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The theory of the scattering of electrons by atoms or ions with any number of incomplete subshells is de-
veloped within the Hartree-Fock, or close-coupling, approximation. Allowance is made for the target system
to be excited to any electronic configuration constructed from discrete orbitals. The one-electron orbitals of
the discrete subshells are assumed known ; the scattering (continuum) functions are given as the solutions of
coupled integrodifferential equations with prescribed boundary conditions. The form of these equations is
such that the continuum functions are orthogonal to all the discrete orbitals. The potential terms appearing
in the equations are written in terms of the generalized angular momentum recoupling coefficients. A
technique for calculating these coefficients on a computer, which is a complicated algebraic problem, is pre-
sented in an Appendix. A computer code for calculating the various elastic, inelastic, and photoionization
cross sections has been written and is currently being tested.

1. INTRODUCTION

HE scattering of electrons by many electron

systems has been studied by Seaton! and by
Vainstein and Sobel’man.? Seaton showed that the only
consistent means of obtaining antisymmetric wave
functions in approximate solutions is to make the expan-
sion explicitly antisymmetric. He then analyzed in
detail the configuration nl%l. In this case, the anti-
symmetrized wave function for a system of (N-1)
electrons initially in the state I' is

N+1
V(%1 - Xyp) = (V+1)712 3 (—1)¥+1-p
=1
Frr(rp)
X); B(yl,LSXP po ) ———, (1)

£

where X=x;- - -xn, with x; denoting the space (r) and
spin (o) coordinates of electron i. The quantity v
denotes all the quantum numbers of the N-electron
target, while /, represents the orbital and spin angular
momentum of the projectile; L and S are the total
quantum numbers.

Vainstein and Sobel’man considered the case of two
groups of equivalent electrons.

Calculations of the cross sections for the collision of
electrons with many electron atoms have been per-
formed by numerous authors in a variety of different
approximations, e.g., Bauer and Browne.® Extensive
calculations are currently under study by Peterkop and
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Karule,* Krueger and Czyzak,’ and Smith, Henry, and
Burke.®7 All these calculations involve only a single
incomplete subshell in the target atom, and only a
single-electron configuration in the expansion over T in
Eq. (1).

Recent developments in the calculation of matrix
elements of one and two electron operators between
wave functions describing configurations with several
incomplete subshells (see Shore? and Fano®) have indi-
cated the method for formulating the general electron-
atom problem. In the present paper, the notation of
Fano is used to take into account the actual or virtual
excitation of any number of atomic terms.

The need for developing the formalism presented in
this paper is due to the failure of single-configuration
theories to predict the low-energy cross sections for
electron-atom scattering (see Smith ef al.”) to provide a
close-coupling framework for discussing auto-ionization!®
and photo-ionization!! since the close-coupling approxi-
mation has proved so successful for simple systems,!?
and to provide a theory which will allow the calculation
of inelastic cross sections involving a change in the
electron configuration.

In Sec. (2), the form of the trial wave function to be
substututed into the variational principle is discussed.
In Sec. (3), the techniques for evaluating the various
matrix elements are presented. Finally, in Sec. (4),
the radial equations for the continuum functions are
derived.
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2. TRIAL WAVE FUNCTION

An unsymmetrized wave function of an N electron
atomic system is (see Fano®)

Yu(gyrX)= [IJ (| nhMarxS\Ly} ], (2)

where yr denotes the complete set of quantum numbers
which specify the target 7. The wave function for
each subshell A\, of principal quantum number » and
orbital /, with resultant quantum numbers ax Sy Ly,
is antisymmetrized and their angular momenta are
compounded to give @ S L for the target. The unsym-
metrized wave function for an (N+1) electron system
can be expanded using the functions of Eq. (2) as a
basis:

Yu(¢Xxn1)= ; YulgyrX)Fvp(xn41) 3)

where we shall assume the sum to include several

distinct configurations, and the coefficients F can be
expanded also in two steps:

Foyp(Xn41) =2 Xon, Y20 n41) Frpmy(Ta41)

msg

and

Frrm,(Tns1)= 2. Fremazme(rns1) Vigmp(Pyi)ragn™?,
lrmT

where Ir is the orbital angular momentum of the pro-
jectile relative to the target.

Combining the above results we obtain

Yu (qXXN +l) = >

YPirLMLSM 3

[WulgyrX) X(N+1|kriri} T

TN+1

G

where I' denotes the complete set of quantum numbers
(yr3l, LM 1 SM g) and where the X denotes the vector
coupling of the N-electron function and the single-
electron spin-angle function (N+1|kzlr}, and

Fr(rys)= X (LoleMppmr|LM 1)

msm7T
X(ST3M spms ISMS)f'YTmalT”LT(rN'f'l) , )

where LpM 1,.StM s, are the total orbital and spin
quantum numbers of the target 7 and their z
components.

The unsymmetrized wave function of Eq. (4) will be
written

Yu(gXxn11) =2 Yu(qT, XPnr10n41) Fr(ra)ras.  (6)
r

Asymptotically, the radial functions are superpositions
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of ingoing and outgoing waves
FPNA r e ¥r— By gifr;
Z—N
0r=krf—%lr7r+< ) lnzkrf+dzp,

where the S matrix is defined by
BFEZ Srr'A I,
FI

where the sum I” is taken over the incident channels.
Therefore a new radial function F can be defined by

FI‘EZ Frp/(f)'\fz A 1‘1[51‘1" e_iGP—Srr/ 6“’1‘]. (7)
4 o4

In terms of these new radial functions F, Eq. (6) is
therefore

Vu(gXxni1)= 2 Yu(qT,XPy10841)
rr
XFrr(rys)rae™, (8)

which is the total, unsymmetrized, wave function for
the entire system (projectile+ target).

