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(2) We measure the decay time constant of the
exponential envelope of the echo in a two-pulse spin-
echo experiment to be 1.5 msec. For a Lorentzian line

shape, this number implies a peak-to-peak derivative
width of 0.22 G, in agreement with Poitrenaud's value.
Both measurements are in approximate agreement with
Gutowsky and McGarvey's value' for the linewidth

at 80'K, 0.50 G, if that value is corrected for the Tl
contribution to the linewidth. From our Tj data, the
linewidth contribution at 77'K is 0.20 G. The free-

induction decay times in our samples range from 0.60
to 0.75 rnsec at low temperatures, and are determined

by an inhomogeneous broadening mechanism, pre-
sumably a distribution of Knight shifts associated
with conduction-electron scattering from impurities.

(3) We measure the free-induction decay time for
Rb" to be 0.17 msec at 4.2'K. The peak-to-peak deriv-
ative width. calculated from this value, for a I.orentzian
line shape; is 0.78 G. Poitrenaud's value is 0."IO 6,
and is probably a more reliable number. The earlier
measured value' of about 1.3 G at 80'K appears to
be spurious, since the T~ contribution to the linewidth
at 80'K is only 0.092 G.
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Electron spin resonance of Co'+ in Zn(NII4}2(SO4) 2 6H20 has been studied at 35 and 70 0Hz at liquid-

helium temperatures. In addition to the usual eight-line hyperfine spectrum from Co59 (I=-,'), a seven-line
"forbidden" hyperfine spectrum was also observed with the applied magnetic field nearly perpendicular to
the symmetry axis of the crystalline 6eld. The "forbidden" transitions do not result from nuclear quadrupole

coupling, but arise because of the very large anisotropy of the hyper6ne interaction, more specifically
because Ag~ ~&&Bg~. As a consequence of this anisotropy, the axis of spin quantization of the nucleus deviates

appreciably from the-direction of the applied field, and the nuclear Zeeman interaction contains terms in I,
that at high fields and certain angles can become comparable to the terms in I,. Since the intensity of the for-

bidden spectra is a direct measure of the Geld at the nucleus, it is found that there exists at the cobalt nucleus

a pseudo-magnetic-6eld the same order of magnitude as the applied magnetic 6eld. The measured pseudo-

Geld, which results from the induced magnetization of the electron charge distribution by the external field,

is in order-of-magnitude agreement with calculations.

INTRODUCTION

t LHE electron spin resonance of Co'+ in the Tut ton salt

. Zn(QH4) 2(SO4) 2 6H20 has been extensively studied

experimentally by Bleaney and. Ingram, ' ' primarily

at 9 GHz, and theoretically by Abragam and Pryce. '—5

Bleaney and Ingram' observed, as x-ray analysis had

previously indicated, the existence of two inequivalent

sites per unit cell for the Co'+ ion, the resonance of

each site being related to the other by a simple rotation
of the principal axes of the g tensor. For a discussion

*This work was supported in part by the National Science
Foundation and the Advanced. Research Projects Agency.

'B. Bleaney and D. J. E. Ingram, Nature 164, 116 (1949).
2 B. Bleaney and D. J. E. Ingram, Proc. Roy. Soc. (London)

A208, 143 (1951}.
3 M. H. L. Pryce, Nature 164, 117 (1949).
4 A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London)

A205, 135 (1951).' A. Abragam and M. H. L, Pryce, Proc. Roy, Soc. (London)
A206, 173 (1951).

of crystal structure of the Tutton salts and related
details, the reader is referred to the papers of Bleaney
and Ingram and references contained therein. The
resonance spectra of each site with the eight-line hyper-
fine structure due to the Co" nucleus, spin I=~7, was
satisfactorily explained by a spin Harniltonian

X=
gt iPII,S.+giP (II,S,+II„S„)+HI,S,

+&(I.S.+IvS„), (1)

with g() =6.45) gj. =3.06, 3 =2.45X].0-2 cm—I and
&=2.0X&0 ' cm-'.

MEASUREMENTS

Prior to an investigation of spin-spin interactions in
the isomorphic concentrated cobalt Tutton salt, we
have remeasured the resonance of 0.01%%u~ Co'+ in zinc
ammonium sulfate at 35 GHz. For angles of the applied
magnetic field less than 75' from the symmetry axis
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of the g tensor, the measurements were in agreement
with those of Bleaney and Ingram. However, for
0&75', an additional seven-line "forbidden" hyperhne
spectrum was observed (see Fig. 1), the individual
forbidden lines being located midway between adjacent
pairs of lines of the normal hyperhne structure. The
intensity of the forbidden lines as compared to the
normal hyperfine spectrum was remarkably sensitive
to the angle 0, as can be seen in Fig. 1. By comparing
measurements at 35 and 70 6Hz at a given angle, the
relative intensity of the forbidden lines was found to
increase with increasing frequency.

