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A theory of a laser subject to a uniform dc magnetic field at any angle to the maser axis is
given in extension of a non-Zeeman treatment by Lamb. The electromagnetic field is treated classically for
a general state of polarization in a cavity with any desired degree of cavity anisotropy. The active medium
consists of thermally moving atoms of varying isotopic abundance which have two electronic states with
arbitrary angular momenta and may have hyperfine structure. The self-consistency requirement that a
quasistationary field should be sustained by the induced polarization leads to equations which determine
the amplitudes and frequencies of multimode oscillation as functions of the laser parameters. A set of
computer programs has been written which covers the theory very generally, yielding among other things
graphs of intensities and beat frequencies versus time, cavity detuning, or magnetic field strength.

I. INTRODUCTION

N a recent paper,! a multimode theory of an optical

maser (henceforth referred to as the scalar theory)
was given in which the electromagnetic field was
assumed to be classical? and plane-polarized, and the
effects of atomic degeneracy were ignored. In the
present paper, we extend the results of that theory to
deal with general states of electric field polarization
and cavity frequency and loss anisotropy, a dc mag-
netic field at arbitrary angles to the maser axis, and an
active medium consisting of atoms having two elec-
tronic states each of which may have arbitrary angular
momenta and hyperfine structure (hfs). We character-
ize the isotopes in the medium by their fractional
abundances and atomic-line centers. Our discussion is
aimed specifically, but not inevitably, at the weak-field
Zeeman effect (F is assumed to be a good quantum
number). Pressure effects and spontaneous emission
from the upper to lower maser levels are neglected? in
this paper.
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The calculation differs from that of the scalar theory,
notably in that the time integrations involve an aver-
aged density matrix with many elements instead of a
pure case with four, and the constitutive relation for
the fictitious conductivity is tensorial. It differs, more-
over, in that the third-order integrals are evaluated
exactly? and the form of the amplitude and frequency
equations is computer-program-oriented. The coeffi-
cients appearing in the laser equations are so compli-
cated that we prefer to leave them in complex form
rather than in the real forms used in the scalar theory.
These coefficients may be evaluated numerically in a
completely general fashion. Explicit theoretical and
experimental discussions of the laser equations for
various special cases are given in paper IT5 and another
paper,® respectively.

II. ELECTROMAGNETIC FIELD EQUATIONS

We write Maxwell’s equations in mks units as

div D=0, curl E=—9B/9¢,
divB=0, curlH=J+0D/ét, (D
where
D=¢E+P, B=pH. (2)

Here P is the polarization and J is the current density.
The vector P will be used to describe the induced
atomic polarization of the active medium. It is desirable
to provide for different cavity resonant frequencies for
linearly polarized radiation along orthogonal Cartesian
axes transverse to the maser axis. This may be accom-
plished using a real symmetric second-rank suscepti-
bility tensor %, It is also desirable to provide for

4See Appendix B. The authors are very grateful to B. L.
Gyorffy, who demonstrated how to do integrals of a similar form.
See B. L. Gyorfly, thesis, Yale University, 1965 (unpublished)
and B. L. Gyorffy and W. E. Lamb, Jr., Phys. Rev. (It)o be pub-
lished).

6 M) Sargent III, W. E. Lamb, Jr., and R. L. Fork, following
paper, Phys. Rev. 164, 450 (1967).

6§ W. J. Tomlinson and R. L. Fork, this issue, Phys. Rev. 164,
466 (1967).
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circular birefringence such as could be produced by a
Faraday rotator. Accordingly, we introduce a real anti-
symmetric second-rank tensor yx, which has the dimen-
sions of a susceptibility. Combining these effects, one
has the cavity polarization vector

P(cav)_—_—_[xa—y_lxa(a/at):|°E. (3)

It will be preferable to allow for different effective
cavity lengths along the desired component directions
of the electric field in its explicit z dependence [see
Eq. (7)]. This then requires that the diagonal elements
of %, are zero. Corresponding cavity losses may be
introduced by using the loss current density vector

J’(loss) =|:63——1/_lda(a/at)]' E: (4)

where ¢, is a real symmetric conductivity tensor and
6, is a real antisymmetric tensor with dimensions of a
conductivity. Using the fact that a current density is
equivalent to the time rate of change of a polarization,
(3) and (4) may be combined to give the current

density
J=[¢'—v¢"(8/01)]-E, (5)

in which ¢’ =8,+vx, and 6" =6,—v¥,. The second-rank
tensors ¢’ and ¢” are real and have in general no

symmetry properties.
The wave equation for the electric field becomes

curl curl E+-po[ ¢’ —v~16""(8/01) ]
XIE /0t +1u0ed?E /02 = —uod?P /022, (6)

Neglecting the small transverse spatial variation of
the field, one may replace the curl curl E by —¢2E/92?,
where the z coordinate lies along the maser axis. The
field may then be expanded in the form

E(z, () =13 (el

=l n
X exp[ =i nid+0ai(2) )]+ c.c.} Uni(z), (7

where the e; are any two (possibly complex) orthogonal
unit vectors in the x-y plane, the amplitudes E,;(¢)
and phases ¢,:(f) are real, slowly varying functions of
time, and U,:(2) are the real eigenfunctions correspond-
ing to the nth longitudinal normal mode (Fox and Li’s
TEMy,) for e, We will use U,:(z) = sinK,z in this
paper. The polarization P(z,¢) may similarly be
written in the form

P(Z) t) =%22{ei@m’(t)

=1 n

X exp[—i(vnit+eni(?) )]+ c.c.} Uni(z), (8)

where ®,:(¢) is a complex slowly varying function of
time which will be referred to as a complex polariza-
tion. Various choices of the basis {e;, €;} will be used
after the general self-consistency equations (12) and
(13) are derived. It is convenient to introduce here
the standard set of Cartesian axes {i, j, k} to describe
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MAGNETIC
FIELD AXIS

“SMASER AXIS

Fic. 1. The basis of mutually orthogonal unit vectors {i, j, k}
is chosen to describe the position of the laser such that k is
parallel to and i and j perpendicular to the laser axis. A similar
basis of mutually orthogonal unit vectors {i, j/, k’} is chosen to
describe the magnetic field such that k' is parallel to and i and j’
perpendicular to this field. Without loss of generality, the unit
vector i is chosen to be the same for both bases. The bases are
referred to as the maser and atomic bases, respectively. The
angle ®=cos™ (k'-k).

the laser and {i, j’, k’} to describe the magnetic field
as depicted in Fig. 1.

