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be considered in looking for unstable transverse devia-
tions from lt. Thus we have, in Eq. (CI3),

'A i,,————',cs+qs. (C38)

Let d, be the largest linear dimension of the sample
perpendicular to the direction of the current. The
Ginzburg-Landau boundary condition is that P have

zero gradient normal to a surface through which no
supercurrent Qows. Thus the smallest allowed q other
than zero is ~/d„, , and this mode will be unstable if

d )s.(2/rx)'"=st)(T). (C39)

Equation (C39) is our criterion for a superconducting
channel to be effectively one-dimensional.
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Results of electron-tunneling measurements on evaporated films of fcc lanthanum and dhcp lanthanum-
lutetium alloys are presented. The ratio of the zero-temperature energy gap to the temperature at which the
energy gap vanishes for both the pure lanthanum and lanthanum-lutetium alloy samples varied from
3.41 to 3.58. If one fits the lowest-temperature data for the energy gap with a curve of the BCS temperature
dependence, the values at intermediate temperatures fall below the weak-coupling BCS prediction. The
conductance maxima for the (pure La)-Al&03-Al diodes are larger than predicted by the weak-coupling
BCS theory. The conductance maxima for the lutetium alloy samples are more nearly equal to the weak-

coupling BCS values than are those of the pure samples. They were not significantly altered by the presence
of small zero-voltage anomalies. Hence zero-voltage anomalies are not enhanced at temperatures below
the superconducting transition temperature. No change in conductance as large as 0.1% was observed
which could be associated with the second energy gap predicted by the multiband-superconductor theory
of Kuper, Jensen, and Hamilton. Kondo s multiband-superconductor theory is consistent with the experi-
mental results It is sho. wn that if the f band in Kondo's theory is approximately 20 meV or more higher
than the Fermi level, then Kondo's theory reduces to a single-parameter theory having a gap equation
identical in form to the BCS gap equation.

I. INTRODUCTION

i iHERE has been considerable speculation concern-

ing the mechanism for superconductivity in lan-

thanum. ' ' Similar elements such as scandium, yttrium,
and lutetium are not superconducting down to 0.2'K
while lanthanum is superconducting at around 6'K.
It has been suggested that the Cooper pairs can mak. e

transitions to nearby f states and that these transitions

are responsible for lanthanum's relatively high transi-

tion temperature.
Electron-tunneling measurements can provide infor-

mation to test these theories. Previous measurements4

gave an anomalously low ratio of the zero temperature

energy gap 26(0) to transition temperature kT, of

1.65~0.15. The measurements on face-centered cubic

(fcc) lanthanum fihns and double hexagonal close-

' J. Kondo, Progr. Theoret. Phys. (Kyoto) 29, 1 (1963).
2 C. G. Kuper, M. Anthony Jensen, and D. C. Hamilton, Phys.

Rev. 134, A15 (1964).' D. C. Hamilton and M. Anthony Jensen, Phys. Rev. Letters
11, 205 (1963).' A. S. Edelstein and A. M. Toxen, Phys. Rev. Letters 17, 196
(1966).

packed (dhcp) lanthanum-lutetium alloy films reported
here give values for this ratio varying from 3.41 to
3.58. This value is in the range expected on the basis
of BCS theory. The difference between the two results
is due to sample preparation and will be discussed
in Sec. II. Hauser's measurements' on evaporated
lanthanum films are in reasonable agreement with
those reported here, but the values he has obtained
for the energy gap are smaller. Recently, Levinstein
et a/. have performed measurements on bulk samples
using the technique of point, tunneling. Their aver-
age value of 26(0)/kT, was 3.7, though they meas-
ured values for the ratio as low as 3.3. Section II
describes the method of sample preparation and meas-
uring technique, and gives the experimental results.
Section III discusses the results in terms of the multi-
band-superconductor theories. In particular, it is shown
that Kondo's theory reduces to a single-parameter the-
ory (like the BCS theory) if the f band is not too close
to the Fermi level.

' J. J. Hauser, Phys. Rev. Letters 17, 921 (1966).
'H. J. Levinstein, V. G. Chirba, and J. K. Kunzler, Phys.