For the system (p+T) initially in the quantum state
I, the wave function is

VulqT' Xxy 1) = zr: Yu(gTXPr 108 41)
XFrr(rvs)raet. (9)

The wave function for the target system will be con-
structed from Hartree-Fock orbitals, P,;(r), which,
strictly speaking will depend upon T'. In this paper we
shall ignore this dependence. We can expect this as-
sumption to be valid for inner closed-shell orbitals. Its
validity for incomplete outer subshells will be tested
by running the computer code with the different sets
of Pn; and observing the variation of the cross sections.
If this variation is substantial, then the problem will
have to be reformulated including the I' dependence in
Py; this will result in considerable complication of the
algebra and many more radial equations to be solved.

In order to have a properly antisymmetrized wave
function, we antisymmetrize the target function, Eq.
(2), as proposed by Fano®:

YOrrX) =N E (=) Pou(gveX), (10)

and then antisymmetrize with respect to the projectile
as in (1) to give a total antisymmetric function

t,b(I",xl- * 'XN+1) = (£V+ 1)~1/2

N+1
X (=)= ZY(TXrp0,)Frro(ra)ry™, (1)

p=1 r

instead of the unsymmetrized form given in Eq. (9),
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where

Y(TX750,)=N(NN)T2 L (—1)Popu(qT X7 405)

=NV Y (— 1)P“[Hx(4xlnlmexLxSx}]”
X (plkrirz}IT. (12)

Here we assign even parity to the normal order of
labels 1, 2, 3, -+, p—1, p+1, ---, N, N+1 and a
parity P, to any ¢ according to the number of permu-
tations by which it differs from normal.

The continuum functions Fr (r,) will be determined
from a variational principle, subject to the constraint

o0

/ dr Fro(r)Poy(r)=0. (13)

This orthogonalization of F with respect to the dis-
crete orbitals can be interpreted as preventing the pro-
jectile from being captured into any incomplete sub-
shell included in the eigenfunction expansion, Eq. (3).
Because of the assumed form of the Hamiltonian, each
set of LS of the (V+41) electron system is decoupled
from the other sets. Consequently to allow for electron
capture we must include in our trial function, (N+1)
electron wave functions in which there is an extra
electron in one of the incomplete subshells included in
the eigenfunction expansion, i.e., functions of the form

D, (LST,X1" * - Xav41) = (N ¥)~1/2
X2 (—1)Pegpy(quLSTX1- - -Xn41), (14)
L

where p runs over all the incomplete subshells included
in the eigenfunction expansion which can contribute
to the LSw, >\ Ny*=N+1, and ¢, is an unsymme-
trized wave function of the form given in Eq. (2).

The trial function y, is taken to be a linear super-
position of functions (11) and (14), viz.,

PuTixe- - Xnp) =Y(TiX1 - - Xyqn)+ 2 C TGN \H)~1/2
M
X2 (—1)Pegpu(gulSmx1- - Xn41), (15)
Qu

where the coefficients C,T are completely arbitrary.

In Secs. (3.2) and (3.3), it will be necessary to sepa-
rate out the interacting electron in the subshell p from
its equivalent electrons. This is accomplished using
coefficients of fractional parentage [see Fano’s Egs.
(24) and (25)].

3. VARIATIONAL PRINCIPLE
We consider
8[Lr—3Ku]=0, (16)

where the elements of the real and symmetric reactance
matrix K;; are defined in terms of the asymptotic form
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of F in the open channels

Fp,‘p;vkrl/?[éu sin0k+Kk; COSG},] » (17)
and
th=/. .o /dxl. . 'de'}-l'p‘(rk,xl. o .xN+1)
N
X[Hy+Hi(xn41)+ 2 7541, 1—E]
a=1
XYu(Trxa: - Xw41), (18)

where the variations in the continuum functions are
such that
5Fk1~kk_”25Ku cosfx , (19)

subject to the constraint of Eq. (13), and the vari-
ations 6C,T are arbitrary. Substituting Eq. (15) into
(18) gives three types of terms; first, terms independent
of C but quadratic in F; second, terms linear in both C
and F; third, terms quadratic in C, but independent of
F. The first two types of terms will lead to the Hartree-
Fock equations for F when we consider F — F+4F.
These equations will contain factors linear in C. When
variations C — C+6C are taken in (16), the last two
terms give an expression for the C’s which will be sub-
stituted into the Hartree-Fock equations.

Making the substitution for the first ¢, in Eq. (18)

Lkl=/"'/dx1"’dXN+1

XLNV+1)-e El (=1)¥+=r 3 (DX p0p)
p=1 Ty

XEi(rp)rp 2 Cul¥®,(LiSimi X1 - +Xny1) ]
M
X[H—EW«(Tx:1- - -Xn41) .

Since H is symmetric under interchange of any pair of
electrons and y(T';) is antisymmetric, then

Lkl=/‘ . ‘jdxx' e dxy{(V41)172
X? V(O XPn 10810 Fir(rap)ran

42 CuT*d, (L Sirix, - - “Xnt1)}
"

X[H—EW«(Tix1- - Xn41). (20)

A. C-Independent Terms
The C-independent terms are

L = [ / dxy- - Xy (N +1)V2(T X yy10n41)
J

XEa(rye)rng [H— EJ(N41)-1/2
N41

X X (_1)NH—p'p(Fijpa'p)Fli(rp)7'11-]a (21)

=1
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which can be separated into so-called direct and ex-
change terms by writing >, in the form

V(DX 1o v ) F(ras)

3 (= 1)Ko Fi(ry).

p=1

The fact that ¢ is antisymmetric under interchange of
any pair of labels in the target function can be used to
give Eq. (21) in the form

Falry4a)
Lig, o= dxy- - - dxp (L Xy pron41)———
TN+1
1('N+1)
XEH E]'/’(F X7N+1UN+1) d
TN+1

—‘LV'/" . fdxl- : 'dXN+1¢(F{XTAN+1O'N+1)

X Falrw) Y i ET(T Xyow) Falew) ,

TN+1 N

(22)
where the first term is the direct term and the second is

the exchange term.

