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Stability of the Electronic Configuration and Compressibility of Electron
Orbitals in Metals under Shock-Wave Compression*
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Atomic radii in metals at O'K are calculated from shock-wave equation-of-state measurements, and are
compared with the radii of various free-atom electron orbitaLs obtained from Hartree-Pock calculations.
For metals from the long periods of the periodic table having less than half-6lled conduction bands, the
Z dependence of the experimental atomic radii and of the Hartree-Fock, free-atom orbital radii are found
to be essentially identical at all pressures. This allows the identi6cation of the dominant contribution to
the e8ective interatomic interaction. In these metals it is found that the presence of a signi6cant population
in the d band appears to result in a low compressibility. An unusually high compressibility observed for the
normally trivalent rare-earth metals is then taken as evidence of the promotion of a sd electron to a 4f shell
under compression. Interactions between closed electron shells in metals are estimated from the experi-
mental equations of state of the rare gases and their isoelectronic alkali halides. In the experimental pressure
range, interactions between these closed-shell cores are found to be important only for the rare-earth metals,
where an observed stiffening of the Hugoniot is identi6ed as resulting from core interactions. The limits of
validity of Thomas-Fermi-like equation-of-state calculations are discussed.

1. INTRODUCTION
'

~~ QUATION —OF—STATE measurements obtained
& through the use of shock-wave techniques' ~ ex-

tend to compressions of sufEcient magnitude that the
physical properties of metals may no longer be con-
sidered to result exclusively from interactions between
the outer electrons of the constituent atoms. In this
paper, such equation-of-state data are reviewed and
analyzed to study the stability of the electronic con-
6guration under compression, to estimate the contri-
butions of electrons from diQerent atomic orbitals to the
equation of state, and to estimate the compressibility
of these individual orbitals. The analysis of the equa-
tion-of-state data is made in terms of a simple theo-
retical framework outlined in Sec. 2. This theory is
successful in accounting for several observed systematic
regularities in the experimental data. The data are
r'cvlcwcd lD Scc. 3 RDd thc comparison of tlMoly Rnd
experiment is carried out in some detail in Sec. 4. In
Secs. 5 and 6, the results of the analysis are reviewed,
and more general conclusions are drawn.

Under normal conditions of temperature and pres-
sure, the interatomic spacings and compressibilities of

*Work performed under the auspices of the U. S. Atomic
Energy Commission.

~ M. H. Rice, R. G. McQueen, and J. M. %alsh, Solid State
Phys. 6, 1 (1958).' G. E. Duvall and G. R. Fowles, High I'ressere Chemistry and
I'hysics, edited by R. S. Bradley, (Academic Press Inc. , London,
1963), Vol. 2, p. 209.' L. V. Al'tshuler, Uspekhi Fis. Nauh 85, 1W (1965) /English
transL: Soviet Phys. —Usp. 8 52 (1965)].

4 I. C. Skidmore, Appl. Mater. Res. 4, 131 (1965).
~ S. D. Hamann, Advancesin High Eressgre Research, edited by

R. S.Bradley, (Academic Press Inc. , London, 1966), Vol. 1, p. 85.
6 D. G. Dolan and R. K. Llnde, SO11d State Phys. 1$, 229 (1966).
~ B. J. Alder, in Solids Under I'ressere, edited by %. Paul and

D. M. %'arschauer (McGraw-Hill Book Company, Inc. , New
York, 1963), p. 385.

of metals are known~" to be governed by interactions
of electrons in the conduction band, '" " this band
being made up of electrons from the incomplete outer
orbitals of the atoms constituting the metal. The
conduction-band electrons normally are the only elec-
trons contributing to either the attractive or the
repulsive part of the CGective interatomic potential.
This work is concern. ed almost exclusively with the
repulsive part of this CGective potential, which will
often be termed simply the repulsive potential. The
present analysis rests on the observation that the
contribution. of individual conduction electrons to the
CGective interatomic potential appears to be determined
primarily by the atomic-state parentage of the electron.
Since the conduction electrons are often in states
hybridized from several atomic states, this assumption
implies that the important characteristic of the con-
duction band is the degree to which the various atomic
states are included in the occupied part of the conduc-
tion band«

While the electrical properties of metals depend on
electrons at the Fermi surface, the equation of state or
effective interatomic interaction depends, to a varying
degrcc oD Rll of thc coDductloD-bRnd clcctrons. Thc
superposition of the contributions of many electrons
makes the equation of state much less sensitive to
details of the band structure than are the electrical
properties. Actually, one should expect the antibonding
electrons at the top of a 6lled band and the bonding
electrons at the bottom of the band to make the

8 A. H. Wilson, Theory of 3Atals (Cambridge University Press,
New York, 1954).
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strongest contribution to the equation of state. Thus,
the population of states in the middle of the band should
have only a small effect on the equation of state.

Now consider bonding in a sequence of metals ad-
jacent to each other in the periodic table. Assume this
bonding to be the result of the formation of a conduction
band predominantly from the delocalization of electrons
originally in a particular el atomic orbital. Assume that
it is the population of the bottom of the band that is
important to the equation of state and that the changing
population of the states in the middle of the band as one
proceeds along the sequence has little effect on the
equation of state. If none of the antibonding, upper-
band states are filled, one may expect the interatomic
spacings or radii of the atoms in the metal to show the
same dependence on the atomic number Z as does the
radius of that particular orbital in the same sequence of
free, neutral atoms. The Z dependences of the individual
free-atom orbital radii may be determined from pub-
lished Hartree-Fock free-atom solutions. ""The anal-
ysis carried out in this work is essentially a comparison
of the Z dependence of such Hartree-Fock orbital radii
with the Z dependence of the experimental radii of
atoms in the metal, henceforth termed the metallic
radius.

The comparison of the Hartree-Fock orbital radii
with the experimental metallic radii for sequences of
metals is repeated at several pressures, where metallic
radii are compared at constant pressure. The observa-
tion that such a comparison remains valid at different
pressures gives evidence on the stability of the electronic
con6guration under compression, and the compressi-
bility of the electron orbital is then taken to be the
compressibility of the metals belonging to the fitted
sequence. The analysis of the experimental data is
devoted mainly to those metals where the Z dependence
of the experimental atomic radii can be successfully
fitted with a curve derived from the free-atom Hartree-
Fock results. In most cases, these are metals with less
than half-filled conduction bands. The compressibility
of other metals is only briefly noted.

In the long periods of the periodic table, such a
comparison shows that bonding in the alkali metals and
alkaline-earth metals at all pressures may be associated
with s electrons. Bonding in the metals of columns
IIIB, IVB, VB, and VIB of the periodic table" and in
the trivalent rare-earth metals is associated with the
d electrons in the s-d hybrid conduction band at zero
pressure. At high pressure, this remains true of the
metals of columns IIIB, IVB, VB, and VIB, but not of
the rare-earth metals.

~4R. E. Watson, Technical Report No. 12, Solid State and
Molecular Theory Group, MIT, 1959 (unpublished); Phys. Rev.
118, 1036 (1960); 119, 1934 (1960); 123, 2027 (1961).

'5F. Herman, and S. Skillman, Atomic Structure Calculatioes
(Prentice-Hall, Inc., Englewood Clips, New Jersey, 1963).

'6 The designations of the columns of the periodic table are those
given in The Handbook of Chemistry and Physics (The Chemical
Rubber Publishing Company, Cleveland, Ohio, 1964).

On the other hand, equations of state of materials at
high compressions or high temperatures are thought to
be well accounted foi by a Thomas-Fermi description
of the finite atom. "" In such a description, no elec-
tronic shell .tructure is included. The validity of this
description is, of course, a result of the small interatomic
spacings at these extreme conditions. The equation-of-
state measurements made by using shock techniques
extend into the beginning of the transition region
between the outer-electron band description and the
Thomas-Fermi description, and thus allow an estima-
tion of the ranges of validity of these descriptions.

3. REVIEW OF THE EXPERIMENTAL
EQUATION-OF-STATE DATA

Shock-wave measurements' ' on the equation of state
of materials yield a series of (I', V,E) points related by
the Rankine-Hugoniot equation for the conservation
of energy,

AE=-,'P(AV).

The locus of such points is the Hugoniot curve or
Hugoniot. Unfortunately, material at a Hugoniot point
representing strong compression will be at a high
temperature, primarily because of the irreversible heat-
ing associated with the shock process. In order to test
the ideas outlined in the introduction, we wish to
compare interatomic spacings or atomic radii derived
from molar volumes at constant pressure on the O'K
isotherms of the elements, and isotherms must be
calculated from the measured Hugoniots. In performing
this calculation, it is usually adequate to assume a
Griineisen form for the equation of state:

~(V,~) =I'o Ic(V)+v(V)LE &o rr(V)7/V (2)

A further assumption about the volume dependence of

y then allows the calculation of the last term in Eq. (2),
the thermal pressure on the Hugoniot, and hence a
calculation of the O'K isotherm and internal energy
curve" from Hugoniot data. As long as the thermal
pressure is considerably smaller than the total pressure,
the calculation of the isotherm is not particularly
sensitive to the form used for y (V). Both the Slater and
Dugdale-McDonald forms for y have been used. At the
highest pressures reached in shock experiments, thermal
excitation. of conduction electrons becomes important
to the equation of state, and an electronic-pressure term
must be added to Eq. (2).' The coefficient of this term,
the electronic y, has been estimated' from low-tem-
perature specific-heat measurements. Unfortunately,

~7 R. Latter, J. Chem. Phys. 24, 280 (1956).
R. D. Cowan and J. Ashkin, Phys. Rev. 105, 144 (1957).