Letters 24A, 362 (1967}.
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II. EXPERIMENTAL

A. Preparation and General Properties of the Samples

Because the method of sample preparation affects
the results, this method will be described in some de-
tail. Microscope slides were used for substrates. First
a film of silver 0.25 mm wide and about 10000 Jt
thick was evaporated. This 61m was then covered with
an aluminum film 0.50 mm wide and 10000 L thick.
Usually the aluminum was doped with about 2% of
manganese to keep the aluminum from becoming super-
conducting. The undercoating of silver ensured that
the composite film had a low resistance. The substrate
was then removed from the evaporator and painted
with formvar paint so that only a small area of approxi-
mately 0.05 mm' was left exposed in the center of the
aluminum film. The aluminum was oxidized 15 to 30
min in air before being placed in vacuum. A cross
strip 2.3 mm wide of lanthanum was then evaporated
so that the center of the lanthanum 61m was near the
unpainted region of the aluminum oxide. Hence, tun-

neling could occur only between the middle regions of
the 61ms. This eliminated possible complications due
to edge effects. During the evaporations, the residual
pressures varied from 5X10 ' to 10 5 mm Hg and the
substrate was at room temperature. To minimize con-
tamination of the lanthanum film due to the relatively
poor vacuum, the lanthanum was evaporated rapidly
(100—500 A/sec) from a tungsten boat. The film thick-
ness was measured to an accuracy of better than 10%%u~

by an optical interference technique.
Lanthanum can exist at room temperature in the

face-centered cubic and the double hexagonal close-
packed phases. Both phases are composed of layers
of close-packed molecules, but they differ from one
another in the stacking sequence. The stacking sequence
in the fcc phase is ABC while in the dhcp phase it is
ABA C. The lanthanum 61ms evaporated in the manner
described above were determined by x-ray analysis to
be predominantly in the fcc phase. There may have
been as much as 5 or 10% dhcp phase present.

Lanthanum-lutetium alloy 6lms were prepared in
order to investigate the properties of the dhcp phase.
This was done because the addition of a few percent
lutetium stabilizes lanthanum into the dhcp phase. At
a given temperature lutetium's vapor pressure is about
an order of magnitude greater than that of lanthanum.
Hence, some caution must be employed in preparing
these alloy films in order to minimize concentration
variations. The evaporation rate used for the alloys
was 600 A/sec or greater. The substrate was exposed
for only 1 to 3 sec near the middle of the evaporation
process. For reasons discussed later in connection with
the experimental results, it is felt that these 61ms were
reasonably homogeneous.

One of the films was analyzed for impurities by spark-

source mass spectroscopy. The number of atomic ppm
of magnetic and major nonmagnetic impurities detected
were: iron 150, nickel 150, chromium 30, neodymium
100, yttrium 80, aluminum 200, silicon 200, chlorine
100. The method was not suitable for detecting the
amount of oxygen present.

Typical values for the junction area were about 0.05
mm' and the junction resistance was 0.1 to 10 Q. Con-
sidering the long oxidation time of —, h, the junction
resistance was about two or three orders of magnitude
smaller than usual for diodes fabricated with another
metaP in place of the lanthanum. Changes of this
magnitude can be expected because the work function
of lanthanum is only 3.3 eV.' To determine if the insu-
lator thickness was anomalously low, the capacitance
of one of the diodes, 73 aA, was measured by pulse
techniques. Taking the dielectric constant of A1203 to
be 8.8, the average thickness of the insulation was cal-
culated to be 50 A. This is a reasonable value for the
insulator thickness.

The diodes deteriorate unless stored in vacuum at
77'K. Changes in diode resistance of nearly an order
of magnitude have been observed after 10 h at room
temperature. From free-energy data' on Al&03 and
La&03 it is possible that lanthanum will react with
the insulation. All samples were either measured im-
mediately after they were prepared or stored in vacuum
at 77'K until used.

