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The angular correlation of radiation from positrons annihilating in lithium single crystals has been
measured. The crystals were oriented in the I 100j, t110j, and L111j directions, and the measurements
yield information closely related to the areas of slices through the Fermi surface normal to these directions.
The measurements show that the Fermi surface of lithium is anisotropic, the length of the radius vector
k»0 being about 5% greater than k»0. The measurements also yield estimates of the energy gap at the
boundary of the 6rst Brillouin zone, and the amplitudes of the most important higher-momentum com-
ponents of the electron wave function.

I. INTRODUCTION

iOR a number of years, the angular correlation
of annihilation radiation has been used to obtain

information about the shape of the Fermi surface. '
Early measurments made on beryllium' ' and magnet-
ium indicated the possibility of obtaining anisotro-
pies in the photon momentum distribution in experi-
ments with oriented single crystals, and such anisotro-
pies can be related to departures from sphericity in
the shape of the Fermi surface. Indeed more recent
experiments and calculations on the electron structure
of holmium4 and yttrium' have shown the value of
positron-annihilation data for testing band-structure
calculations. This paper describes a series of similar
experiments on single crystals of lithium. These meas-
urements provide quantative estimates of the radii to
the Fermi surface in the I 100], 1110], and $111j
directions. In addition, they provide estimates of the
energy gap at the boundary of the first Brillouin zone
and the aniplitudes of the higher-momentum compo-
nents of the Bloch wave function. A preliminary ac-
count of this work has already been given. '

II. PHOTON MOMENTUM DISTRIBUTION

The technique of using positron annihilation to
obtain the momentum distribution of electrons has
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often been described. In brief, if the annihilating
electron is in the state fz, the proability that a pair
of photons will be emitted with momentum p=fiK is
proportional to~

p~(K) =
crystal

Pk(r)P+(r) exp( —iK r)dr, (1)

where f+ is the positron wave function. The momentum
distribution of the photon pairs is then proportional to

p(K) =Qp~, (2)

the summation extending over all occupied states in
k space. The counting rate measured by the long-slit
apparatus is proportional to

X(e) = p(E) dE,dE„

where e=hE, /mc is the amount by which the angle
between the two photons divers from 180'. The in-
strument resolution was: detector slit width/source-
detector distance=0. 050 in./250 in. =0.2X10 ' rad.

III. EXPERIMENTAL RESULTS

The data obtained in this series of experiments are
shown in Fig. 1. Corrections have been made for the
decay of the positron source, and the areas under the
curves drawn through the points have been normalized
to the same total number or counts. Otherwise, the
data are shown exactly as they were obtained in the
experiments. The curves through the experimental
points will henceforth be called "angular-correlation
curves" or simply "curves. "

The central, roughly parabolic portion of each curve
arises mainly from annihilations with conduction elec-
trons. These "parabolas" have a fairly sharp cut o8
at the angle 8f, defined by the equation mc8~=Aky, ky

being the radius of the free-electron sphere. The broad,
bell-shaped part of each curve arises primarily from
annihilation with core electrons. There is also a small
contribution to this part of the distribution from the
higher-momentum components (HMC) of the con-

S. DeBenedetti et al. ; Phys. Rev. 77, 205 (1950).
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directions. Estimates of these radii have been obtained
in the following manner:

C
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Fro. 1. The angular-correlation curves for the three principal
directions of lithium. The angle between the photons is related to
the photon momentum by the equation p,/me=8.

duction-electron wave function. The contribution of
the HMC is diGerent for the three directions. For values
of 8+Of, the contribution of the HMC is small, but
significant.

It is convenient to subtract out the part of the dis-
tribution due to core electrons. This was done by fit-
ting a Gaussian-type curve to the measured L1007
distribution in the range of 5—6 mrad. The same curve
was then subtracted from the measurements for all
three directions, thus preserving any differences in the
three distributions. The data after subtraction are
shown in Fig. 2.

Two important conclusions can be reached at once
without detailed analysis:

(a) The Fermi surface of lithium is anisotropic.
The differences between the curves for the three direc-
tions are appreciably greater than the experimental
error of about 1%.

(b) The Fermi surface does not touch the zone boun-
dary in the $1107 direction unless it does so by an
unrealistically narrow neck. The cut off in the $1107
direction is at approximately O=4.33 mrad. whereas
the boundary of the first zone is at O=4.95 mrad.

IV. ANALYSIS OF DATA

The parameters of interest in specifying the shape
of the Fermi surface are the radii in the principal

First of all, a phenomenological model of the Fermi
surface containing several adjustable parameters was
chosen. The areas of slices through this model normal
to the three principal directions were then calculated.
If each annihilation with a conduction electron re-
sulted in a photon pair with momentum p=fik, the
crystal momentum of the electron, then the measured
distribution would be directly proportional to the areas
of such slices. Since some annihilations result in photon
pairs with momentum A(k —6), 6 being a reciprocal
lattice vector, the measured distribution will not be
proportional to these areas. However, if the amplitudes
of the higher-momentum components are small —which
an inspection of the measurements indicates is tru"
their effect can be treated as a small correction to the
calculated areas. This is the procedure followed in ana-
lyzing the results of this experiment.

