thc x bcRm momcnta of 3.2 Rnd
4.2 Gev/c.

2. Scanning and Measuring

For the incident pion momentum at 3.2 Gev/c,
approximately 22 000 four-prong events, i.e., events
with four outgoing charged tracks were measured. In
about 43% of these, which were scanned and measured
at the early stage of this experiment, all the four-prong
events within the fiducial volume were accepted (the
normal sample). For the rest of the pictures, scanners
were instructed to "Jag" those four-prong events for
which one of the positive tracks could be identihed as a

90 See S. U. Chung, «f. 88, Eq (A4).
» See Ref. 84 for the explicit form of d ~ & for small values of j.
~ Joseph J. Murray et a/. , Lawrence Radiation Laboratory

Report No. UCRL-1142', 19m (unpub»shed).

a Based on the number of events given in Table I, See Sec, D4.
b See Fig. 59 for the spectrum of beam momentum.

proton, and only such events were measured and pro-
cessed (the selected sample).

For the pion incident momentum at 4.2 Gev/c, a
total of approximately 15000 events were measured
and e/l four-prong events within the fiducial volume
were used.

A summary of the quantity of film used for this
experiment is shown in Table VIII. In Fig. 59, we show
the spectrum of the beam momentum for the three
samples.

All the measurements were done either on the SMP
(scanning and measuring projector) or on the Francken-
stein. ' The measured events mere then processed
through the standard data-reduction system of the
Alvarez group. 4

After the first measurement, events that were am-
biguous and resolvable" were looked at by physicists
and trained scanners for 3.2-6eV/c normal and 4.2-
Gev/c samples. As for the 3.2-6ev/c selected sample,
if an event fitted the hypothesis (its confidence level
was greater than 0.5%) for which the outgoing proton
track is the same as that identified by the scanner, the
hypothesis was considered to be the correct one for that
event. %hen the computer and the scanner did not
agree on a given hypothesis for Rn cvcnt it wRs looked
at by trained scanners, provided the event was re-
solvable.

If an event failed to fit any hypothesis (its confidence
level was smaller than 0.5%) or did not have enough
missing mass to be consistent with a missing-mass
(MM) hypothesis, it was automatically remeasured.
If it again failed to fit any hypothesis (including MM
hypotheses), it was looked at on the scanning table by
trained scanners, after which the event was either
measured again or discarded if there was a reason to do
so (e.g., two-prong event with a Dalitz pair, or strange-
particle events "faking" four-prong ones). In this way,
an event was measured. as many as four times. At the
end of this series of Ineasurements, there remained only
about 2% failing events.

93 An event is considered to be ambiguous if there is more than
one hypothesis fitting the event with the con6dence level greater
than 0.5'P&. An ambiguous event is considered to be resolvable if
the ionization density of one of the tracks is at least 1.4 times the
minimum ionization density.
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FIG. 59. Seam-momentum spec-
trum for (a) the 3.2-GeV/c normal,
(b) the 3.2-GeV/c selected, and
(c) the 4.2-GeV/c sample.
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3. Separation of Hypotheses

Types of reactions that have been tried are shown in
Sec. II in reactions (1a) through (1e).

Note that the reaction (1a) is a four-constraint (4C)
fit, while (1b) and (1c) are one-constraint (1C) fits. The
reactions (1d) and (1e) are unfittable hypotheses. An
event was tried for (1d) and (1e) only if it failed to fit
hypotheses (1a), (1b), or (1c).

After the series of measurements described in Sec. D2,
events were distributed among various hypotheses as
shown in Table IX. This table shows, for fitted events,
the correlation of the best hypothesis with the second-
best hypothesis. We see that a great majority of events
has a unique assignment to a given hypothesis; am-
biguous events amount to less than 10% for all three
hypotheses. Also, there is very little ambiguity (less
than 2%) in the identification (by the computer) of the
proton track. Of course, this is largely because much of
the 61m was looked at by the scanners, and the proton
track was uniquely identified on the basis of ioniza-
tion density.

In order to investigate the nature of the ambiguous
events and further separate the events among different
hypotheses, extensive use was made of the confidence
level (C.L.) for each hypothesis. Figure 60 shows the
distribution of the C.L. for all fitted events. ' It is
relatively pat, as it should be, except at smaller values
of the C.L. The character of the distribution remains
essentially the same when events with the diGerent
hypotheses (1a), (1b), and (1c) are plotted separately.
The excess of events at smaller values of the C.L. is
presumably caused by factors such as small-angle
scattering and bad measurements. Ie addAiom, one
suspects that it is to a large extent due to the con-
tamination of misassigned hypotheses.