To obtain the self-consistency equations, one now
substitutes (7) and (8) into (6), projects the result
onto the unit vectors e; and then onto the Fox-Li
mode Uni(z), neglecting terms containing @*E,./d#,
ém', Ulii"bni’y U',ii’Eni', and (mem In so doing it is con-
venient to use the expressions for E and P without
carrying along the complex conjugates. This procedure
is easily validated provided that the equations are
linear and real. In our equations neither condition is
satisfied in general. However, dropping the complex
conjugates amounts to equating the coefficient of the
positive frequency term exp(—ivt) to zero separately
from that of the negative frequency term expir?, and
to making the rotating-wave approximation in the
derivation of P. In these approximations one finds
that 9/9t in Eq. (6) simply yields the multiplicative
factor —i». Thus the conductivity tensor in the consti-
tutive relation (5) for J has the matrix representation

O'Inll a'ln12+1:0'”n12
On= (9)

’ : 1 ’
o' n1t1i0" 0 n22

in the basis {e;, €}, where we have indicated a possible
n dependence of o. It is convenient to define the
anisotropy matrix

&n11

gn12

8gn21  gn22

Ku—K, 0

= () lon+1(2¢/) ,
O Kn2_Kn

(10)

where K,=nm/L, and L is the length of the cavity.
In a representation in which G, is diagonal, the Re(g,::)
are the reciprocals of the cavity Q’s and %» Im(gu::)
are frequency displacements of the ith polarization
from the nonbirefringent cavity frequency Q,=nmrc/L.
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Carrying out the substitutions indicated, noting that
(Vnit@ni) 2= ~20 (Vait@ni—)
and multiplying through by
— (2v) ' exp[ =i (vait+eni) 1,
one finds for the component equation

(Vni+¢ni_9n) Eni+i[E.ni+%V/Zgnh” (expi‘l/nii’Eni’) :]
i/=]

=—3(v/e)®ni, (11)

where Ynii =vnid+oni—vnirt—@ni are relative phase
angles. Equating the real and imaginary parts sepa-
rately to zero, one has the self-consistency equations

. 2
Eni"*_%yz Im (iguiir €XpiWniir) Ener = — %5 (v/€0) IM@ps,

/=1

(12a)

2
(Vm'+‘/"ni_9n) Em'+%v E Re(igm'i’ expi\[/m'i' )Em"

il=1
=—3(v/e0) Re@pi. (13a)

For typographical simplicity we adopt the convention
that boldface subscripts index both polarizations for
each spatial Fourier mode. Specifically in (12a) and
(13a) we replace the subscripts #i by n and n:’ by n'.
In this notation we have

2
En‘l’%”z Im (igon expitfuns) Enr=—3 (v/€) Im®n,

/=1

(12b)

2
(Vn+¢n "Qn) En""'%”z Re (ignn’ eXpitﬁm.') E,

=1
=—3%(v/ey) Re®,. (13Db)

If one chooses a set of unit vectors for which the
anisotropy matrix is diagonal (gi=ga=0), these equa-
tions reduce to

B3 (0/Qn) En=—3(v/e) Im®s, (14)
(Vn+¢n'—9n) E,= —%(V/E()) Re(Pm (15)

where
Q=043 Im(gun). (16)

In particular, if the losses are independent of polariza-
tion, (14) and (15) describe the amplitudes and fre-
quencies for any set of orthogonal unit vectors.

Two bases are useful in formulating the present
problem: the x-y basis for which

e=i, e=j, (17)
and the & (circularly polarized) basis for which
er=e=272(i+ij),
ey=¢g,=2"12(i—1j). (18)
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The = basis is particularly convenient when. the
magnetic field is directed along the maser axis, for
electric-dipole transitions in which the magnetic
quantum number changes by =£1 contribute to E,,
respectively (changes of 0 are not allowed). This one-
to-one correspondence simplifies the laser equations
considerably. A similar correspondence occurs for a
transverse magnetic field in the x-y representation,
for here magnetic quantum number changes of =1
correspond to E,, and those of 0 to E., (x is chosen
perpendicular to the magnetic field, y parallel—see
Fig. 1). One might like to consider a magnetic field at
some arbitrary angle to the maser axis as a super-
position of two fields, one axial and one transverse,
and treat each in its favored representation. Unfortu-
nately, the nonlinear character of the polarization
prevents one from transforming the maser equations
from one basis to another in any simple fashion and
the polarization for the arbitrarily oriented field is best
calculated using one representation consistently.

The situation is simpler in the case of the cavity
anisotropies, for they enter the laser equations linearly.
Thus if G is diagonal in one representation, one may
carry out a similarity transformation to find it in any
other, and then use (12) and (13) to find the self-
consistency equations. In particular, if G is diagonal
in the x-y basis and the magnetic field is axial, one
may transform G to the & basis and thereby simplify
the polarization calculation (and the ultimate laser
equations). The transformed G matrix G'=SGS™,
where the unitary matrix S is the composite of the ==
unit vectors written in row-vector form in the x-y basis

1 1
S=3V2 . (19)
1 —1
Thus, in the circularly-polarized basis, G becomes
1 ©\ [ O <1 1
G'=3%
1 —1 0 gu/ \—i 1
gnz+gny Enaz— gny
=3 ) (20)
gn:c - gny gn::+gn1/

where g,» and g,, are the diagonal elements of G.

On the other hand, if G is diagonal in the circularly
polarized basis, it has the form in the x-y basis [the
transformation matrix is the conjugate transpose of

(19)]
< gn++gn— ":(gn+"gn—>>
G'=3% ,  (21)
—1(gn+—8n—)  Enitgn-

where g, are the diagonal elements of G.

If one should choose the x-y basis at some angle with
respect to the axes which diagonalize the anisotropy
matrix, the x and y fields will be mixed. As above, one
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may find the form of the anisotropy matrix by carrying
out a similarity transformation, this time with the

orthogonal matrix
<c050 - sin0>
S= )
sinf cosf

where 6 is the angle of rotation between the chosen
axes {if, j’} and those that diagonalize G, {i, j}. The
transformed G is

( Znat COSM+ gyt SIN%

(22)

G'= ’

Znat SIN204- gt cOS%0
(23)

where gn..t and gt are the diagonal elements of G.
The most general relationships between any two sets
orthogonal unit vectors is given in Appendix A.

III. POLARIZATION OF THE MEDIUM

The maser action takes place between two atomic
levels @ and b (see Fig. 2) which are separated by an
electric-dipole transition and are characterized by the
total angular momenta J, and J, and other quantum
numbers #, and #s, respectively. The jth isotope of the
active medium has nuclear spin I}, average z component
of velocity #;, and fractional abundance a; for which

o=, (24)

where j runs over all isotopes present. For the sake of
simplicity, we assume the magnetic field does not break
down the coupling between I; and J. If it is desired to
consider operations in other regions, one may include a
matrix diagonalization or use the Paschen-Back limit
in the following.

