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We study microscopically the resistive state in Type-II superconductors in high field in two extreme
limits (i.e., the dirty limit and the pure limit). We establish that in high magnetic field, a constant electric
field induces (1) a uniform motion of the order parameter in the direction perpendicular to both the electric
and the magnetic fields with velocity —#=— E/H, and (2) a polarization aleng the electric field pro-
portional to this velocity. This gives rise to additional contributions to the electric and thermoelectric
transport coefficients. We calculate in both limits the changes of longitudinal resistivity and Ettinghausen
coefficient due to the above effect. In the pure limit, we also obtain the variations of the Hall angle and

the Peltier coefficient.
1. INTRODUCTION

HERE have been recently a number of experiments!

associated with the motion of vortex lines in type-II
superconductors. They involve measurements of the
voltages and temperature differences (or heat currents)
in the presence of a finite transport current. Many
theories,? based on the analogy between this situation
and the similar one in superfluid helium, have been
proposed to account for these dissipative phenomena.
Most of them treat the mixed state semiphenomeno-
logically (essentially using a two-fluid model and hydro-
dynamic assumptions). This is probably the source of
the discrepancies which have sometimes appeared be-
tween different theories. The above assumptions, which
are good for He II are more or less arbitrary here,
since they are both incompatible with the expression
of the electromagnetic conductivity in a pure super-
conductor. The hydrodynamic approach is ruled out
in this case by the presence of a logarithmic frequency-
dependent term in the conductivity? (this corresponds
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to a non-Ohmic behavior of the “normal” current, i.e.,
to a logarithmic increase of this current at very long
times??).

On the other hand the two-fluid model cannot de-
scribe consistently the responses to perturbations hav-
ing different time-reversal symmetries (i.e., associated
with different coherence factors), e.g., the electro-
magnetic and thermal conductivities.

Finally, all these theories deal with the low-field
region (H 2 H.) where the distance between vortex
lines is much larger than the coherence distance.

Recently, Schmid® and Kulik? have discussed this
problem with the help of time-dependent Ginzburg-
Landau equations (Schmid derives a diffusionlike equa-
tion, while Kulik uses an inadequate phenomenological
wavelike one). In particular, the former proves that,
close to H,s and in the presence of an electric field, the
order parameter moves with a uniform velocity, and
is able to account for the flux-flow resistivity close to
the transition temperature .

In the present paper, we generalize this type of
approach to both dirty and pure superconductors at
arbitrary temperatures and in the vicinity of the upper
critical field H.. Using the fact that close to H, the
order parameter A is small, we can describe its motion
microscopically.

In previous works® we have obtained equations which
describe the time-dependent fluctuations of the order
parameter in the high-field region. In the same sense
as an electromagnetic wave is a coherent superposition
of photons, the motion of the order parameter in the
mixed state can be understood as a coherent emission
of quanta of this fluctuation field (although in low

4 This difficulty has been independently noticed recently by
W. A. B. Evans (private communication).

8 Precisely speaking, this objection does not apply to dirty
gapless superconductors (e.g., dirty type-II materials in high
field). In this case, due to the short collision lifetime, the low-
frequency complex conductivity can be expanded in powers of
the frequency [see K. Maki, Phys. Rev. 141, 331 (1966)].

6 A. Schmid, Physik. Kondensienten Materie 5, 302 (1966).

"I. O. Kulik, Zh. Eksperim. i Teor. Fiz. 50, 1617 (1966)
[English transl.: Soviet Phys.—JETP 23, 1077 (1966)].

8 C. Caroli and K. Maki, Phys. Rev. 159, 306 (1967); 159,
316 (1967).
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fields these fluctuations are coupled with other (e.g.,
electromagnetic) fluctuations of the superconductor).
The spectrum of fluctuations of the order parameter is
of a diffusion type at all temperatures, with a diffusion
coefficient

D=v(1/1+1/%)*

(where [ is the electronic mean free path, & is the BCS
coherence distance, and v the Fermi velocity). There-
fore, the motion of the Abrikosov structure in an
electric field can be visualized as the motion of a set
of charged Brownian particles in a magnetic and an
electric field at right angle; that is the Abrikosov
structure drifts at right angle from both the magnetic
field and the electric field with a velocity E/H.s. This
analogy with Brownian particles cannot be pursued too
far. For example we have to calculate the currents by
using precise expressions in terms of the moving order
parameter A(r,£).

In Sec. 2 we develop a formalism, which allows us to
describe the time evolution of the order parameter,
and to calculate various currents in terms of the time-
dependent order parameter A(r, ) in the presence of
both a magnetic field and an electric field. Furthermore
we establish that the order parameter (i.e., the
Abrikosov structure) moves uniformly with a velocity
u=E/H: in the electric field independently of the
impurity scattering and at all temperatures.

Restricting ourselves to the dirty limit, we calculate
in Sec. 3 the longitudinal resistivity and the Ettings-
hausen effect for all temperatures (in the vicinity of
H,z). As has already been pointed out by Kulik,” the
expression of the local current contains oscillating parts
with frequencies #ku, where % is an integer, k~[£(T) ]
(i.e., the inverse coherence distance of a superconduct-
ing alloy) and u=E/H,,, which is analogous to the ac
Josephson effect.

In Sec. 4, we will discuss various currents in a pure
type-II superconductor in the high-field region.

We do not calculate here the Hall current and the
Peltier (i.e., longitudinal) heat current. However, we
can show that the contribution to those quantities due
to the motion of the order parameter is at most of
order w./Te (Where w,=eHo/m and T is the transition
temperature in zero field) compared with the contri-
butions to the longitudinal electric current and the
transverse heat current, respectively. Therefore, in the
pure limit we can neglect completely the contributions
to the Hall and the Peltier currents due to the motion
of the order parameter, which gives rise to a correction
of the order of (&/7). In this case the variations of the
Hall angle and the Peltier coefficient should reflect
simply the variations of the longitudinal resistivity and
of the Ettingshausen coefficient, respectively. In the
dirty limit, on the other hand, the corrections due to
the motion of the order parameter are of the same
order in I/ as those in the normal state. In order to
obtain them, one should improve the accuracy of the
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calculations up to order (vE;)~! (where 7 is the collision
lifetime of an electron and F; is the Fermi energy).

Finally, we assume everywhere that one can com-
pletely discard the pinning effects on the motion of the
order parameter, which is known from experiments to
be a quite reasonable assumption in the high-field
region (H~H,;). Furthermore, we assume in all the
calculations that the Fermi surface is spherical, which
may be adequate for relatively pure Nb (say, with a
resistivity ratio ~10000) but may not be valid for
extremely pure Nb.

2. FORMULATION

The purpose of this section is to present a general
formalism which allows us to calculate various physical
quantities in a state where the order parameter varies
in time. Since we are interested here in studying the
resistive state of type-II superconductors in the high-
field region to the lowest order in the order parameter,
it is possible to treat the effect of the order parameter
as a perturbation (i.e., we consider the normal state
with A(r, £) =0 as the unperturbed ground state).

