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Electromagnetic Interaction of the Bargmann-Wigner Fields*

SURAJ N. GUPTA AND WAYNE W. REPKOt'

Department of Physics, Wayne State University, Detroit, Michigan

(Received 30 August 1967)

It is proposed that the electromagnetic interaction in the Lagrangian formalism for the Bargmann —Wigner
fields should be introduced in such a way that the number of linearly independent components of the aux-
iliary Gelds is minimized in the resulting Geld equations. Pn this way a consistent formulation of the electro-
magnetic interaction of the Bargmann- Wigner 6eld with spin ~ is obtained, and its equivalence with the
Rarita-Schwinger formulation is established.

I. INTRODUCTION

Y using the generalized Bargmann-Wigner field
equations, it is possible to combine the baryon

~

~

~

~ ~

~

~

octet of spin ~ with the baryon decuplet of spin 2 and
the pseudoscalar-meson nonet with the vector-meson
nonet in a simple manner. ' Although the U(6,6)
hadron model, obtained by the above procedure, is still
in a preliminary stage, there seems little doubt that
the Bargmann-Wigner form of field equations overs
a very promising approach for the description of
strong-interaction symmetries. While these multi-
spinor field equations are equivalent to other forms of
field equations in the absence of interaction, such
equivalence is no longer apparent in the presence of
interaction. Indeed, it is known that the usual pre-
scription of replacing B„by D„=B„—ieA„ for the
electromagnetic interaction, when applied to the multi-
spinor field equations, leads to inconsistencies.

Unless a consistent theory of the electromagnetic
interaction of the multispinor fields is developed, the
use of such fields in any theory of strong interactions
will be looked upon with suspicion. Therefore, in an
earlier paper' we have investigated the electromagnetic
interaction of the multispinor field with spin -„and we
shall now extend our treatment to the field with spin
~. For this purpose we shall first discuss the Lagrangian
formalism for the multispinor field with spin —, in the
absence of interaction, which requires the use of
auxiliary fields. We shall then show that the usual
prescription of replacing B„by D„ for the electro-
magnetic interaction leads to undesirable results, and
propose an alternative prescription. Finally, we shall
discuss the equivalence between the Bargmann-Wigner
and Rarita-Schwinger' formulations in the presence of
the electromagnetic interaction.

The present investigation shows that the usual treat-
ment of the electromagnetic interaction by means of

~ Supported in part by the National Science Foundation.
t National Aeronautics and Space Administration Predoctoral

Fellow.' V. Bargmann and E.P. Wigner, Proc. Natl. Acad. Sci. (U. S.),
34, 211 (1948).

~A. Salam, R. Delbourgo, and J. Strathdee, Proc. Roy. Soc.
(London) A284, 146 (1965);B.Sakita and K. C. Wali, Phys. Rev.
139, 81355 (1965).

I S. N. Gupta and W. W. Repko, Phys. Rev. 159, 1082 (1967).
4 W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1941).

165

the replacement of B„by D„ is suitable only when the
Lagrangian formalism does not involve auxiliary fields.
But, when auxiliary fields appear in the Lagrangian
formalism, the electromagnetic interaction should be
introduced in such a way that it is not only gauge
invariant but also minimizes the number of linearly
independent components of the auxiliary fields in the
presence of interaction.

We shall, as before, ' denote the space-time coordinates
as x„=(x;,res), and take the y„as Hermitian matrices
with y„y„+y„y„=2b„„and y„y„—y„y„=2so „..An asterisk
will be used to denote the complex conjugate of a
number or the Hermitian conjugate of an operator.

2. LAGRANGIAN FORMALISM FOR THE
BARGMANN-WIGNER FIELD WITH

SPIN ~~

According to Bargmann and Wigner, ' a field with
spin —, is described by a totally symmetric multispinor
lt p~ satisfying the field equations

In order to obtain the above field equations from the
variational principle, it proves necessary to introduce
two auxiliary fields X p~ and Q p~, where the field X p~
of mixed symmetry satisfies the relations

Xapr = Xpav g Xapr+XSar+Xrap= 0
~

while 0 p~ is totally antisymmetrical. As originally
presented by Guralnik and Kibble, ' the Lagrangian
formalism for the Bargmann-Wigner field with spin ~~

contained an error which, when corrected, makes the
derivation of the fieM equations excessively complicated.
This complication can be avoided by the reformulation
presented below.