~9 N. N. Kalitkin, Zh. Eksperim. i Teor. Fiz. 38, 1534 (1960)
LEnglish transl. : Soviet Phys. —JETP 11, 1106 (1960)g.

"V. P. Kopyshev, Dokl. Akad. Nauk SSSR, Ser. Mat. Fiz.
161, 1067 (1965) /English transl. :Soviet Phys. —Doklady 10, 338
(1965)]."H. M. Schey and J.L. Schwartz, Phys. Rev. 137, A709 (1965)."G. B.Benedek, Phys. Rev. 114, 467 (1959).
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there is considerable question as to the applicability of
the value of the electronic 7 so obtained because of
probable changes in the density of states at the Fermi
surface under compression. At these highest pressures,
the thermal pressure of the lattice may contribute
one-half or more of the total pressure on the Hugoniot,
and the uncertainty in the calculation of the last term
in Eq. (2) further increases the uncertainty in the
calculation of the isotherm.

In many cases, O'K isotherms have been published
with the Hugoniot data and may be obtained directly
from the literature. In cases where this was not true, the
O'K isotherms were calculated from the Hugoniots with
the use of the Griineisen equation and with the assump-
tion of the Dugdale-McDonald form for y.23 Electronic
effects were ignored. The results are tabulated in the
Appendix, together with references to the original work.

The repulsive interaction between the inner-electron
closed-shell cores of metal atoms should be the same as
that between atoms of the preceding rare gas. Hugoniot
equation-of-state measurements have been reported on
liquid argon and liquid xenon, and from these measure-
ments an effective interatomic potential was derived. '4 "
This potential is in agreement with theoretical calcu-
lations"" and with other experimental work" The
potential was then used to calculate O'K isotherms for
fcc solid argon and xenon. In this calculation, only
nearest-neighbor interactions were included, pairwise
additivity was assumed, and the resulting total energy
was differentiated with respect to volume to obtain the
pressure. The O'K isotherms for solid argon and xenon
so calculated are essentially identical at high pressures
to the isotherms for the isoelectronic alkali halides
KC1 and CsI as calculated from Hugoniot data, and
this agreement lends credence to the isotherms. No data
are available for neon or krypton; the isotherms for
isoelectronic NaF and RbBr are used to estimate core
eGects.

There is some uncertainty in the calculated isotherms
for the alkali metals. The large shock compressions
observed for these materials result in high temperatures
on the Hugoniot even at 0.25 Mbar, " and the calcu-
lation of the isotherm, therefore, involves the calcu-
lation of a large and somewhat uncertain thermal-
pressure term. For lithium, sodium, and potassium,
isotherms have been calculated both with and without
electronic contributions, and the two results differ
significantly. Probably electronic effects are also im-

23 The code for this calculation was written by V. Davis, and is
based on earlier work of R. Grover. See Physics Department
Progress Report No. , UCRL-14360, Lawrence Radiation Labora-
tory, University of California 1965, p. 62 (unpublished)."M. van Thiel and B.J.Alder, J. Chem. Phys. 44, 1056 (1966);
R. N. Keeler, M. van Thiel, and B. J. Alder, Physica 31, 1437
(&965).

2~ M. Ross and B.J. Alder, J. Chem. Phys. 46, 4203 (1967)."A. A. Abrahamson, Phys. Rev. 130, 693 (1963)."G. M. Gandel'man, Zh. Eksperim. i Teor. Phys. 48, 758
(1965) /English transl. : Soviet Phys. —JETP 21, 501 (1965)].

'8 1 bar=10' dyn /em'=1 atm. 1 Mbar=10' kbar=10' bar.

portant for rubidium and cesium though they have not
been calculated. The isotherm for cesium was only
crudely estimated. Furthermore, there appear to be
small differences in the Hugoniots for lithium, sodium,
and potassium as measured in two different laboratories.
The alkaline earths, calcium, strontium, and barium are
also very compressible, and calculations of the isotherms
involve the same problems as the calculations for the
alkali metals. The problem is not as severe, however.

Further uncertainties in the calculation of the iso-
therms of calcium, strontium, barium, iron, germanium,
antimony, and bismuth arise from kinks in the experi-
mental Hugoniots, associated with polymorphic phase
transitions at pressures of the order 0.1 to 0.2 Mbar. "
The phase transitions have not been properly accounted
for in the calculation of the isotherms. Because of this,
the molar volumes at 0.25 Mbar on the calculated
isotherms are somewhat uncertain for these elements,
though the volumes at higher pressures should be less
uncertain because of the steepening of the repulsive
part of the effective interatomic potential.

At 1 Mbar, data are available only for the less
compressible materials. For these materials, the iso-
therms and Hugoniots are not far apart, rejecting a
small thermal-pressure contribution, and volumes on
the calculated isotherms should be reasonably accurate.
The calculated isotherms at 4 Mbar are uncertain
because of high thermal-pressure contributions and high
electronic-pressure contributions, both associated with
the high temperatures reached on the Hugoniot.

4. ANALYSIS OF THE DATA

The analysis of the experimental data is best done
with the aid of Figs. 1—4, where the metallic radius is
shown versus atomic number at several pressures. The
metallic radius, or radius of an atom in the metal, is
taken as the Wigner-Seitz radius, defined in terms of the
experimental molar volume by the relation

(molar volume) =A/p= Es(4s/3) (R )'. (3)

Note that the radius so defined is independent of the
crystal structure. Since crystal structures at high
pressures are usually not known, such a radius seems
most appropriate for comparisons of the interatomic
spacings of different elements. The figures show the
atomic radii to become more nearly alike for the various
elements at high pressures, as has been noted from
similar plots of atomic volume versus atomic number. '

The lines drawn in Figs. 1—4 show the Z dependence
of the radii of particular e/ Hartree-Fock electron shells
as normalized to the experimental metallic radii. The
normalization is carried out by taking the Z dependence
of these electron-shell radii in the form JJ ~(P)R ~(Z).
The function R„t(Z) is determined from the Hartree-
Fock free-atom solutions, '4" where the radius of an

I V. V. Evdokirnova, Uspekhi. Fiz. Nank 88, 95 (1966) /English
transl. : Soviet Phys. —Usp. 9, 54 (1966)g.
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ences obtained from the
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orbital is taken as the outermost radius at which the
wave function attains half of its value at the outermost
extremum. Except for s-electron orbitals R„&(Z) may
be approximated by Z over a limited range of Z,
though the actual R ~(Z) functions in graphical form
were used in this work. The function B„~(I')depends on
the details of the bonding states formed and the exact
definition of the radius of the free-atom orbital. It is
assumed to be independent of Z and is used as an
adjustable parameter for each particular pressure and
particular orbital. This allows the curve for the Z
dependence of the Hartree-Pock free-atom orbital
radius to be normalized to the experimental metallic
radius of ore element. In fact, several elements will
usually fall on the same line, con6rming the assumed

TABLE I.Values of the scalingfactorB„&(P=O) =R (P=O)/R„&,
where R is the experimental metallic radius and R„g the Hartree-
Fock free-atom orbital radius.

existence of similar bonding in the sequence of metals,
and lending credence to the simple theory outlined
previously. Note that the use of a log-log plot of atomic
radius versus Z makes this curve Qtting particularly
simple. The predetermined function R„~(Z) fixes the
shape of the curves; the only adjustment allowed is a
vertical translation.

This procedure is repeated at several pressures, in
order to examine the stability of the electronic con-
figuration and the electron-shell compressibility at high
pressure. The success of the fitting procedure indicates
that there are approximate universal compression curves
for groups of metals whose bonding is governed by the
same electron orbitals, provided the metallic radii are
appropriately scaled with Z. The steepness of the
eQective repulsive potential eliminates the necessity of
scaling the pressure with Z as well.

TmLE II. Values of the scaling factor B„g(P=0.25 Mbar).

3

5
6

(ep)' closed shell

1.52
1.48
1.33
1.41

(a+1)s
0.65
0.69
0.67
0.65

1.35
1.05
1.03
0.92

1.23
1.17
1.08

0.47
0.51
0.53

(ep)' closed shell (s+1)s
1.27
0.98
0.99
0.84
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FIG. 2. Atomic radius
versus atomic number at a
pressure of 0.25 Mbar. The
dots are experimental radii
on the O'K isotherms as
calculated from Hugoniot
data. The solid lines show
the Z dependences obtained
from the Hartree-Fock free-
atom solutions as normal-
ized to the experimental
data at this pressure. The
broken lines are the Har-
tree-Fock Z-dependences at
zero pressure, taken from
Fig. 1. Parentheses indicate
questionable experimental
points.
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Tables I—IV give the values of B„~(P) resulting from
the Gtting procedure.