1. Exchange Terms

The matrix element of the IV electron Hamiltonian,
Hy, will include an overlap integral

/ dxn1F i (Xy41) Rai(Xn41) =0, (23)

and so will the E term. Furthermore, the term H1(xy41)
will contain

/dXNR,.z(XN)sz(XN)=0. (24)

Consequently, the second term in Eq. (22) reduces to
L 2= —'1\‘/' = fdxl' - dxy(DiXEw 1)

F.
Y(I;Xty) ) )

YN+1,N N

Fulryy) 1

(25)

YN+1

where ry,1,8v= |ryi1—1y]|, since the other terms in ¥,
will contain (24). Substituting Eq. (12) into (25) gives

Ly, = — N[NV )U(NN) T2 3 (—1)Pat+Pdd

i

X / e / dxy- - - dXn (a7 41) T Wu(@iDiXE N 11)

1
XF ae(rn1)—Vu(g;TiXEn) Fi(rw)

YN, N41

(26)
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where the distributions ¢;, ¢; are such that electrons
labeled N+1, N, respectively, are in the continuum; in
other words, neither F;;, nor F;; will contain “spectator”
electrons. “Spectator” electrons are those with labels
other than N and N+1, the labels of the two-electron
operator. Consequently, in Eq. (26) only one inter-
acting electron can appear in the discrete subshells.
If the configuration of the electrons in v differ by two
electron jumps from the configuration in v;, then the
matrix element vanishes, because there will be a factor

/de,,zi(x)R,.;j(x)=0 for (nl)i#=(nl);, (27)

provided discrete one-electron orbitals are used which
are orthogonal to one another whether the subshell is
complete or incomplete. If the configuration of elec-
trons differ by one electron jump, e.g., 152522p% com-
pared with 1s2252p6nl, then the interacting electron
will be assigned to a 2s orbital in the former configura-
tion and to %/ in the latter, and the configuration of the
spectator electrons among the subshells is determined
uniquely. If {N)} and {N\/} are identical, then the
second of the interacting electrons will be found in the
same subshell in T; and T'; and can be assigned to each
of the subshells in turn; that is to say, there are as
many configurations of spectator electrons as there are
subshells with Ny*=N,70. We note that the matrix
element will vanish unless it is diagonal in the quantum
numbers of the spectator electrons.

Symbolically, the exchange terms of Eq. (20) can be
written as

max (bi,b;)

Luf=3% Ly af=% 1II

Il IiT;  A=ls

(NN, N+ Orpi— 5)‘,,)

XZ_ L;k,,'lg, (28)
C

where 3 ¢ denotes the sum over possible configurations
of spectator electrons. The interacting electron with
label N is assigned to Rai(,, in ¥(T';), while the inter-
acting electron with label N+1 is assigned to Rai(,)) in
¥(T;). If more than one configuration is included in Y _r
of Eq. (11) then the double sum over T'; and T; in Eq.
(28) will include terms with N)*# Ny’ so that the &
will specify nonzero elements in this sum and designate
the subshells which contain the interacting electrons.
If p;>£pj, then only a single configuration of spectator
electrons is possible. If p;=p;, as in the formulations of
Seaton and coworkers® and Smith, Henry, and Burke,
then there will be as many terms in the sum over € as
there are subshells with Ny*=N»%#0.

For the remainder of this subsection we shall con-
sider a particular configuration of spectator electrons;
quantities with a bar over them refer to spectator
electrons. Both the distributions ¢; and ¢; include a
distribution §;=¢;=¢ in order to give nonvanishing
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contributions to Eq. (26). The number of different
distributions of spectator electrons will be

s‘l(N)‘)=<AV—1)'/H(N)\!)1 ZNX:AT_]-’ (29)
A A

and their contributions to »_g,.; Will be identical. The
distributions in the interacting subshells are uniquely
specified

2:={0psN} and g,;={3,,, N+1}.

Now Pj; takes all the spectators to normal order and
in ¢(T;) label N will be in subshell A= p;; consequently,
further

permutations will be required to put the labels of the
atomic electrons in normal order, where b; is the outer-
most subshell containing an electron in I';. Hence

b; _
Py=Pst+ X Ny,

A=pi+1

and similarly for P, (since in the exchange term,
“normal” order for the atomic electrons is 1---N—1,
N1, the label N being in the continuum). Therefore

b; _ b; _
Pq‘-"f-qu: Z Nx+ Z N)‘EAP,','.

A=pitl A=pj+1

(30)
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We can now write, from (26) and (28)—(30), that
L 7= — NOUN) [OUN)IUNY) T2

X (=1)4Filry nyrt), (31)
where the outside factor becomes
[Np.']Vp,']l/Z- (32)

The matrix element in Eq. (31) vanishes unless the
representations are diagonal in the quantum numbers of
the spectator electrons. For those subshells which just
contain spectators

(Mo iS\ Ly | nf) = (nh P aS\Ia | §y),  (33a)
and for those same subshells
(Q)‘jl nl)‘N"ia)\’S)‘jL)‘j} = (Q)\ I nl)\ﬁx&)\S)\Z)\} , (33b)

while for the subshells p; and p;, containing the inter-
acting electrons N and N1 respectively, we separate
out the interacting electron from the N equivalent
particles in the subshell using coefficients of fractional
parentage

{”le’apSﬂLplqp)
= Z,. (CNea S L o{ 'laﬁpapspzplp)
2,8,L,
X [{”lpﬁp&ps'pzp ' qp) X{ni,
where the first factor in the sum is a coefficient of frac-
tional parentage (see Racah'®). A similar separation is

carried out for the p; subshell.
Substituting the above results into Eq. (31) we obtain

N)]Sete,  (34)

I—J"k-:ilE= [Nnini]”Z(" 1)apsitt Z_ (lpiN"iapiSpiLm'{ ’lpfﬁpi&psgpizlpilpe)

@ie++ Ly

X (lﬂiﬁpj&PiSPiZlepj ’ }leNP,‘aijp;ij) (Kl’upi(Pi)Fikl

where ¥.,, is defined by Fano to be

‘pum‘(rt’) = ([ H {”lk ﬁ*&)‘g)jq l g X [{”lpiﬁpi&pigmljpi l q-pt') X{nly; ' N)]S".LF‘]‘“X {liki' N+ 1)) T s

A#ps

|¢upj(ri)Fjl> 3 (35)

