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Doublets in Cubic Crystals. II. Analysis of Specific Cases
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Using the expressions derived earlier for the anisotropy of spin-lattice relaxation for Kramers doublets
in cubic crystals, numerical estimates have been made of the anisotropies for Co'+ in Mgo and Yb'+ in CaF&
crystals. The results show that the F3, mode of the comp/ex formed by the nearest neighbors around the
Co'+ ion contribute most significantly to the relaxation rate at low temperature, and the anisotropy varies
as {1—{14+m'+n') ), where l, ni, I are the direction cosines of the Zeeman field about the crystal axes. On
the other hand, for Yb'+ in CaF&, one of the two Fsg modes is most ef'fective for relaxation processes, and this
causes an anisotropy which is given by (l4+nz4+n4). The implications of these results for other para-
magnetic crystals are discussed.

1. INTRODUCTION

N previous papers' ' it was shown that for Kramers
. . doublets the spin-lattice relaxation should be an-

isotropic at low temperature where the single-phonon
process is important, whereas it is isotropic at higher
temperature where a two-phonon process is important.
So from the point of view of anisotropy study it is the
low-temperature region which is of importance. The
relaxation in this region is Zeeman-held-dependent,
From the Van Vleck modeP of relaxation, the sym-
metry modes of the complex formed around the para-
magnetic ion by the nearest ligands are most important
for relaxation processes. It has been shown earlier'
that for Kramers doublets, in cubic crystals, the con-
tribution to the relaxation rate from the I'~, mode is

isotropic, whereas the I'3, and I'5, modes give rise to an-

isotropy, given by f1 (l4+m'+—re) I and (l'+m4+n'),
respectively. So if all the modes contribute, the general
form of the relaxation rate is expected to be of the
form at+~(l'+its'+ts'). The importance of the an-

isotropic contribution depends on the ratio of as/at.
A numerical estimation has been made here of the rela-
tive values of a~ and ~ for Co'+ ions in MgO and for
Yb'+ ions in CaF~. The details of the calculations are
given in Sec. 2. The results show that for Co'+ in MgO,
u~= —~, i.e., the I'3, mode makes up the major con-
tribution to the relaxation rate; and for Yb + in MgO,
a& 0, i.e., the relaxation is mainly due to one of the
two I'~, modes. The expected range of variations of the
relaxation rates is discussed in Sec. 3 for these two

speci6c cases.

2. CALCULATION OF THE RELAXATION RATE

I's„and 2I'5, . Following the formalism of the dynami-
cal spin Hamiltonian developed in an earlier paper'
we have:

For Co'+ in Mgo

x, =cy(s,B,),(r„)Q(r„)
+c,p P (s,a,),(r„')Q(r„')

For Yb'+ in CaFg

~u,- =CA(St&t) s(rrg) Q(rrg)

+-c,p g (s,z,),(r„')Q(r„')

+c,p p (s,a,),.(r„')Q(r„,,')

+C,P g (StHt)s(rs, ') Q(rs, s'). (2)

Recently, Tucker4 has measured the change in g factor
for Co'+ in MgO under uniaxial stress, He expressed

bg; in terms of t.he strain components e, by the relation

bg, =F@e, (3)

and measured the nonvanishing constants Fyy, F~g,

and F44. He has also estimated these parameters theo-
retically, considering a point-charge model for 0 ions
around the Co'+ ion. Expressing the symmetry co-
ordinates Q; in terms of the strain components e, , we

get the following relationships between the dynamical
Hamiltonian constants in Eq. (1) and the F;;:

Fn ——(v2/3) (Cr+2cs) R,

Fts (K2/3) (Ct—Cs) 2t-.—',

F44 =Cs/%22. (4)

Using the experimental values' of FII, Fl~, and F4A, we
thus get

zc,= —5/v2,

ZCs = —1O1/v2,

164, Ecs——1Ov2,

E. B.Tucker, Phys. Rev. 143, 264 {1966).
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The complexes around Co'+ in MgO and Yb'+ in

CaF2 are of the XI'6 and XI'8 types, respectively. In
the case of XF6, there are three vibrational symmetry
modes, viz. , I'~„ I'~„and I'S„which are relevant for
relaxation calculations; whereas for the XI'8 complex,
the four modes which are to be considered are I'y„

' D. K. Ray, T. Ray, and P. Rudra, Proc. Phys. Soc. (London)
87, 485 (&966).