A. The (Bd, 4s, 4P) Period

Now consider the (3d,4s,4p) period at zero pressure.
Potassium and calcium fall on a curve representing 4s
bonding, the dependence of the atomic radii on Z being
that of the 4s orbital in the free atoms. Scandium,
titanium, vanadium, and chromium all fall on the line
whose slope is determined by the 3d orbital in the free
atom. Thus, although the conduction band in these
metals is a 3d4s hybrid, the 3d component apparently
dominates in determining the interatomic spacing.

Turning to the high-pressure data, one 6nds that
potassium and calcium still fall on a 4s curve, though
the atoms are quite appreciably compressed. Scandium,
titanium, vanadium, and chromium continue to fall on
a 3d curve, and are only slightly compressed. This
di6erence in compressibility between the 4s shell and
3d shell is so marked that the radius of the 4s shell falls
inside the radius of the 3d shell under compression,
though it falls outside the 3d shell at zero pressure, if
one makes the comparison at the same value of Z.

TABLE III. Values of the scaling factor 8„)(I = 1.0 Mbar).

The curve for the Z dependence of the radius of the
argon (3p)' core is determined from Hartree-Fock
solutions in the same way as the curves for the open
shells. It is 6tted to the experimental radius either for
argon or KC1. In this way, the cores are found to be
quite compressible; in fact, almost as compressible as
the open 4s shell. It should be noted, however, that
since the attractive potential in the solid rare gases and
alkali halides is weaker than in many metals, this

apparent large core compressibility is due, in part, to
the large interatomic spacing. At small interatomic

spacings, the core repulsion is probably large, and the
core should be expected to be relatively incompressible.
Because of the high core compressibility at the atomic

spacings of interest here, none of the elements is com-

pressed to the point where core interactions dominate
in determining the interatomic spacing. However,
experimental compressions are clearly adequate to cause
some hybridization of core and outer electron states to
be expected at the highest pressures, and this efI'ect

probably should not be ignored in detailed calculations
of the electronic structure under pressure. At com-

pressions beyond the present experimental limits, a
more complete hybridization of core and outer electron

TABLE IV. Values of the scaling factor B„~(9=4.0 Mbar).

(nP) closed shell (n+1}g

1.08

0.95

1.16
0.90
0.96
0.75

(np)' closed shell (n+1)s

0.97
0.82
0.88
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ATOMIC NUMBER

states will, of course, bring many electrons into play in
determining the interatomic potential; shell structure
will become less important; and the Thomas-Fermi
statistical model will become more applicable.

At 1 Mbar, the sequence of elements titanium,
vanadium, and chromium does not follow the 3d curve
as well as at 0.25 Mbar or at zero pressure. Vanadium
and chromium are not as compressible as they would be
expected to be. Probably this is a result of the presence
of more than one 3d electron for these elements.

Interatomic spacings for manganese and the succeed-

ing elements at all pressures are greater than would be
predicted by simple ideas presented here, although
compressibilities are comparable to the early elements
of the 3d period. This behavior is easily accounted for
when it is realized that the sd hybrid conduction bands
in which the outer electrons find themselves are more
than half full for these elements. The occupation of the
more antibonding states near the top of the band"
presumably gives rise to a suf6ciently strong repulsive
potential to move the minimum in the interaction
energy curve to a greater interatomic spacing. The
simple arguments used in this analysis are no longer
directly applicable. In terms of the previously defined

functions, for these materials 8 ~(P) continues to show

the same dependence on E but is no longer independent
of Z.

Band calculations" " and cohesive energy calcu-
lations~" con6rm the s character of bonding in potas-

'0 L. F. Mattheiss, Phys. Rev. 134, A970 (1964).
3 F. S. Ham, Phys. Rev. 128, 82 (1962); 128, 2524 (1962)."J.Callaway, Phys. Rev. 103, 1219 (1956).
SL. C. Allen, Quarterly Progress Report, Solid State and

Molecular Theory Group, MIT, 1958, p. 45 (unpublished)
(Quoted by Ham, Ref. 28).

~ I. Callaway, Phys. Rev. 119, 1012 i1960).
3' H. Brooks, Nuovo Cimento Suppl. 7, 165 (1958).
ie H. Brooks, Trans. AIME 227, 546 (1963).

sium and support the identification of the compressi-

bility of potassium with the compressibility of the 4s
shell. Experimentally, there is no evidence of the exist-
ence of any pressure-induced phase transition from the
normal bcc structure, though melting should be ex-

pected at a fairly small Hugoniot pressure for all the
alkali metals. '""The measured Hugoniot is smooth at
all pressures above 45 kbar, so the latent heat and
volume change on melting are probably small. Static
high-pressure measurements'9 show no discontinuities
in the volume under isothermal compression. The
discontinuities in resistance at 280 and 360 kbar are
observed4' only at low temperature and are apparently
not reQected in the equation of state. These experi-
mental results support the assumption that the 4s
configuration is stable at all pressures reached.

In calcium bonding cannot be purely s like, since the
material would then have to be an insulator, and a small

overlap between s and d bands has been calculated. "~

The present analysis of the compression of calcium

under high pressure, however, would indicate that there

is only a small d component to the bonding, since the
compression of calcium follows that of potassium quite
closely. A break in the Hugoniot in the vicinity of 180
kbar and a discontinuity in the statically measured
I'-V curve" at 63 kbar indicate phase transitions, the
lower of which may be a phase transition from fcc to

"G. C. Kennedy, A. Jayaraman, and R. C. Newton, J. Geo-
phys. Res. 67, 2559 {1962).

38 G. C. Kennedy, A. Jayaramao, and R. C. Newton, Phys.
Rev. 126, 1363 (1962).' Work of P. W. Bridgmaa; see F.P. Bundy and H. M. Strong,
Solid State Phys. 13, 81 (1962).

"R. A. Stager and H. G. Drickamer, Phys. Rev. 132, 124
(1963).

4~ M. F. Manning and H. Krutter, Phys. Rev. S1, 761 (1937).
'~ B.Vasvari, A. O. E. Animalu, and V. Heine, Phys. Rev. 154,

535 (1967).
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(6p)

FIG. 4. Atomic radius
versus atomic number at
4.0 Mbar, as in I'ig. 2.
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bcc, as has been observed~ for strontium at 35 kbar.
However, other evidence~ indicates that this lower
transition is probably spurious. Probably the large
compressibility observed may be taken as evidence that
neither of these transitions is accompanied by a large
electronic transition to d bonding.

Band calculations" on the 3d metals from titanium
through zinc indicate that there should be significant
s-d hybridization and broadening of the d band, and
hence, that the d electrons probably play a significant
role in bonding. For iron further band calculations~ 4' 4'

and calculations of the cohesive energy, 47 based on band
calculations, all con6rm overlap of the s and d bands
and signi6cant d-electron participation in bonding, as
do calculations for chromium, ' " vanadium, " and
titanium. ""Even for copper, where the 3d bands are
presumably 6lled, the calculations" "" indicate a
strong s-d interaction, and broadening of the d band,
which should be accompanied by an effect of the d
electrons on binding. The presence of d-electron bonding
and the apparent qualitative difference between d- and
s-electron bonding noted in this work may account for
the poor success of the application of the quantum-
defect method to the calculation of the cohesive energy

"D. B. McWhan and A. Jayaraman, Appl. Phys. Letters 3,
129 (1963).

44A. Jayaraman, W. Klement, Jr., and G. C. Kennedy, Phys.
Rev. 132, 1620 (1963).

4' J. Callaway, Phys. Rev. 99, 500 (1955)."J.H. Wood, Phys. Rev. 117, 714 (1960); 126, 517 (1962).
4' F. Stern, Phys. Rev. 116, 1399 (1959).
8 M. Asdente and J. I riedel, Phys. Rev. 124, 384 (1961);127,

1949 (1962).
4' W. M. Lomer, Proc. Phys. Soc. (London) 80, 489 (1962)."B.Schi6, Proc. Phys. Soc. (London) A68, 686 (1955).
5~ S. L. Altmann and N. V. Cohen, Proc. Phys. Soc. (London)

71, 383 (1958);Proc. Roy. Soc. (London) A244, 141 (1958).
~' B. Segall, Phys. Rev. 125, 109 (1962).
@ G. A. Burdick, Phys. Rev. 129, 138 (1963).

and compressibility of 3d metals at low pressure. "
Under high compressions, relatively simple calcula-
tions" using a Thomas-Fermi potential have been
fairly successful in reproducing the equation of state of
iron. These calculations confirm the importance of the
d electrons in determining the equation of state. They
also indicate that the (3p)' argon cores will not be
important at less than 6-fold compression, in agreement
with the general conclusions reached here. The phase
transition in iron at 130 kbar from bcc to hcp"" may
be associated with the increased d character in the
bonding predicted at high pressure; the calculations do
not indicate any p character in this pressure range.