"N+1,N

(36)

where we reca.ll {l.-k,-.| N+1) is'the spin-angle function associated with the projectile orbital Fi.
I§1 LS couphng, spin and orbital variables are tied together in the matrix element only by the connection between
antisymmetrization and addition of angular momenta within each subshell. Writing

8i={S1- -8, (S, AN, - S dWH1),0:54] (372)
and
. 0= {Ll' : 'I:pi—l(ffp.'lp;(N))Lp;‘ . 'Lb,rli(N"*‘ 1),aiLi| ) (37b)
we obtain
Lige 7B =[N iV p, JH3(— 1) 4 FiH1 . (G So Lol |17 @, 8L 0 )
& L;
X (lpj ﬁ’i&pfgpjz’pjlpj ’ }lp,'N” iaij PiLPi) <S:l 5i))<®iF ikl l ®:‘F il> . (38)

13 G. Racah, Phys. Rev. 63, 367 (1943).

YN ,N+1
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The spin recoupling coefficient (8;|8;) will depend upon the problem under consideration. For example, for a
target atom with configuration 15s225s22p? when no electron jumps are permitted, the sum over C in Eq. (28) will
contain three terms, one of them having the factor

((S23 (N))S2p" 3(N+1) ; S: ] (S2p3(V+1))S2,73 (V) 5 S5) = 85,5, (252,"+1) (252, 1) ]V2W (S2,33S2% 8253 . (39)

Upon expanding ry,x417! in terms of Legendre polynomials P,(7x:#x1) the radial integrals reduce to Slater
integrals and the matrix element is

(O.F | |©;Fi) =3 Ri(nlyFi,Fsndy))(Ln- - -(Lppi(N)) Lpie - - Lud (N+1), L4
XPt(fN'fN+1) |I:1 ot (Zﬂjlpj(N"’ 1))ij' : ’I-ijli(N)’Li)
=3 Rt(”lpiFik;Fil"lpj) (lp-'”Ct“l:') (lp;|lc‘llli)[(2lp.-+ 1)(21ﬂj+ 1)]_1/2
¢

Xa—ll' o [L,,;(l,‘t)l,.,-]LN- : 'Lbili,LilLl' ot [Lm’(ﬂi)lﬂi][‘oi' : 'l-‘bjli,LJ') ) (40)

TN ,N+1

using the method of I'ano, Prats, and Goldschmidt!* and where the orbital recoupling coefficient can be calculated
in the same way as in the spin coefficient (see Appendix). Combining Egs. (28), (38), and (40), we obtain

LklE = Z [H 6(NA'.,A'Y)\j+ 5)«pi— 5Xp;)] Z [Npinj]l /2( - 1) AP‘i+1[(21p-‘+ 1) (2ij+ 1)]._”2

IsT; A c
X Z_ oMo S oLy f ”m‘w".&ﬂis—ﬁrlpilpi) (lpjﬁ’ iaﬂjs-ﬂjzpjlpjl }l,,,.NP"aij,’.L,,j)

ﬁ“...Li
X (8:| 8;)F 32 Re(nlyiF ity Fiinl ;) (1ol CH|15) (B, | CH{12:)(0:] 0,0 E, - (41)
t

where the final factor in Eq. (41) denotes the exchange orbital recoupling coefficient as written out in Eq. (40).
2. Direct Terms
These terms are given by the first term in Eq. (22)
Fi(ray) Fi(rys)

Ly o= / e / dxy- - - Xy (T X2y ) ————[H— EW(TXéyp)—, (42)

TN+1 TN+1

where ¢ is defined in Eq. (12). It will be assumed (as in Smith et al.5) that
/ e / dxy- - - dxyy (v X)[Hy— 8 (v;X)=0. (43)

Any calculation on N>1 target systems must use approximate wave functions, i.e., functions which are the eigen-
functions of an N-electron Hamiltonian H y(approx)> H y(exact). Consequently, (43) introduces an inconsistency
which should lead to a small error if accurate atomic orbitals are used. Because of this assumption, the Hy term in
Eq. (42) is

/ dry1Fa(ry1) 8:8:iF ji(rns) . (44)

Due to the orthonormality of ¢/(v,X) the H, term is

8ij / d"N+1Ft'k(7N+l)|:—“1< ¢ Mt } d )]sz(fN+1), (45)

2\dry?  rvp® ran

which leaves us with the evaluation of

N 1
/ Fr / d%, - dx (T Xbwgn) & —— (T X bygr)=Vis(raa) (46)

a=1 TN+1,a

1 U. Fano, F. Prats, and Z. Goldschmidt, Phys. Rev. 129, 2634 (1963).
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As for exchange terms, the matrix element will be nonzero only for zero or one-electron jumps, i.e.,

max (bg, bs)

V(=TI = 8(WVa\,N3 8= rs,) 2 ViP(), (47)
c

A=ls
with

V:'J'D(’)‘—" [Np.'ij]l/z(_ 1)APii Z (lp.N" .S il llﬁsﬁ".&ﬂisﬂizﬁilpi)

b‘l

X (lp, ¥, ap,Sn,ij,lﬂ; | }l,] Ny aﬂ;Sﬂ; ‘p;)(sil Si) D[(le."l' 1)(21j+ 1)]_”2
X Z‘ yt(”lpi”lﬂir) (ln-‘”C‘”lm‘) (li” C'”l.-) (Oi I Oi)D , (48)

where the direct orbital recoupling coefficient is defined by

<0"IOJ'>D= (Ll ‘ '[Lp;(lpjt)lpi][‘ni' : 'I-’b,lhail‘ii l-‘l' e (Lp,'lﬂi)ij' : 'Ebi(ﬂi)li»aij> ) (493)
and the direct spin recoupling coefficient is defined to be
(5;[ SJ'>D= (Sl o (S,,'.%(N)S“' : 'Sbi%(N‘*‘l),aiSilSl' : '(Sﬂi%(N))SPi' * 'Sbj%(N'l'l):aiSi)- (40]3)
Collecting the various factors of the direct terms together gives
1( & LU+ 2Z
L nP= / d’N+1Fik('N+l)[6ij<——{ f }+8;—E)+ V.-,~(rN+1)]F ii(ras) . (50)
2ldrya? N ot