In order to further distinguish the p4tr final state
from the p3tr final state and the MM final state, we
examine the 3II + 0 — distribution, where we observe a
sharp peak due to the co-meson production, characteris-
tic of the p4tr final state.

Figure 61 shows the effective-mass distribution of the
neutral-pion triplet from the p4tr final state, when we
select only those events that are ambiguous with the
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FIG. 60. Distribution in the confidence
level for all the fitted events.

1.0

TAsLE IX. Distribution of events among different hypotheses.

Second-best
hypotheses

Total

P~+~ ~

9780
825

15

10 620

Best hypotheses
Pere-'~ ~ n~+~+~ ~ Total

338 11 10 129
10 950 567 12 342

551 3612 4178
11 839 4190 26 649

94 Because our geometry program consistently assigns too smal]
errors to the measured quantities, abnormally high values of p'
result. Therefore, p' has been corrected by an empirical factor
before the corresponding con6dence level is calculated: The
actual values used for the factors are 0.6 and 0.8 for the 4C and
1C Qts, respectively.



M ULTI P ION F I NAL STATES

p3ir final state and whose C.L. is smaller than 5%.
There are very few co events in this sample compared
with the same distribution of all p4n final states. In
addition, the phase space is grossly distorted, Therefore,
we conclude that this sample of p4ir events is largely
composed of p3n events. This is easy to understand; the
4C p3m final state is much harder to fit than the 1C p4n.
final state, so if an event had an acceptable C.L. for
p3m, it is in reality p3m, even though it may have higher
C.L. for p4ir. It is estimated that about 80% of this
sample is in reality p3ir events. So this sample has been
deleted altogether from the p4n sample {the deleted
sample amounts to less than 3% of the total).

In order to further investigate other possible con-
taminations in the p4ir events, we plot in Fig. 62(a) the
missing-mass squared (MM') for all p4ir events calcu-
lated from the measured (unfitted) quantities. As is
expected, there is a huge peak at the mass (squared) of
x'0. Partly on the basis of thc shRpc of this distribution
and partly on consideration of the threshold for 2mo

production, the MM' cut was chosen in the range —0.12
to 0.1 (GeV)'. Figure 62(b) shows the distribution of
thc neutral-pion tI'lplct only for those cvcnts whose
MM2 is outside the aforementioned cut and whose
C.L. is less than 5%; there are hardly any &o events in
the sample. Ke therefore concluded that this sample
certainly does not belong to the p4m events, and again
we deleted this sample from the p4ir events (less than
4% of the total). The sample consisting of events with
MM' outside the cut and with the C.L. greater than
5% showed some ~0 events, and we decided to keep this
sample in the p4ir events.

Inasmuch as e4~ events [the reaction (1c)j are 1C
fits, one would expect contamination similar to that in
the p4n events. Unfortunately, however, there is no
sharp resonance like cv in the sample. Nevertheless, we
cliose a MM ciit fioill 0.52 'to 1.20 (GeV) iii a siiililal'

fashion. If an event had a MM' outside this range and a
C.L. less than 5%, it was dropped from the n4ir sample
(this amounted to about 6% of the total. sample).

60- ~(783) 310 event s

C. L. & 5 'Io

Ambiguous with

P F+W' VF

0
0.4 0.8 1.2

Mvr+~om - ( GeV)

FIG. 61. The M + o —spectrum for P4vr events ambiguous with
the P3~ hypothesis and with C.L. less than 5/&. The phase-space
curve is normalized to the total number of combinations.

The p3ir events constitute a rather pure sample, since
lt consists of cvcnts with R 4C 6t. Noncthclcss, lf Rn
event fell outside the MM' cut Lchosen to be in. the
range —0.02 to +0.02 (GeV)'j and had a C.L. less than
5%, it was dropped from the sample (less than 2% of
the total sample). The deleted sample showed, very
little evidence for p' production, whereas the total p37r
sample showed strong p' production.

4. CX'088 SCCtion8

For the purpose of cross-section calculations, we have
decided to count, in a special cross-section scan, the
number of four-prong interactions along with the total
number of all interactions, and then normalize it to the
existing precise measurements of the total m p cross
section taken from counter experiments. ' For this
purpose, every 6fth frame of the entire quantity of film
at 3.2 and 4.2 GeV/c was scanned.