B. The (4d, Ss, SP) Period

The (4d, 5s,5p) period shows essentially the same
behavior as the (3d,4s, 4p) period. Rubidium and
strontium are characterized by 5s bonding and are
quite compressible. Yttrium, zirconium, niobium, and
molybdenum are much less compressible and are
characterized by 4d bonding. Again, under compression
the s shell moves inside the d shell, though it normally
lies outside the d shell. The compressibility of the
krypton (4p) ' core was determined from RbBr data and
indicates that the core repulsion will not dominate the
equation of state until pressures well above the present
upper limit are attained. Some hybridization with outer
electron bands may be expected in the experimental
range, however.

s' G. M. Gandelman, Zh. Experim. i Teor. I'iz. 43, 131 (1962)
LEnglish trsnsl. : Soviet Phys. —JETP 16, 94 (1963)g.

~' D. Bancroft, E. L. Peterson and F. S. Minshall, J. Appl.
Phys. 27, 557 (1956).

56 J. Q. Jamieson and A. W. Lawson, J. Appl. Phys. 33, 776
(1962);T. Takahashi and W. A. Bassett, Science 145, 483 (1964);
R. L. Clendenen and H. G. Drickamer, J. Phys. Chem. Solids 25,
865 (1964).



For rubidium and cesium under compression, there is
the possibility of an electronic phase transition, '~ "in
which the bottom of the d band drops below the Fermi
level. This should give rise to some d character in the
normally s-like bonding indicated by band calculations"
and cohesive-energy calculations. """Quasiclassical
calculations" of the wave functions in a Thomas-Fermi
potential indicate that this transition in rubidium
should take place at a pressure of the order of 200 kbar.
Discontinuities in the resistance of rubidium are seen
at 75 and 190 kbar in static high-pressure experi-
ments, "~ though no volume discontinuities are seen
below 100 kbar. "The lower transition may be a phase
transition from bcc to fcc with only a very small volume
change. The Hugoniot is smooth from 55 to over 400
kbar. However, there appears to be a slight stiffening
of the Hugoniot in the vicinity of 300 kbar, which may
be associated with the 190-kbar resistance discontinuity
observed statically or with a broad resistance maximum
in the vicinity of 400 kbar. ' It seems possible that this

stiffening of the Hugoniot is associated with the elec-
tronic transition to partial d bonding; such a conclusion
is consistent with the present work.

The 35-kbar transition in strontium from fcc to bcc
has already been mentioned. 4' A further reported
transition at 65 kbar" was apparently spurious. A break
is seen on the Hugoniot near 60 kbar and may result
from the fcc —+ bcc transition. As in the case of calcium,
the present arguments indicate that there is not a large
d contribution to the binding in strontium, though there
is presumably some small overlap between the s and d
bands.

As in the previous period, band calculations are
consistent with the idea that the d electrons play a
signihcant role in bonding for zirconium" and molyb-
denum. 49

C. The (4f, Sd, 68, 6p) Period

The behavior of the elements of the (4f,Sd, 6s,6p)
period follows the same general pattern of the previous
two periods except for the rare-earth metals. The 4f
shell lies well inside the (Sp)' closed xenon shell"" and
should not be expected to have any effect on bonding,
except in determining the number of outer bonding
electrons. " '4 Thus, for europium and ytterbium, the

' R. Sternheimer, Phys. Rev. 78, 235 (1950)."E.S. Alekseev and R. G. Arkhipov, Fiz. Tverd. Tela 4, 1077
(1962) LEnglish transl. : Soviet Phys. —Solid State 4, 795 (1962)g.

~' J. Callaway and D. F. Morgan, Phys. Rev. 112, 334 (1958).' F. P. Bundy, Phys. Rev. 115, 274 (1959); Solid State Phys.
13, 81 (1962).

s' S. L. Altmann, Proc. Roy. Soc. (London) A224, 153 (1954).
6~ K. A. Geschneider, Jr., Rare Earth Alloys (D. Van Nostrand,

Inc, , Princeton, New Jersey, 1961).
~ Rare Earth Research, edited by E. V. Kleber (The MacMillan

Company, New York, 1961);Rare Earth Research III, edited by
L. Eyring, (Gordon 8z Breach Science Publishers, Inc. , New York,
1964)."L.F. Vereschagin and A. Jayaraman, in Physics of Solids at
High Presslre, edited by C. T. Tomizuka and R. M. Emrick
(Academic Press Inc. , New York, 1965).

stability of the half-filled and filled 4f shell results in a
divalent metal instead of the usual trivalent metal at
normal pressure. The 6s-bonding radii were 6tted to
rather questionable cesium and barium isotherms from
Hugoniot data, the Sd to hafnium, tantalum and
tungsten data, and the (5p)' xenon closed shell to
xenon or CsI data. As before, the s-bonded metals are
much more compressible than the d-bonded metals. The
xenon core is almost as compressible as the unfilled
s shell. Core hybridization should occur in a manner
similar to the hybridization of the cores in the preceding
periods.

At zero pressure, the trivalent rare-earth metals all
fall essentially on the Sd curve fitted to hafnium,
zirconium, and tungsten. Thus, these elements should
be expected to be relatively incompressible. The
divalent rare earths europium and ytterbium fall quite
close to the 6s curve Q.tted to cesium and barium and
should be Inore compressible. Experimentally, all of the
rare earths measured exhibit a very high compressi-
bility and are compressed to essentially the same inter-
atomic spacing regardless of whether they are initially
divalent or trivalent. This Anal interatomic spacing is
actually smaller than that predicted for 6s bonding.
However, the prediction is based on rather poorly
calculated isotherms for cesium and barium, and the
difference is probably not significant. As compared to
the interatomic spacing predicted for 5d bonding, the
rare earths are much too compressible, so much so in
fact, that it appears necessary to conclude that at high
pressure, there is no significant d bonding, and hence,
that all of the rare earths are probably divalent. This
would have to be accomplished by the transfer of the
Sd electron to a 4f level as pressure is increased. One of
the polymorphic transitions" "" observed at low

pressures may take place simultaneously with this
transition. The first-order n —+ y-phase transition in
cerium" '~" is thought to be the result of the reverse
transfer process (f~ d). Apparently, at higher pres-
sures the d -+ f transfer takes place, not necessarily as
a erst-order phase transition, in order to overcome the
incompressibility characterizing d bonding at high
pressure. It should be noted that the Hugoniot for
cerium appears to be qualitatively diferent from
Hugoniots for the other rare-earth metals.

At pressures of the order of 400 to 600 kbar, several
of the rare earths become noticeably less compressible

'~ H. T. Hall, J. D. Baxnett, and L Merrill, Science 139, 111
(1963); A. Jayaraman, Phys. Rev. 139, A690 (1965); D. R.
Stephens, J.Phys. Chem. Solids 25, 423 (1964);D. B.McWhan and
A. L. Stephens, Phys. Rev. 139, A682 (1965); D. B. Mohan,
P. W. Montgomery, H. D. Stromberg and G. Jura, J.Phys. Chem.
67, 2308 {1963);G. J. Piermarini and C. E. Weir, Science 144, 69
(1964)."E. G. Ponyatovskii, Dokl. Akad. Nauk SSSR 120, 1021
(1958) LEnglish transl. : Soviet Phys. —Doklady 3, 498 (1959)7;
L. D. Livshitz, Yu. S.Genshaft, and V. K. Markov, Zh. Eksperim.
i Teor. Fis. 43, 1262 (1962) [English transl. : Soviet Phys. —
JETP 16, 894 (1963)g.

6' A. Jayaraman, Phys. Rev. 137, A179 (1965);B.L. Davis and
L H. Adams, Solid State Commun. 1, 241 (1963).



161 STABILITY OF ELECTRONIC CONF IGU RATION 937

on the Hugoniot, though they remain more compressible
than would be the case if they were d bonded. From the
present evidence, it seems most likely that this in-
creased stiffness is probably the result of core inter-
actions or perhaps of interactions between core electrons
from one atom and valence electrons from another.

For cesium, one is forced to directly confront the
problem of the electronic phase transition. A number of
band calculations"' as well as calculations in a
Thomas-Fermi potential" all indicate that at high
pressures the d band probably falls below the Fermi
level. This would result in a change from the normal
s-electron bonding treated in cohesive-energy calcu-
lations" ""and in band calculations, """to bonding
in which d electrons also take part. The calculations
predict the transition to occur at a compression be-
tween two or threefold. Static high-pressure measure-
ments" have established a 23.7-kbar phase transition
from bcc to fcc and a 42.7-kbar transition from fcc to
hcp. At 42.2 kbar a phase transition from one fcc
structure to another fcc structure was observed with an
appreciable change in volume. The phase existing
between 42.2 and 42.7 kbar exhibits a high resistivity,
which accounts for the resistivity cusp observed
earlier. """The Hugoniot is smooth at all pressures
above 64 kbar, indicating no further phase transitions
at high pressures. If the Hugoniot is extrapolated to
zero pressure, an incorrect compressibility is obtained
consistent with the idea that cesium under high pressure
is somewhat different from cesium at zero pressure.
Curvature of the Hugoniot in the shock-velocity—
particle-velocity plane may be taken as evidence of a
gradually changing character for shocked cesium. It
seems most probable that the 42.2-kbar transition is the
electronic transition in which the d band becomes
partially populated, as predicted by theory. However,
the large compressions of cesium on the Hugoniot are
at variance with the relative incompressibility of
d-bonded metals deduced from the present analysis.
One is thus forced to the conclusion that even above the
phase transition, there is only a small and probably
varying amount of d bonding or population of the
d band, or that there is actually a transition back to
pure s bonding. Such a conclusion does not appear to
be inconsistent with the band calculations.