B. Terms Linear in C

From Egs. (15) and (20) we see that the two terms linear in C are

Fi(rns1)
:k gl '—f /dxl dXN+1( V—f—l)”’{\b(l‘ Xf[v.,.[) LN [H—"E] z Cyl‘fb,(LISm’z)
TN+1 ’
(rn41)
+E GRS i) [H— EW(I Xe)——— sk o } . (51)
r
The full term can be written v
Lkl(":Z (Lix 4 Lg,a%), (52)

where the two terms on the right are defined in Eq. (51). The matrix elements of (Hy— E) vanish because they
contain a factor like the Lh.s. of Eq. (23). From Green’s theorem and the boundary conditions of the discrete one-
electron orbitals Eq. (52) can be written in the form

LuC=Z_ (La, i+ Li i), (53)

where the two terms have the same structure, viz.,

u(fzv+1)

LaiC=(N+1)12 Z C "/ /dxl - dxXn 1 (T XEx41) H,(N+1)+

TN+1 TN+1,N

]q’u(LkSknxl' < Xyy1). (54)

We note that the configurations of ¢(T';) and ®,(LiSwrx) necessarily differ by one electron jump, hence for a non-
zero matrix element we must have an interacting electron in the “extra’ orbital of ®,. For the one-electron operator
this implies that we must have the label N+1 in the extra orbital. To calculate the matrix element we must sepa-
rate off R,(r~41), the radial function of the only interacting electron, from &, using coefficients of fractional paren-
tage; for the two-electron operator a further two fractional parentage coefficients are introduced, one each from
¥ and ®,. We have the matrix element

(B)= (V1) T80y = b UM IR THE E (=Pt / / - / dxi- X

ae

S Fa(ry+1) R,(rx41)
X(lePa,,"Lp“S,,“[ }lpN"ap'Lp'Sp‘lp)\(’u((Iiri)__“Hl(N+1)¢up(q,.LkSk1rk) b

TN+1 TN+1

, (54a)
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where

(V41)!
IL (Vy#)’

and ¢, and ¢,, do not include the radial functions of the electron with label (N+4-1). Here, N)* denotes the number
of electrons in the discrete subshell \, with an extra electron in subshell A=y (compared with the configuration of
the parent state v.) For a properly antisymmetrized (N+1) electron wave function we must allow for the label
(N+1) to be in any of the subshells for which N)#>40. The number of alternative configurations of electrons which
are spectators for the interaction H,(N+1) is

NN = (55)

N

E)'LN)‘ =
) IL (M)

Equation (54a) becomes
(H) =TT 6NN\ — V(= 1)PArt Wb (1N S AL )1,y L)
1742 L(Q,+1) 2Z
X/dfFil{__<—— s +—>]Pnz,(7)
2\dr? r? r

XSyt - Su5,Sil (S 3)So#- - - So,SeX Ly -« Lyli, Li| (Lo'lp) Lo*- - - Le# Ly} (56)

We note that (L, - - Ly'l;,L;| (L,%,)L*- - - Ly* Ly will be nonzero only for ;=1, since it contains
f dEn 1V im* (En41) Vigm(Ea41) .

This is equivalent to saying that the incident electron can only be captured into the incomplete subshell p if its
orbital angular momentum equals that of the subshell. In general p>pu since the ‘extra’ orbital u of ®, may be
matched by one in T';. For example, if the target atom in state v, has configuration 15225s22p*and ®, has configuration
15%2522p5(=152252p5+ 2s) then u=2u but p=2p.

For the two-electron operator in Eq. (54) let p, and o, be the subshells containing the interacting electrons. For
a nonzero matrix element we must have identical distributions § of spectator electrons and for each ¢ there are in
general two possible distributions of interacting electrons labeled by e=0, 1. Viz., for Asp, or g,,, p*=gx, e=0or 1,
and for A=p, or o, either p,7a,, ¢,,*={§,,, N+ ¢} and ¢,,*= {Go,N+1—¢} or

Pe=0uy €= {QP.Nr N+1}) e=0 or 1. (57)
Substituting Egs. (12) and (14) into Eq. (54) and using Eq. (57) we get for a function f of ¢; and g, that
Z: f(q"q#) - m(ﬁk) E . 1- fspuu)g(fpipﬂu) .

qiqu

Defining AP to be the number of permutations to take the N electron of p;, and the interacting electrons of p,
and g, out to normal order, the matrix element of the two-electron operator is

1 max (b;by)
< = H 6(NX'I1NX"+ akm‘_ 5’\»— 5),,) Z: [NﬁNpu(Nv»'“ appu)J”z(_ I)AP Z (— 1) '(1 - eapp’u)
TN . N+1 A=ls c e
1
X<tl/u(tie)F i éu(guLsS k"rk)> ) (58)
TN N41
where

b oy _
AP= 3 Ny»— > Ns.

A=pitl A=pytl

We recall there is only one term in 3" if (T';) and ¢. differ by two electron jumps, but “6”” terms when they differ
by only one electron jump, and the matrix element vanishes unless it is diagonal in the quantum numbers of the
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spectator electrons. The matrix element on the r.h.s. of Eq. (58) can be expanded out into the form

Z (lPin‘aHSD-LM{ | lpiﬁpi&PiSPiEPilﬂi) (lﬁu ﬁp“&ﬂn’s_’ﬂu]:ﬂulﬂu l }lPuNd‘aPuSPuLﬂp) (l”nﬁ'“a'u‘g"»i’ul’n | }l’uNwa”uS”uL’n)

apieeLo,
X (S1e (S 3WNS i - Sud(V4+1),8:81- - (S 3(V+)S,, - - (So,3(N+1—) S0, - ,S)
X<I-Jl o (Ep.'lm')['pi' : 'zbili:Lil-PV(fN'fN+l) !I_Jl : '(Epylm‘(AV'*' e»Lm.' . (I-J,“l,“(N+l— e))L,“' . '»Lk} ’ (59)

where (P,) can be evaluated using the method of Fano, Prats, and Goldschmidt as in Eq. (40).
Writing Eq. (53) as
2]