'T. Ray and D. K. Ray, previous paper, Phys. Rev.
420 (1967).' J. H. Van Vleck, Phys. Rev. 57, 426 (1940).
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RCs ———963/V2,

RCs =8842. (6)

It is to be noted that though the absolute magnitudes
of the constants in the point-charge model are greater
by one order of magnitude than the experimental values,
the ratio C2".C3', which determines- the relative contri-
butions of the F3, and I"5, modes to the relaxation rate, is
nearly same for both sets of values. For Vb'+ in CaF2,
no experimental results on the g shift under uniaxial
stress are available. So we calculate the constants
C; from a model of the F charge around the Yb'+ ions.

and from the theoretical values4 calculated from the
point-charge model, we get

Cg=0,

For-simplicity of calculation we shall use the eBective-
point-charge model. It has recently been shown' that
in the case of rare-earth ions, covalency is not very
important for the crystal potential terms with L=2,
whereas for terms arith L=4 and 6, it is essential to
consider the covalency factor. But for the L=2 terms,
the shielding of the crystal potential by the Ss and Sp
electrons of the rare-earth ion has to be taken into
account, which effect will reduce the magnitude of the
point charge on the P ions. In the estimation of the
parameters C; for the Yb'+ ion in CaF2 we find that
the L=2 terms in the orbit-lattice interaction predomi-
nates over the other terms, and so the effective-point-
charge model is expected to be a good approximation.
The form of the orbit-lattice interaction for Vb'+ in
CaF2 is

Po—I {At(r )I0(rl ) +As(r') &4(rt, ) +As(r')I s(rs, ) }Q(rt.) +{A4(r') P ~.(rs, ') Q(rs, ')

+ {As(r ) P I s(rs, t') Q(r„,t') +As,r ) g V4(rs t') Q(Fs, t') +As(r ) g 7's(rs, t') Q(rs, t') }

+{Ate(r') P Fs(I's, s') Q(I's, .„')+Art(r') P 7'4(I's„s', Q(1'„s') +Ats(r") P Fs(rs, s') Q(r„", ) }

+{Ats(r') g Fs(r;, ,s')Q(1's, ,t')+Ats(r') P I's(r., t')Q(1';„s') }. (7)

Here I'r, (F ') denotes the combina, tion of spherical
harmonics of angular momentum L forming a basis of
the ith component of the irreducible representation
I' . The magnitudes of the constants A; in Eq. (7)
depend on the model of the charge distribution of the
ligands. For Vb'+ ions in CaF2, the lowest J=—,

' term
splits up into I'7„1'8„and I'6, states with the FY, doublet
lying lowest. ' The J=2 term is approximately 10300
cm ' above the J=—,'term. So if the J= 2 term is ne-

glected, terms in Vo z, associated with the I'~, vibra-
tional mode cannot cause admixing of excited levels with
the ground F7, doublet, and so can be left out of ac-
count for perturbation calculations here. Taking the
interaction V to be Zes/rs, , where rs; is the distance
between a point 0 near the magnetic ion and the ith
ligand with eR'ective charge Ze, we get the following
expressions for the constants:

As = —(280/9) (2sr/455) '"(Ze'/R'),

Ate = (20/3) (2sr/5) '"(Zes/R4),

Agj ——0,

Ass = —(2/9) (455sr) '"(Ze'/R')

Ass = —(616/27) (2%/1001) '"(Ze'/Rs)
and

A t4
———(2/27) (10017r)'l (Zes/R') (8)

In this derivation we have used the symmetry modes
as given by I eushin' for the XFS complex. Perturba-
tion calculations up to second order are done with
Kz „and Vo L between the FT„Fs„and I"6, states'
of the J= ~~ term, and we thus obtain the constants
of the dynamical spin Hamiltonian

192/6 Ze' (rs) (rs)&
C,=, 3ag(r')+SOP, r +735yg

R4 )'
As ———8 (sr/5) 'Is(Zes/R4),

As ——(80/9) (sr/15) "'(Ze'/R'),

As ——(56/3) (2sr/91) '"(Ze'/R'),

As= (16/3) (sr/5) '"(Ze'/R')

64+6 Ze' (r4) (r')&
Cs=, 16csg(rs)+125Pg +980yg

7% ~4 R2 E.4 &'

320+3 Ze' (r')
C4 ———— —8'�(r')+637yg

7a, R4 (9)
As ———(200/9) (sr/15) '"(Ze'/R'),

' A. K. Raychaudhuri and D. K. Ray, Proc. Phys. Soc. (London) 90, 839 (1967).' W. Low, Phys. Rev. 118, 1608 (1960).
r A. M. Leushin, Fiz. Tverd. Tela 5, 605 (1963) [English transl. : Soviet Physics —Solid State 5, 440 (1963)].' y, Ebina and N. Tsuya, Sci. Rept. Res. Inst. Tohoku Univ. Ser. (B) 12, 165 (1960),
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where

qk, = (&/2/lf ~~,)"'(&k,+4, '), (12)