B. Measurements

The crossed strip geometry of the diodes permitted
a four-point measurement of the characteristics. Be-
cause of the low resistance of the diodes it was conven-
ient to make measurements at constant current. The
current was the sum of a constant dc current and a
1000-cps ac current of constant amplitude. The result-
ing ac voltage which is proportional to the diode re-
sistance was measured using standard lock-in detection
techniques as a function of the dc bias and plotted on
an I-F recorder. The magnitude of the constant ac cur-
rent was adjusted so that the peak to peak voltage
modulation was about 20 pV. Changes in resistance of
0.1% could be detected. In order to facilitate compari-
son with theory the conductance was computed. The
solid curve in Fig. 1 shows a normalized conductance
curve g(V) taken at 1.22'K. The conductance has been
normalized by the limiting large voltage conductance.
Theoretically one should normalize by using the normal-
state conductance. However, if the normal-state con-
ductance is essentially constant as a function of the
applied voltage, then for very low-impedance diodes
it is better to use the limiting large voltage super-

' Ivar Giaever and Karl Megerle, Phys. Rev. 122, 1101 (1961).
K. A. Gschneidner, Jr., Rare Earth Alloys {D.Van Nostrand,

Inc., Princeton, Nevr Jersey, 1961),p. 53.' Therald Moeller, The Chemistry of the I.anthanides (Reinhold
Publishing Corporation, New York, 1963), p, 50.
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conducting-state conductance in normalizing. By driv-

ing the film normal with a magnetic field it is possible
to eliminate complications which might arise due to
the temperature dependence of the characteristics. How-
ever, for low-impedance diodes, such as the ones em-

ployed in the present study, the strip resistance of the
metals comprising the diode will aGect the character-
istics when the metal is in the normal state. In fact,
in Ref. 4, it was suggested that this was the cause of
an observed conductance change. Further work at this
laboratory and elsewhere" con6rms the importance of
this effect for low-impedance diodes. In the case of
tunneling from a normal metal to a superconductor,
the normalized conductance is predicted to have the
form"

g(V) = N(V')K(V, V', T)dV',

Fia. 1. Normalized conductance versus applied voltage for sam-
ple La71aA. The dashed curve is the weak-coupled BCS prediction
for this quantity based upon 25= 1.526 meV.

s'+&0 p( )(g)f(q) dq
p(n) (~)—

eg—So CO
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where a and b refer to the two metals, p is the density

where 2A is the energy gap. Sermon" has tabulated
the conductance defined by Eqs. (1) to (3). Using his
tabulated values, a dashed theoretical curve is plotted
in Fig. 1. The single adjustable parameter 6 is chosen
so that the maxima of the two curves occur at the same
voltage. The measured zero-voltage conductance is only
a few percent of the large voltage limiting conduct-
ance. Hence, the "leakage" current is small. This can
be regarded as indicating the excellent quality of the
diode. The experimental maximum is larger than the
theoretical one based on weak-coupling BCS theory.
This feature is common to all samples that have small
"leakage" currents and has been observed in the strong-
coupled superconductor mercury. "

Figure 2 shows tunneling characteristics measured at
several temperatures near and above T,. The presence
of the anomaly shown in Fig. 2 does not depend on the
aluminum being doped with manganese. It was present
in an undoped aluminum sample and absent in several
doped samples. Its magnitude is similar to that ob-
served by Sermon and Ginsberg" for aluminum oxide,
but of opposite sign! %yatt" and Rowell' have seen
such anomalies and Appelbaum" has suggested they
are due to magnetic states within the oxide. It is per-
haps surprising that the anomaly was not always pres-
ent when the aluminum oxide was formed from the
doped aluminum. In the absence of an applied 6eld,
Appelbaum has shown that the conductance g(U) due
to these states is proportional to in{(eV+kpT)/EOI.
This is the temperature and voltage dependence ob-
served for tunnel junctions composed of two normal
metals. The tunneling probability is proportional to
the sum of two terms of the form

where
I I I I I l I I

=0 for
I

V I&5,

'0 R. J. Pedersov and F. L. Vernon, Jr., Appl. Phys. Letters
10, 29 (1967).

"This expression can be obtained by differentiating Eq. (4.8)
of Ref. 7.

K(V, V', T) =ce"/T(e"+l)'
c= 11.61,

y=c(V —V')/T.