=3 Ct / dxy Vo, irvs)Fa(ryn) , (53a)

»

1
r

LaxC= )”: C,.’f‘(illelﬂ>+<il

where the first term on the r.h.s. is written out explicitly in Eq. (56) and

1
(i

r

K= H 5(NA‘.;N)‘“+5M.'_ 5Xp,._ 5My) Z [1\Yp,~AV,,‘,(Z\",“—6,“,“)]”2(— I)AP Z (—' 1) e(1 - fap,.v“)

A=1s e=0,1

X Z _ (lﬁ-Np‘ahSPiLPi{ | lpiﬁpi&ﬁigﬂizilh') (lpu ﬁw&PuSﬁul—’ﬂulm& ’ }lPuNP“aPuSﬂpLPp)

P
X (0, ¥ @0,80,La, b0, | Yoy ¥ 26, S 0, L0,) (8] 8u)* ; R.(p:Fam) (o|C N8 (lIC?II2:)
X2 +1)(2k+1)T77%0:(0,)¢, (60)
where the last factor is the orbital recoupling coefficient
(Ly (Lo o)Ly - - Lo (Iw)liyLi| Ly« -[Le @1, )1,] L, - - (L) Ly - - L), (602)
where 7 is the subshell containing & in distribution e and { is subshell containing N+1.

C. Terms Quadratic in C

The matrix elements of the two-electron operators which are quadratic in C, i.e., do not involve the continuum
functions F, are precisely the quantities studied by Fano. From Eqs. (15) and (20) the terms quadratic in C are
seen to be

L“C"=z / . -/dx~ . 'dXN+1C“kC,lq>F(LkSk7rk)[H—EJ‘I’,(L[SM’]) . (61)

.14

The (N+1) electron Hamiltonian will be expanded out as in Eq. (18). The matrix elements of 3", ry41,«~! will all
contribute equally and the contribution to Eq. (61) will be

1

Z C,,"C,’N @,,(LkS,Jrk)
By

QP(LIS””)> B I‘Zr ancvl(‘v+ 1)_1 ZE [N"u(‘V’ﬂ— 6Pu‘M)Nﬂv(‘Vh_’ 6»;0)]”2

TN ,N+1

XII 8N 3#, N3 +8xp,+8r0,— 80— 030r) 2 (—1)2P(1 = 685,0,) (1= 635,05, (— 1) 9~
A

@—ey

X <¢u (q:,‘LkSk"rk)

bu (QG-L»‘S V) > , (62)

N, N+1
where the quantities e,, ¢, and AP are defined in Fano.
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Using Fano’s Egs. (24), (34)-(36), and (41) we have

¢u(9¢.LrSr7|'v) = Z_ (lp,.N’"appSpuLpu{ |lﬂuﬁ"‘apu‘§puzlpylpu)

&p+++Ley

< Ou(qe, LiSime)

TN N+1
X (o, ¥ ea,S oLy |10,V *%0,80,Lo,lo,) 1V @S5, L by, | }l,.”n'ap.sp.L,,.)(z ¥e&s,80,Lo o, | Yo, N0, S0, L)

Sr - SodWV+e))Ss, - (S 3(VH1—€))Se, - awSk[ S - - (S, 3(V+e)S,, - - - (S, 3(V+1—6))S, - - ,cuS1)
><Zt [6e,6,R (40,00, [ (206, +1)(20,,4-1) T712(2,, || C¥l[25,) (l,.HC'IIla,) (L1 (oo Loy - [Lay(lo)le,ILa, -
Lol | Ly« -[Ly, (10, )k, 1Ly, - - - su Lty (1= 8e,6,) Repu0u00) [ (20, +1) (2o, 1) T2, [|C¥l| 6, ) (B, | C¥lBc,)
XLy (Lpdo) Loy * *[Loy(lot)lo, Lo, axLi| Ln- - - (Lp0p) Ly, + - [La, ()0, )La, - - - yeul)].  (62a)

Within the distributions g, and gx,, (N+1) and (V) are the interacting electrons. When &, and ®, have identical
configurations then there will be several ways of determining {/V,}, hence Y ¢ appearing in Eq. (62). When these
functions differ by one jump, e.g.,

<1s22s22p'1 1s2252[7"33> ,

TN ,N+1

then label (V+41) could be assigned to 2s on the left and 3s on the right; the interacting label (V) could then be in
any of the three common subshells and once again a >_¢. For ®, and &, differing by two electron jumps, there is a
unique configuration of the spectators.

The matrix element of Hi(xx41) 1s

(Bu| Hi| ®,)=[UNFUN) T2 2 (= 1)PeHP(B,(quLaSims) | Hi| bp(g LiSimr)) . (63)

Quav

If , and ¥, differ by a single electron jump, then this must be the interacting electron and there is a unique con-
figuration of spectator electrons. For two or more electron jumps, the matrix element vanishes. For &,=®,, then
(N+1) will be found in the same subshell in ®, and ®, and there will be as many terms in Yz as there are occupied
subshells.