CALCULATION AND RESULTS

A. The Hamiltonian

The mechanism usually responsible for forbidden
transitions in ESR spectra is the interaction of a nuclear
quadrupole moment with an electric field gradient.
Although Co" possesses a reasonably large quadrupole
moment, the quadrupole interaction cannot possibly
be the cause of the observed forbidden structure for
several reasons. Bleaney and Ingram' did not observe
any influence of a quadrupole interaction on the spac-
ings of the hyperfine lines at 9 GHz and concluded from
their measurements that the quadrupole-coupling
constant must be less than 5)&10 ' cm ', in agreement
with the calculations of Abragam and Pryce. ' The
intensity of forbidden transitions calculated for such
an interaction is two orders of magnitude smaller than
that measured. Also, . the relative intensity of one

6.0'

forbidden line as compared to another is not that
predicted by a quadrupole interaction, nor can the
angular dependence or the frequency dependence be
explained by such an interaction. '

The fact that the intensity of the forbidden lines
increases with increasing frequency and field indicates
that the transitions do not arise from terms o6 diagonal
in the electron spin, such as S,. Since such terms admix
states having different eigenvalues M of S„the energy
separation of which increases with Geld, the forbidden
intensity arising from such a perturbation would de-
crease with increasing magnetic Geld and level separa-
tion. At the field used in these measurements, the
calculated forbidden intensity resulting from terms in
S, is four orders of magnitude less than the observations.

The forbidden transitions are explained, however, by
including in the Hamiltonian the interaction of the
nuclear spin with magnetic Geld. In addition to the
hyperfine and electronic Zeeman interaction terms of
Eq. (1) we consider

x~= —yp~H I—H R I, (2)

where the first term on the right is the usual Zeeman
interaction of the nuclear moment with the applied
field, and the second term is the interaction of the
nucleus with a Geld produced by the induced magnetiza-
tion of the electronic charge distribution by the external
Geld. As discussed by Elliott~ and Low, ' this interaction
results from the coupling of the electrons both to the
external field pH(L+2S) and to the nuclear spin
(2yP~P/(r'))N I. Here N is a function of both the
electronic spin and angular momentum operators. ~ ~ In
second-order perturbation theory, the interaction takes
the form of Eq. (2). An order-of-magnitude estimate
of R for Co'+ is given by the expression

I

7.9

I

8.2

I

8. I

I

8.4

8.3

(3)

where X is the spin-orbit splitting of the orbitally
degenerate ground state in the approximately tetrag-
onal symmetry of the crystalline Geld. With X 200
cm ' Eq (3) gives R~10 ' cm '/G a number the
same order of magnitude as yP~=3X10 ' cm '/G. For
tetragonal symmetry, the nuclear Hamiltonian is
written

X~= —(yPrv+RII) H.I. (7Prr+Ri) (H,I,—+H„I„).

7,4
I

7.6 7.8
MAGNETIC FIELD IN kG

I

8.0
If the magnetic Geld makes an angle 0 with respect

to the tetragonal axis, the complete Hamiltonian, the

Fxo. 1. The Geld derivative of the electron-spin-resonance
spectrum of Co~ in Zn (NH4) g (SO4) 2 6H20 is illustrated at several
difFerent angles of the magnetic Geld with respect to the tetragonal
axis. In.;addition to the usual eight "allowed" hyperGne lines
associated with the I=q Co" nucleus, the spectra exhibit seven
"forbidden" lines. The measurements were performed at v=35.7
0Hz, 7=1.2'K.
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sum of Eqs. (1) a,nd (4) becomes

AB 8'—A2
X=gPHS, +KS,I,+ S,I,+BSvI„+E E

tions for angles at which the forbidden lines have
appreciable intensity. For angles less than 4' from the
perpendicular (8=90'), the structure could not be
unambiguously resolved.

sin8 coseS,I,C}IC& .
g2

H{Ag~ ~
(yAr+R~ ~) cos'8+Bg~(yPm+Ri) sin'8}

Eg

I*.H{Agii(vP +R ) Bg—(vP +Ri ) }

Eg
(5)

The s axis is taken parallel to the applied field while the
x axis is perpendicular to the s axis in the plane formed

by the tetragonal axis and the field. The quantities g
and E have the usual definitions,

g' =g ~

~' cos'8+gi' sin'8,

E'g' =A'g~ ~' cos'8+B'g~' sin'8.