The function N(V) is the ratio of the density of states
of the superconductor to its density of states above
its transition temperature T,. The variable V is meas-
ured from the Fermi level. The constant c has been
chosen so that V is expressed in meV and T in 'K. In
the weak-coupling limit BCS theory predicts that

N(V) =
~

V [/(V' —6')'" for
( VI)h (3)
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Fzc. 2. Curves of resistance of one diode, La73aA, at several
temperatures which show the presence of a zero-voltage
anomaly.

'~ Stuart Bermon, Technical Report No. 1, 1964 (unpublished),
Performed under National Science Foundation Grant No.
NSF-GP1100, University of Illinois. This report also contains a
program which was used to extend Bermon's table."S. Sermon and D. M. Ginsberg, Phys. Rev. 135, A306 (1964) .

'4 A. F. G. Wyatt, Phys. Rev. Letters 13„401 (1964).
'~ J.M. Rowell and I.. Y. I.. Shen, Phys. Rev. Letters IV, 15

(1966).
"Joel Appelbaum, Phys, Rev. 154, 633 (1.967).
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of states, and f is the Fermi function. Applebaum's
derivation assumed that the density of states is a
slowly varying function. Clearly, this assumption is
not valid if either of the metals is a superconductor.
The tunneling probability as well as the density of
states will be singular at D. One might expect that the
e6ect will be enhanced for voltages such that et/'

Because of this, some caution must be used in draw-
ing any conclusions from the fact that the measured
conductance maximum is larger than predicted by
weak. -coupling BCS theory. However, there have been
samples which did not exhibit a zero-voltage conduct-
ance change and yet had conductance maxima larger
than predicted by BCS theory. This is illustrated in
Fig. 3, which shows a plot of the magnitude of the con-
ductance maxima g versus reduced temperature t=
T/T, for several samples of pure lanthanum: La70aA,
La71aA, La73aA, and of lanthanum —lutetium alloys:
La74aA, La74aB. The temperature at which the gap
vanishes was taken as T,. All the samples of pure
lanthanum gave nearly the same results independent
of the presence of a zero-voltage anomaly. The insert
shows the region near T,. Above T, the value of the
zero-voltage anomaly is shown. The curve represents
the value of g one obtains from BCS theory if the
ratio 2A(0)/kT, equals 3.52. The points for the pure
samples consistently lie above the curve independent
of the presence of a zero-voltage anomaly. Evidently
the possible enhancement of the zero-voltage anomaly
when one of the metals is a superconductor is not
large enough to signihcantly alter the shape of the
conductance curve. Included in Fig. 3 are results for
two lanthanum —lutetium samples. They will be dis-
cussed more fully later. Their values of g„agree with
those predicted by BCS theory.

To within 0.1% there was no reproducible structure
which could be associated with the presence of a second
energy gap or a phonon spectrum. The former is pre-
dicted in one of the multiple band superconductor
theories. ' In light of the strained nature of the evapo-
rated 6lms the absence of a phonon spectrum is not
too surprising. Rowell and Kopf' observed that strains
can wash out the phonon spectrum. Evidence for the
strained nature of the 6lms is discussed below. Levin-
stein et al. , in their point tunneling measurements,
have reported seeing the phonon spectrum in bulk
samples having higher residual resistivity ratios.

Three different determinations were employed for
measuring the temperature dependence of the energy
gap. They are based on: (1) the voltage at which the
maximum in conductance g, occurs; (2) the zero-
voltage conductance g(0); (3) the magnitude of g,„.
The 6rst method is described above and is the most
accurate at low temperatures. At high reduced tem-
peratures it becomes very insensitive. Using the tabu-
lated values, " the quantities described in 2 and 3 can

» J. M. Rowell and L. Kopf, Phys. Rev. 13'7, A907 (1965).
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be used to determine the energy gap. There is usually
a small "leakage" current present at low voltages in
excess of the theoretically predicted one. This implies
that the value of the energy gap based on the zero-
voltage conductance will be a lower bound on the cor-
rect value. If the "leakage" current is small, then this
method will be accurate at high reduced temperatures.
As discussed earlier, at low reduced temperatures g,
is larger than theoretically predicted. Hence, the value
of the energy gap based upon the magnitude of g will
be larger than the one that gives the best Gt to the
data. It is likely that this method gives an upper
bound on the correct energy gap. If a zero-voltage
anomaly is present it will tend to lower the value of
the lower bound determined by using g(0) and raise
the value of the possible upper bound determined by
us&ng gmax