(®u| H1| @) =2 SUNDLIUNMIUNN) T2 TT 8(N a4, N3+ 8 50— 8,,0)
c A
X (— 1) AP Z _ (lﬂuNP“aPpSP;ALﬂu{ I lﬂu NM&PBS.PMI_’P#IPM) (lpv N"&PIS_PVvava l }vapraFvSﬂrLPr)

&pye- L,
XCUIT {nh P aSiLn | a3) X[y, ¥ #@,85,L5,16u) X {0y, | N+1) ]2 S [ 0SkH (N +1)
AZpy
X[IT (@ | ”lkﬁ)‘&kskz)\} X [(@, nl‘,,ﬁﬂ’&hgmih} X(NV+1 l nly,} JEwSe s, (64)

A=py

which will include a spin recoupling coefficient

S+ (S 3N+, - - So,Sk| v - - (S, WV A+1))S,, - - Sp,euS2) (65)
and the factor
<P(nlﬂy) | HIIP(”lp-)fol T (I—qulpu)Lp,.' . 'akLklIfl' o (I-Jp'lp.)Lp,’ “aily). (66)

Combining the above results together

(B Hy|2)=2 (VHD)TLV N, 12 IT 8(Nak, N ar+80p,— 0, (— 1) 27
C A
X _ Z L (lPuNp“aPuSDuLPn{ ! lPu I—V-P“&PuSPuEPuZPu) (lPuTv-p.&PrS—PIPllPI I }lﬂvN‘,aﬂvSpuLﬂy)

XSt (80,3)S 5, - Sel 8- - - (80,3)S,, - aSINLn - (Lpdp) Ly, ~axLli| Ly - (L1, Ly, - - ~ayLy)

& 5,01 22
)/drP,.;"(r)I:-———-*—-F‘—:]Pnt..(f) , (67)

72 r
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where

max (pu,pr) _
AP= > N,.

A=min (py,p»)
Finally we have to evaluate the matrix element of Hy, the N-electron Hamiltonian:

(®u(LiSkme) | Hy | B (LiSim))=[UNN)IUNN) T2 T (—1) PP, (quLeSims) | Hy | 4,(¢. LiSimr) . (68)

Qur
Separating off the noninteracting electron we have

<¢’1m(LkSk7rk) ‘ HN l ¢uv(LlSl7rl)) = Z (leNp“aPpSP#LP#{ l lﬂuﬁp‘&PuS-ﬂpEPulﬂn)

& Pyt mp,
x (lﬁrﬁp'&ﬂvS-PvI_’ﬁan' l }IPVNP"IP'SPDLFV) (EPpleMilumlu' LPMMLM) (Sﬂu%Mépm'u ISp‘.MB“)
x (LP)kPuML-vmlr I LP,MLv) (SF'%MBrmh lSp,MS,) <anﬂ l nlﬂ!><¢M(LkSk1rqu) l HN I @y(LlSﬂl'qu)) H (69)

where @ is an unsymmetrized wave function of ;V electrons. In order to evaluate the “direct” terms we have made
the assumption that

/- . -fdxl- - dxpy(v:X)[Hy— 6 (v;X)=0,

where ¥(v.X) is a properly antisymmetrized wave function of N electrons [see Eq. (43)]. Hy is symmetric under
interchange of labels of any pair of electrons and so it can be readily shown, using the expansion of Eq. (10), that
this implies that

/.../dxl...de,/,,,(—y;X)[HN—5]‘Pu(7jx)=0-

Hence we have

(Bu(T1x) | Hn | $:(7:101)) = EV*6% 3,0 7,24 (70)
and
(Q#(Lksk"rk) IHN I QV(LISI"U»: [m(N)\)]—l Z_ - (l,N"“a,“L,,“S,,"{ Ilpﬁ’&pf‘dgplp)
9&pSpLp

X (lpﬁ"&pl.’o‘gplp [} Noa LS p')EE‘S-’anNv )
The noninteracting electron N4-1 may be found in any subshell for which N0, and from the symmetry of Hy
(for a given configuration) each distribution of interacting electrons contributes equally, hence
1 .
(Bu(LaSimi | Hy | B(LiSim))=—— 3 Ny T (W¥axtSitLa#| }aMaShLah)
N—+1 =15 aLrSx o o
X (WMaS\Lal | ¥y’ Sy L") EBS\yyunys.  (72)

4. RADIAL EQUATIONS and 4, is defined in terms of Eqs. (62a), (67), and (72).

A. Derivation For variations of F . of the form Eq. (19), Eq. (73)

ields the integrodifferential ti
As in Smith et al.,5 Eq. (16) can be written out ex- 4 ¢ integroditierential equations

plicitly with the help of Egs. (50), (41), (53), and (61), > LuFatY CiV,.=0. (75)
7 B
6[§ / FaLiF f‘d'+§ Gt / ViiF. J"d’+‘z,: 1% Variations of (73) with respect to Cx™ lead to
X/Vv,iFikdf+z C“kCrlApy—%Kkl]__‘O, (73) Z A“prl'"Z /V”,ijldr=0. (76)
i, ’ J
where

\ The solutions of Egs. (75) and (76) are to be subjected

oo _Arae _li(lrl' 1)+2_Z +2E—6) by to the further requirement and that they are orthogonal

i oL g2 2 , i % to all subshells of the target system with the same orbital
angular momentum, i.e., Eq. (13).

FVi+Wi, (74) Introducing this requirement into (74) using
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LaGrange multipliers, 91 gives (75) to be
2 LiiFat+ X ClVyu it MPandia,=0. (77)
i s A

B. Numerical Method

An algorithm for the solution of the system of second-
order integro-differential equations £;F;;=0 for k,2>0
has been given by Smith's and for £;2<0 by Smith and
Burke.’® Both these papers are based on iterative
techniques. Noniterative techniques are implied in the
work of Hartree!”!8 and have been developed for col-
lision problems with %,2> 0 by Marriott!? and Omidvar?
for the system &£,;F;;=0. The noniterative alogrithm
for the system of equations in (77) for all real nonzero
k:* has been developed by Smith et al.®

A FORTRAN program has been written to solve Eq.
(77) and is currently being tested. Given a set of (LS),
the configurations to be coupled together and their
term values, the code calculates the number of channels
and potentials and sets up the distinct exchange terms
to be obtained as the solutions of differential equations.
It then proceeds to solve the equations, using an ex-
tension to the algorithm presented in Smith ef al.,® and
prints out the partial-wave cross sections. Some of the
early production runs with the code will be to calculate
the total cross sections for the scattering of low-energy
electrons by atomic oxygen in order to compare with
the absolute measurements of Sunshine ef al.2! Calcu-
lations will also be carried out to determine the positions
and widths of resonances in the photo-ionization con-
tinuum of Ne I (20-150 eV), as these have been observed
by Codling et al.?2 Carroll et al.,2® have observed a new
Rydberg series in the absorption spectrum of atomic
nitrogen which they attributed to transitions from the
450 ground state of the nitrogen atom to the Rydberg
terms 25 2p® (35%np *P; it will be possible to calculate
the parameters of these autoionized levels with the code.
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APPENDIX
Evaluation of the Recoupling Coefficients