A basis for a matrix representation consists of the
set of eigenvectors

3 (gnat — gnyt) sind cosh

| nIJFm), (25)

where n=1nq, np; F=Jo+1;,+++,| Jo—I;|for J=J,, F=
Jot+Ij, +++, | Jo—1I; | for J=J5, and m runs over the
corresponding sublevels. For typographical simplicity,
we have not subscripted F and m with the isotopic
index j and will refrain from so subscripting the reso-
nant frequencies and atomic decay constants (49) and
line strengths (31) as well. We assume the decay
operator T' (introduced phenomenologically to describe
the radiative decay of the atomic levels) is diagonal in
this basis with the elements I'yn =7n. The Hamiltonian
#i3C has the diagonal elements

AW (&', j) =hW (Fa, j) +usHgra' (26)

Parr = (Faa' | Jer sinb exp[tip | | Fod'),

=(Foa' | er cosf | F:d'),
=0,
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Fi16. 2. Possible level diagram showing how the levels a and b
of the active medium might be split by hyperfine structure and
magnetic field. The nuclear spin of the jth isotope is I; (here, 1),
the total angular momenta are J, (here, 1) and J;(=0), respec-
tively; o’ and @’ are magnetic quantum numbers for sublevels of
a, while b" and b” are those for b; wo is a zero magnetic field optical
frequency between an F level of ¢ and one of b, and wen is a
frequency between a sublevel of a and one of . Associated with
level @ (), are the g values g4 (g5) (one for each F value).

and similar elements with a replaced by b, where o’ is
a magnetic quantum number for a sublevel of a,
AW (Fq, 7) is the zero-field energy of the F, level for
the jth isotope, gr is the Lande g factor for this F, H is
the magnetic field strength, and up is the Bohr mag-
neton. The off-diagonal elements of the Hamiltonian
fiVans are the matrix elements of the time-dependent
perturbation energy

hVa’b’= "‘(nan]aFaal l eE-r I ’VLbI;Jbeb’)

associated with the optical-frequency electric field.
Here ¢ is the charge of the electron, and the position
vector r expressed in the atomic basis (cf. Fig. 1) is

r=xi+yj'+2k’. (28)

(27)

For the purpose of calculating matrix elements, r is
most conveniently written in the form

=37 sinb[ (i—1j’) expip+ (i+ij’) exp—ip ]+ cosfk’,
(29)

where 6 and ¢ are the polar and aximuthal angles of r
with respect to the atomic axes {i, j’, k’}. Substituting
(29) into (27), one has

Vet =—Qaw[E+ (1—4j" )80 pr11

+E- (i+4j)da pr1+E-K'00 p], (30)
where the electric dipole matrix elements o are
given by
& =b+1,F,=F+10
a=b,F,=F+1,0

otherwise (31)
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with the explicit values’

SARGENT, LAMB,

Qo =FIPL(Fikd) (Fuea'+1) T2 o/ =b'F1

=@ (F2—a?)12
=—%@[(Fa:{2a') (Faia,+1)]ll2
= g)a'

=F3PL(Fakd’) (Fakb'+1) 12 o/ =b'%1

= g,)(paz_blz)llz

and § is the reduced matrix element (n.F | | er | | nsFs).

Vaw= _%g')a’b'h—lz U, (Z) Ey
m

1
X ;l‘su’ ,b'+q{ fq(f’u) expl:“'i(Vu't'l"Pu’) :H‘f—q(lb#) * exp[+i(Vn't+¢u’)]} ’ Virar=Van*,

where p, indexes the two polarizations of ’, ¢ is ¢’ =¥/,
and the “direction cosines” f,(p,) are given by

fualp) =e(p) - (iFii),  folpu) =e(pu) K.

The equation of motion for a density matrix

(34)

p(j; a, 2, tO, 9, t)
describing the pure case in which an atom of the jth

isotope is excited to the eigenstate a, ie., | #Fm) at
place 2, time %, and with z component of velocity 9, is

p( 7, &, 70, to, v, ) =—1[3C, p]—3[To+pT'], (35)

where %3¢ is the Hamiltonian. The average electric-
dipole moment p described by this density matrix is

p= spur(per). (36)

The macroscopic polarization P(z, #) is contributed
to by all atoms of the medium which arrive at z at
time ¢ regardless of 4, &, z, f, and . Assuming that the
excitation mechanism always excites an atom to an
eigenstate o, one has

t
P(s, ()= a3 [ dn[dso[ dina(, 20,100
7 a VY —o

X spur(per)d[z—z0—v(t—t) ], (37)

where \a( 7, 20, fo, v) is the number of atoms of isotope j
excited to the state a per unit time per unit volume.
One can proceed as in the scalar theory' to integrate
the equations of motion for the pure case through third
order and then to average over z, f, , and v. It is
simpler, however, to capitalize on the fact that the
effective Hamiltonian #3C does not depend® on 2, f
and a by averaging the pure case matrix over these
variables before the integration of the equations of

AND FORK 164
a’=b’ Fa=Fb—1
a=bF1
a’=b’ Fa=Fb
a=b F,=Fy+1, (32)
Substituting (7) into (30), one has?
(33)

motion. We define the population matrix p( 7, 2, v, ¢, £)
by
p(jl z) ?)J t’ z)

t
=Z/ dty [ dzoha(J, 20, to, v) p( 7, @, 20, b0, 9, 8)

Xo[z—z0—v(t—1)]. (38)

Here 7, 2, v, and ¢ label an ensemble of atoms of isotope j
with velocity v and the property that at time ¢ the
ensemble is at position z. The time dependence of
o(J, 2, v, ¢, §) is given by i which does not necessarily
equal ¢ To find its differential equation of motion, we
differentiate with respect to Z;

?
dp/dt=)\+2/ dto/dZo)\a}.)(]., a, %, t, v, 2)
XB[Z"ZQ“"'I)(t—to)]. (39)

Here )\ is the excitation operator with elements A,
which we assume are slowly varying. Substituting (35)
for p( 4, @, 20, f, v, t), evaluating Ma( 4, 20, fo, v) at fo=t¢
and exchanging the order of the Hamiltonian operator
and integrations, one has
dp(j’ z’ 7)) t’ z)/dz=_i[5C’ p(j’ Z’ v’ t’ 2)]
_%[:I‘P(j; 2,9, I, Z) +prj+)\(j, z,v,1). (40)

The nth spatial Fourier component P,(f) of the

macroscopic polarization P(z, ) is given by

L
Pu(t) =2L1) a; / dz sinKn2
i

0

de'u spur[p( 7, 2, v, £, t)ee(?) x], (41)

7R, U. Condon and G. H. Shortley, The Theory of Atomic Spectra, (Cambridge University Press, New York, 1935), p. 63. If more
than one pair of F values is involved, one has to include additional Clebsch-Gordon coefficients as given on p. 69 of this reference.
8 Because u, o, and ¢ are not available as subscripts, we use ', p’, and o’ instead.

9 What is required is V(') = — (§2/h) E[s~v(¢—*') ], which does not depend on Zo. See Ref. 1, page A1432, Eqs. (33) and (34).
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in which we have taken {=1. Defining

L
Parr a (1) =2L’12a,~/ dz sinKyz
i Yo

X/dv pﬂ”"(j: 2,7, t: l) (42)
and using (34), one has the explicit form for Pa(2):
Pn(t) =%szlpa’b' ,npb’a’[ab’,a’-}-lf-{&(i)

+80r 71 f-1(2) +0vr,0r fo(3) ]+ c.c. (43)
Extracting the factor exp[—i(vaf+¢n)] as indicated
in (8), one has

1
(Pn(t) = ZZPa'b' ;n expi(an+§an) g)b’a' ka(’t) *5a’,b’+k-
a! =1
(44)

IV. INTEGRATION OF THE EQUATIONS OF
MOTION
The matrix equation of motion for p( 7, 2, 9, ¢, 1) has
components
/;albl = —_— (iwa’b’ +‘ya:bl)parbl
+1,Z Va"b’pa’a"_iZVa'b"pb”b’,

all [

(45)

i)alall = — (iwa’a"“i"Ya'a”) palall
+i2 ( Vbllallpalbll — Va’b"pb"a”) +Aa/6a1au, (46)

b7
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i’b"’b’ = — ('i<l’b"b’+’Yb"b')'Pb’ p?