Figure 4 shows the temperature variation of the en-
ergy gap. The points at low temperature are based on
the voltage at which the maximum in conductance
occurs. Because a small zero-voltage anomaly was pres-
ent the values of g(0) and g,„were corrected before
they were used to compute the lower and possible upper
bounds. The extrapolated curve through the low-tem-
perature points lies very close to and above the lower
bounds based on the zero-voltage conductance. The
dashed curve is the temperature variation of the energy
gap based on the weak-coupling BCS theory, 2A(0) =
1.526 meV and T,=4.94 K. It lies slightly above the
upper bound based upon quantity 3. The correct value
for the energy gap is probably closer to the lower than
to the upper bound. Hence, the experimental tempera-
ture variation of the energy gap lies below the theo-
retical prediction of weak-coupling theory. This effect

t l 'I I 1 l' .2 .5 .4 .5 .6 .7 '8 .9 I.O
ti T/Tc

Fxc. 3. Plot of the conductance maximum g „versus reduced
temperature t=1'/1; for several samples. The solid curve re-
presents the w'eak-coupling BCS prediction for this quantity.
Samples La70aA, La71aA, La73aA are of pure lanthanum. Sam-
ples La74aA, La74aB are lanthanum-lutetium alloy samples. The
g 's of the alloy samples follower the BCS prediction vrhile the pure
samples have larger values of g .
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has been seen on several samples, including a lanthanum-
lutetium alloy sample, La71aA, containing 9 at. %
lutetium. The lutetium concentration was determined
by x-ray fluorescence. This sample was determined by
x-ray analysis to be in the dhcp phase. Hence this
property of 0 (T) is independent of the phase of the
lanthanum film. It is not clear whether this is charac-
teristic of bulk lanthanum or is just a characteristic
of lanthanum films prepared under the conditions de-
scribed above. Energy-gap measurements by Levinstein
et al.' on bulk lanthanum made over a smaller temper-
ature range than that of the present work do not show
this deviation from the BCS temperature dependence.
Their results imply either an anomalously high transi-
tion temperature for each phase or a deviation from
the BCS temperature dependence of A(T) in the oppo-
site direction from that reported here.

Table I shows a summary of results for several sam-
ples. The last two samples are lanthanum —lutetium
alloy 6lms. Under the listing T,„is the range over which
the resistive transition occurs. The temperature T„ is
the temperature at which the energy gap vanishes.
That the leakage currents were small is indicated by
the small values listed in Table I of the normalized
zero-voltage conductance g(0) at 1.2'K. The conduct-
ance has been normalized by the large-voltage limiting
conductance. For the alloy sample La74aB, g(0) at
1.2'K is only 0.05 greater than the theoretical predic-
tion. Weak-coupling BCS theory predicts that the ratio
26(0)/kT, is equal to 3.52. Because the energy gap
often vanishes at a temperature T„slightly below the
resistive transition temperature T,„, there is some un-
certainty as to which temperature to use in computing
the ratio 25(0)/kT, . There are two listings for this
ratio. The 6rst is based upon the bottom of the resistive
transition temperature T,„. The second, based upon
T„, is likely to be more signi6cant. For some samples,
the two ratios are nearly equal. When this occurs the
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6rst listing based on T,„ is large and nearly equal to
the average of the second listings. Also, when 26(0)
is smaller as in sample La73aA, T„ is also smaller and
the ratio 26(0)/kT„ is nearly unchanged, but there is
no such correlation with 26(0)/kT ~ It is seen that
the average of the second. listings is close to the weak-
coupling BCS prediction of 3.52. These values are
larger than those obtained by Hauser, ' which averaged
about 3.2. If one uses the Douglass criterion" instead
of the one employed by Hauser for determining the
energy gap in case both metals comprising the diode
are superconductors, the values of 26( 0)/ kT, obtained
from Hauser's data are still smaller. The mea, surements
of Levinstein et a/. yield values for 26( 0)/ kT, ranging
from 3.3 to 3.9, with the average for the dhcp phase
being 3.7 and for the fcc phase being 3.9. They inter-
preted their spread of values a,s due to anisotropy.
Specific-heat measurements" yield values for this ratio
of around 3.7 for both phases. Thompson's microwave
surface-resistance measurements on evaporated films20

indicate that 26(0)/kT, increases from 1.64 to 2.87
when the films are annealed. Infrared absorption" and
thermal conductivity" measurements give values for
the ratio of 2.85.