The subshell angular momenta Ly, Sy together with
the angular momenta Iz and § of the projectile are
coupled according to a prescribed coupling scheme to
give total angular momenta L, S. If the intermediate
couplings leading to a given L, S are not unique, then
to each coupling there corresponds a distinct state T';
specified by the quantum numbers L, S, = together with
an additional parameter a; which specifies the coupling.
We shall couple the vectors L;- - - Ls, I; to give a total
L; according to the scheme

[ (L1Ls) (Le™Ls) (Lg% « - Ly) (La%i+ - -) (Lo, %) iy, (1a)

where L\* denotes the result of coupling Ly, to the
resultant of L --Ly_y. For the purposes of recoupling
we may regard the continuum electron as being in a
subshell 541 where b is the outermost of the discrete
orbitals and where Ls1=0, Ly;1=1. We shall define
subshell p to contain electron N and ¢ to contain N+1.
The general form of the orbital recoupling coefficient is

(LIZT : 'LP-"‘I‘:I[LI'i(llljk)_ll’s’-:lLP“L_Piai. : 'i_’q' v
(E.,,.l,i)- «Lg;- \L;|L\Ly+ - L, - -(L,,,-l,,,-)Lp,-~ ..
I_JV." : '[Loj(klﬂ)lu;]ijijai‘ : 'yLi>-

We note that there are three vectors to be recoupled,
namely, Iy Iy41 and k. We must recouple /y from p; to p;
or vice versa when p; lies inside p;, as we do not know
a priori which is the smaller, then recouple /y,1 from
oi to o; and k from p; to ;. To evaluate the above
recoupling coefficient we generalize the method of
Biedenharn? by first recoupling 7,,(=1Ix) step by step
from p; to p;, each intermediate recoupling contributing
a_Racah coefficient and then recouple the vectors
CLp;,(Foie)lo IL,; — [(Lypily;) Ly, k). Next recouple & step
by step from p; to ¢y, couple it to l,,(=Iy41) to give I,
and finally recouple /,; from o; to o;. The recoupling
coefficient will then have been expressed as a product or,
in the case when the intermediate recoupling vector is
not found on the r.h.s. of the coefficient, a sum of
products of Racah coefficients. Three basic types of re-
coupling occur:

(@) Direct: in which max(pip;) < min(eo;) as in Egs.
(49a), (56), (67), and, depending upon the particular
configurations considered, in Egs. (60a) and (62a), see
Fig. 1(a). Alternatively we may have max(oc;)
< min(p:p;) which can occur in Egs. (60a) and (62a). In
either case, we do not, at any stage in the recoupling,
have to recouple both Iy and Iy through the same

# L. C. Biedenharn, J. Math. Phys. 31, 287 (1952).
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F16. 1. Schematic representation of the three types of recoupling
schemes encountered in the angular-momentum recoupling coeffi-
cients: (a) direct, (b) exchange, (c) translation.

range. This will give rise to a single product of Racah
coefficients since we may use the property

(™ L) Dl L | (Laa® La) La®ily; Ly> =81, 1,05

to eliminate the summation over the intermediate
couplings, L;
(b) Exchange: min(p;p;) < min(o;0;) < max(pip;) as in

(Sl' : -S,,,-_l"“'(S“%(N))S,,-' ' 'Sm" ’ '555“‘%(1\Y+1),S;|51‘ )

= <Spi—la‘,‘§pi% (Sm‘) ;Sp-‘ai | Spi—laigpi(spsai):% 351»."“)
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Eq. (40) or alternatively min(o;0;) < min(p;,p;)
<max(c,0;). Both cases may also occur in Eq. (60a)
and (62a). In the former case we will have to recouple
both ,; and I,; through the range o; to p; and will
therefore have to sum over the intermediate couplings of
this range. A schematic representations of these ex-
change recouplings are presented in Fig. 1(b);

(¢c) Translation: max(p;0;) <min(pjo;) or alternatively
max(pjo;) <min(p;e;). This type of recoupling will only
only occur in terms linear or quadratic in C, Egs. (60a)
and (62a), where both interacting electrons can appear
in discrete orbitals. For example the recoupling coef-
ficient of Eq. (60) arising from the configurations
1522522 p*3skl— 15225228 (where p;=3s, o;=Fkl contin-
uum, and p;=o;=2p), will be of this form. In the former
case we will have to recouple both /,; and /,; from g; to
p;» This is most easily achieved by coupling Z,; ls,(l:)
and recoupling /; from ¢; to p; then summing over all
possible 7;. Schematically, these recouplings can be
by Fig. 1(c).

The general form of the spin recoupling coefficient

is
<Sl' : ‘Sﬂ.—la‘(Spi%(N)_)Spi' '_'Spj' : 'Svs—la_i(sv.'%(N'f'l))
S0 ST :g‘: 81 +Bpie -+ Sy (S, A(NS
S’o" : 'SVj—lai(Sq%(IV"'l))Saj' : 'yaJ'SJ'>-

The evaluation can be carried out in the same way as the
orbital recoupling coefficient, giving rise to the same 3
types of recoupling but will be simplified by the fact
that there are only two vectors 3(NV), 3(N+1) to be
recoupled.

For example, the direct spin recoupling coefficient
iS, for p;< Pis

Spi (8o 3 (V) - - Sp, 23 (N +1),5;)

pj—1

I (Sa1®3(Srm1%),82; 50 | Sr-12iSa (Sx%7), 3 ;:Sx¢)

A=pi+1

- - pi—1
X <Sp,-..1""% (Spj—la‘)lsﬂj ;Sp;'a‘ l Sﬁj—laiisﬂj% (Spj) Spj“‘) p B(SAQ'SA“’.)
=1

by
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where the recoupling coefficients are given in terms of Racah coefficients by?*
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