The time variations of the various physical quantities
(i.e., observables) A(r,t) which are bilinear in the
electron creation and annihilation operators ¢, (r) and
¥s(1) are ruled by the interaction Hamiltonian

SCx——-e/n(r, Do(r, ) dr

+ [ CACy, 091(x, 0+ (x, 0%(x, 03, (1)

where
n(r, ) =2 ¥t (1, O¥u(r, 1),
Y(r, 1) =y (1, )Y (1, 1),
\I/T(r, t) ='I/JT(r7 t)\bff(r> t)) (2)
and
At(r, ) =—| g {¥(r, 1)) etc 3)

Equations (1) and (3) involve only one assumption,
namely that one can still make, as in the static case,
a generalized time-dependent Hartree-Fock approxi-
mation. This is a very good approximation—at least
in weak-coupling superconductors—since the electron—
electron interaction can be considered as instantaneous
compared with the scale of time variations of the order
parameter (i.e., wp>>Tw, Where wp is the Debye fre-
quency of the material). Here ¢(r,f) = —Ex is the
scalar potential which describes a constant electric
field in the « direction, while the time-dependent order
parameter A(r,f) has to be determined consistently
from Eq. (3). In the absence of the electric field, Hy
can be treated to lowest order in perturbation with
respect to the state with A=0 (i.e., normal state).
We know that in this situation the self-consistency
equation, Eq. (3), reduces to a generalized linear
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Ginzburg-Landau equation, whose solution is the
Abrikosov solution.

We will now treat the electric field as a perturbation
acting on this equilibrium state. Since we will see that
it induces a drastic change of the structure (i.e., motion
of the order parameter), we will first write Eq. (3) to
lowest order in A but to all orders in the electric field.
This allows us to describe quite generally the motion of
the order parameter. Then we can use this result to
calculate the currents to first order in the electric field.

A. Equation for the Order Parameter

Let us consider the equation which describes the
time variations of A(r, #) in an electric field E. Equation
(3) is formally rewritten as

At(r, t)=—|g |<exp [z/t GCI(t')dt'] ¥i(r, 1)
Xexp[—ift GCI(t'/)dt/,]>
—ilgl[ ar [aw

X' (r, 1), ¥ (r, ) DAN(r, 1), (4)

where i{[A(t), B(#)])0(¢—1") is the retarded product
and can be obtained by making use of the temperature
Green’s function technique.® We have kept here only
the lowest order term in A(r, £), since we are interested
in the behavior of the order parameter at Hc, which
is adequate for the following calculations. It is im-
portant to notice that we have to take into account
the effect of the external field to all orders. For this
purpose it is convenient to start with the case of no
electric field (i.e., E=0). Here, the time dependence
of ¢([¥t(r',¢), ¥(r,t)]) is very simple (i.e., depends
only on the relative time (#—¢)] and Eq. (4) reduces
tol()

{1—] g (0¥, ¥])aw} AT(g, @) =0. (5)

This equation has been obtained previously in the study
of the fluctuations of the order parameter. Using these
results, we have in the dirty limit:

tn ot (34 25) ) ' (0 =0, )

where

A=—iw+DQ?,  D=3(luw),

and

Q=(1/i) V-+2¢A.

9 See for example: A. A. Abrikosov, L. P. Gor’kov, and I. E.
Dzialoshinski, Methods of Quantum Field Theory in Statistical
Physics (Prentice-Hall, Englewood Cliffs, New Jersey, 1963),
Chap. 7, Sec. 37-2.

10 We use the standard notation, i.e., {{A4, B])q is the Fourier
transform of the corresponding retarded product (see Ref. 9).
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Furthermore, in the dirty limit, the effect of the electric
field can be incorporated simply by replacing iw by
—(9/3t) +2iep(x). Other terms which come from the
noncommutative nature of operators Q, and jw=
—(8/01) +2iep(x) give rise to terms of higher order in
I/t (where ! is the electron mean free path and &
the BCS coherence distance) and thus negligible. This
is analogous to the treatment of the magnetic field in
the dirty limit." As in the case of the calculation of the
upper critical field H,,, we can solve Eq. (6) by con-
sidering the set of equations:

[—(8/9t) +2ie¢ (x) +DQ*]AM (1, 1) =eAT(r, 1)  (7)

and

In(T/Tw) +¥(3+ea/4rT) —¥(3) =0. (8)

We will defer discussion of the above equations until
the next section.

In the pure limit, on the other hand, Eq. (5) is still
an integral equation. In this case, by analogy with the
treatment of the vector potential,’® we may introduce
the effect of the external electric field by means of a
phase factor:

12
At(r, t)=—i[g|f dt’/d3r’ exp[sS(rt; r't) ]

X <[\I]T(r, t) ) \I,( l',, t,):|>E=0AT(r,, t’) ) (9)
where
t
S(re; 1't) =26/ o(x'")dt”, (10)
1
and { )p—o is the average in the normal state in the
absence of the electric field. In fact, we can show that,
as in the treatment of the vector potential, the above
procedure gives a correct prescription as long as we
neglect the curvature of the electron orbit due to the
static magnetic field. Such an approximation is ade-
quate for the calculations of the longitudinal electric
current and the transverse heat current, but is not for
the calculation of the transverse electric current (Hall
effect) and of the longitudinal heat current (Peltier
effect), since these effects arise from terms of the order
of w./T. Fortunately, in the discussion of these quan-
tities in the pure limit, we can completely neglect the
corrections to those contributions associated with the
order parameter A'(r, ), since they are smaller than
the normal-state values by a factor of order (&/I)2
Therefore, throughout the following discussions the
electric field will always be treated by introducing an
appropriate phase factor in the relevant kernel.

B. Current Operators
The currents in the system with a time-dependent
order parameter (and in the electric field) are given

1 K. Maki, Physics 1, 21 (1964).
2L. P. Gor’kov, Zh. Eksperim. i Teor. Fiz. 37, 835 (1959)
[English transl.: Soviet Phys.—JETP 10, 593 (1960)].
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as
A(r, ) =<exp [1 f t ch(tl)dtl] A(r, §) exp [——i / t Scx(lg)dtz]>
=As(r, t)+A4s5(x, 1), (11)
where
(e =—ie [ ar [ @ (0,00, ) Do, ), (12
and -
axtr,o=[" an [ i, [ @Emi (A ), 90,0110, 0 1
+<[[A(r’ t), \I/T(m’ tZ) :l’ \I,(17 tl) ]>}AT(1) ll)A(m) tZ) . (13)

Here the terms linear in A(r, ) [or At(r, )] do not
contribute (since they do not conserve the number of
particles). A;(r, ¢) is the current in the normal state
in the presence of the electric field, while A(r, ) is
the lowest-order contribution due to the (moving)
order parameter.

The effect of the electric field in the various retarded
products involving ¥(r, f) operators is treated as in
Subsec. A. That is, the scalar potential ¢(x) can be
considered as a simple shift of frequencies in the dirty
limit, while in the pure limit, it appears through an
appropriate phase factor (see Sec. 4).

3. DIRTY LIMIT

A. Uniform Motion of the Order Parameter

We will confine ourselves to the dirty limit, where
the electronic mean free path 7 is short with respect to
the BCS coherence distance &. We have seen that the
time dependence of the order parameter in an electric
field is described by the equation

{(9/01) —2ie¢ (1) +D(V+2ieA)*} AT (1, 1) =l (1, 1),

(14)
where eg=2DeH  is determined by

—In(T/Tw) =¥ G+e/4nT) =4 (3)

and Y(z) is the di-gamma function.

Here we take ¢(r) =—FEx and A= (0, Hx, 0) (i.e.,
the magnetic field is along the z axis) . As is well-known,
in the absence of electric field, the equilibrium solution
of Eq. (14) is a linear combination of Abrikosov’s
degenerate solutions (H=H.);

At(r, 1) = p, C.* exp(ikny)

n

(15)

Xexp[—eH (x+nk/2¢H)?],

where the constants £ and C, are such that A corre-
sponds to the usual triangular configuration.
In the presence of an electric field E, the solution of

(16)

Eq. (14) becomes
At(x, 1) =D Cy* exp[ikn(y+ut) ]

kn it \?