Barium exhibits a phase transition from bcc to hcp
at 59 kbar~' ~' under isothermal compression. The
Hugoniot exhibits a break near 67 kbar which may be
this transition or may be melting. ~' A resistance dis-

"J.Caiiaway, Phys. Rev. 112, 1061 (1958);J.Caliaway, R. D.
Woods, and V. Sironian, ibid 107, 934 (1957). ."J.Callaway and E. L. Hasse, Phys. Rev. 108, 217 {1957)."H. T. Hall, L. Merrill, and J. D. Barnett, Science 146, 1297
(1964)."J.D. Barnett, R. Bennion, and H. T. Hall, Science 141, 534
(1963);Rev. Sci. Instr. 35, 175 (1964).

7' A. Jayaraman, W. Klement, Jr., and G. C. Kennedy, Phys.
Rev. Letters 10, 387 (1963)."B.C. Deaton and D. E. Bowen, Appl. Phys. Letters 4, 97
(1964).

continuity is seen by 145 kbar;~4 a transition at 15
kbar" appears to have been spurious. As for the previous
alkali metals and alkaline-earth metals discussed, the
d bonding present must be only a small fraction of the
total bonding, because of the high compressibility of the
material exhibited under shock compression.

Calculations of the band structure" "and binding"
in tungsten indicate that the dominant contribution to
binding should come from the d electrons, in agreement
with the present ideas.

D. The (Sf, 6d, 7s, 7p) Period

The analysis of the (5f,6d, 7s, 7p) period is complicated
by bizarre Quctuations in the calculated electronic
configuration along the period" ~~ and by fragmentary
equation-of-state data. At zero pressure, the estimated
radii for francium and radium fall on a 7s curve, while
the actinium, thorium, protactinium, and uranium
radii fall on a 6d curve calculated under the assumption
that there is No population of the Sf levels. If a 5f level
is assumed to be populated, the curve representing the
Z dependence of the Hartree-Fock 6d radii cannot be
fitted to the experimental radii. The neptunium and
plutonium radii deviate from the d-electron curve in the
same way as do the radii for manganese and iron or
rhenium and osmium, where the population of the upper,
antibonding levels in the d band causes an increased
atomic radius. Shock-compression data on thorium and
uranium show the low compressibility typical of d
metals, tending to confirm the present analysis. The
first population, of the 5f levels in the metal appears to
occur at americium. All of the preceding actinides
appear to be 6d bonded with no significant Sf-level
population.

E. The Early Periods

The present type of analysis has also been attempted
for the earlier periods of the periodic table with little
success. Probably the difhculty arises from more
irregular screening effects, and the filling of antibonding
states and/or p states early in the period.

5. DISCUSSION

Several authors have noted a rather smooth, mono-
tonic correlation between the specific volume and
initial compressibility of the elements. '~'7' On the
other hand, the present analysis has indicated that the

74 A. S. Balchan and H. G. Drickamer, Rev. Sci. Instr. 32, 308
(1961).

7~ M. F. Manning and M. I. Chodorow, Phys. Rev. 56, 787
(1939)."Y.C. Hsu, Phys. Rev. 83, 975 (1951).

77D. B. McWhan, University of California, Lawrence Radi-
ation Laboratory@Report No. UCRL-9695, 1961, Chap. VII
(unpublished).

78 Yu. N. Ryabinin, K. P. Rodionov, and E. S. Alekseev, Zh.
Tech. Fiz. 34, 1913 (1964) /English transl. : Soviet Phys. —Tech.
Phys. 9, 1477 (1965)g."C. P. Kempter, Phys. Status Solidi 8, 161 (1965).
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compressibilities of metals at high pressures are more
properly considered to fall into groups. Both the alkali
metals and alkaline-earth metals have very comparable
compressibilities at high pressures, though the former
exhibit signi6eantly higher specific volumes Rnd eom-
pressibilities at low pressure. Metals from columns
IIIB(Sc,Y), IVB(Ti,Zr, Hf), VB(V,Nb, Ta), and VIB-
(Cr,Mo, W) of the periodic table also show comparable
compressibilities at high pressure, though their com-
prcssibilities are much less than the compressibilities
for the alkali metals and alkaline-earth metals. Again,
compressibilities at low pressures are not as much alike
for the IIIB, IVS, VB, and VIS metals as at high
pressures. Presumably, the difference in compressibility
between the two groups of metals is due to the presence
of d-electron bonding in the IIIB, IVB, VB, and. VIS
metals, whereas bonding in the alkali metals and
alkaline-earth metals remains dominated by s electrons
at all pressures.

From the present analysis, it is possible to construct
approximate universal compression curves for these
various groups of metals. These curves relate metallic
radius and pressure. The curve for s bonding applies to
the alkali metals and. alkaline-earth Inetals, while the
curve for d bonding shouM. apply to metals with less
than half-filled d bands. For each period of the periodic
table, the curves must be constructed for the same value
f Z. Th pp piat d'i ybe bt

' dbyco-
recting the experimental metallic radii for their vari-
ation with Z through the use of the Z dependence
R„q(Z) obtained from the Hartree-Fock solutions. For
most shells, R„((Z) is roughly proportional to Z
where the value of m is of the order 2.2 for the 3d4s4p
period, 3.3 for the 4dSsSp period, 3.0 to 4.S for the
Sd6s6p period. outside the rare-earth region. , and 0.3 for
the rare-earth period. In the d-bonded metals, there is
also a contribution to bonding from the s e]cctrops and

0
(.e i.c Xi.s i.2 &.s W. o 2.4 i.c (.s g2.2

ATOMIC RADIUS - A

FIG. 5. Contribution to the pressure from various orbitals as
functions of atomic radius. Comparisons are made at the atomic
numbers indicated.

from the closed p' shell, the latter contributing mainly
to the repulsive potentiaL The p' cores make a similar
contribution to bonding in the s-bonded metals. These
various pressure contributions may be roughly sepa-
rated by the subtraction of one curve of pressure versus
metallic radius from another at a particular value of the
radius. The results are shown in Fig. 5. The most
striking feature of this figure is the fact that the pressure
contribution, from the (n —I) d electrons is an order of
magnitude more sensitive to variation in atomic radius
than is the ms-electron contribution, as has been noted
earlier. Furthermore, while at high pressure d-electron
repulsion dominates the equation of state and makes the
material incompressible, at low pressures d-electron
bonding reduces the equilibrium interatomic spacing
over that characterizing s bonding.

If one assumes an, effective pair potential Q(R) as a
function of interatomic spacing or metallic radius E. and
a total internal energy U=N&(R), then the pressure
at O'K is given by the relation

(d(sy)) (dV)-'
(d (Ky))

E ls thc number of lntclRctlng pR1I's Rnd ED ls thc num-
ber of atoms. The internal energy per atom N(tp(R)/No
may then be obtained from the experimental pressure
curves by the integration

N (p &0)/No= 4'— R2P (R)dR.

Flgul e 6 show's this fUIletloQ Rs obtaiQed from tlM

integration of the pressure curves in Fig. 5. Note that
the separation of the various contributions to the pres-
sure and hence to the interaction potential ignores cross
interactions between diferent shells and is thus rather
artificial. Nevertheless, the qualitative conclusion is
probably valid, namely, the conclusion that the con-
tribution of the d electrons to the atomic interaction
potential produces a very narrow minimum as a func-
tion of interatomic spacing. This minimum lies some-
%'hat lQsldc the minimum rcsultlng from the s-electron
contribution as one should expect from the normal
radii of these shells.

Though thc QormRl intcratolnic spRelQgs f01 the
trivalent rare earths are in good agreement with the
spacings expected for d bonding, the observation of
large compressions would indicate that there is no
signihcant d-electron contribution to bonding under
compression. Hence, the Sd electron must be transferred
to the 4/ shell at a rather modest compression, since
only in this way could the metal become characterized

by s-only bonding. Of course, the metal would then be
divalent. Such R transition could easily bc R gradual
one, though one of the erst-order polymorphic transi-
tions observed at low pressures may be associated with
this electronic transition. The filling of the f shell under
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pressure has been predicted by calculations. ""This
behavior of the rare-earth metals is in contrast to the
behavior of the actinide metals, where there is appar-
ently no population of the Sf levels for the metals
preceding americium. There, bonding appears to be
dominated by the 6d band.

The metals scandium and yttrium are similar to the
rare-earth metals in many of their properties and lie in
the same column of the periodic table as lanthanum.
However, under shock compression they show the low
compressibility characteristic of d-bonded metals,
indicating that they retain their one d electron at all
pressures. This observation tends to support the con-
clusion that the large compressibility of the trivalent
rare-earth metals is due to the loss of their d electron
through a Sd —+4f transition. Scandium and yttrium,
of course, do not have the un61led f shell available to
accept their d electron, and hence, cannot exhibit such
a transition.