+1:Z ( Va"b’pb’ rqrr = Vb”a"pa”b') +)\b'5b’b", (47)
al’!

[ib’a' -_—p.albl*’

(48)

where the dot indicates differentiation with respect
to ¢, @’ and b" are magnetic quantum numbers for
sublevels of @ and b, respéctively, and

waa'=W(a;j) —W(a,)j))

Yaa! =%(7a+‘ya’) ) a, o =a’l, bly a’N; b (49)

Equations (45)-(48) may be integrated to any
desired order in the perturbation V.4 by the iterative
procedure used in the scalar theory.! Using (46) and
(47), one has in zeroth order

g
mﬂ%ﬂgmnw=y[dﬂWM—wG—ﬁ]

N T
1]

= ALX/‘YOL}

where 7/={—. Here the  integration extends from
the earliest initial time —oo to the time #, whereas in
the scalar theory it extended from # to .

Using (45) and (50), one has for the first-order
contribution to pgpr

(50)

i
Wﬂ%ﬁ%%h@=d.ﬁ%WD%WM&WWMFJﬂDwm”WMHWWW)

=in(v)Na’b' (Z7 t)/’ dT,Va’b’(l’) CXP[" ('iwa’b’+'ya’b')Tl:|,
0

(51)

where we have taken the excitation rate densities to have the form A,=W;(v) A.(z, {) and where

Nalbl (Z, t) =Aal (Z, t) 'Yal‘..l—Abl (Z’ t) "yb;hl

(52)

are the unsaturated population inversion densities for the magnetic sublevels o’ and ¥’.
Using (46), (47), and (51), one has for the second-order components pyrq/® and pyrpr®:

pﬂ'a"(z)(j) %7 tr t)

=i./ dr’ exp[— ('L'wa’a”’i'")’a’a")T,]Z[Vb”a"(t’)Pa’b”(l)(j; 2,9, I, t/) —'Va'b”(tl)l’b”a"(l)(jy 2, 9, I, tl)]
0 o7

== W) [dr' [ expl—GiowarFrwar)r T Virear () N2, ) Vet () exp = (isartva )1
0 0 Y

-— Va’b" (t') Nb"a" (Z, t) Vb"a” (t") exp[—- (iwbuau +'Yb"a”)7'”]} y

where 7"/ = —¢"" and

(53)

oy @ (7, 2,0,1,1) = —Wj(v)/ dr’f dr"" exp[ — (twprmr—+vorwr) 7]
0 0 :

X Z{ Va’/bl (tl) Nb"u” (Z, t) Vb”a'l (t”) exp[-— (’iwbl/all+'ybr/a1:)71,]
al!

- Vb”a" (t’) Na”b’ (Z, t) Vaubl (t”) CXPE_ (1:0)0111,/ +'Yallbl)’r)l]} .

(54)
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Combining (45) with (53) and (54), one has the third-order components

Pa’b’(a)(j) 2,7, t, 2) =i/ d’r, eXp[— (ma'b"f_'Ya'b’)Tl][Z Va"b'(t’)pa’a”(z)(j, 2z, 7, t, t’) e ZVa’b"(t,)Pb”b'(g)(j, 2,7, l’ t’):]
0 all bl

— —iW;(0) f " f " / "dr"" expl— (isarm-Ya) T I3 (Vo (1)
0 0 0 all bl

X expl — (twaar+Yarar )T Vorrar () Nan (2, 1) expl— (iwarrr+Yanr)7""]

XV (87) = Vot () N (3, 1) expl = (i) 7" W (€7}

— V(') exp[— (iwsrror4vow) 7" W Varor (') Nyrrar: (3, t)

X exp[ — (iwprrarr+Ysrrar ) 7" Vo100 (8") = Viprrar (£) Naro (3, 1)

X exp[ — (iwars +Yarvr ) 7" Warwe (£) }), (55)
where 7/ ="' —¢""".

V. FIRST-ORDER THEORY

Except for the summations over magnetic sublevels and the use of the population matrix p( j, 2, 2, ¢, 1), the
perturbation calculation proceeds exactly as in the scalar theory and we shall omit most of the details common to
both. Combining (33), (44), (51), setting i=t, and assuming Maxwellian velocity distributions® W;(v) =
(u;m42)~ exp[ — (v/u;)%], one has for the complex polarization (44)

1
®u® = — (RK)1Y (a;/u;) Z;(@aw) 23 £ (1) *30r i D B €XPings
7 Y b1 o

1
X 2 o) e wr4aNarws i ZL¥arrr +i(warw —vu) ], (56)

q=1
where the relative phase angle
‘pnp/=<Vn—"Vp’)t+§0n_§0#'7 (57)
the plasma dispersion function
Z() =iKu; / dr exp[ —vr— 1K), (58)
0
and the spatial Fourier components of the population inversion density
L
Ny (1) = L1 / ANy (3, 1) cos(Kn—Ko)z. (59)
0
We will often use the notation
_ L
Naw=Ny o (£) =L_1/ dzNonw (2, 1). (59')
0

Using 8 444 to do the sum over g and interchanging the sum over u’ with the summations over a’ and &', one has
1
Bu = — (RE) 3 Ey(xpitane) X (05/6) 20 Jul6)*Fe(8) 35w s (@) Norw o XLt =) ]
W j = ol

(60)

Neglecting terms with rapidly varying phase angles and using the self-consistency equations (12) and (13),
one has

E’n= Z Im (eny expiYnn’) En, (61)
K
bt fn= 0t 3 Re( s expit) Ew B (2
ol

10 A different velocity distribution will result in a function other than the plasma dispersion function. A substitution can be made in
the final answers if desired.
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where n=#ni, n'=wni’, 1,4 =1, 2, and

1
Oy’ = — %ngnn’ + ]7' (V/GoﬁK) Z (dj/uj) kzifk ('i) *fk (1’) Z Zb:aaa btk ( @a'bl) 2Nalbl (n-—n')Z['Yarb' +1:(wu'b' - Vn') ]. (63)
F; — al bl

For zero magnetic field and any value of cavity tuning, this equation may be used to determine the minimum
values of the population inversions Ny m—n+y for which oscillations can occur. The problem is simplified if we
agsume that N, @m-n has the form

.Na'b’(n—n') =]\/vDa/,b’(n—-n’)1 (64)

where N measures the level of excitation and the distribution Dy p(n-n is independent of excitation level and has
the same form as IV, ) of (59). Then as NN is increased from zero, it will reach a value N (€,) at which oscil-
lations just begin. The minimum value of N (2,) as Q, is varied will be denoted by N, correspondlng to threshold.
In the scalar theory, Nz was the excitation required for threshold oscillations when the cavity frequency Q, was
tuned to the peak w of the atomic resonance curve (central tuning). Here with a number of isotopes, Nz will
correspond to some less obvious tuning which can be evaluated numerically.