By choosing the Lagrangian density as

I = —tf L(v~) t+~]tf+sxL(v~)i —(v~)a+3~]x
+fiL(7~) s mls (~—) 'Px—(v~) t4+f(v~) ix5

+aLx(v~)sfl+flhd)sxj, (3)

' G. S. Guralnik and T. W. B. Kibble, Phys. Rev. 139, B712
{1965);150, 1406 {E) {1966).
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while, after multiplication by (9n' —Cl'), (8) reduces to

L(v~) ifj-s»= (v~)-"0- e», (n—m)Q=O,
0"=4*"'"(74)- (v4)p'(74), ', «c, (4)

so that, according to (17) and (18),
we obtain by the variations of f, x, and 0 subject to the
appropriate symmetry constraints: (y8)iQ= (yej)eQ= (y8)eQ=mQ,

(18)

(n+m) p+-', (px'+ ex) =0,

,'—(P—x+ex')+mX ,"—yy', PQ-=0,

i2(Px' —ex)+mX' —-', PiP—
2 eQ =0,

(o—m)Q+-', (px—.x') =0,

(5) which cannot be satisfied by the totally antisymmetrical

(6)
Q llilless

0=0. (20)
(7)

In view of (14), (15), and (20), the field equations
(5) to (8} reduce to

%'here X p& ls related to X p& by

or

x' s»= b%—'(xs». X»s—)

x-s»= (v3) '(x's»- x' —»s),

(9)

Px'+ eX=0,
Px+ eX'= 2mX,

Px' —eX= —2mX',

(P'+ e') X= 2m (ax+ eX') =4m'X,

which commute with each other and satisfy the relations
we conclude that

Pe P2 e2 2nP P2+ e2 x (n2 Q e) (11)

which enables us to express the Geld equation, obtained Px—eX'= 0.
by the variation of x, in the form (6) or (7). We have
a1so introduced the operators Smce (21 and (24 yield the relation

n= eL(v~) i+(v~)e+ (v~)ej, (Pe+.ee) X—0

P eL2(V~)e (7~)1 (Tel)ej (10) willie (22) and (23) give

e= (2~) 'L(V~)i—(v&)ej,

(21)

(22)

(23}

(24)

(25)

P(9n' —Cl') =0, e(9n' —0') =0.
Elimination of Q from (6) and (7) yields

pex+ '(—p' e')x-'+m—(ex+px') ,'(p'+e'—)&—=0,

or, in view of (11),

( — )(PX'+ X)=-'( '—&')4,
which gives, on using (5),

(9n' Cj')f =—8m' .
It follows from (12) and (13) that not only

but (5) reduces, after multiplication by (9n' —Qe), to

(n+m)g =0. (15)

The field equations (14) and (15) are identical with
the Bargmann-Wigner equations (1).

Similarly, elimination of i/i from (6) and (7) gives,
with the help of (11),

(n+m) (pX eX') = ,' (n—' CI') Q—, —
or, on using (8),

e r~4'p» np~4'~~ (27)

Similarly, X p~ and 0 p~ can be expressed by means of
the antisymmetrical matrices (C) s, (iy„yeC) s, and

(yeC).p as

x-p»= Y~L(C).e(n)»
+e(v.veC)-s(X.)»+ (veC)-e(x)»j (28)

Q-e»=Y~L(C)-s(~)»
+'(..~.C}.,«.},+(~.C}. (Q),j, (29}

3. TRANSFORMATION OF THE I.AGRAÃGIAN
DENSITY TO THE SPINOR-TENSOR FORM

We can carry out a transformation of the multispinor
Lagrangian density (3) to the more familiar spinor-
tensor form. By using the symmetrical matrices (y„C)„e
and (O„„C) s, the multispinor f eca»n be expressed in
terms of the spinor-tensors f„and f„,= f„„as»—

=. -'E( C) (tt' ) +-'( .C) (6) j (26)

where the further requirement that the right side of
(26) be also syinlnetrical with respect to the indices p
and p gives

(9n' —D') Q =8m'Q.

It then follows from (12) and (16) that

PQ=0, eQ=O,

(16) ~ Vhth the usual representation of the Dirac matrices in which
y4 is diagonal, the vanishing of 0 due to (19) becomes especially
transparent in the rest frame.

~The matrix C satis6es the relations C '=C~ and C 'y„C
= —y„~, a&here y„~ is the transpose of y„.
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st=vs(x i—v„x„), (30)

where the symmetry properties of X p~ and 0 pv imply x (v8) "pp, ——',v-3(xv 8„$„—2ix„v„v 8A,
sxpvsv8fo xrcvs8A'») j

(31)O„=iy„Q.