The resistive transitions T,„ listed in Table I are
lower than the measured value" of 6.06 K for bulk fcc
lanthanum. They are in agreement with the transition
temperatures previously reported4 for evaporated lan-
thanum Alms used in electron-tunneling measurements.
Thompson'0 has found that a suitable heat treatment
raises both the transition temperature and the residual
resistance ratio. The annealing process presumably in-
creases the crystalline perfection. Magnetic impuri-
ties"'4 have the effect of washing out the structure
in the conductance. The sharp conductance curves,
such as the one shown in Fig. 1, make it very unlikely
that the depression in transition temperature is due to
ITlagnetlc lrnpurlties.

It is felt that the results on the lanthanum-lutetium
alloys indicated these 6lms were reasonably hornogene-
ous. The samples were in the dhcp phase. The tem-
peratures T„ listed in Table I are equal in one case
and nearly equal in the other case to the temperature
corresponding to the bottom of the resistive transition.
Because of its higher vapor pressure the concentration
of lutetium might be higher in the first part of the
film, i.e., the part nearest the oxide. This part of the
film would then have a lower transition temperature

"D.H. Douglass, Jr. and R. Meservey, Phys. Rev. 135, A19
(1964).

'9 D. L. Johnson and D. K. Finnemore, Phys. Rev. 158, 376
(1967}.

20 W. A. Thompson, Phys. Letters 24A, 353 (1967}."J.D. Leslie, R. L. Capelletti, D. M. Ginsberg, D. K. Finne-
more, F. H. Spedding, and B.J. Beaudry, Phys. Rev. 134, A309(1')."T. Mamiya e$ A., J. Phys. Soc. Japan 20, 1559 (1965).

»M. A. %oolt and F. Reit, Phys. Rev. 137, A557 (1965).~ Preliminary measurements shower this occurs in lanthanum-
cerium alloys.

and presumably a smaller energy gap. If this were the
case one would not expect T„and the bottom of the
resistive transition to be so nearly the same. Further,
the large values of g „and low values of g(0) are
consistent with the absence of large concentration vari-
ations.

It is appropriate at this point. to discuss the difIer-
ence between the results listed in Table I and those
previously reported. ' The diodes used in the earlier
measurements did not have the edges of the lanthanum
61m masked with formvar paint. These diodes have
characteristics less sharp than those reported on here
and sometimes the energy gap was absent at 4.2'K.
At the time of the earlier measurements these features
were not observed due to lack of sensitivity. Evidently
the masking of the edges of the lanthanum 61m has
rather a large eBect.

It is not certain why covering the edges of the lan-
thanum film has such a big eGect. Thin lanthanum
films have low transition temperaturess and presum-
ably small energy gaps. The region of a lanthanum
film near the edge, being thinner, will have a low
transition temperature and a small energy gap. If tun-
neling occurs over the entire width of the 61m the
tunneling characteristics will be altered by the small
gap region near the edge. Clearly, it is desirable to
remove this complication. It is possible that the formvar
paint masking the lanthanum also affects its properties.
The large thermal contraction of the forrnvar paint
may have changed the stress on the lanthanum Qm;
however, the transition temperature and residual re-
sistance ratio of a 61m evaporated on the formvar paint
were in the range shown in Table I.

Recent samples with uncovered edges have smaller
energy gaps than those listed in Table I but not as
small as those quoted in Ref. 4. Hence, the edge effect
probably cannot account entirely for the difference
between the past and present rneasurernents. This re-
maining discrepancy is not understood.

Microwave surface-resistance measurements" on Glms
prepared under similar evaporation conditions yieM
smaller energy gaps than those listed in Table I.