In general, the threshold oscillations will have a polarization specified by the unit vector e’y (not necessarily
equal to €;) which maximizes the imaginary part of @’u1, the o coefficient corresponding to €’y. The relations
between this unit vector and the chosen basis {ey, e,} are given in Appendix A along with the maximization pro-
cedure. Identifying the mode with polarization e’; by the subscript h (highest ), the starting condition is

Im (xhh=0. (65)
Combining this with (63), one has

Regun = (eiK) ™2 (a;/ ua); | fu(tn) |2Z,:;5a'.b'+k]\7 (@) Dar ) (Qarvr )22 Varwr i (wo;—rn) ], (66)

where wy; is the frequency at line center in zero magnetic field of the jth isotope.
It is useful to use the starting condition (66) to express enn (and other coefficients which will appear later)

in terms of the ratio L
N=N/Nr, (67)

called the “relative excitation.” Eliminating the factor (%K) in (63) and using (66) and (67), one has

Soilai/u) D w fo () ¥ (5) Dar Dsrdar wran (Pars)2Dar o oy Z[Yarvr 4 (warpr — v ) ]
Z(aj/uj) zk: | fu(pn) |2zl:%:6a’,b'+k(g')a’b')2Da’,b'(O)Zz'I:'Ya'b’+i(w0j“'1’ht)] ’

Qo = — 3 gnns+35v Re(gnn)

(68)

where », is the oscillation frequency corresponding to N'z. Other coefficients (8,,77+) which will appear shortly
can similarly be expressed in terms of 9.

VI. HIGHER-ORDER TERMS

In evaluating higher-order terms, it is worth noting that only the positive-frequency terms of V. given by (33)
lead to resonant contributions to the density-matrix elements. That this is true is immediately revealed by formal
integrations of (45), (46), and (47). Similarly, only the negative-frequency terms of V3., lead to resonant contri-
butions to the density-matrix elements. Remembering these simplifications, we substitute appropriate terms of
the form (33) and its complex conjugate into (53), interchange the dummy summation indices u’ and p’ in the
terms resulting from the second term of (53), and find

pa’a”(2) ( j; 2,7, t) = _%[MJ<\/7T) ﬁz]_l{exp[_ (v/ui)2:]} ZZ ZE#’EP’ (CXPMMP')

o/ Wl ol

1 1
X COS[(KYX_KM’)ZJQG”I’"K‘)G’V’ Zlfq(pu) *Barr ,b"+qz f"(pﬂ) Car 141D (wa'a" —Vu"l‘l’p’)
g=—" r=—1

XAN a0 D (wartrr —vpr—Kv) — N1 D (s rarr vy — K0) 4+ Narpr D (@arprr — v pr - Kv)
~Nprrar D (g v+ Kv) §, (69)

where

ZD(waa’_V) = [’Yaa"'*"i(waa’_y) ]_1‘ (70)
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TasLE I. This table defines the Ny in (74) in terms of variables like Nons oy, which is defined by (59). The simpler forms of the
Ny obtain if K~ Ky because the only combinations of the mode indices u, p, ¢, and # corresponding to significant contributions to the
amplitude- and frequency-determining equations are those for which #=p—p-0. Other combinations correspond to rapidly varying
contributions [see Eqs. (72), (81), and (82)] which average to zero in time. For reasons given in Sec. II of paper II (Ref. 5), the
simpler forms obtain for arbitrary birefringence when the magnetic field is axial.

V[w w=1 2 3
t=1 Narvrr(nopmprro’y =Natorr 2697 Narwra-prspr—o) =Naw» Nttt (e pmaty = Narorr,aup)
2 Novrarrnpip—t =Nyarr Novrar (nop—ptay = Nor1ar*,20"p1) Norrar (nur—pr—ot = Norrars,aur—pry
3 Novtart(apsp'—a’) =Nyrarr Nivrar(nau—p—ay =Norrarr 2—pr) Norarr (nowr—prraty = Norart a(00-p1)
4 Nor tor(ns'—p—a) = Narh,2u—p7) Narr(omprsp'=at) =Ny Norytaprepryaty =Narr 2a7—p1)
xw T’”_T, T/II+T/ TIII+21,1/+TI

Integrating over velocity and exchanging the sums over u’ and p’ with the sum over 4", one has
1 1
Pa’a”(z) ( j, %, t) =%(ﬁ2Ku,~)”lz;z;E,,'Ep/ (expi\lz,,:,,,) COS[(K‘" —ICPI)Z] Elfq(Pp)*Z f,-(ﬁp) ;6,;/:.;,:'_’_‘16“,'5/:_*_,
uop q= r=—1 b
X @a"b"@a’b"ﬂ) (wula!l -—1/#/ +Vpl) [Nalblliz(walbll --Vp:) +Naublr1:Z (wbllall +V“,> ]_ (71)

One can obtain similar expressions for py»@ using (54) in place of (53).

To find the third-order complex polarization ®,®(#), we substitute appropriate variants of V,u as given by
(33) into Eq. (55). In so doing, increased compactness results from using the dummy summation indices x’, o/,
and ¢’ in Ve, Virrarr, and Ve, respectively, because the relative phase angles ¥,/ all have the same form:

"I/n;l’p’a’ = (Vn—‘V[L"*_Vp’~VU')t+¢D~¢#'+§DP'—¢0" <72)

We then interchange summations over magnetic sublevel indices o/, ¥’, ¢”’, and b"” with those over mode indices
', o', and ¢’ and project on the nth mode Ux(z). Using (44), we find

OuD (1) =5 (BK) F 222 Eur By B (expishmuryrr) 2 (as/ 1) gfk(i) * 2 faw) 221 (p)* 22 fe(24)

4 3
X ZZZZB‘:‘I ,b'+k6a",b’+q6b".a"—76¢1’ 'bll+‘pblulpaf pt @a”b"@a’b”z ZT“‘)’ (73)
a! b al! b’ t=1 w=1
where
T o =1K ;N 1 f dr / dT"f dr"" exp{—[var’ tver” +ver’’ + 1 (Ku;) 2,2} (74)
0 0 0

and where Ny, and ,, are defined in Table I and vy, in Table II. The Ty, may be conveniently evaluated* in terms
of the plasma dispersion function Z(v) defined by (58):

Ta=[N afve T2 (ve) + 2 (v) Y (oatva) (75)
To=— [ch/vzz:][Z(vtl) —Z(Utz) :]/ (vn—vw) ’ (76)
A

If any of the denominators in 7' and T';3 approach zero, the numerators do also, the limit being a derivative of Z

with respect to v. Thus for va=vi, Te=(Na/vi)dZ(v1)/dv, etc.
As the atomic velocity #;7—0, Z(v)—i(Ku;/v), and (75), (76), and (77) yield

Ty, Te, Ts—iKu;Nn/ (vavave), (78)

as they should according to Eq. (74).
For large Doppler broadening (Ku;>> atomic decay rates and various beat frequencies), Z(v) =i(+/r) and Ty,

reduces to the “Doppler limit” of the scalar theory

Ta=2i(v/7)Nalve(atvs) 17, T~ T 5~0. (79)
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Tasie II. This table defines the vy, appearing in the third-order integrals (74).