XeXp[ e <x+2eH+4eHD) ] (n
where uw=FE/H,. This solution has been previously
derived by Schmid!® with the help of the time-dependent
Ginzburg-Landau equation, which is valid for T < T .
We have neglected here the shift of the upper critical
field in the electric field, since it is of second order in
u—i.e., Hy is given now by

Ho(E) =He[1—(1/8H.) (E/HaD)?].

The modifications of the vortex configuration (i.e.,
changes in the C,’s) due to the electric field are always
negligible, since they would introduce only a correction
of higher order in ». We can then take for £ and the
C,’s the value for £=0. Equation (17) indicates that
the electric field induces a uniform motion of the
Abrikosov structure in the y direction. The velocity of
this motion is such that in a frame moving with the
order parameter (i.e., with the velocity —u=—E/H,,),
there is no net Lorentz force. It is sometimes useful to
note that A(r, f) satisfies the relation

(3/00) AT (x, 1) =u(8/0y) A'(r, 1) (18)

B. Transport Equations in the Resistive State

One of the most fascinating properties of the socalled
resistive state is that a finite electric field can exist in
this state inside the bulk of the type-II superconductor,
giving rise to electric dissipation and thermoelectric
effects. This feature is in strong contrast to the behavior
of a type-I superconductor, where the electric field
E=0 everywhere in the bulk of the specimen, so that
there is no electric dissipation and thermoelectric
effect.* Whatever description one gives of the resistive

13 A similar solution has also been found by Kulik (see Ref. 7).
However, his result is not valid, since he starts from a wavelike
equation instead of the appropriate diffusionlike equation.

14 This obviously does not hold in the intermediate state, where

the normal regions and the N — .S boundaries allow a finite average
electric field to exist.
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state, the appearance of a finite voltage always has to normal state values. Making use of the formalism de-

be interpreted in terms of vortex-line motion.? veloped in Sec. 2, we can express the electric current
We are now going to show that the uniformly moving as
solution for the order parameter discussed in the pre- i1, ) =ji(x, ) +ia(r, §), (19)

ceding subsection gives rise to finite corrections to the
average electric and heat currents with respect to their with

i, 0=—ie [ av [ (Ci(x,0, 0, 0) Do, 0), (20)

=3 [ an [ du [ (0308, 0, 0,07, 91m, 1) )

+<[[ j(r) t); ‘I,T(m; t2) :|7 \II(L ll) ]>}AT(1: tl) A(m: t2)) (21)
where

35, ) = =55 (V= V'~ 2ieh (5, ) Wet (¢, D45, O . ()

We also have a similar expression for the heat current, where the heat current operator is given by

1 a d
P )=—— {(V—ieA) (——,—ieq&)-{— (V'+ied) (m-]-ied:)} Yol (2, )W (1, £) [err, st (23)
2m “3 at ot
ji(r, £) and ji*(r, ) are the currents in the normal state, and we have
J1a(1, 1) =0 (142?)1E,
Ju(r, §) =o[n/(14+n*) ]E, (24)
and
jlh(ry t) =STj1(r, t); (25)

where o=¢*N/m is the conductivity of the normal metal in zero magnetic field, 7 =7uw, (Where w.=eH,o/m is
the cyclotron frequency) and S(==2T/3eu for a spherical Fermi surface) the thermoelectric power coefficient.
jo(1, £) and jo®(r, #) are the contributions due to the motion of the vortex structure (i.e., that of the order pa-
rameter), in which we are interested here. Equation (21) and the corresponding one for the heat current are
treated with the help of the standard-temperature Green’s function technique (see Appendix A) and we have,

jo(x, 1) = (ereelN /4wmT) (11 —q2) ¥ © (540) A(1) AT(2) |1mmir. 1y, (26)
. j2t(r, ) = (7N /87mT) (q1—Q2) (we—c1) (¥ (54p) +3o¢ @ (3+p) JA(1) AT(2) 1maeie, ) (27)
where
6= (1/7)Vi—=2eA(1),  qo=(1/7) Va+2¢A(2),
w1=1(8/0h) —2ep(1),  wa=1(8/0t)+2e¢(2). (28)

Here we have made use of the relation
( —iw1+Dq12) A(l) =60A(1) y
( —iwetDgs?) AT(2) =eAT(2), (29)
—e=2DeH5(T"), p=eo/4nT, and yV (3) is the trigamma function. We note that both expressions (26) and (27)
contain ac contributions oscillating with frequencies wy=nku where # is an integer and % is of the order of £(f)—1=
[2eH () J'/2. The basic harmonic is in the radio wave region (say 10° cps). This ac current is associated with the

local variations of the amplitude of A(r, #) due to the uniform motion of the order parameter. An analysis of the
low-frequency noise might reveal this ac effect.” Making a space average we finally have

(Joe) = (eruN /4nmT) (u/D)Y® (3+0) (| A [2)

=—Mu/D, (30)
< j21;>=0>
< j2xh> =0,
(Jo/) == (1ulN/2rmT) [Y® (5+p) +3p¢® (3+p) (| A [P)eE
=ME{24[o¢® (3+p) /¥® (3+p) I} =MEL»(1). (31)

Lp(2) is plotted on Fig. 1.
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Fi1e. 1. Lp(#), which appears in the expression of the entropy
carried by the vortices in the dirty limit, is plotted against the
reduced temperature.

Here we have made use of the expression of the
magnetization:

—4rM = (eruN/mT) (| A PR (3+p).  (32)

Furthermore, in the above calculation we neglect
systematically all terms of order of I/&(=7uTw).
Therefore, because of this approximation, we do not
find any contribution to the Hall current and to the
Peltier effect due to the motion of the order parameter.
In the evaluation of these quantities a more accurate
treatment of the various terms would thus be necessary.

We note here that the ratio of the heat and electric
currents is given by

(Ja)/  joz)=—3[e(8) Lp(8) ]= —=DHuLp (1) ;

t=T/T, is the reduced temperature.

The above result suggests that a temperature gradient
(perpendicular to the magnetic field) produces the
reciprocal effect (i.e., a heat current parallel to the
temperature gradient and an electric current perpen-
dicular to it), so that the complete set of transport
equations are

(33)

Je=0:EaAB(VT)y,

jyh=aEz_K8(VT)y7 (34}
where
_ 4x,2(0) _E‘l ]
”"‘P+amm—nm0 &)’ (33)
_ _oeo(l) 4k,2(0) __H_o
T e (2x22(8) —1)B4 Lo(1) (1 ch). (36)

Ba=1.16, x1(0) = (7?/2[14{(3)]"?)k=1.20k and o=
é*ro.N/m is the conductivity of the normal metal. Since
we do not calculate the superconducting corrections to
the Hall and Peltier currents, we have consistently kept
in Egs. (34) only the terms of zeroth order in rw.. In
particular, we have considered the normal value of «
as negligible. Furthermore, we have made use of the
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expression of the magnetization
—4xM = (H.o—Ho) / Cr(£) —1)Ba. (37)

K, is the thermal conductivity in the mixed state
obtained previously,!s

1 Hy—H YO (3+p
—— p[ +p -———(D(f | (38)
2e (2x2(8) —1)B4 Y@ (3+p)
We prove in Appendix A that 8=o/T, as expected from

the reciprocity principle. Using the above set of equa-
tions, we can discuss various transport properties.