According to (27), (30), and (31), f„, 4t, &o, and Q„can
be expressed in terms of tt», x„, x, and 0, which are to
be regarded as independent field variables except that
the components of P» are interrelated through the
condition o»f» =0.

The above relations enable us to transform the
various terms in (3) to the spinor-tensor form as (37)0"=0» (1/18—)o»vsx

&» —4's+s Vs".+sVsVs ~'P "(v8) 4' 'ps=44'~8 4's sou (8A' 8 4'p) ~

4~pv PAp 2 Pp&4 p& i

(32)
which give

I
fpv +pv y g &pv&Xpfhp y

vsx. = —2(i4,+vA ..),
75X g |Txpox p ~

x"(v8) x;p, = ,i(x„8-„x+x8„x„),
x'&(v8), &'x.p; = ——,'[(x—ix„v„)v8(x—iv„x„)

+x„v8x„—xv8x j, (33)
» ,p=-' [4( x—ix„v„)(x—iv„x„)

—x„x„+xxj;

(38)

It should be observed that, although p„„shares the
antisymmetrical property of P», its components are
not interrelated through any condition, and therefore
P» and p„contain the same number of independent
components as p», x„, and X.

By substituting the relations (32) to (36) into (3),
and applying (38), the Lagrangian density can be
expressed in terms of the independent variables P»,
@„,and 0 as

(34)0 p&(v8) &'0
p .= —sQv8Q

n-»n. , =-'Qn.~Ps

4'"(v8) x;pv= 2~~(4.v48, x 2iÃ.v—s8.v.x.
+if„v v8x„+f„„v„.8„x„), (35)

6-»(v8)P'x. „,= ', (Q-v8x 4—8„x„), (36)
x-P (v8)„'a.p„=a(xv8a —ix„8„a),
where we have permuted the indices of f p~ and P P&

in (35) to obtain simpler terms in the spinor-tensor
form.

It is convenient to combine the auxiliary fields I and
x„with p» nad f„by defining

L= 24 „(v86„, v„v8v.+3m—8„,+3mv„v, )4t. i (4t „8„4»+—4„.8,y„) i (@„v—8vg»+y„,v,v 8y„)—(13/12)(&„8„oz,fs„—4s,o)„8„$„)—(7/6)(4 V V8o,&, 4,o,V—8V„4'„) 2i(Q„V—„8sV,y&,+ps,V,8sV.4,)
+2m&„p„,+5m&~.»vs&.s (97/2—4)™Pl„o»osAsf —6im(@„vy„„+p„„vp„)+sm(Q„v„osppsp Qspozp—V spy)

2Q(v8+—3m)& s(flv48 p—4 0+ 48gvsfl)+ 2i(flvs8pvg»+$»v. 8„vsQ)+ (9/8) (Qvsv8o„g» —g»o»v8vsfl) (39)

The field equations, obtained from (39), can be or, in view of (44) and (45),
reduced to the form

(v 8+m) P„=0, P» = —(i/m) (8„$„—8„$„), (40)

V„&„=0, o„„4'„„=0, P„iV„Q»=0—, (41)

0=0, (42)

where (41), when substituted into (38), also implies
the vanishing of X„and X.

'|A"e observe that p„satisfies the Rarita-Schwinger
field equation

(m VV)Vs4tis+ 8s—Ps=0. (46)

4. INTRODUCTION OF ELECTROMAGNETIC
INTERACTION

Since the relations (44) and (46) do not involve time
derivatives, they are to be regarded as the interdepen-
dence relations, which reduce the independent com-
ponents of p„ to eight as required for the field of spin ~.

with
(v8+m)y„=0,

v~4~=o

It follows from (43) and (44) that

(43)

(44)

If we ignore the Lagrangian formalism and introdun.
the electromagnetic interaction merely by replacing 8„
by D„ in the field equations (1), we immediately arrive
at an inconsistency, because then in the identity

8„$„=0,

and, for is= 4, (43) gives on multiplication by v4

(m —
V V)V4$4+84$4 ——0

L(vD)-"(vD) p' —(vD) pp'(vD) jk;p,
(45) iep„„(v„)—(v„)p 'P.,p.„,~ ~l Pl

the left side vanishes owing to the field equations, while

the right side remains nonvanishing unless P p~=0.
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This inconsistency can be avoided by using the Lagran-
gian formalism.