FIG. 62. (a) Spectrum of
the square of the missing
mass (MM') calculated
fr OIQ the measured quan-
tities for all p47f- events. (b)
The M + 0 — spectrum for
events outside the MM' cut
/dotted lines in (a)g and
with C.L. &5 jg.
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Ke note that small-angle elastic scatterings can
easily be missed by scanners. This effect, which is a
serious one for two-prong final states, has been studied
in detail by Jacobs. i Using the result of his analysis, we
have made a correction to the total number of inter-
actions (from the cross-section scan); this correction
amounts to about 8% at 3.2 GeV/c, 7% at 4.2 GeV/c.

In order to obtain any reliable cross sections, one
must also correct for the scanning efficiency of the
scanners. Based on two separate second scans of 15
rolls (about 3000 events) of film each, the scanning
efficiency was found to be (96&2)% for the first scan.

In addition, for partial-cross-section calculations, we
have corrected for the contamination in each category
resulting from erroneously a,ssigned hypotheses (see
Sec. D3).

The resulting cross sections, after all these corrections
have been made, are shown in Table II for both 3.2 and

4.2 GeV/c. Of course, only the 3.2-GeV/c normal
sample was used to calculate the cross sections at that
momentum.

We point out here that cross sections were calculated
from the data that had no cutoff based on the fiducial-
volume criterion. For subsequent analysis in Secs. IV
through VIII, however, the rigid fiducial-volume
criterion was applied. The events failing to satisfy the
criterion (about 11% of the total) showed a poor
resolution, based on the width of co from this sample.
This is, of course, because these"events are largely from
the periphery of the bubble chamber and they tend to
have short tracks; this results in poor measurements.

We have also applied a cutoff at &2' for the dip
angle of the beam evaluated at the interaction vertex,
thereby eliminating about 2% of the total events. The
number of events shown in Table I is that obtained
after these cutoffs were applied.
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New Low-Energy Theorems for Nucleon Comyton Scattering*
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Two new low-energy theorems for Compton scattering from spin-$ targets, giving some terms of order
~~, are derived using a recently obtained lemma. One of these theorems is a generalization to the spin-~~

case of a similar theorem for the spin-0 case. The other theorem involves "magnetic moment radius, " i.e.,
I dQ~(t)/dtjg 0 which does not occur in any of the low-energy theorems obtained earlier.

I. INTRODUCTION

E report here two new low-energy theorems for
nucleon Compton scattering, giving coefficients

of the pp'(1 —cose) terms, where p& is the incident lab

photon energy and 8 the lab angle of scattering, in two
of the amplitudes. It is obvious that the possibility of
writing down such theorems depends on being able to
deal with excited-state contributions to Tpp e(p, k'; p,k),
where

,'(2 )ep(p'+k' —p —k) (oi'/E„E,) '"
(2e)'

)(T„„~(p',k'; pk) = d'xd'y e""'

x(p'~ [T(&, (*),~.'(y) }—ip ( )&'(*—y)] I p) (»
and p, k, E (p', k', E„.) are, respectively, initial (final)
nucleon and photon four-momenta and nucleon energy.
The "charge labels" for final and initial photons are
denoted by n and P, respectively. The general form of

*Work performed under the auspices of the U. S. Atomic
Energy Commission.

f On leave from (and address after Sept. 1, 1967) Tata Institute
of Fundamental Research, Bombay, India.

the excited-state contributions was discussed recently
using current conservation and was used to derive a new
low-energy theorem for pion Compton scattering. ' The
use of this information for the Compton scattering from
systems with spin S&1 leads to a number of new
theorems; in particular, for the spin-1 case one obtains
a "quadrupole moment" theorem. '

e 'T„~ (pp')k'; a&,k)e~=e„'U~~ (ep', k't pi, k)e„
+a' eEi"a+a[a a'a. a]Eps
+(a' ka k' —k'. ka' a)Ep ~

+-,'([e k', e k]e' a—k' k[o a',o.a])E, e

+ p([a ~ a', o"k]a.k' —a' k[e e,a k']
—2k' k[e a'e e])E, e

+-', ([e a', e k]e k'+a' k[e e,a k'])Eye
+ip([o a', o k']a k' —e,

' k[e a,o k])Ei s

+-,'([e a',e.k']a k'+a' k[e a a.k])Eps
' V. Singh, Phys. Rev. Letters 19, 730 (1967).' A. Pais, Phys. Rev. Letters 19, 544 (j.967).

(2)

2. LOW-ENERGY THEOREM'
Let us write the nucleon Compton scattering in the

lab frame (y=0) as