K,=K,—

C. Resistivity, Ettingshausen, and Nernst Effects

As an application of the above equations, we consider
the usual situation met in the resistivity measurements
in a type-II superconductor. In this case, the experi-
ments are done with the condition

(39)

=0,
The solution of Eq. (34) is then given by
Jo={os+a?/TK.} E,, (40)
and
(VT)y=+(a/K8)Ez- (41)

Since « is proportional to (| A |?), we can neglect the
second term in Eq. (40) in the discussion of the re-
sistivity. Substituting the expressions for ¢,, o and
K, given in Egs. (35), (36), (38), respectively, we
have

R 4(0) H,
R (%ﬂﬁ—n&( .m)’ (42)
and
(VT) J.__~ . O'GDH¢24K12 (0) _ﬂ
E’”?m@ww—nmo m)“m‘(“>

0oz 04 o 08 10
s
Teo

T16. 2. (Ho/Rn) (OR/0H ) | mon.s is plotted against the reduced
temperature for a dirty material with x>>1.
% C, Caroli and M. Cyrot, Physik Kondensienten Materie 4,
285 (1965).
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R, is the resistivity in the normal state. Equation (42)
has been obtained previously by Schmid® in the Ginz-
burg-Landau region (i.e., To—7T<<Ts), and he has
shown that in this region of temperature, it is in good
agreement with the existing experimental data. Equa-
tion (42) shows that Ho(dR,/0H,)|men., decreases
monotonically’® as temperature decreases. This be-
havior should be easily tested experimentally. We
plot in Fig. 2 the temperature dependence of
(Ho/R,) (0R,/0Ho) |s1o=rr., for a material with a large
Ginzburg-Landau parameter [i.e., 2x:2(f) —1222x:2(¢) ]
without Pauli paramagnetism effect.

Equation (43) might be interpreted by saying that
each vortex line carries an amount of entropy

Ho)
Hc2 '

_oDH.. 4mx?(0)Lp ( )

T eT  (2k2(d) —1)Ba

This entropy vanishes at Hy=H, (as it should be at
a second-order transition). We can also consider the
reciprocal effect (i.e., Nernst effect). In the situation
where a finite temperature gradient is applied along
the y axis, a heat current along the y axis and a finite
electric field in the x direction are induced. They are

ey t r
Af(r,0) =] g / ar / & exp {Zie f oL x (1) Jde" —2ie / A(l)-dl} Kolxt; POYAN(Y, V),
—00 t! r’

where the kernel

Ko(rt; 1't) =i([¥" (1, 8), W(r', ) ])A=E=9(1—1)
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given by
jy(h) = {Kl+a2/T°'c} (_"VT)IJ; (45)
and
E.=(a/To,) (VT),. (46)

In Eq. (45) the second term is negligible, since it is
of higher order in A% even though it gives rise to an
additional anisotropic contribution to the heat con-
duction in lower fields. We rewrite Eq. (46) as

E. _ DHx(f) 4k (0) (1_Ho

VD)= T @ () —1)6a 'H_) (47)

Lp(2)

IV. PURE LIMIT

A. Motion of the Order Parameter

In the pure limit, Eq. (4), which rules the variations
of the order parameter at H,, can no longer be reduced
to a simple differential equation as in the dirty case,
but is an intrinsically nonlocal integral equation. We
therefore need here a more elaborate treatment of the
electric field than in the dirty limit, where ¢(x) was
essentially treated as a ¢ number shifting the fre-
quencies. We can rewrite Egs. (9) and (10) as

(48)

(49)

is an electron—electron or hole-hole propagator in the pure metal in the absence of any electric or magnetic field.
Let us note again that Eq. (48) neglects the curvature of the electron orbit due to the magnetic field.
K, can be calculated easily (see Appendix B) with the help of the temperature-dependent Green’s functions

technique, and we obtain

aQ
4

Ko(xt; ') =nTN(0) f

= 0(t—1') {[R—v(t—#) J+8[R+v(1—¢) )} [sinh (27 TIR | /2) T,

(50)

where , stands for the two angles § and ¢ defining the direction of the velocity v of a quasiparticle, | v | is always

equal to the Fermi velocity » and R=r—1r’.

Substituting Eq. (50) into Eq. (48), we can eliminate the variable ¢ and obtain

At(r, ) =g / &' K(r, £ ) AT, ) etz /1 0als

where

K(r, 1) =/ et)le=o |

| v |

a2, 1
: |

2y I
ar o exp | —ie

(51)

—ieH (22 —x'2) tan¢}

x [ (;i:f) explig- (r—1') ][ln (2e2)-2 {w (G—mm)+e (1+’q—")] (52)

and

2 2 4rT 2 4T,

=1 sinf cos¢.

! In the so-called “high field superconductors,” which have a strong Pauli paramagnetic effect, this behavior can be different, due
to the different temperature variation of «; as well as to the presence of a paramagnetic contribution to the current.
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In order to analyze Eq. (51), we will first briefly
describe one of the methods which can be used for
solving the static problem (i.e., in the absence of the
electric field E). This method is then easily extended
to the present case. From the study of the linearized
Ginzburg-Landau equation, it is reasonable to expand
AT(r) in series of eigenfunctions ¢, of the operator
2= (—1V-+42eA)?, which are the wave functions of the
harmonic oscillator

¢u¥=(IT)" exp(iky) exp[ —eH (x-+k/2eH)?],

AY(r) =3 aupn®, (53)
n=0
where It =II,+II, and % and @, are constants. Sub-
stituting this expression of Af(r) in Eq. (48) (in the
absence of E), we can determine a, from:
S| nYoum—(n | K | m)}am=0.

m

(54)

Here we consider solutions with a given &, since K
does not mix ¢, functions having different % values and
(nk | K | mk) is independent of k. (This remains true
for the moving solution.) As has been shown by Helfand
and Werthamer,” (z | K | m) is diagonal and hence
each ¢, is a solution of Eq. (26). The physical one,
which describes Af(r) at H=H., is ¢. In the presence
of a uniform electric field, since the equation ruling
the fluctuations is, as mentioned before, essentially of
diffusion type? it is quite natural to expand Af(r,?)
in series of eigenfunctions of the diffusion operator

((8/81) —2iep)+D(71V+2¢A)?,
Myi* (1, 1) = (ITH) " CXPDk (y+ut) :I

- < k in >2j| s
XeXp[ Aot mtimn) | Y
where u=E/H,. These functions describe the station-
ary state of the system as corresponding to a uniformly
moving-order parameter as in the case of the dirty
limit. The fact that AT(r, {) moves with the uniform
velocity —u=—E/H,, follows from gauge invariance
and ensures that there is no net electric field in the
frame moving with the order parameter.

At this point, D is an arbitrary diffusion constant
which we are now going to determine. We expand

as, @
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At(r, t) as®®

AL, 1) = D anun®(1, 0). (56)
The a,’s are constants which have to be determined
with the help of Eq. (54). Keeping in mind that in
the limit #=0 (i.e., E=0) {n | K | m) is diagonal and
At(r, ) =¢o*(r), we can solve Eq. (54) by iteration.
(The first iteration is sufficient in order to calculate
At(r, {) up to first order in 2)

1y | K | O
AT(r7 t) =¢u0*(r’ t) + Z _<__I—_——[—~>
n=0

Pun*(1, 1).
N | )

(57)

We notice that

((2p+1) | K| 0.)=0(w)
while

((2p)u | K10,)=0(u?),

where p is an integer. In the evaluation of the various
linear responses we can thus neglect the contribution
of n=2p (with p>1)

(1. | K| 0)
<1ul 1u>

BGu| K10,

(3. ] 3.)