In summary, it is felt that the present measurements
represent an improvement over previous ones in that
they give more reproducible results and were performed
under conditions in which edge eGects were eliminated.
The results listed in Table I for the ratio 26(0)/kT„
are in approximate agreement with the weak. -coupling
BCS prediction of 3.52. Recent bulk tunneling' and
specific-heat measurements'9 give values around 3.7.

Dl. RELanom To MULnI I.E m, mD THEORIES

As discussed ea,rlier, it has been suggested that the
superconductivity in lanthanum was due to multiple
band eGects. This section will summarize the predic-
tions of some of these multiple band theories' ' and
compare them with the experimental results of Sec.
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II. It wiB be shown that a special case of Rondo's
theory is compatible with the experimental results. In
this special case Rondo's theory reduces to a single-
parameter theory with a gap equation identical to the
BCS gap equation.

All the multiple band theories use a Hamiltonian of
the same form, which in the case of two bands can be
written

+ Q (&22 a./'a ei'a 2 iae /+U22 be/'b-21'b-'ib21)

+ Q J22 (a./'a .1"b 2 ibe /+c. c.), (5)

where eI, and e~ are the single-particle energies of the
two bands measured with respect to the Fermi energy.
To be explicit we shall consider a conduction band
composed of s electrons and a localized f band. Equa-
tion (5) has a simple interpretation. The interactions
V and U are pairing interactions within each band,
whereas J is the interaction of electrons in the diGer-
ent bands. The interaction term has been chosen to
describe the simultaneous destruction of a pair in one
band and the creation of a pair in the other. One way the
various multiple band theories diGer from one another
is in their choice of the parameters U, V, and J.

Thc Hamlltonlan cRQ bc dlRgonRllzcd by R sultablc
Bogoliubov transformation. The quasiparticle energies
in the two bands which will be denoted as the s and f
bands are of the form

of s electrons E, or that the model is not applicable to
lanthanum. If NQ(N„ it is difficult for the f band to
cause a signi6cant enhancement of T„since T, is of
order22 NfU/20N, . Further, the ratio 2I/kT, is not ex-
pected to equal 3.52. The values listed in Table I are
near 3.52.

Kondo, on the other hand, assumed that U is repul-
sive and constant. In this case there will be no conden-
sation in the f band or second energy gap. In Kondo's
theory an empty f hand is assumed to lie an energy I'2

above the Fermi level. Since the predicted absence of
a second energy gap is consistent with the experimental
result, it is relevant to consider whether the other pre-
dictions of Rondo's model are consistent with thc ex-
perimental results. Kondo derived an expression for
the transition temperature in the case that F~&&kT,.
In this section, the gap equation will be derived subject
to this limitation. It will be shown that the gap equa-
tion's form is identical to the BCS gap equation.

It is assumed that

for
i ee i

and
i

e2
i

&frit

other misc.

Further, it is assumed that the densities of states in
the two bands are constant and equal to Ã, and ÃJ
over the energy ranges (—61, 14) and (I'1, I'2), respec-
tively. Outside these energy ranges they are taken to
bc zcI'o. Thc slmpl16cd for'M of Rondo s cquRtlons for
the gap parameters for the case Fj»kT, are

(e 2+I2) 1/2

(e 2+K2) 1/2

2I;=I;X,V (1—2f) (e'+I;2) '/'de+2K' Ja (9)

(10)
Fqus, tions (6) and (7) have an important consequence.
If, as will turn out to be the case, I and E are constant
near the Fermi level, then the density of states in thc
two bands will have exactly the same form as the 3{S
density of states Eq. (3). It should be noted that
despite this formal similarity with regard to the two
bands, Eq. (6) and (7), there will be no singularity
in the density of states in the f band if there are no
single-particle f band states at the Fermi level. Hence,
there will be a singularity in the density of states in

the conduction band but none in the f band unless the
bands overlap or there is a condensation into the f
band. Therefore, the shapes of conductance curves for
the s band observed in tunneling measurements are
identical to those of the usual SCS superconductor.