B. Position of Allowed Transitions

When the calculation of the states of the Hamiltonian
given by Eq. (5) is carried to second order, the energy
of the allowed transitions AM=&1, Am=0 is found
to be

B' A'+E'
kv =gPH+Em+ {I(I+1)—m'}

4gPH E'

B2—A2 2 t'g~~gz&' 2F'm
+ (2gpH)-&

~ ~

sin'8 cos'8m'+

(7)
where

p- H{Ag) [ (rp~+RJ ) —Bgi(vpN+R[ l) }
sine cose,

Eg

H{Ag~~(yp&+R~~) cos'8+Bgi(yp~+R~)»n'8}6=-
Eg

Equation (7) is that derived by Bleaney, ' neglecting

quadrupole terms for the case S=-,'with the addition
of the small second-order term 2F'm/(K —4G'/K).

The field spacing between adjacent allowed hyperfine
lines can be calculated from Eq. (7). For a fixed angle
the separations are not the same, the differences arising
from the o6-diagonal terms of the electron spin in the
Hamiltonian, not from the terms off diagonal in the
nuclear spin. The term 2F'm/(E 4G'/E) is small and-
ean be neglected in computing the positions of the
allowed lines. In Fig. 2, the experimental results are

sbqwp t;o bc in satisfactory agreement with the calcula-

C. Position of Forbidden Transitions

The terms off diagonal in the nuclear spin admix the
various nuclear states and give rise to forbidden transi-
tions AM =+1, hm =+1. Inspection of Eq. (5) shows
that the magnitude of the I, terms responsible for the
admixture is dependent upon the difference in energy
between AgII and Bgi. When the hyperfine interaction
is anisotropic, it tends to align the nucleus along a
direction considerably diGerent than that of the applied
field, and consequently there is a large off-diagonal
coupling of the field with the nuclear spin. The energy
of the forbidden transitions is given by

B' A'+E'
kv =gPH+Ek+

4gPH E'

x {I(I+1)—2{ (k+-', ) +(k—-', ) j}

+(2gPH)
t'B' —A' ' g((gO'

E g2)

Xsin'8 cos'8-,'[(k+-', ) '+ (k ——',) ']
282k B' A 2F'G/K+ &G& —&, (9)E 4G'/E 4—gPH E K 4G'/K'—

where k takes on the 2I possible values from (I—~)
to —(I—-,') . In the last three terms, the upper and lower
signs are associated with the transitions 63I=+1,
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FIG. 2. The magnetic field separation of adjacent pairs of lines
of the allowed spectrum is plotted as a function of angle of the
applied field with respect to the tetragonal axis. The curves are
calculated from Eq. (7) while the points are taken from experi-
mental measurements. The largest field separation is associated
with the difference in position of the hyperfine lines associated
with m=+ ~ and m=+~, the next largest separation with m=+ $
and m=+~, etc.
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hm =+1, i.e., m~m —1, m —1~m (or, similarly,
AM= —1, Am=&1). Since the last three terms are
small, the order of gauss when divided by gP, the two
transitions have approximately the same energy and
pairs of forbidden lines are coincident, equidistant
between adjacent allowed lines. The positions of the
forbidden lines as predicted by Eq. (9) are in accord
with observations as illustrated in Fig. 1, and quantita-
tive measurements are in agreement with calculations
within experimental error.

D. Intensities of Allowed and Forbidden Spectra

While the term in I, of Eq. (5) has little effect in
determining the position of either the allowed or for-
bidden transitions [the 2F'/(K 4G'/K—) term in Eqs.
(7) and (9)j, it contributes a very considerable
admisture of the nuclear states. If terms of order

[F/(K —4G'/K) j' are kept in the wave functions and
in the relative transition probabilities for a harmonic
perturbation, the relative intensities of the allowed and
forbidden transitions are

8,= 1 2(2—F/K 4G—'/K) ' {I(I+1)—m'},

m=I, I—1, ~ ~ ~, I, —(10)

8r= ( F/K —4G'/K)'{ ( + ) —(&—k)(&+I) },
&=I—2, I—5,"., —(I—k) (11)

The intensities given by Eqs. (10) and (11) are nor-
malized in such a way that the intensity of each allowed
hyperfine line is equal to unity in the absence of the
forbidden transitions. The forbidden intensity Eq. (11)
had included in it both of the lines (m—+m —1,m —1~m)
that overlap between a pair of adjacent allowed lines.
Substituting Eqs. (8) into Eq. (11) yields

~f {I(I+1)—(&—2) (&+2) } {~gll (YPN+R+) ~Q (VPX+R(I,j }'

SB' sin'0 cos'8
X ~ ~ . 12

[K g
—(4H /K g) {Ag~~(&P&+R~~) cos 8+BgJ(&P&+R&) s1118}g'

It need hardly be mentioned that Eqs. (10)—(12)
are good approximations only when the perturbation
is small. This is, in fact, not the case at 35 GHz and
0=86', as can be seen in Fig. 1. The "forbidden"
spectrum is more intense than the allowed spectrum, a
situation for which the above equations are not ap-
plicable. In the discussion that follows, it should be
understood that the comparisons between theory and
experiment are limited to conditions for which the
perturbation calculations are valid. The little additional
information that can be obtained by a more rigorous
calculation, such as diagonalizing an 8)(8 matrix, does
not seem to warrant the effort.