Uik 1 2 3
t=1 'Ya’b'+i(w¢'b’_”u’+”p"—”v') 'Ya'a"+7:(wu’a"+l’p'_l’a') YarnrrF1i (warprr —v,r)
2 'Ya’b’+‘i(wa’b"‘"1’y’ +y’r—y¢y) 7u'a”+i(wa’u"+vp'_1’a') 'ybnan—{-i (wb"a""l'Vp')
3 Yarbr+1 (Cﬂa'b' —y“:-}-ypr—-y,,) Yore+4 (‘%"b"“l‘p’ —v,,r) Yorrgre1 (wprrgrr —|—1/p:)
4 Yaror i (@arbr —vur+vpr —var) Yoo (o vpr —vyr) Yarror~+5 (waror —vyur)

Substituting (79) into (73) and writing the result in a form more closely resembling Eq. (76) of Ref. 1, one has

G)n(a) (t) =%”:"r1/2(ﬁ3K)-IZZZEM’Ep’ o’ exp(i\!’n#’p'a') Z (a'i/ui) Zkfk(i) *qu(?#) fo(Pp) *Zfl(Pc>

ol ol

XD DD bar briart b Bt 0t~ st Par e Qs Qv

al b all bt

X {Q(wa’a”—i_vp’ '—I/o-l) [Narbu(p/__vl_H‘l_n)sD(wa:br _VI" +Vp' _2V”I+walbll)
—Nb,:a,,(,;_p,+u,_n)ﬁ)(waq,; b V“: Vg +2yﬂl+wb' 'a”) :I
—5) (wbnbi +Vﬂl -_— V“;) [Na"b’ (pl__“l_wl_n)$(walbl -— 1’0"+Vp’ —_— 21/“/ +wallbl)

.._Nbl ,au(‘,,,_p'_,,,,_n)ﬂ) (wa:b: V! —Vy’ +2Vp'+wb”a”) ]} ,

where, for example,

(80)

D (wa’b’ +wa'b" — 21/) = [‘yarbl+’ya/b// +1: (wa’b'+wa’b” — 21/) ]—'1,

VII. GENERAL AMPLITUDE- AND FREQUENCY-DETERMINING EQUATIONS

Adding the real and imaginary parts of third-order terms given by (73) to (61) and (62) according to (12)
and (13), one has (to third order) the completely general form of the amplitude- and frequency-determining

equations .

E,= Imf{ Z] @nnr By €xpifnn — Z]Z]Z/enu’p'a’Eﬂ'Ep’Ev’ expWnu’prer | (81)
i uw pl o
Vn+€bn =Qn+En—1 Re{ z’: ann’En’ expi‘l’nn’ - Z,z,z,en“'p’a'E["Ep' o’ expi\lz,,,,r,,',,/ } ’ (82)
s w ol e
where
1 1 1 1
onll'p’a" = '312'1' (thsK)—lz (aj/“j) kzlfk(i) * Zlfq(Pu) 2 ifr(Pp) *Z ft (Pc) Z; Zz”:;&u ,b'+k5a" b/4g
7 = g= r=— g=—1] a! b all b
4 3

Xab”,a”—rfsa’,b"+.pb’a'@a"b’pa"b"@a’b"z ZTtw; (83)

and various symbols are defined by equations as indi-
cated: @nnr, (63); Yanr, (57); ¥nwprar, (72); a5, (24); pu
and f,, (34); Qav, (32); Tw, (74) through (79) and
Table I.

VIII. DESCRIPTION OF THE PROGRAMS

The computer programs!! written in FORTRAN IV are
depicted schematically in Fig. 3. The heart of the
programs consists of the subroutines COEFF and INTGRL,
which are used to calculate « and 0 given the number
of Fox and Li modes, the nuclear spins, atomic angular

1 Further details about these programs are contained in the
Ph.D. thesis of Murray Sargent, which may be obtained from
University Microfilms, Inc., and the programs themselves may be

obtained from M. Sargent at Bell Laboratories, Inc., Holmdel,
New Jersey.

t=1 w=1

momenta, decay constants, g factors, population inver-
sion densities, magnetic field strength and inclination,
cavity detuning and anisotropy, etc.

A large class of steady-state solutions of the laser
equations have been calculated algebraically and may
be evaluated using INTEN and INTENI. Any solutions
may be calculated by numerical integration using
PREDCT, a predictor-corrector routine and RUNGE, a
Runge-Kutta routine which sets up the required back
values for PREDCT. Subroutine FrIoN defines the
differential equations for the laser and, if desired, for
servomechanisms and other devices used with the
laser. '

Subroutine SWEEP is used to control the computation
of one or more values of the intensities and frequencies
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INTGRL

Fic. 3. Diagram of computer programs showing links between
subroutines. The programs are used as follows: MAIN and SETUP
to read in data and initialize parameters; SCALAR to calculate
Clebsch-Gordon coefficients; SWEEP to vary one of several param-
eters such as cavity detuning; INTEN and INTEN! to calculate
certain steady-state solutions to (81) and (82) ; COEFF and INTGRL
to calculate @ and 0; PREDCT, RUNGE, and FTION to integrate (81)
and (82); Tstec and MOVIE to print, plot, and make movies of
the solutions; and pLOT to plot «, 0, E,, vn+¢n, etc., as functions
of the parameter varied in SWEEP. A number of additional sub-
programs are not shown, such as mathematical functions and
auxiliary plotting routines.

of oscillation for which some parameter such as field
strength or inclination is varied. When integrations
are used in the sweep of a parameter, the ¢ and 6 may
be held constant for a given point in the sweep until
the desired number of steps of the integration has been
taken, or they may be interpolated linearly up to the
next point in the sweep. The latter choice corresponds
quite closely to what is done experimentally. For a
particular value of the sweeping parameter, SWEEP may
be used to iterate the calculation in a self-consistent
fashion.

TSTPC is used to print and plot results of time inte-
grations and with the help of MOVIE to make computer
movies of the solutions. PLOT controls the graphing of
coefficients, intensities, etc., versus the sweeping param-
eter. The laser parameters are either calculated or read
in as data in MAIN and SETUP. MAIN is also used to
read in values of logical variables which control the
flow of the program during execution and to choose
any unspecified initial conditions for integrations of
the equations.

IX. DISCUSSION

Although specific connections between the present
and previous calculations are more conveniently dis-
cussed in paper II, it is desirable to make some com-
ments of a general nature here. Among the rather
large number of papers dealing with a laser in a mag-
netic field, those that come closest to describing the
amplitudes and frequencies of laser oscillation experi-
mentally are all generalizations of the single-mode
scalar theory.! It is these that we discuss here more or
less in order of publication.