M is the mass of the crystal, ~» is the frequency cor-
responding to wave vector k and polarization p, and

bk„, and bi,„~ are the annihilation and creation operators
for phonons. The expr:ssions for a(I', ', kp) are given
by Van Vleck' for the XI"6 complex, and by Huang"
for XI'8 complex, in the long-wavelength approxima-
tion, which is justified for the single-phonon process.
The total Hamiltonian of the spin system is

where
~ststis++dyos

Bc.t.t;o ——gpH S

(13)

(14)

for the case of a Kramers doublet in cubic symmetry.
Taking the direction of quantization along the Zeeman-
field direction, we get the following expression for the
transition probability between

I

—',) and ',

——,') states
from single-phonon processes:

IV3/3 —i/3 (2rr/@
I (l I ~dy-(spin)

I

—3) I'

( I O' I
~dy (phonon)

I
&.+1) I')"

X I 43r V/(27r) 3]k3dkb(gpss —hcoA), (15)

where V is the volume of the crystal and Kdy„(spin)
and Xd„„(phonon) represent the spin and phonon
parts of X&~„, respectively. To calculate the matrix

M. T. Hutchings, in Solzd State Physics, edited by F. Seitz
and D. Turnbull (Academic Press Inc. , New York, 1964),
Vol. 16, p. 252.

"R. %'. G. Wyckoff', Crystal Strz~ctzfres, (Interscience Pub-
lishers, Inc. , New York, 1963), Vol. I. p. , 241.

"A. J. Freeman and R. E. Watson, Phys. Rev. 127, 2058
(1962).

' C. Y. Huang, Phys. Rev, 139, A241 (1965).

Here R is the distance between the ligand and the mag-
netic ions; ny, py, yy are the usual coefhcients of opera-
tor equivalents for the ground states of the Yb'+ ion;
and ~j is the separation of the excited F8, level from the
ground Fv, level. Numerical estimates of the above
constants are made with the following values of the
parameters involved: ay= (2/63), ' Py= —(2/1155), '
'yj ——4/(63 X143) ' dr= 7.5 cm ' ' E=447ao," (r') =
0.613a33" (r4) =0 960a,4" (r') =3.104aot" and Z=0.6.'
We then get

EC2 = &.59X10'

RC, =1.36X103,

EC4 ——2.49X 103,

for Yb'+ in CaF2. To calculate the transition prob-
ability between the spin states we express the sym-
metry coordinates Q; in terms of the phonon creation
and annihilation operators as follows:

Q(1',*') =P 43(I', ', kP)i7 „, (11)

element (-,'
I
Kdy„(spin) I

——',) the following transfor-
mation of the spin operators will be made:

(S,a,)„(r.') =g D„r-"(—V, —p, —) (S,a,)„,
(16)

where 43, P, and p are the Eulerian angles made by
the crystal axes with the system of axes whose Z axis
lies along the Zeeman-Geld direction, and D„~ '~ are
the rotation group elements of rank n. For the spin
part in Eq. (15) we thus get

g I
(-,' I (S3H3)3(r3g ) I

—-') I'= 4&'I 1—(I'+m'+r34))

(17)

g I (3 I
(si&3)-(I'to')

I

—l) I'= 43a304+m4+n4].

For the phonon part we have to calculate the angular
average of [a(1',4, kp)]'. In the Debye model for the
phonons and the long-wavelength approximation,
(a(a(1', ', kp))')A„ is the same for u=3, and 5 ir-
reducible representations and their components. Also,

(43(I', ', kP) 43(I',",kP) )A„——0

for n4n' and i/i'. This ensures that each symmetry
mode contributes independently to the relaxation rate
and there is no correlation between the diGerent modes.