Because of the incompressible nature of the d shells,
core interactions should never be important for the
d-bonded metals at experimental pressures. It appears
that at least a fivefold volume compression would be
needed before core interactions are observable, in
agreement with the calculation mentioned earlier. '4

This would require an order-of-magnitude increase in
available pressures. For the much more compressible
s-bonded metals, core interactions should produce a
significant contribution to the equation of state at a
fourfold volume compression, only somewhat beyond
the present threefold experimental compression.

The rare-earth metals appear to offer the first ex-
amples of metals where core interactions may have been
observed to make an important contribution to the
equation of state. The metallic radii at which this
should occur are essentially the same for the alkali
metals and alkaline-earth metals and for the rare-earth
metals, once the appropriate scaling with Z is made.
Furthermore, the equation of state of all of these metals
at high pressure is apparently dominated by the same
s-electron interactions. At zero pressure, however, the
rare-earth interatomic spacings are smaller than the
interatomic spacings for the ajkali metals and alkaline-
earth metals, due to the zero-pressure d bonding in the
rare-earth metals. Thus, a smaller compression is needed
to compress the rare-earth metals to the radii where
core interactions should become noticeable. At one-
and-a-half to twofold volume compression, the experi-
mental Hugoniots for a number of rare-earth metals
show a marked stiffening, and from Fig. 5 or Fig. 2, one
may note that it is at just these compressions that a
significant core contribution to the pressure should be
expected. On the other hand, it has been suggested'2

B. Sussholz, University of California, Lawrence Radiation
Laboratory Report No. UCRL-4699, 1956 (unpublished).

8' S. V. Izmailov and G. A. Shul'man, Zh. Tech. Fiz. 35, 1889
(1965); 36, 405 (1966) tEnglish transls. : Soviet Phys. —Tech.
Phys. 10, 1455 (1966); 11, 299 (1966)j.

8'L. V. Al'tshuler, A. A. Bakanova and I. P. Dudoladov,
JETP Pis'ma v Redaktsiyu 3, 483 (1966) t English transl. : JETP
Letters 3, 315 (1966)j.
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FIG. 6. Contribution to the binding energy per atom from
various orbitals as functions of atomic radius. The zero of energy
has arbitrarily been taken at the minimum of each interaction
energy curve. Comparisons are made at the atomic numbers
indicated.

that this observed stiffening of the rare-earth Hugoniots
is due to a 4f to 5d--electron transfer. However, the
present analysis indicates that at high pressure there is
never a large d-electron population because of the small
radii and large compressions observed.

The present analysis has been restricted primarily to
the alkali metals and alkaline-earth metals, to the
metals from columns IIIB, IVB, VB, and VIB of the
periodic table, to the rare-earth metals, and to the early
actinide metals. This restriction has been made, because
for these metals, the electronic configuration at any
pressure may be determined from the fitting of Hartree-
Fock free-atom radii to the experimental atomic radii.
For the succeeding tf-bonded metals (columns UII 3 and
UIII), the occupation of the upper, antibonding states
in the d band" apparently destroys the proportionality
between the Hartree-Fock free-atom radii and the
atomic radii in the solids. However, the compressibility
of these metals is quite similar to that for the preceding
d-bonded metals. Thus, it seems reasonable to conclude
that for these metals, too, the electronic configuration
remains stable under pressure and that the relative
compressibility of the metals is associated with the
d-electron contribution to the binding.

A number of authors have proposed analytic equa-
tions of state or analytic forms for the interatomic
interaction potential. """"These forms may then be

ee H. Frohlich, Proc. Roy. Soc. (London) A158, 97 (1937).
8' J. Bardeen, J. Chem. Phys. 6, 372 (1938).
ee F. D. Mnrnaghan, Fertete Deformateort of ae Etastt'o Solid

(John Wiley & Sons, Inc. , New York, 1951)."F.Birch, J. Geophys. Res. 57, 227 (1952)."J.J. Gilvarry, Phys. Rev. 102, 331 (1956);J. Appl. Phys. 28,
1253 (1957)."B.I. Davydov, Izv. Acad. Nauk SSSR, Ser. Geofiz. , 12,
1411 (1956).' J. S. Koehler and G. K. Duvall, Bull. Am. Phys. Soc. 6, 132
(]961)."M. A. Cook and L. A. Rogers, J.Appl. Phys. 34, 2330 (1963).' N. N. Kalitkin and I.A. Govorukhina, Fiz. Tverd. Tela 7, 355
(1965) t English transl. :Soviet Phys. —Solid State 7, 287 (1965)g."R.H. Stokes, J. Phys. Chem. Solids 27, 487 (1966)."Y. K. Huang, J. Chem. Phys. 45, 1979 (1966)."J.R. MacDonald, Rev. Mod. Phys. 38, 669 (1966).
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fitted to low-pressure data and extrapolated to higher
pressures, either to compare with experimental data or
to obtain equation-of-state information beyond the
experimental range. Voile such calculations may or
may not be plagued by the usual uncertainties asso-
ciated with extrapolation procedures, the present
analysis indicates that they will certainly be incorrect
at compressions greater than those where core intera-
tions become important. At these critical compressions,
given in the previous paragraphs, the nature of the
repulsive interaction will undergo a qualitative change
from repulsion. between open shells to repulsion between
closed shells. Analyses based on the assumption of a
form for the repulsive interaction inappropriate to the
region of compression being considered can only be
misleading.

For the Thomas-Fermi model to be valid, the elec-
tronic shell structure must be unimportant in deter-
mining the equation of state. It seems unlikely that this
can be true at compressions where the importance of the
core interaction is changing relative to the valence-
electron interaction. Thus, any agreement"" between
the results of Thomas-Fermi —like equation-of-state
calculations and experimentally observed equation-of-
state data below a 6ve or tenfold volume compression
must be regarded as fortuitous, except possibly where
closed-shell interactions dominate the equation of state
at all pressures. Equations of state" based on inter-
polation between the range of validity of the Thomas-
Fermi model and the range of experimental data at low
pressures are probably somewhat more reliable, but it
must still be remembered, that because of the absence
of data in the intermediate pressure region, such
equations of state must ignore the sequential overlap
of the inner electron shells. The core interaction treated
here is the erst such overlap.

Note added sss Proof. In a recent publication, A. A.
Bakanov and I. P. Dudoladov, JETP Pis'ma v Redak-
tsiyu 5, 322 (1967) [English transl. : Soviet Phys. —
JETP Letters 5, 265 (1967)7, a stiffening at high

pressure is exhibited in the Hugoniots for strontium and
calcium. The authors suggest that this stiffening is the
result of the promotion of an s electron to a d level.
This is similar to the mechanism that they proposed"
to account for a stiffening in the Hugoniots for the
rare-earth metals. Thus, it seems worthwhile to re-
emphasize the conclusion reached in the preceding
paragraphs from the study of the systematic behavior
of metals under pressure; namely, that if these metals
were d-electron bonded, pressures at the high densities
attained experimentally would be expected to be several
times larger than those observed. Thus, in either the
rare-earth or the alkaline-earth metals, the d-electron

'5R. L. Rosenberg and B. J. Alder, in Metallurgy at High
Pressures and High Temperatures, edited by K. A. Gschneider,
{Gordon and Breach Science Publishers, Inc. , New York, f964),
p. 302.

Os W. G. McMillan, Phys. Rev. 111,479 (1958l.

component in the conduction band must be small at all
pressures. In the present paper, the stiffening of the
rare-earth Hugoniots was attributed to a core inter-
action. Such an interaction is predicted to occur at just
the densities where the stiffening actually is observed.
On the other hand, such a core interaction should rot
be expected for strontium and calcium at the densities
where their Hugoniots stiffen. Some other interaction
appears to be needed to account for the experimental
results on strontium and calcium. Comparison with the
more extensive data of Larson and Wackerle [Refs. 115
and 116 in the Appendix to this paper] reveals that the
results on these metals are complicated by the presence
of first-order phase transitions. The Soviet work is not
complete enough to properly delineate these transitions.
It is suggested that 6rst-order polymorphic transitions
are the source of the observed breaks in the Hugoniots
for strontium and calcium.

V. CONCLUSIONS

The alkali metals and alkaline-earth metals remain
essentially s-electron bonded at all experimental pres-
sures, the interactions of these electrons determining
the equation of state. For metals with less than half-
6lled d-electron bands, and probably for metals with
more than half-filled d-electron bands as well, the equa-
tion of state is determined almost completely by the
d electrons. These electrons contribute a very narrow
and deep minimum to the effective interatomic poten-
tial, and the d-bonded metals are much less compressible
than the s-bonded metals. The high compressibility of
the normally trivalent rare-earth metals indicates that
under compression only s bonding is important, and

hence, that the metals become divalent through a
5d —+ 4f electronic transition. This behavior is in
contrast to the behavior of metals from the first part of
the actinide sequence, where there does not appear to
be any significant Sf-shell population at any pressure.

Interactions between the closed-electron-shell cores
should not be important to the equation of state of the
s-bonded or d-bonded metals with less than half-611ed

shells at volume compressions below four or fivefold,
respectively. At less than a twofold volume compression,
core effects are predicted and observed to become
important to the equation of state of the rare-earth
metals.