Fork and Sargent!>!3 gave amplitude- and frequency -
determining equations for axial magnetic fields and a

12 R, L. Fork and M. Sargent III, Phys. Rev. 139, A617 (1965).

18R, L. Fork and M. Sargent III, in Proceedings of the Inter-
national Conference on the Physics of Quantum Electronics, edited

by P. L. Kelley, B. Lax, and P. E. Tannenwald (McGraw-Hill
Book Company, Inc., New York, 1966), pp. 611-619.
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J=0<J=1 transition. Rozanov and Tulub“ gave
similar equations without the electric quadrupole
contribution® which they believed could be neglected
because of collision effects. Inasmuch as the quadrupole
terms increase the coupling terms and it has been
observed experimentally’® that the coupling is still
stronger than predicted, this assumption seems un-
justified. D’Yakonov'® gave a theory of a laser valid
in a weak axial magnetic field in which the medium
consisted of atoms of arbitrary angular momenta and
the cavity could have an x-y Q anisotropy. Culshaw
and Kannelaud¥ also analyzed this problem but used
a J=3J =1 transition and assumed the electric field
was plane-polarized at an angle to the axis of highest Q.
For sufficiently weak magnetic fields they found that
such a state of oscillation could be realized.

Heer and Graft'® outlined an extension of the scalar
theory which dealt with a magnetic field at any angle
to the maser axis and atoms with arbitrary angular
momenta, hfs, and isotopic abundance. Their amplitude
and frequency equations have a form general enough to
describe the operation of amplifiers, ring lasers, and
standing-wave lasers. However, they did not evaluate
the coefficients in these equations (or in any special
cases), and they assumed the cavity losses were
isotropic. In another calculation for arbitrary field
orientation and angular momenta, D’Yakonov and
Perel evaluated the coefficients for transverse and
axial fields in which they included the effects of spon-
taneous emission neglected in our analysis. They
assumed that g,=gs, which considerably simplifies the
calculation but is valid only for a limited number of
atoms in nonzero magnetic fields, and they did not
give any numerical results.

Culshaw and Kannelaud® analyzed a laser in trans-
verse and axial magnetic fields for the 0«1 transition.
Durand?+2 also treated a laser in a transverse field for
this transition. His amplitude- and frequency-deter-
mining equations were derived however, from rate
equations whose velocity dependence was introduced
in the nonrigorous although plausible fashion described?

14 N. N. Rozanov and A. V. Tulub, Dokl. Akad. Nauk SSSR
165, 1280 (1965) [English transl.: Soviet Phys.—Doklady 10,
1209 (1966) ].

B R. L. Fork and W. J. Tomlinson, IEEE J. Quant. Electron.
QE-2, xxiii (1966) ; R. L. Fork, W. J. Tomlinson, and L. J. Heilos,
Appl. Phys. Letters 8, 162 (1966); H. deLang, and G. Bouwhis,
Phys. Letters 20, 383 (1966); H. deLang, thesis, State University
of Utrecht, 1966, especially pp. 57-75 (unpublished).

16 M. I. D’Yakonov, Zh. Eksperim. i Teor. Fiz. 49, 1169 (1965)
[English transl.: Soviet Phys.—JETP 22, 812 (1966) ].

17'W. Culshaw and J. Kannelaud, Phys. Rev. 141, 228 (1966).

18 C. V. Heer and R. D. Graft, Phys. Rev. 140, A1088 (1965).

¥ M. I. D’Yakonov and V. E. Perel, Opt. i Spektroskopiya
20, 472 (1966) [English transl: Opt. Spectry. (USSR) 20, 257
(1966) . See also the review article by M. I. D’Yakonov and
S. A. Fridrikhov, Usp. Fiz. Nauk 90, 565 (1966) [English transl:
Soviet Phys.—Usp. 9, 837 (1967) 1.

20 W. Culshaw and J. Kannelaud, Phys. Rev. 145, 258 (1966) ;
156, 308 (1967).

2 G, Durand, Ann. Inst, Poincaré A4, 263 (1966).

2 G. Durand, IEEE J. Quant. Electron. QE-2, 448 (1966).

2'W. E. Lamb, Jr., Ref. 1, p. A1448. ‘
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in the scalar theory. This method may be interpreted
in terms of “hole burning.”’* D’Yakonov and Perel?
gave a qualitative description of axial and transverse
field operation using a hole-burning model.

In a zero-field calculation with atoms of arbitrary
angular momenta, Polder and Van Haeringen? gave an
expression for e71de/dt, where the eccentricity

e=(E,—E.)/(E.+E-).

In another zero-field calculation with atoms of arbitrary
angular momenta, Doyle and White* analyzed a laser
with cavity anisotropy represented by (in our notation)
a diagonal anisotropy matrix. This precludes certain
interesting configurations (see paper II, Sec. V).
Pelikan® analyzed a laser in an axial magnetic field
and included the x-y Q anisotropy. His treatment of
this anisotropy is more in the spirit of our work than
of D’Yakonov.!® Sargent ef al. #® gave a discussion of
this problem in terms of the present theory. Velzel®
has indicated how to include cavity anisotropy of a
somewhat more general nature in the laser equations.

The present calculation gives the amplitude- and
frequency-determining equations for the multimode
operation of a laser in an arbitrarily oriented magnetic
field with possibly anisotropic cavity loss and resonance
and an active medium consisting of atoms which may
have arbitrary angular momenta, isotopic abundance,
and hfs. Computer programs have been written for
analyzing these equations very generally, yielding
graphs of intensities and frequencies of oscillation
versus time, cavity detuning, magnetic field strength,
or any other laser parameter. As illustrated in the
following paper, this facility allows the results of the
theory to be graphed either in the most convenient

o 1= —3v{ gu cos?0+3[ ga1 exp(iB) + g1 exp(—1B) ] sin?0+ go sin?0} 43

1 -
XZ(a,/u,) Z I COSBfk(l) + Sin@ eXp(iB)fk(Z) 12226al'b!+k(pa/bf)2NalbIZ['yalbl+i(walbl —'Vlnl) :].
7 k=1 ol b

The imaginary part of &', may be written as
Im( o/»1) =a cos?0+3 (b cosB+-c sinB) sin264-d sin%,
(A6)

24;\7. R. Bennett, Jr., Appl. Opt. Suppl. 1, 24 (1962), especially
pp. 53-59.

2% M. I. D’Yakonov and V. I. Perel, Zh. Eksperim i Teor. Fiz.
5(0, 4%% (1966) [English transl.: Soviet Phys.—JETP 23, 298

1966) 1.

2% D, Polder and W. Van Haeringen, Phys. Letters 19, 380
(1965) ; W. Van Haeringen, Phys. Letters 244, 65 (1967) ; Phys.
Rev. 158 256 (1967).

27 W. M. Doyle and M. B. White, Phys. Rev. 147, 359 (1966);
Phys. Rev Letters 17, 467 (1966).

2 H. Pelikan, Phys Letters 21, 652 (1966). Because of a
sign error this work predicts that phase locking between circularly
polarized modes of equal amplitude does not occur. See Sec. V
of paper II; Z. Physik 201, 523 (1967).