The final expression for the relaxation time for Co'+
in MgO is given by

Rrg'p3EP 2 3 gPH
1/T, = —+—coth

120m'p54 vi5 v&5 2k T

XI Cp+C33I 1—(14+m4+r44) }+C33(l4+m4+334)]
(19)

where p is the density of the crystal, and e& and v& are the
velocities of the longitudinal and transverse phonons,
respectively. From the numerical values of C&, C2, and
C3 as given in Eqs. (5) and (6), we can neglect C33 and
C3' in comparison with C2' and write the following
simplified expression of the relaxation time for Co'+
ions in MgO:

Erg'P'Ht I 2 3
1/ Ti

I

—+-
120~ph' E,~z'

X coth C33 I 1 —(14+m4+N4) }. (20)
gpII

2kT

Considering the experimental and theoretical values
of C~, we get

(1/Tr), ,4 =7.7I1—(l4+m4+r34) } sec '

and

(I/Ti)th. or. =7X10'I1 (14+m4+—334) } sec ' (2l)
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where we have used g=4.278,"gt'H=1cm ',"p=3.58
gm/cm'' vt =9.2X10' cm/sec" e, =6.7X 10' cm/sec"
and T=4.2'K. For Yb'+ in CaF;, there is no contribu-
tion to the relaxation rate from the I'5„,~ mode, in the

long-wavelength approximation, because

((a(I'e, ,s'; kP) )')A. =O,
and we get

R'g P'H' 2 3 gPII
1/Ti —— —+—coth

90m ph' ~)' ~~ 2k T

XLC2'+(C' —Cs') (l4+m'+e') $. (22)

Substituting the values of C& and Cs from Eq. (10),
we have

(1/Ti) theor. =L6.8+149(l'+m'+e')]X 10'sec ', (23)

where we have used g=3.426,' gt'H=-,'cm', '
p=3.21 gm/cm'" o =3.34X10' cm/sec" et=7.36X10
cm/sec, "and T=4 2'K.

3. DISCUSSION

For Co'+ in MgO, the anisotropy of the relaxation
rate will follow the function 1 —(/4+m'+e'). So in
this case, the relaxation rate will be a maximum when
the Zeeman Geld is along one of the body diagonals of
the octahedron, and a minimum when the Zeeman
field is along any one of the crystal axes. Thus, from
Eq. (21), we 6nd that for the Zeeman field along the
[111]direction, Ti is 0.19 or 2.14X10 ' sec, accord-
ing as we assume the experimental or the theoretical
value of Cs. For the Zeeman field along the (100]
direction, T~ reaches its maximum value, which in
this approximation is infinitely large. The terms pro-
portional to C~' and C3' which were neglected in de-
riving Eq. (20) will determine the true maximum value
of T~. Though the above conclusions are derived under
the approximation of the Debye model for low-fre-

quency phonons, it is expected" that these results will

"%'.Low, Phys. Rev. 109, 256 (1958).
'4 Handbook of Chemistry and Physics, edited by C. D. Hodgman

(The Chemical Rubber Publishing Co., Cleveland, Ohio,
1961),p. 603.

'6 N. S. Shiren, in Proceedings of the Colloque Ampere (Atomes
et Molecules par des Etmdes RaChoetectreques), 196Z (North-Hol-
land Publishing Company, Amsterdam, 1963), p. 114.

' D. K. Ray, T. Ray, and S. K. Gupta, J. Appl. Phys. Suppl.
(to be published).

remain unaltered if a more realistic model" of the
phonon distribution is considered. The anisotropy as
well as the magnitude of T~ for Co'+ in MgO will there-
fore be mainly determined by the dynamical-Hamil-
tonian constants. It will be interesting to measure T~

at low temperature with diferent orientations of the
Zeeman Geld about the crystal axes and verify the
large range of variation in T~ as predicted above.
Moreover, the minimum value of the experimentally
measured Tj in this sample will justify the correctness
of the perturbation expression for the transition prob-
ability. The results will, however, be substantially
changed if minute traces of any fast-relaxing ion such
as Cr'+ are present in the crystal.

For Yb'+ in CaF, , the Eq. (23) shows that the re-
laxation time is a maximum when the Zeeman-Geld
direction is along a body diagonal, and a minimum
when it is along a crystal axis. The maximum and
minimum values of T& are, respectively, 0.4)& i0 '
and 0.2&(10 ' sec. These values are obtained from a
point-charge model of ligand ions, and are expected to
be increased by covalency eGects, though the covalency
factor will not be as important as for the iron-group
lons.

In general, for Kramers doublets in cubic crystals,
the anisotropy of the spin-lattice relaxation time will

depend on the relative contributions to it from I'3,
and I'5„symmetry modes. If one of the modes dominates
the other, then the relaxation time is expected to be
fairly anisotropic; if the modes contribute equally, then
the relaxation time will be isotropic. Also, the deriva-
tions in this paper have been carried out under the
condition that the phonons are in thermal equilibrium,
and it will be interesting to study the deviations when
phonon equilibrium is not assumed.
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