In their theory, Kuper el, at.' chose U attractive, i.e.,
negative. The electrons will condense into lower-energy
states in both bands and there will be two energy gaps.
As stated earlier, no change in conductance as large as
0.1% was detected which could be associated with a
second energy gap. This implies the density of states
off electrons Nr is much less than the density of states

(1—2f) (e2+I;2) "de

+2I~,Jb, (11)

whel'e f 1s tile Felllll fullc'tloll, a= 111(F2/Fl),
1n(h/fice) and 6= (hd )'"

62&ee) fio) and fuo) e/, & —6—2) (12)

for all k.

KllIMnatlng I onc obtR1ns

2(1+Nr JaU NrN, J2ab) K—

=I X J 1—2 e' I' d~. 14

"This bound is obtained. by combining Eqs. (28a) and (41) of
Ref. 2.
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Multiplying Eq. (9) by J and Eq. (14) by V and.

subtracting one obtains
the correction term to uo is small if I'& is appreciably
greater than kT,.

2I;J 2E—V(1+EgUu Xr—X,ub J') =E'er J'u (15)

Ol

E= JI;/(V+Er J'u+XrVuU'),

U'= U —E,b J'.

Thus Eq. (9) can be written

III t'V+ J'I U'+1/(E u) f 'j
%co

(1—2f) (e'+I 1) I12de (1.8)
—5(o

(1—2f) (e'+E') —'I'de. (19)

Near T,

where
u=uo —

[ bu j,

f
~u

~
&(2ST,/rl) exp( —rI/uT, ), (21)

At T=O
ag ——1n(rI/rp) . (22)

(23)

Since E from Eq. (16) is probably of order I; or kT,

Equation (18) has exactly the same form as the BCS
gap equation where the usual (SOV) ' is replaced by
the left side of Eq. (18). Thus in the weak-coupling
limit the ratio of energy gap to transition temperature
is unchanged from the value 3.52 and the temperature
dependence of the energy gap is the same as predicted
by SCS theory. As stated earlier, the density of states
predicted by all the multiple band theories is identical
'to. 'tllc 3CS dcllsl'tv of s'tates Eq. (3) . Tllllllcllllg Illcas-
urements of h(T) and conductance curves cannot dis-
tinguish between an ordinary superconductor and one
described by Kondo's model.

In concluding this discussion of Kondo's model it is
worth examining how much greater I'~ must be than
kT, for the above to be valid. As the ratio rI/kT,
decreases the parameter a becomes a function of tem-
perature. It was an approximation for

IV. CONCLUSION

The results of tunneling measurements on fcc lan-
thanum and dhcp lanthanum-lutetium alloy 6lms are,
fol' the most palt, ln good agleement with BCS theory.
For all the samples made with their edges covered the
ratio 26(0)/kT„ is close to the value 3.52 predicted
by weak-coupling BCS theory. It i.s not completely
dear why covering the edges of the lanthanum Glm
has such a large eIIIect or why the microwave surface
resistance measurements give different results. To
within 0.1% no second energy gap was observed. In
the case of the lanthanum diodes the conductance
maxima are consistently larger than predicted by BCS
theory and fall on the same curve when plotted as a
function of reduced temperature. This may be con-
nected with the possibility that lanthanum is a strongly
coupled superconductor. Lanthanum's relatively high
transition temperature and low Debye temperature,
T~ j.40'K, suggest lanthanum might be a strongly
coupled superconductor. The recent speci6c-heat and
bulk tunneling measurements indicate 2D (0)/k T,~3.7
and hence are consistent with this hypothesis. That
the values of g, for the alloy samples were nearly
equal to the value predicted by BCS theory may imply
that the alloys are weakly coupled superconductors.
The measured temperature dependence of the energy
gap 26 ( T) is slightly different than predicted by weak-
coupling BCS theory, but this may be due to difhculties
in sample preparation.

Qf the multiple band superconductor theories, Kondo's
appears to be consistent with the experimental results.
It has been shown that Kondo's theory reduces to a
single-parameter theory which is equivalent to the BCS
theory if the f band is not too close to the Fermi level.
Hence, it is possible that Kondo's theory is consistent
with the experimental results only because the present
measurements cannot distinguish between Kondo's the-
ory and the usual BCS theory.
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