Agreement between experimental data and simple
Thomas-Fermi —like equation-of-state calculations is
probably fortuitous at compressions below 6ve or
tenfold, except possibly for materials where the inter-
action is between closed-shell atoms.
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APPED'DIX

Equation-of-State Data

Table V lists equation-of-state data for the elements
as used in this work. The initial density po is given in
g/cm', the pressure in Mbar, the molar volume,

V=A/p, in cm'/mole, and the atomic radius in the
metal R = (3/4s.Es)''s V'Is, in angstroms. All quantities
are on the O'K isotherms calculated from Hugoniot
data. In tracking down shock work on the various
materials, I have been assisted by a compendium of
shock-wave data edited by M. van Thiel."Much of the
data are also referred to in the review articles on shock
work mentioned earlier. ' ~

ALE V. Summary of equation-of-state data.

Li

Be
B
C

N
0
F
NaF
Ne
Na

Mg
Al
Si
P

S
Cl
KCl
Ar
K

Ca
SG
Tl
V
Cr
Mn
Fe
Co
Ni
CU
Zn
Ga
Ge
As
Se
Br
RbBr

Rb
Sr
Y
Zl
Cb, wb
Mo
TG
Ru
Rh
Pd
Ag
Cd
IQ
Sn
Sb
Te
I
CsI
Xe

7

9
(10)
10
11

12
13
14
15

16
17

(1s)
18
19

20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35

(36)
36
37
38
39
40
41
42

44
45

49
50
51
52
53

(54)

1..85
2.34

(2.25

1.14
1.57
1.5
2.79
1.55
0.97

4.9

(tl
12.3
10.2
12.6
7.5

13.0
24.0

~ ~ ~

5.5

(
(10.7)
(113)

9.8
8.2

~ ~ ~

1.74
2.70
2.42
1.82
2.20
2.07
2.2
1.98
1.75
0.86

14.0
10.0
11.6

(17.0

15.5
16.1
18.9
22.3
45.5

6.8
6.2

~ ~ ~

11.0
11.4

{(17.3)
(14.1)
(10.'4)
11.1
9.0
7.4
6.6

(6.0)
6.1
6.0
6.2
73

~ ~ ~

8.3

(7.5)

1.52
3.02
4.51
6.1
7.10
7.20
7.86
8.82
8.86
8.90
7.14
5.90
5.32
5.73
4.82
4.2
3.35
3.12
1.48
2.6
4.51
6.49
8.60

10.20
~ ~ ~

12.2
12.42
11.95
10.49
8.64
7.27
7.28
6.68
6.25
4.88
4.51
3.59

26.3
14.9
10.8
8.4
7.3
7.6
7.1
6.7
6.6
7.1
9.2

11.8
13.6
13.1
16.4
19.0
24.7
26.8
56.0
33.7
21.4
14.0
10.8
9.4
t ~ ~

8.3
8.3
9.0

10.3
13.0
15.9
16.4
18.3
20.5
26.1
28.9
35.5

~ ~ ~

6.8
5.9
5.6

(4.4)

~ ~ ~

5.0
5.0
5.0
5.2
5.8

3.8

3.9
3.8
4.1

~ ~ ~

13.6

(20.2)
14.5
14.4
11.4
9.5
8.7

~ ~ ~

7.8
7.3 5.6

~ ~ ~

7.6
8.0
8.7

10.1
12.0
12.4
12.6
~ ~ ~

14.0
17.2
18.3

~ ~ ~

(6.6)
6.8
7.2
8.0
8.9
95

5.7

6.7

~ ~ ~

(11.8)
~ ~ 4

Initial density
(&/cc) Molar volume (cc/mole) at specihed pressure

Po 0 0.25 Mbar 1.0 Mbar 4.0 Mbar

0.53 13.1 6.4 ~ ~ ~ ~ ~ ~

6.9
~ ~ ~ ~ ~ ~

1.73

1.25
1.22
1.28
1.11
1.7
1..6
1.7
1.44
1.73
2.12

1.75
1.58
1.66

(189
1.83
1.8
1.96
2.07
2.62

2.19
1.81
1.62
1.49
1.43
1.45
1.61
1.39
1.38
1.41
1.54
1.67
1.75
1.73
1.87
2.0
2.14
2.20
2.81
2.40
2.04
1.77
1.63
1.55

~ ~ ~

1.49
1.49
1.53
1.60
1.73
1.85
1.87
1.94
2.01
2.18
2.26
2.42

1.37
1.40
1.19
~ ~ ~

1.19
1.09

~ ~ ~

1.30

(1.62)
(1.65)
1.57
1.48
0 ~ ~

~ ~ ~

1.63
1.65

(
(1.90)
(1.7s)
(1.60)
1.64
1.53
1.43
1.38
~ ~ ~

(1.34)
1.34
1.34
1.35
1.43
~ ~ ~

1.49
~ ~ ~

~ ~ ~

1.75

(2.00)
1.79
1.79
1.66
1.56
1.51

~ ~ ~

~ ~ ~

1.44
1.47
1.51
1.59
1.68
1.70
1.71

~ ~ ~

1.77
1.90
1.94

1.39
1.35

(1.44)

~ ~ ~

1.39
1.33
1.30
~ ~ ~

1.26
1.26
1.26
1.27
132

~ ~ ~

1.50
1.46
1.43

~ ~ ~

(1.3s)
139
1.42
1.47
1.52
1.56

~ ~ ~

(1.67)
~ ~ ~

(1.20)

1.16
1.15
1.18

1.31

1.31

1.39

Atomic radius (A) at speci6ed pressure
0 0.25 Mbar 1.0 Mbar 4.0 Mbar
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TAaj;E V. (corainged)

Initial density
(g/cc) Molar volume (cc/mole) at specified pressure

po 0 0.25 Mbar 1.0 Mbar 4.0 Mbar
Atomic radius (A) at specified pressure
0 0.25 Mbar 1.0 Mbar 4.0 Mbar

Cs
Ba
La
Ce
Pr
Nd
Pm
Sm
Eu
Gd
Tb
Dy
Ho
Er
TlTl
Yb
Lu
Hf
Ta
W
Re
Os
Ir
Pt
Au
Hg
Tl
Pb
Bl
Po
At
FrAt

Fr
Ra
Ac
Th
Pa

Np
Pu
Am

55
56
5/
58
59
60
61
62
63

65
66
67
68

70
71
72
73

75
76
77
78
79

85
(86)

91

93
94
95

1.83
3.5
6.15
6./7
6.77
7.01

~ ~ ~

7.54
5.17
7.87
8.25
8.56
8.80
9.06
9.32
6.96
9.85

13.3
16.6
19.17
20.53
22.48
22.42
21.45
19.24
13.53-L,
11.84
11.34
9.80
9.32

(4)

(5)
10.0
11.7
15.4
18.9
20.4
19.8
13.6

73.0
39.3
22.6
20.7
20.6
20.5

~ i ~

19,9
29.4
19.9
193
18.9
18.8
18.5
18.1
24.9
17.8
13.4
10.9
9.6
9.0

8.6
9.1

10.2
14.9-I.
17.2
18.2
21.3
22.5

~ ~ ~

(45)
22.7
19.9
15.0
12.6
11.7
12.2
17.8

(24)
(20.0)
14.4

(11.4)
12.5
12.7

13.2
12.3
13.4

13.2

12.2

11.6
9.7
8.9

8.4

11.1-1.
12.8
13,8
15.1

15.1

(9.6)

(8.3)
(8 5)

(8,5)

8.2
7.8

/4
7.7

9.7
10.4
11.4

5.9
(6.0)

~ 0 ~

3.07
2.50
2.08
2.01
2.01
2.01

~ ~ ~

1 99
2.27
1.99
1.97
1.96
1.95
1..94
1.93
2.15
1.92
1.75
1.63
1.56
1.53
1.49
1.51
1.53
1.59

(1.81)
1.90
1.93
2,04
2.08

~ ~

(2.8)
~ ~ e

(2.6}
2.08
1.99
1.81
1.71
1.67
1.69
1.92

2.12
(2.00)
1.79

(1.65)
1.71
1.71

~ ~ ~

1./4
1.69
1.75

1.72
~ ~ ~

1.74
~ ~ ~

1.69
~ ~ ~

1.66
1.57
1.52

1.49
1.53

{1.64)
1.72
1.76
1.82

~ ~ ~

(1.56)
~ ~ ~

(1.49)
(1.50)

~ ~ ~

1.48
~ ~

(1.50)

1.47

1.49

1.48
1.46

1.43
1.45

1.57
1.60
1.67

1.33
1.34

Notes on Equation-of-State Data

Th:
Ag:

V, Cr, Co, Au, Tl: 0.25 Mbar, Ref. 98; j. Mbar,
Ref. 99.

Zr, Cb, Pd, In, Pt: 0.25 Mbar, Ref. 98; 1 Mbar, Ref.
100. Isotherlns calculated.

0.25 Mbar, Ref. 98. Isotherm
extrapolated to 1 Mbar.

0.25 Mbar and I Mbar, Ref. 99.
0.25 Mbar, Ref. 98; 1 Mbar, Refs.

99, 101.

Yi, Mo: 0 25 Mbar,
Refs. 99,
102.