Up to this point we are free to choose any value of D.
We can therefore choose it so as to eliminate the contri-
bution of ¢,* in Eq. (58). This procedure is analogous
to the usual treatment of the Stark effect; that is the
true ground state in the presence of the electric field
has a finite dipole moment (which is here proportional
to #/®). This choice of D is convenient in the calcu-
lation of the various currents, since for this purpose it
is then sufficient to write AT(r,?) =Ceo*(r, t), ne-
glecting all the terms ¢,,* with p2>1. This follows from
the fact that the current operators connect ¢,o* only
with ¢,* (as far as we are concerned with terms of
first order in # only). Because K is diagonal in the
limit =0, (1, | K | 0,) does not contain any terms of
zeroth order in #. Keeping only the first-order terms
and using the expression of K given in Eq. (52), we
easily reduce the condition

Af(r, t) =¢u0*(1‘, t)+ d’ul*(r) t)

+ bus* (1, )+ 2+ (58)

0=Tf—,———~—
v sind | cos |/ —w

17 E. Helfand and N. R. Werthamer, Phys. Rev. Letters 13,
686 (1964) ; Phys. Rev. 147, 288 (1966).

18 We emphasize here the fact that the choice of functions made
in Eq. (55) is completely general. For example, instead of Eq.
(56), we could consider the most general form

At (r, t) = Za. (§) ®u* (1, 1),
where the a,(¢) are arbitrary time-dependent functions. We can

(1, K | 0,)=0 (59)
to
exp(—eH{2/2 cos’¢) {_fv e l(—elg? tanng)} (60)
sinh[27T | ¢ |/vsind [ cosp |J| 2D vsind | coss | '

show that this leads to
an (8) =eMay,

where the a,’s are time-independent constants and ) is independent
of #, because space and time are essentially separable in Eq. (45).
The stationary solution can further be proved to correspond to
A=0, whereas the other solutions are all decaying in time (i.e.,
ImA>0).
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Finally, this gives
§
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o5 (fo ﬁ“fi‘:‘?? [ o5t exp(=pe) {Si“h [(1—z2>1/2]}~1>

X([[ 125 [ st=oe) esp(=penfsinn [ o ) o0

where
p=¢/2rT,

From expression (61), the diffusion coefficient is seen
to be positive (as is physically required) and real
(which ensures that the motion of the pairs is a true
diffusion process, and not a wave-like propagation).
Equation (61) shows that D is roughly of the order of
¢. This means that the density or velocity correlations
of the pairs decay on a distance of the order of &.
This is to be contrasted to the dirty-limit situation,
where the density and velocity correlations of the pairs
decay on distances of order (/)2 and J, respectively.
The following asymptotic behaviors can be useful:

oo P [7r<3>_(124§(5>_14«3))4

T | 3 572 9

7)2
—_ — p)
o7 (02840734}, T5Ta
7?2 2¢'(2)
A 2\ —1 2ns02) —1
D e {1 (12p%) [ln('/r'yp) +1+§(2)]

F U], T<Ta (62

Since there are well-known discrepancies between the
experimental and theoretical temperature variations
of H,, it is probably better to insert in the formula
for D the measured value of e=9[3eH(T)J"2. Using
such a procedure, we find for Nb,

Dy, =33 cm? sec?,
Dr—o=30.8 cm? sec™.

We will see in the following calculations that this
diffusion coefficient is related to a physical property of
the Abrikosov structure (i.e., its polarizability), which
will appear in the expression of the electric current.

B. Transport Equations in the Resistive State

As we have pointed out in the preceding subsection,
it is sufficient, in the calculation of the currents, to
take for the order parameter the expression

At(r, 1) =D, Co* explikn(y+ut) Wu(x+kn/2eH)
(63)

e=o[beH.o(T) 2

with
Yu(x) =exp[ —eH (x+iu/4eDH)?],

where D is given by Eq. (61).

The electric current j(r, £) =ji(r, £) +j2(r, £) is again
obtained from the general expressions Eqgs. (20) and
(21). The normal state response j; is given by Egs.
(24) and (25) as in the dirty limit. In order to calculate
the superconducting correction js, as in the case of the
calculation of the order parameter, it is necessary to
study Eq. (21) more carefully in the pure than in the
dirty limit. This can be done by a method analogous
to the one used in the study of the order parameter
(see Appendix B), and we obtain

WA ds
amy=e (0) 52 (222) [

©  exp(—p%?)
./0 sinh[{ (1—22)~1/2] o
=—Mu/9, (64)
(Jw)=0, (65)

where we have made use of the expression of the
magnetization

—4nM =[6meN/m(2xT)*](| A(r)[)g(p),

_1 1 dz w2 exp(—p%?)
glp) = 2 /0 (1—z)12 /o sinh[{(1—2?)~12]

d¢. (66)

Therefore, if one measures the magnetization, the tem-
perature dependence of (ja(r,?)) is completely de-
termined by that of the diffusion constant . We
notice that the expression Eq. (64) of (ja,) is formally
equivalent to Eq. (30) in the dirty limit. This suggests
that the relation

(j2z> =—M 74/ D

(Ho2—Hy) E
47!‘(2!(22(0 _l)ﬁA Hc2
should hold for a type-II superconductor with an arbi-
trary electronic mean free path, if one defines appropri-
ately the diffusion constant ©. We give the general

proof of this in Appendix A. Equation (67) can be
interpreted simply: The Abrikosov order parameter

=1

(67)
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moves in a nonuniform magnetic field, the amplitude
of the inhomogeneity being characterized by the mag-
netization. Since the moving-order parameter has a
finite polarizability (proportional to #/®), the motion
involves a dissipation corresponding to the absorption
of energy from the dipolar part of the inhomogeneous
field.

(72:%) =0,
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Exactly as in the case of the dirty limit, besides the
average current (), one should be able to observe an
ac effect containing the various harmonics of the basic
frequency wo=*%u where % is of the order of [£(T) 1.
In the case of pure Nb at low temperature, this fre-
quency is of the order of 10* cps.

Similarly, we can calculate the heat current

()=~

3N (AR 1 d (e de(3e—20%Y 2

am a1, (1—22)1/2[, sinhle (1—z2) 2] P (=#%) (68)
Ho—H

S —— Ip())E, (69)

T 4 (2e2() —1)Ba

and
1 dz )
LP(t)=(/; (1_22)1/2/0 dg

Lp(#) has the following asymptotic forms

(32 —2p%%)

268 £(5)
Lp(l) =3 (1-—-?;:5— 5_(3)

Lot =1+§}); [1n<7rpw> 1o

_p2+..

oy [ [ %[ ¢ s
SimbCe(1—)m “PL A / f (1—z2>w/o ® Ganr (1) (A% )>'

(70)

)) TSTCO

Qigi)]+..., T<Ty, (71)
™

where y=1.78 and {/(2) = —0.941. The temperature dependence of Lp(#) is quite different from that of (T,
which appears in the expression of the current. [That is, Lp(f) is much more strongly temperature dependent,
and decreases monotonically as 7" decreases.] One can notice on Eq. (69) that, as in the dirty case, the entropy
carried by each line vanishes at H = H., as it should. The ratio of the heat and electric currents is given by