% M. Sargent III, W. E. Lamb Jr., W. J. Tomlinson, and R. L.
Fork, Bull. Am. Phys Soc. 12, 90 (1967

3°C H. F. Velzel, Phys. Letters 23,72 (1966)
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theoretical form or in virtually any way the experi-
mentalist observes his apparatus in the laboratory.
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APPENDIX A

In general, any two orthogonal unit vectors {e'y, €’s}
are related (apart from a possible phase factor) to the
unit vectors {e;, €} of our initial cavity basis by
equations

e'1=e; cosf--e, sind exp(iB),
e’,=—e; sinf exp(—iB) +e; cosh. (A1)
These equations correspond to the similarity trans-

formation
cosf sinf exp (iB)
. (A2)

S= <
—sinf exp(—18)

As indicated in the latter part of Sec. II, the anisotropy
matrix G in the {e;, e} basis is transformed to

G'=5GS! (A3)

in the { €'y, €'y} basis.One of the diagonal elements of G’ is

g'u=gu cos+[gn exp(iB) +gw exp(—if) ]

X sinf cosf+ge sin?.  (A4)

The polarization of threshold oscillations will be

spec1ﬁed by that unit vector €’; which maximizes the

imaginary part of o',u, the « coefficient [Eq. (63)]

corresponding to e’y. Using (A1), (A4), and (63), one
has

cosf

(V/éth)

(AS)

where
a=—% Regu+G(1, 1) = Imauy,

b= —3v(Regr+ Rega)+ 2Re[G(1,2)7],
Img21) - ZIm[g(l, 2) ])
d=—3%v Regaa+G(2, 2) = Im ey,

= —1y(Imgp—
(A7)
and the gain parts §(7, ¢') of «’u are given by

1

§(i, ) =3 (v/ehK) 20 fe(i)*fu(¥) 2_(aj/u;)
— J
X 222 ot (Parw)?
ol b

XNaw Z Va1 (o —v'n1) . (A8)



448

To maximize Ime’,11 one must solve the equations

d(Ima’pn) /98=0 (A9)
and
d(Ime’pu) /960=0 (A10)

simultaneously and choose the solution yielding the
largest Ime/,11. Equation (A9) gives

d(Ima’sn) /0B=1% sin26(c cosB—b sinB) =0,

which implies either

(A11)

sin20=0,ie., 6=0 or 3im, (A12)

or
tanB=c/b. (A13)
Equation (A10) gives
d(Ime/p11) /06
= —(a—d) sin20+ (b cosB~+c sinB) cos20=0 (Al14)

or
tan20= (b cosB-}c sinB) /(a—d)

= (b+c tangB) cosB/(a—d). (A15)

Equation (A12) implies either the identity transfor-
mation (#=0) or a simple interchange (§=3%m) of €;
and e, with the introduction of the phase factors
exp(==4B) . The resulting Im ¢/,11 are Im e, and Im e,
corresponding to the polarizations of €; and e,, respec-
tively. Combining (A15) and (A13), one has

tan20 =+ (b2+¢*)1?/(a—d), (A16)

where the sign is the same as that of cosB. Noting that
(A6) can be written as

Imadn=%(a+d)£3(tan?26+4-1)112
X[ (a—d)+ cosB(b+c tanB) tan26],
we substitute (A13) and (A15) into (A17) and find
Ime/yu=3(a+d)+3 | [B*+c+ (a—d)2]2 |, (A18)

(A17)

Ty T, =biCKufn) [ s x|~ ()t (r-bon) e (K22 ).
0

—z9

After integrating over ¥, one has
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where we have kept only that root of (A17) which yields
the larger Ima/nu. This value for Ima/pn is greater
than or equal to the solutions ¢ and d implied by (A12).
Thus the polarization of threshold oscillations is speci-
fied by €'; of (A1) in which 8 is determined by (A13)
and 6 by (A16).

APPENDIX B

Integrals such as

T, =iKu f “ar f dr' f " dr
0 0 0

X exp{ —[vr’ v’ +vsr’'+% (Ku)2 (" 21") 2]}
(B1)
may be evaluated in terms of the plasma dispersion

function Z of (58). This can be accomplished by making
the coordinate transformation

n !
=7 -7,

)
xe=1""471,

ws=71", (B2)
with inverse
' =3(0—x),

r"=x3,
7" =3 (), (B3)
and Jacobian
-1 19
2 2
6(7'/, TII 7,///)
=—2——==| 0 0 1|=3% B4
9 (1, 29, %) * (B4)
P10

The integration over x; may be done immediately,
yielding the multiplicative factor v;=*. The variable x;
varies between 0 and « as 7’ and 7/ vary between 0
and . Choosing these limits for x,, x; varies between
—up and . Thus one has

(BS)

To=+iKulvs(v1—vs) ]_I/dez exp{ —[3 (vs—v1) 21+3 (vitvs) 2o+ (Kut) 2052} |zymes™2

0

= —[ve(vi—vs) J[Z (v1) —Z (vs) ].
If

Ur—Us,
Next we consider

Ty= YL=%i(K%/W)/mdx"fzz dwy exp{ =[5 (va—v1) %1+5 (vitvs) 0o+5 (Kue) 212} .
0

—z3

T1r——vdZ(v1) /du.

(B6)

(B7)

(B8)



164 THEORY OF A ZEEMAN LASER. I 449

Interchanging the integrations over x; and #,, and using (58) one has
T1=%i(Ku/v2)/ dur|  dxe(exp{—[3}(vs—v1) 2143 (vivs) 2a+1 (Ku) 2,71}
0 @1

+ exp{ =[5 (n—vs) 21+35 (vitvs) 21 (K0e) 222]})
=[ve(u1tvs) T Z (1) +Z (vs) . (B9)

An integral of the form

T3=iKu/mdr'/de"/de'” exp{ —[vr’+ver’ e’ +3 (Ku) 2 (' + 27" 41" 2]} (B10)

0 0 0
may be similarly evaluated after completing the coordinate transformation

" '
n=r -7,

24 /A
xp=7""+47,

ag=7"427" 41" (B11)
This transformation has the inverse
7' =3(%—2x1),

7' =5 (xs—2),

'r”'=%(x2+x1), (B12)
and Jacobian
—1 19
2 2
6(1", 7_II TI/I)
—— . L 0 ~1 1/ 1 B13
5 a(xl) %2, x3) ?e * ( )
P30
The transformed T3 is
(-] £23 x2
Ts=3iKu f ds / dx, f dvy exp{ — 3 (vs—v1) 21+ (v1—vo-tvs) -+ Buaes+ (Kae) 2er? ]}
0 0 —z2
o T3
= —%iKM(Ul"’vs)_lf dx3/ de (exp{ —[(vl—%vz) x2+%v2x3+%<Ku) 2x32:|}
0 0
— exp—[ (vs—3ve) 2a+3vaws+1 (Ku) 257 ])
Z(n)—2Z(% Z(v3) —Z (%
=%(v1—vs)"l[ (w) I (o) _ Z(n) n (2')2)] . (B14)
U1—3V2 U3l
If vi=uv;, this reduces to
Z(w)—Z(}
Ts=%(v1—3v2) ™ [dZ (v1) /dn— Lvlv)—i;(—zgﬂ] . (B15)
1—2V2