0.25 Mbar,
Ref. 102.

0.25 Mbar,
Refs. 103,
i04.

0.25 Mbar,
Refs. 99,
Ref. 104.

Ref. 98; 1 Mbar,
102; 4 Mbar, Ref.

Ref. 98; 4 M bar,

Ref. 98; 1 M bar,
104) 4 Mbar, Ref.

Ref. 98; i. Mbar,
104, 105; 4 Mbar,

"M. van Thiel, A. S. Kusubov, A. C. Mitchell, and V. %.
Davis, University of California, Lawrence Radiation Laboratory
Report No. UCRL-50108, 1966 (unpublished)."J.M. %'alsh) M. H. Rice, R. G. McQueen, and F. L. charger,
Phys. Rev. 108, 196 (195'I)."R. G. McQueen and S. P. Marsh, J. Appl. Phys. BI, 1253
(1960)."'R. G. McQueen and S. P. Marsh, Los Alamos Scientihc
Laboratory Report No. GMX-6-566, Los Alamos, New Mexico,
1964 (unpublished}.

'O' L. V. Al'tshuler, K. K. Krupnikov, and M. I. Brazhnik, Zh.
Eksperim. i Teor. Fiz. 34, 886 (1958) tEnglish transl. : Soviet
Phys. —JETP 7, 614 (1958)g.

'0~K. K. Krupnikov, A. A. Bakanova, M. I. Brazhnik) and
R. F. Trunin, Dokl. Akad. Nauk SSSR, Ser. Mat. Fiz. 148) 1.302
(1965) /English transL: Soviet Phys. —Doklady 8, 205 (1965)j.

~03L. V. AI'tshuler, K. K. Krupnikov, B. N. Ledenev, V. I.
Zuchikhin, and M. I. Brazhnik, Zh. Eksperim. i Teor. Fiz. 34,
874 (1958) I English transl. : Soviet Phys. —JETP 7, 606 (1958)j.

'O'L. V. Al'tshuler, A. A. Bakanova, and R. F. Trunin, Zh.
Eirsperitn. i Teor. Fiz. 42, 91 (1962) /English transl. : Soviet
Phys. —JETP 15, 65 (1962)g.

'05 S.B.Kormer, A. L Funtikov, V. D. Urlin, and A. ¹ Koles-
nikova, Zh, Eksperim. i Teor. Fiz. 42, 686 (1962) )English transl. :
Soviet Phys. —JETP 15, 4'17 (1962)j.
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Cu:

Zn, Cd, Sn:

W:

Pb:

U:

Sb:

Hg:

Ge:

C:
Se:
Mg:

Al:

Li, Na, K:

Rb:
Cs:

0.25 Mbar, Ref. 98; 1 Mbar, Refs.
99, 104, 105, 106; 4 Mbar, Ref.
104.

0.25 Mbar, Ref. 98; 1 Mbar, Refs.
99, 104; 4 Mbar, Ref. 104.

0.25 Mbar, Ref. 99; 1 Mbar, Refs.
99, 107. Extrapolated isotherm
to 4 Mbar.

0.25 Mbar, Ref. 98; 1 Mbar, Refs.
99, 104, 105, 106; 4 M bar,
Ref. 104.

0.25 and 1 Mbar, Ref. 108.
Isotherm calculated.

0.25 Mbar, Ref. 99. Isotherm cal-
culated using extrapolation of
high-pressure Hugoniot to low
pressures.

0.25 and 1 Mbar, Ref. 99. Isotherm
calculated using extrapolation of
high-pressure Hugoniot to low
pressures.

0.25 Mbar, Ref. 109. Isotherm
calculated.

0.25 Mbar, Refs. 97, 110. Isotherm
calculated using extrapolation of
high-pressure Hugoniot to low
pressures.

0.25 Mbar, Refs. 110, 111, 112.
0.25 Mbar, Refs. 98, 100.
0.25 Mbar, Refs. 98, 100, 108; 1

Mbar, Ref. 108. Isotherm calcu-
lated.

0.25 Mbar, Refs. 98, 105, 106, 108;
1 Mbar, Refs. 105, 106, 108.

0.25 Mbar, Refs. 113, 114. The
discrepancy is due partly to
different methods of calculating
the isotherms, and partly to
diferent Hugoniots. See text.

0.25 Mbar, Ref. 113.
0.25 Mbar, Ref. 113. Isotherm

estimated from Hugoniot and

M6 L. V. Al'tshuler, S. B. Kormer A. A. Bakanova, and R. F.
Trunin, Zh. Eksperim. i Teor. Fiz. 38, 790 (1960) I English transl. :
Soviet Phys. —JETP ll, 573 (1960)].

7 K. K. Krupnikov, M. I. Brazhnik, and V. P. Krupnikova,
Zh. Eksperim. i Teor. Fiz. 42, 675 (1962) I English transl. : Soviet
Phys. —JETP 15, 470 (1962)i." I. C. Skidmore and E. Morris, Thermodynamics of Nuclear
Moiersals ((nternational Atomic Energy Agency, Vienna, 1962),
p. 173." J. M. Walsh and M. H. Rice, J. Chem. Phys. 26, 815 (1957).'"R. G. McQueen, in Metallurgy at High Pressures and High
Temperatures, edited by K. A. Geschneider, (Gordon and Breach
Science Publishers, Inc., New York, 1964}."' D. G. Doran, J. Appl. Phys. 34, 844 (1963).

'~ B. J. Alder and R. H. Christian, Phys. Rev. Letters 7, 367
(1961).'" M. H. Rice, J. Phys. Chem. Solids 26, 483 (1965)." A. A. Bakanova, I. P. Dudoladov, and R. F. Trunin, Fiz.
Tverd. Tela 7, 1615 (1965) t English transl. : Soviet Phys. —Solid
State 7, 1307 (1965)g.

Sr, Ba:

Ca:

Sc, V:

I.a, Sm, Dy:

Ce:

Pr, Nd, Gd:

Eu, Yb:

Er:

Hf.

Ar:
Xe:
Nap.
KCl.

RbBr:
CsI:

comparison of oGset between
isotherm and Hugoniot for Rb,

0.25 Mbar, Ref. 115. Isotherm
calculated using extrapolation of
high-pressure Hugoniot to low
pressures.

0.25 Mbar, Refs. 115, 116.Isotherm
calculated using extrapolation of
high-pressure Hugoniot to low
pressures.

0.25 Mbar, Ref. 117. Isotherms
calculated, preliminary data.

0.25 and 1 Mbar, Refs. 117, 118.
Isotherms calculated.

0.25 Mbar, Refs. 117, 118.Isotherm
calculated.

0.25 and 1 Mbar, Ref. 117. Iso-
therms calculated.

0.25 Mbar, Ref. 117. Isotherm
calculated.

0.25 and 1 Mbar, Ref. 118. Iso-
therm calculated.

0.25 Mbar, Ref. 117 (preliminary
data). Isotherm calculatecL

0.25 Mbar, Refs. 97, 119.Isotherm
calculated.

0.25 Mbar, Ref. 120. See text.
0.25 Mbar, Ref. 121.See text.
0.25 Mbar, Refs. 97, 122. AW

0.25 Mbar, Refs. 122, 123, '124.
Isotherm calculated; 1 Mbar,
Ref. 124. Isotherm calculated.

0.25 Mbar, Ref. 122.
0.25 Mbar, Refs. 122, 123, 125.

Isotherm calculated; 1 Mbar,
Ref. 125.

"' Private communication from J. Wackerle, Los Alamos
Scientific Laboratory, to R. N. Keeler, Lawrence Radiation
Laboratory.

'6D. B. Larson, Lawrence Radiation Laboratory (private
communication).

»' W. H. Gust, Lawrence Radiation Laboratory (private
communication)."' L. V. Al'tshuler, A. A. Bakanova, and I. P. Dudoladov,
JETP, Pis'ma v Redaktsiyu 3, 483 (1966) LEnglish transl. :Soviet
Phys. —JETP Letters, 8, 315 (1966)g.'"B. J. Alder and R. H. Christian, Phys. Rev. Letters 4, 450
(1960).

~0M. van Thiel and B. J. Alder, J. Chem. Phys. 44, 1056
(1966).

~' R. N. Keeler, M. van Thiel, and B.J.Alder, Physica 31, 1437
(1965).

~'R. H. Christian, thesis, University of California, Lawrence
Radiation Laboratory Report No. UCRL-4900, 195! (unpub-
lished)."'L. V. Al'tshuler, M. ¹ Pavlovskii, L. V. Kuleshova, and
G. V. Simakov, Fiz. Tverd. Tela 5, 279 (1962) /English transL:
Soviet Phys. —Solid State 5, 203 (1963)g.

~4 S. B. Kormer, M. V. Sinitsin, A. I. Funtikov, V. D. Urlin,
A. V. Blinov, Zh. Eksperim. i Teor. Fiz. 47, 1202 (1964) LEnglish
transl. : Soviet Phys. —JETP 20, 811 (1965)).

~~ M. N. Pavlovskii, V. Ya. Vashchenko, and C. V. Simakov,
Fiz. Tverd. Tela 7, 1212 (1965) t English transl. : Soviet Phys. —
Solid State 7, 972 (1965)g.