(J®)/{foz)=—HaDLr(1), (72)

where Lp(#) varies with temperature from Lp(1) =3 to Lp(0) =1, while in the dirty limit the analogous factor
varies from Lp(1) =2 to Lp(0) =1. On the other hand, if one would make a phenomenological extension of the
Ginzburg-Landau equation in the spirit of the two-fluid model, one would get®

e¥

50=F L(1/3) (V=V') =2¢*A W' (') Yo( 1) e,
m

= [(v-—ie*A) (i—ie*¢)+<v'+ie*A> (—5’+z’e*¢)] W (s a5, D)l it (73)
2m* ot ot

the microscopic calculations except at most in the dirty

where ¥ is the suitably normalized Ginzburg-Landau
limit and for T'=T,. This inconsistency seems to

wave function, m* and ¢* are the effective mass and

charge, respectively. From the above expression one
would find

(Joy®)/ {Joay=—2H D (74)

which describes neither the pure nor the dirty-limit
behavior. We also show in Appendix C that in the
Ginzburg-Landau region the “two-fluid behavior,” Eq.
(74) is obeyed only in the dirty limit and for 7==T.
Therefore, the two-fluid approach is inconsistent with

originate from the existence, in a superconductor, of
the two different coherence factors. A two-fluid model
cannot describe this internal structure of the condensate
in a superconductor. This is in contrast to the case of
liquid helium 1 where the condensate, being formed
by real bosons, has no internal structure, which allows
for many purposes a two-fluid description.

Making use of the same reciprocity arguments as in
the dirty-limit calculation, we can now write the trans-
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port equations for the resistive state of a pure type-II In this case, the solution is given by
material in high field. Eo= (TP—0,K.) (Det) s, (77a)
(Jo)=0sEs—0"Ey+P(VT) o+ (a/T)(VT),, (75a) E,=(¢'K,+aP) (Det) Y, (77b)
(Juy=0"Es—0:Ey+(a/T) (VT)o+P(VT),, (75b)  (VT),=—(ao,+TPc") (Det) s, (77¢)
(§2®)=—TPE,—aE,+K,(—VT)., (75¢) JaM=—(ad’K,— K,0,TP+a>P+T2P?) (Det) Y,
(jy®y=aB,—TPE,+K,(—VT),, (75d) (77d)
where
where Det = —[(¢240") K, 40?0,/ T—0,T P>+25'aP].
vo=0 1 1 2+41 ;12_H0/Ifc2) : (778)
ot 4D [262(1) —116s Looking into the relative orders of magnitude of the
o' =a[n/(1+n2) ], different terms involved (and noticing for instance
that P, a and o’ are small in the normal state) and
o=a (Heo—Ho) L), (76) neglecting terms of higher order in (| A [2), we can

4 262(1) — 1784

and o=e’ryN/m, n=7w, P is the coefficient which
appears in the expression of the thermoelectric power
in the normal state, oy is the Ettingshausen coefficient
in the normal state, and K, is the thermal conductivity
in the mixed state and has been obtained previously.?

It is important to point out that ¢’ is the same as
that in the normal state. This follows from the fact
that the superconducting corrections o3 and o5’ to the
longitudinal and Hall conductivities, respectively, are
such that, at most, o2’=0({/7:) 02, Where r,=v/w, is
the cyclotron radius for a quasiparticle with the Fermi
velocity. This order of magnitude can be obtained by
dimensional considerations from a more accurate ex-
pression of the current (including the cyclotron motion
of the quasiparticles). This order of magnitude can
also be understood on the basis of the following quali-
tative argument: we have seen from the expression
Eq. (58) of the diffusion constant that, in the pure
limit, & is the characteristic distance for the decay of
the velocity correlation of the pairs. On this distance,
the angular deviation of a pair is of the order of &/7,,
this implies o5'>f0y/r:~0"(£/1)? (where we made use
of oo~0%y/l). Therefore, this correction to the Hall
conductivity is negligible in all usual experimental
situations related to measurements of the Hall angle,
the variation of which is mainly due to that of the
longitudinal conductivity.

C. Electric and Thermoelectric Effects

Equations (75) describe the general transport prop-
erties of the resistive state in a pure type-II super-
conductor in the high-field region. Let us concentrate
now, for example, on the situation where a given electric
current density 7, is sent in the x direction, with the
conditions

jzl(h)=0’ ju=0: and (VT)’—_-O'

1 K. Maki, Phys. Rev. 158, 397 (1967).

simplify Egs. (77) into

Ea: » o —IN -
(<o e
(1—Hy/H,)
47r¢r§D(2K22(t)—1),8A}’ (78)
®(=E,/E,) =—(0'/0s) — (aP/Kizs).  (79)

The variation of the Hall angle ® with the magnetic
field in the superconducting region comes mainly from
the first term (i.e., is essentially the same as that of
the resistivity).

K.(VT),/j:=TP(d'/c?)+ (a/cs). (80)

The main variation with the magnetic field in the
superconducting region is due to the second term;

=R, {1—

(Ka(VT)u) _(Ka(VT)u) _ _(Ho—Ho) L,(2) (81)
Tz R Iz n Ame[2k2(%) —1]64.
Finally the Peltier coefficient is given by:

I(=7:"/jz) = (1/0.) [—TP+ac’/c,].  (82)

Here in the superconducting region the main variation
comes from that of the second term (i.e., it is the same
as for the Ettingshausen effect).

Everywhere in the above calculations we have as-
sumed that the Fermi surface is spherical. This should
not be too serious a limitation to the applicability of
our theory, provided that the measurements are done
in not too extremely pure samples (I 51072 cm).

5. CONCLUSION

The microscopic study of the resistive state of type-II
superconductors in high field shows that, independently
of the mean free path and temperature:

(1) The order parameter in the presence of an electric
field £ moves with the uniform velocity #=E/H in the
direction perpendicular to both the magnetic and elec-
tric fields.
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A"’uﬁl
| B
19, +4,,
W) twp
TWp ~wp,
5P A+w2,q2

F1c. 3. Diagram corresponding to the superconducting con-
tribution to the electric current (to lowest order in A).

(2) The motion of the pairs is controlled by a
diffusion equation. The diffusion coefficient O is inde-
pendent of the temperature in the dirty limit and
slightly dependent of it in the pure limit.

(3) ©1 characterizes the polarizability of the
Abrikosov structure. The corresponding correction to
the longitudinal electric current thus obeys the relation

<j2ﬂ=>= —Mu/S),

where M is the magnetization of the sample.

(4) The electric field also gives rise to a transverse
heat current. This can be interpreted as an entropy
current carried by the vortex lines, of the order of
T'wH,M. However, it should be noted that this
energy current has so unusual temperature dependence
that the conventional interpretation in terms of en-
tropy flow will be unadequate.

(5) Besides these average currents, the inhomoge-
neity of the Abrikosov structure gives rise to ac cur-
rents which should be observable in the radio-wave
range. These currents can be understood as an intrinsic
ac Josephson effect.

In the pure limit the superconducting corrections to
the Hall conductivity and to the longitudinal heat
current are negligible. Therefore, the changes of the
Hall angle and Peltier coefficient are essentially due to
the changes of longitudinal conductivity and Ettings-
hausen coefficient.

This type of situation with a moving order parameter
is not restricted to type-II superconductors in high
field. It is known that it exists in type-II materials in
low field, where it cannot be described by the kind of
approach used in this paper. However, situations very
closely analogous to the one studied here should also
occur in gapless superconductors having a spatially

W) -w,

9-p

Fic. 4. S-wave diagram.
o ,q)
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varying order parameter along the direction of the
electric field—such as in the surface sheath regime close
to H, or the intermediate state.