There are several aspects of Eqs. (10)—(12) that are
subject to experimental test: (i) the relative intensities
of the forbidden and allowed components with respect
to one another at fixed angle and Geld, (ii) the relative
intensity of the forbidden spectrum to the allowed
spectrum at a given angle as a function of field, (iii)
the intensity of the forbidden hyperfine components as
a function of angle, and (iv) the absolute magnitude
of the forbidden intensity.

(i) The relative intensities of both the allowed and
forbidden lines are illustrated in Fig. 3 for several
different angles. The data are in reasonable agreement
with the predictions of Eqs. (10) and (11).

(ii) Since A, B»yP~H for all reasonable values of
H, the largest term in the denominator of Eq. (12) is
E'g. Thus the intensity of the forbidden spectra is
predicted to vary approximately as H'. This dependence
is presumably the reason why Bleaney and Ingram
did not observe the forbidden lines of Co'+ at 9 GHz

in the Tutton salts whereas the spectrum is immediately
apparent at 35 GHz. The ratio of the intensity of the
forbidden to the allowed spectra at 70 GHz was deter-
mined to be considerably larger than at 35 GHz, but
because of poor signal to noise at the higher frequency
no quantitative comparison with theory could be made.
The increase of the forbidden intensity with magnetic
field is evidence of the nature of the terms responsible
for the phenomenon.

(iii) The angular dependence of the forbidden in-
tensity as expressed by Eq. (12) arises from several
factors, the two main contributions being the cos'0 sin'0
in the numerator and the E' in the denominator. A
plot of the angular dependence of d~, namely, the
function 2[2F/(K —4G'/K) j', is illustrated in Fig. 4.
For angles very close to 90' such that

Ag{~ cos8&Bgi sin8,

d~ is approximately

8f icos 8,

but for

Ag() cos0&ag& sing,
we have

sin'8
/f0:

cos'8

The measurements of the angular dependence of df are
in agreement with Eq. (12) over the region dr(d, .

(iv) The magnitude of 2[2F/(K 4G'/K) ]' is-
plotted in Fig. 5 as a function of angle for two different
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0)84' cannot be directly compared with Eq. (12)
because the admixture of the wave functions becomes
too large to be treated in perturbation theory. The
measured value of Ri is in agreement with the order-of-
magnitude estimate given by Eq. (3). However, de-
tailed calculations to be reported elsewhere of the
induced magnetic field yield Ri=0.1yPN for Cot+ in
the zinc ammonium sulfate. The nature of this dis-

crepancy between experiment and theory, details of
the calculations, and additional experimental evidence
will be presented in a later publication.

SUMMARY

The forbidden hyperfine transitions observed in the
resonance of Co'+ can be satisfactorily explained by the
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Fro. 3. The relative intensity of the "forbidden" and "allowed"
lines is plotted as a function of k and m at three diQerent values of
|II. The points are experimental results while the solid curves are
drawn through the values calculated from Eqs. (10} and (11).
For each angle the curves are scaled at one point.
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values of the unknown parameter Ei. (The curves are
insensitive to XII for XII(yP~ in that Agjj))Bgi. ) The
measurements for which 8&84' support the conclusion
that Z~ 0.Spar, i.e., there exists an additional field
at the cobalt nucleus of the same sign as, but haIf the
magnitude of the applied 6eld. The measurements for
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Fro. 5. The value of 2I 2F/(K —4G'/K) j' is plotted as a func-
tion of angle. The error bars indicate the results of measurements
at 35.7 GHz while the curves are theoretical calculations for
Xi=0 and E.i=yP~.
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combination of a very anisotropic hyperhne interaction
and the nuclear Zeeman coupling. A pseudo-magnetic
6eld at the nucleus, which can be thought of as having
an origin similar to the Van Vleck temperature-inde-
pendent paramagnetism, has been estimated from the
measurements.
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Fxo. 4. The angular dependence of the relative forbidden inten-
sity as calculated from $2F/(K 4G'/K) g' js plott—ed as a func-
tion of the angle from the tetragonal axis. XII =Ex=0, ~=35.7
0Hz.
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