When the electromagnetic interaction is introduced
in the Lagrangian density (39) by the usual replace-
ment of Bp by D„, we Gnd that corresponding to (40)
and (41) we now have

(VD+m)4„= 3—m(q4 iV—,4„„) (—VPVD+D„)Vzgz

+4mVPV 143 4(VP—VD+2DP)o1A 1p

+6mV„oz,pttt), p, (47)

4,.= —('/m) (D.4.—DA.)
—2zIVP(4.—zV1tt 1)—V.(4 —

P zV14 1)]
+ (i/m) (D„v„D„v„)—v),41 2'„v—1st'

+4 (zlm) (DPV D.VP)&3A—'1 p

—(8/3) o „.o 3,y3„(48)
with

Vpep= (1/27)(e/m')L(9/4)ox, Fl pVp4p

2zV„bPFP„4V3FP1V„QP„
—2F„,y„,+(25/24)o„P„o„@„„], (49)

o Pptttp„= (1/27) (e/m') $2iV„&PFP„+VtFP1V„4tpP„

+2P'p&"+ (7/12)o1pF1po"4 p.], (5o)

ttt„i V—„P„.= 0 (e/m') fiF„„ttp„+2o 1pF3,41„
1 1
67PPP~VP YXfVX j.g YltzEXPQ)tP

+2VPVA'xPxp+ 4zVvFPvtrxpgkp

+ (5/12) Vpo1P)„o3,4 3,] (51)

Moreover, the auxiliary fields no longer vanish, and
while X„and X are given by (38), Q is given by

v3Q 2o&p't'&p y (52)

which shows that Q=X, but no other linear relation is
found to exist between the auxiliary fields. Thus, not
only the 6eld equations become excessively complicated,
but the interdependence relations are also destroyed by
the appearance of pp„, which contains the time deriva-
tive of Pp, in (49).

In order to overcome the above difIiculties, we pro-
pose the following prescription, which is suggested by
our earlier treatment' of the spin-~ case: The electro-

magnetzcinteraction in the Lagrangian formalism for the

Bargmann Wzgner fi-elds should be introduced in such

a zoay that the number of linearly independent components

of the auxiliary fields is minimised in the resultirzg field
equations.

For this purpose, we take the Lagrangian density for
the spin-~ field interacting with the electromagnetic
6eld as

Ltotal LO+L +altltptrlptlPFxp+za2ttp l1yFPv+a34PVPoxpVvtbvF'ap+za4(tbPVPVp@x AVpVPytpp)P1 p

+bl ( bPVPo), V5Q+QVzo1 V„b„)Fl„+ibz (bPV„'V3Q QV3Vypbp)P—„.+cQo „,QF„„(53)
where L0 is the Lagrangian density of the photon. Geld, I. is obtained from (39) on replacing 8 bPy D„,
and we have added all possible magnetic-moment-type interaction terms involving p„and Q. The real parameters
a;, b;, and c will be chosen in a manner which produces the largest number of linear relations with con-
stant coefBcients between the auxiliary fmld components.

The Geld equations, obtained from (51) by the variations of pp„, 4ttp, and Q, are

-'m4 .+'(mtVV14"l
—-V Vt 4' 3) (97/24)m& .&1 0'& +'z(D 4t" DA' )+'z(V VDtt"——V VD4' )-
+ (13/12)o P„D1&&+(7/6)ap, vDvtstyl, i(D„v„D„v—p)vt@l,+—3im(vpttt„vptttp)—

0 PvV)ttpz+4i(D„V„D. V„)V3Q (9/8—)o.„,VDV3Q=—0, (54)

2vDttpp 2vpvDv„4'. +6m—pp+6mvpv„tb„iD@P. ivDv„t—ttp„—(13—/12)D„03pp1p —(7/6)vpvDa3p4ttl p

2iVPDlVptbl p
—6imV, ttyp, + ', m—V„01pttt1p 2D—„V3Q+alo1—pFt,pp+iazFPQ +a3VPo1pFxpV Qy

+za4VPVp tp&P&p za4VyPPyV34b1+blVPoxpPxpV3Q+zb2VvFPvV3Q 0 y (55)

2(VD+3™)Q 2V—3(DPttpp zDPV+—py 4VDo Pg—py)+blV3o
—1pF3pV Ptttp zbzV3V&PFPy+ co—„„F„„Q=0. (56).