For instance, in the case of a dirty superconducting
film much thicker than the coherence distance &(7°)
with an electric field perpendicular to the film surface,
we can show that the order parameter is given by

AT(r, £) =Cf(y+ut, x+iu/4eDH), (83)

where u=FE/H; and f(y,x) is the solution in the
absence of the electric field, which is expressed in terms
of Weber functions.® [For a thinner film (d $2&(7)),
Eq. (83) should be slightly modified in order to satisfy

ilq,9)

F16. 5. P-wave diagram.

the boundary condition.] Using this solution we find

. trN
)= g0 (14a) & ) 2
_059u (?\226(T)  Ha—Hy
T 4r sa(z) d  2k2(1) —0.334° (84)
()= =F [ttt +2 904 |
X (| A [20.59¢E
_0.59 (m\"2 26(T) —H,
T dr (2) LD()2K22(t) “osaalh @)

where £(T) = (1. ISeHca(T) )72 and 4 is the thickness
of the film. We have here considered the case where
the surface sheath appears symmetrically on both
surfaces of the (thick) film. Equation (84) predicts
that in the surface sheath region the resistivity de-
creases linearly in the field as

R,(H) 28(T)

1/2
" T
D) _l1—o0s0(T) 222
R, { 059(2) d

5.76¢2 H,
262(1) —0.334 (171;)} - (80)

Furthermore, we have an ac current oscillating with a
frequency (2u/(mw—2)Y2)¢(T)~1, which is in the radio-
wave region. The amplitude of this ac current decreases
exponentially with d/2¢(T) [for &>2¢(T)7]. It could

(12906]3)) Saint-James and P. G. de Gennes, Phys. Letters 7, 306
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be of interest to detect this intrinsic Josephson effect ACKNOWLEDGMENTS
in thinner films [d>2 or 3£(7)]. In the thin film limit
[i.e., d S&(T) ], where the order parameter is almost It is a pleasure to acknowledge very stimulating

constant in space, we expect similar but very small discussions on this and related subjects with Dr. P. W.
effects. In this limit, due to the absence of zeros of the Anderson and Dr. H. Suhl. We are also grateful to
order parameter, there is no ac effect [this happens Dr. B. Serin for communication of his experimental
when d<1.8£(7)]. results prior to publication.

APPENDIX A

Electric and Heat Currents in the Dirty Limit

Since in the dirty limit the effect of the electric and magnetic fields can be incorporated by the simple trans-
formation
w—w=2ied, q—qF2ieA, (A1)

depending on whether » and q act on A or A', it is sufficient to calculate formally j(q, w) and j®(q, ) in the
absence of any field. We then use transformation (A1) and finally let the external frequency and momentum go
to zero (as far as we are concerned only with the average currents).

In order to calculate the retarded product in Eq. (21), we first evaluate the corresponding thermal product

2 o)
ZeA(r)]T Z /dsldsm
m

n=—c0

i, o) = —[’—e (V=) —
m

X (Goran(1, 1) Gop (M, ) Gy, (m, 1) iy (1) Aoyt () e, (A2)
( ); stands for the average over random impurity configurations,
wn= 20+ =T, wor=2mnT, we=2mewT,

where 7 is any integer and »; and #, are positive integers [since the real time-retarded product Eq. (21) is the
analytic continuation of (A2), where frequencies w; and w; lie in the upper half-plane]. In the momentum repre-
sentation expression (A2) corresponds to the diagram of Fig. 3.

As usual the effect of impurity scattering is taken into account by means of the following renormalizations:

(1) In each Green’s function w has to be replaced by @=w[14-(1/27 | w |) ] where 7 is the collision lifetime of
the electron.
(2) Each vertex (Fig. 4) corresponding to A(q, 2) or Af(g, ) (s-wave vertex) introduces a factor

nae={1—(1/7 | 260—8 ) A=3(rru) @)}  if (0—Q)w>0
=1 if (w—Q)w<0.

74 is the transport lifetime of the electrons.
(3) In the vertex (Fig. 5) corresponding to the current operator (P-wave vertex) we have to replace (2p+q)
by (2p+eaq), where
a=(2pw/3i) (o/| o |) (| @ |[+Dg?) if w(w+92)>0

=0 if w(wt+Q) <0,

where po is the Fermi momentum.
Furthermore, confining ourselves to the case wi, w2>0, since we are interested in the corresponding retarded
product, we have

N(0
jz(q, w1+w2) =6P07); ( ) (ql—qg){(w1+w2+DQ22—D<]12)_1 [4/ <% !rw2+2w1+D(]22) —y (_12_+w1+D912>]
T am 4xT 4rT

Dygy? 2w Dqgy?
~GovtaortDae=D0) |y (1422128 (14225220 | g, (a9
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where q=q;+q,. Furthermore, for low frequency w;4w.<Km 7T, the above expression reduces to

. TN 1 2 2 1 2
g, ki) =0 (@) [ [ (ot )= Chho) [ [ (-2t~ || A 81,

(w1+w2)

i, oD (G- [W”( ) ) w><2+p>] A (quon) A (qaen), (A4)

where we have made use of the relation
(w1+Dg?) A(1) =eA(1),
(wat+Dg?) AT(2) =AT(2) (A5)

with eg=2DeH s and p=e¢y/47T.
The calculation of the heat current follows exactly the same step. We give here the relevant calculation of the
thermal product. The heat current is given by

1
§o® (1, witws) = [at’ V+— :IT Z / PlPM{Goro, (1, 1) G, (1, 1) Gy, (0, 1) )i, (1) Ay T (1) iy .

n=—a

(A6)
The impurity average can be carried out as before and we have

Dy 2 Dg? — Dgy?
32®(q, w1tws) =i (‘h—%){ < 2;11% >_¢ (%‘l‘ wl—*:::;_ 2 )+w1+ww2 D(;112 %)
27 142

1 2w1+w2+Dq22>_ (L wH—qu)] we+Dygy®
X['P <2+ 4xT Yt g +w1+w2+D(q12—q22)

X[ v (% +2wz+w1+Dqﬁ)_ v (% n wytDgy?

4T 4nT )]} A(quwr) AT(qewn) (A7)

which we can reduce to
§2®(q, witwe) = (N7/87mT) (q1—q2) (wa—w1) (¥ P (3+p) +30¢@ (5+p) } A(quwr) AT(Qaws) +0(wiF-ws).  (A8)

The expressions for joand jo™ should be continued analytically for w;and ws to —iwiand —iw; then the limit wi+w.=0

should be taken.
If we are interested in the dc term (i.e., wiFwe—0) of the above expressions, we can calculate the corresponding
quantities in expanding in powers of ¢(7) (the scalar potential). In this case, we have

i(@) =L 3, #])aoda (A9)
and

i®(q) = ({Li®, n])aota. (A10)

The second-order terms in A(r) are given in terms of square diagrams. Similarly in the presence of a temperature
gradient, we have

il@= <[ i, h])q,O(aT/T)q: (A11)
i®(@) =(Li%, £1)a,0(6T/T)a, (A12)

where 87T is the shift of local temperature and

(e, 1= (1/20) T (5= ) 61 (5, e, )

et (A13)

is the local energy operator. From the explicit form of the square diagrams of Egs. (A10) and (Al1), we can
immediately see that the reciprocal relation follows.
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APPENDIX B

1. Calculation of Ko(rt; r't)=i([¥(r, ¢), ¥(', ¢')])A=E=%(t+—¢’) in the Pure Limit

First let us consider the corresponding thermal product, which is given by

n=—ao

= a3
Ko@) =T % [ 55 Gernlp 0 e (2)

_ dﬂv 0[wn(wn+w»)]
=2 TN (O);/ A7 | 20mtw, I +iveq

aQ, wp < w,+iv-q> ( w,—iv-q) _
= In -2 1 1 1 2P VL
N(O)/ 4r {nzqu 2["’ T SVt (B1)
The retarded product is then obtained by analytical continuation and we find
a9, wp Veq—iw iw+iveq
w0 {2 o (-2
o0 ) =N [ fin 22y [y (14702 ) 4y (32 (8)
Doing the Fourier transform, we finally obtain
1 aQ,
Ko(rt; ') =aTN(0)6(t—t)) —————-~ | — {S[R—v(i—0) ]+-o[R+v(t—#) ]}, (B3)

sinh(2xTR/v) J 4

where R=r—r’. If one integrates over {, one obtains a well-known result;

Ko(R) = L " Ko(xt; £'t)

_ wT 1 (B4)
" (2wR)? sinh(2xTR/v)’
In the presence of both magnetic and electric fields, we have
K(rt; r't) =exp[iS(rt; ') JKo(xt; t't), (B5)
where
¢ r
S(xt; PY) =2e / o[r(¢")Jdt" —2¢ f AQ)-dL. (B6)
t/ r/

Using expression (B3) and integrating over ¢, we reduce Eq. (48) to the form

| x—

Af(r, ) =|g]| / d%’f% exp {—ZieE(x—{—x’) id l—ieH(x—I—x’) (y——y’)} Ko(] r—1"|) At (r', t—l iniid l).

I Ve [ I Vg l
(B7)
It is easy to calculate the matrix element which appeared in Eq. (54).
2. Calculations of j(r, ¢) and j2™(r, ¢)

Since the procedures used in evaluation of the relevant integral kernels follows exactly the same line, we sketch
them here briefly. We rewrite Eq. (21) as

t t
jz( r, l) = —'/ dhf dtz / @Bld’m exp[iS(mtg; ltl) ]Kl( I‘i; ltl; mtz) At (m, lz)A(l, tl), (BS)
where Ki(ro, lo; 11, &1; s, Iz) is obtained as
aQ,
Kl( rolo; rltl; rztg) = 27!'6TN(0)/ i V[(s (R12+V112) +5(R12—'Vt12) ]{0( —llo)a(tu)a(Rm‘{-Vim) [Sinh(Zﬂ'Ttm) ]_1

—0(—10)0(421) 8 (Roo+Vloo) [sinh (27 Tty) T3, (B9)
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whereR;;=r;,—r;and {;;=1,—1; (1,7=0, 1, 2). After integration over #, ¢, and r, we find

dxf dx’ exp[—A(«, &', v)] cos (M)[sinh (M)]_i

(i) =ieN (0) 2Tl A ) f

4r xlvx|~m Uy v, |
(B10)
and A= eH (227%) — (i) 29) (5 —27) -FieH tang (x2—a"). (B11)
A similar calculation gives the expression for the heat current
()= —ixTN (0) (| A 1) [ "f dxf dof exp[—A(x, ', v)]
2__ o )
i) e

APPENDIX C

Generalization to the Case of an Arbitrary Electronic Mean Free Path I.

(a) Determination of the Diffusion Constant

It is not difficult to generalize the discussion given in the text in Sec. 4A. For this purpose we note that the
effect of the impurity scattering can be taken into account by renormalization of the frequencies and of the proper
vertices.

WIW=w (1+ 1/27 [ w l) ) ¢0——)(£0u =7lw0¢0u, ¢l'—)$1u =7]w1¢1u etce .- )

where ®, has been defined already in Eq. (55). Since we are interested in the corrections of first order in # we
can consider the 7,’s as independent of % (they do not contain any term of order #). They are given (following
the procedure of Helfand and Werthamer") by,

-1
nwno—[l—(‘re ”1/ dpe'l’ arctan (' Z’P l)] ,

nwnl—l:l (Te)’lf dp(2p*—1)e?" arctan (I nl)]_l (C1)

where
e=v(3eHy)?, On=w,(141/27 | w, |).

Including these modifications, we obtain the diffusion coefficient as

.02 1 =)
="_T (§ ﬂwnﬂ"lwnl_/ dz(]___zz)—l/?,/ e eXp[—p2§'2—bn§'(1—22)_1/2])
n2 0 0

1 0 -1
X( i [ dst1=2)71 [ e (1=p) expL—pr=d,5 (1=2)211) - (C2)
0 0

n>0

where
wn=(2n+1)7T, by=2n+141/2n+T, p=¢/2nT.

In particular in the vicinity of the transition temperature, the above expression reduces to

vt Sarwrins / L)
CorT \iZ (2n+1)2(2n+1+4y) /= (2n41)?

= (7 (3)2*/6m°T0) X (), (C3)
where o .
X T7(3) n2>0 (2n+1)2(2n+1+y)

was first introduced by Gor’kov in the microscopic derivation of the Ginzburg-Landau equations, and y= (2rr1’) .
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(b) Expressions of the Currents

The electric current in this general situation is obtained as

(J2cy=eN (0) ual ><27rT> 2 (0,0)? /:(1—};—}372/: dge? exp [~p2§2—bn (—1:25;,—2]

n>0

Mu 1 HcQ""H()

—_—= e — C4
D 4rD @e2() — 1) (C4)
(J)=0, (CS)
where we have made use of the expression of the magnetization
3eN §
M= (AT T () / i 2)1,2 / dre? exp[ o <—le72] (C6)
The heat current is given similarly by
) 3eN(| A2 1 ds / o ( $Mand” anwnt)) [ { ]
MY = — - 2 20 2T — 22—, ————
)= = ey B X (rh )f g | A (2T ) e | ==t
Hc2""HU
—————— L()E C7
G- (©
(72:7)=0, (C8)
where
2O =2 (5 o) [ 1= [ 2 (gm0 =2) =200 T22) expl == i (1-2) ]
T \n>0 0

X(Z (o [ ' da(1—) [ e e[~ =g (1=2)1) . (C9)

n>0
In the dirty and the pure limits, the above expression reduces to Eq. (31) and Eq. (70), respectively.
In particular in the Ginzburg-Landau region (i.e., 7' $T), we obtain from (C9)

Donxo[1/(2n+1) (2n+1+y>][(2/zn+1>+<1/2n+1+y>:|
S nzo[1/ (20412 (2n+149)]

where y= (2rrT)~L. In this limit, L(#) changes smoothly from 3 to 2 as the electronic mean free path decreases.
It may be instructive to express j and j® in the Ginzburg-Landau region as

L@ =

(C10)

(5, ) =[e/2m 21107 (3) /81X (3) (/= 9) AN (x, DA, Do (c1y)
and
iy )N __KQ) : 'y
(5,0 =3 T )| v 2w | A 085 Do (c12)

where X (y) is given in (C3) and

Xi(y) =

8 & 1 [ 2 | 1 ]
. C13
7%(3) go (2n+1) 2n+14y) [ 2n+1 7 20+1+4y (C13)
In the presence of both magnetic field and electric field 9/9¢ and V have to be replaced by the appropriate gauge-
invariant generalized operators. The fact that X (y) and X1(y) depend differently on y, shows clearly the inade-
quacyof_the two-fluid approach.