Multiplying (54) by —(5/12)iv„v„, (55) by —,v„, and (56) by 3v3, and then adding, we obtain

—(27/2) mV 3Q (81/4) m—o PQP„+ (,'al+ 2a3+ ',a4+3—bl)o 3,F1pV —Ptttp i (2al+ at 2a4—+3hz) Vy/PF—Py

+(2bl —21bz+3c)op+'»v3Q=O, (57)

which is free from the space-time derivatives of P», Pp, and Q. Moreover, the interaction terms in (57) vanish
if the a;, b;, and c satisfy

(—',al+2az+2a4+3bl) =0, (2al+ ', az —2a4+3bz) =0-, (2bl 2bz+3c)—=0,
which reduces (57) to the form

y5Q= —20„+„„.= —3

Further, by multiplying (54) by

2ib„l D,+438P)yDV„+ (17/36)iDzVPV„(11/36)iV1VDVPV„—2imVl V„V„, —

(58)

(59)
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(55) by mb„z, and (56) by —2myzyq, and then adding and simplifying with the help of (59), another relation
without space-time derivatives is obtained:

6m'gi —6im'yg&, „—12m'pic„g„—(8'//2)m'7& a „g„„ i (e m—a2)Ft P„+(mai ,'e—)o—„„F„gq
+i(ma4+2mbm+e)pic, &„F„. im—a4y,Fi.y„g„+(maa 2—mbi+e)yio„P'„.y,Q,

',i(—2e-+mb~)y, Fi,o„g„, ', (m—b-i 2m—c ~e)—pic„P'„.or„gr.„=0 (60)

The interaction terms in (60) vanish, provided we
take

ai ',——(e/—m), a2= e/m, a4= 0, b2= ——',(e/m), (61)

a,—2bi ———(e/m), bi —2c= 4e, (e/m),

while a further multiplication by p„yields

D„g„=—(23/16) yDy„P„+ (27/8) my„P„. (68)

It then follows from (67) and (68) that

which reduces (60) to

4.—ivy ..= 2v.vA.+ (29/4)v. A»' (62)

(vD+m)4 + 'D vA.+-(»/16)v vDvA.
—(31/16)my„y&. =0, (69)

= —1
0pA p.= —4V p,4p

and thus enables us to express (60) as

=—3zygo„„= —4'Y„o i I p),—p. (64)

This relation can be simplified by multiplying by y„,
which yields

(63)

while (54), when simpliimd with the help of (59), (63),
(64), (68), and (69), becomes

4 .= —(/m)(D. 4.—DA )
+(13/«)('/ )(D,v.-D.v.)v ~

—(7/12)a„„yips. (70)

Sy means of the transformationThe relations (56) and (59) are compatible and found
to determine a;, b;, and c uniquely as (71)(»/3-6)v, v.~. ,

Aped ~ 4uv+ (7/27)&pvvk&j~i Ia,= ', (e/m)-, am ——(e/m), ag —— ,' (e/—m—),

a4=0, bi ——~(e/m), b~ —-', (e/——m),
c=——,'(e/m),

(65)
the field equations (69) and (70) can be expressed in
the simpler form

X„=iy„X, X=0. (66)

while it follows from (38), (59), and (64) that X„, X,
and 0 are now related by

(rD+m)P& D&7&bz+~m r~ r" b"=0

y„„=—(z/m) (D„y,—Dy„),

(72)

(73)

Thus, by introducing the electromagnetic interaction
by means of the Lagrangian density, given by (53)
and (65), we are able to reduce the number of linearly
independent components of the auxiliary fields X„, X,
and Q to four, which appears to be the minimum
possible number according to our formulation.

5. FIELD EQUATIONS WITH THE ELECTRO-
MAGNETIC INTERACTION

We shall now consider the simpli6cation of the 6eld
equations resulting from the treatment of the electro-
magnetic interaction given in the preceding section.
Multiplication of (54) by —,ip„gives, in view of (59),
(63), and (64), a field equation solely in terms of p„as

(vD+ )~.+-.'D.v~; ',vX~, (4-3/32)v-.&DE~.
+ (50/16)my p p.=0, (67)

and the interdependence relations, which follow from
(72), are given by

v.~,=-(/3 ')(2'v,F„-.,F,v,)~.,
( -~ D)v.~.+D.~.=0.

(74)

(75)

8 P. A. Moldauer and K. M. Case, Phys. Rev. 102, 279 (1956).

Finally, our 6eld equations with the electromagnetic
interaction are in agreement with those obtained by
Moldauer and Case' by means of the Rarita-Schwinger
formulation, which does not involve any auxiliary fields.
This agreement confirms that while the usual procedure
for introducing the electromagnetic interaction is
adequate in the absence of auxiliary 6elds, it is necessary
to follow the procedure of Sec. 4 when the Lagrangian
density involves auxiliary fields.