The model chosen to 6t the data consists of a sphere
of radius r with 12 bumps superimposed toward the
zone boundaries. If a given point on the sphere is
labeled with the spherical coordinates (r, 0, p) (the
O here should not be confused with the correlation
angle 8), and the distance from this point to the near-
est zone boundary is denoted by d(0, p), then the ra-
dius to the Fermi surface in this direction is given by
the model as

kp(8, y) =r+Ar=r+A exp[ nd(8—, g)7. (4)

The model contains the adjustable parameters r, A,
and e, their values being 6xed by choosing values of k&

in the $1007, 11107, and L1117 directions consistent
with the requirement that the enclosed volume equal
the volume of the free-electron sphere. After fixing the
shape of the model, the areas of slices at 50 equally
spaced. points along the radius vector in each of the
three principal directions were calculated. ' Calculations
were made for a series of values of the three principal
radii: k~pp, k~m, and k~~~. In Fig. 3 is shown the result of
a calculation using the values kgp=1.04 ky, kj]p=kmp=
0.99kj. It can be seen that the calculated areas have the
same form as the measured distribution in the range
0(O(2.5 mrad. The difference in the calculated areas
and the measurements for O&2.5 mrad can be at-
tributed to the HMC.

Effect of HMC

In a series of recent papers, ' several authors have
shown that a good single particle approximation for

'%e are much indebted to Dr. D. M. Rockmore for this calcu-
lation.
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man, Phys. Rev. 116, 287 (1959}.



F ERMI SURF AC E 0 F Li 3 Y POSITRON ANNIHILATION 393

l2-

gy IO-

lK

8c
O
O

a3 Q 'I)a

~ o
N +0

~ (110)
o (100)
a (II I)

~o -4
Og ig

- 4b~
4a

aa~ o ~A
o gy~
o~

aN
k

oo o+~oo
~o

k

LITHI VM

'~

Resolu tion

O
0

CL y

a

ha

a - &o-
I ~wS a-I" =o~+o=+I&"- ~"

2 4
Angle Between Photons in Milliradians

FlG. 2. The angular-correlation curves for lithium after subtraction of the background due to annihilations with core electrons, and
folding about O'. The dashed lines through the points represent a visual fit to the data.

the wave function for a conduction electron has the k space. The distribution of the s component of K be-
form comes, after inserting the expression (6) for p",

4'~=4'~ —Z(4'~ 4.)4".

N(K, ) Q ~
ao(K+6) ~'dK, dK„, (8)

In this expression pl„ the so-called "smooth part" of
the wave function has the form

&~=geo(k) expLi(k —G) rj. (6)

In general the sum extends over several vectors of the
reciprocal lattice. The second term in (5) is a linear
combination of core states, p„and accurately de-
scribes the rapid oscillations of P~ inside the core. Since
the positron is effectively excluded from the core by
the Coulomb repulsion' it will "sample" only the
smooth part of P', . Outside the core the amplitude of

P+ is approximately constant. The photon momentum
distribution can thus be written approximately as

u(K) =Z
crystal

2

yg exp( —zK r)d'r . (7)

the summation extending over all occupied states in

"See, for example, calculations af S. Berko and J. S. Plaskett,
Phys. Rev, 112, 1877 (1958).

if K+6 lies inside the Fermi surface. For other values
of K+G, X(K,) =0.

If p~ contained only one term, ao exp( —zk r), the
Fermi surface would be spherical and X(K,) would
have the form

Ã(K.) 1—Kz./k', , 0&K,&k„

oc 0,

which is a parabola. This is the form of the measured
distribution for sodium. " Since the data of Fig. 2 in-
dicate that the Fermi surface of lithium is only slightly
distorted, it will be assumed that p" can be written in

"Because the annihilation probability is slightly velocity-
dependent, the angular-correlation curves for sodium are not quite
parabolic. This effect is also present in lithium, but does not affect
the statements made in this paper. This velocity dependence is
discussed in the following paper. A short discussion may be found
in Ref. 6.
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IO

ccuy ied sta, tes
) ao(k) (zdkJr„.

3
%k8=-
me

( I I 0)J.
e,

FrG. 3. The areas of cross sections through the Fermi surface
normal to the three principal directions as calculated from the
model discussed in the text. The model parameters were fixed
bv setting the calcu1ated areas at 0' equal to the measured count-
ing rates, The calculated areas at 0' correspond to extremal areas
through the Fermi surface as obtained in this experiment.
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This quantity, or some integral multiple of it, must be
added to the calculated areas for some values of 0,
and subtracted at other values. Since the geometry
becomes rather involved, only the results will be given
here. These results are shown in Fig. 4, in which the
loss in counting rate due to the HMC is plotted versus
0. It can be seen from this graph that, roughly speaking
the effect of the HMC for the [100] and L111]direc-
tions is to decrease the measured counting rate in the
range 2—4 mrad and to increase the counting rate in
the range 4—6 mrad. For the $110] direction, the

the almost-free-electron approximation as

Qy=ap exp(zk r)+ao expLi(k —6) r], (10)

6 being the reciprocal lattice vector normal to the zone
boundary nearest the point k. If an electron in the
state k annihilates, the resulting photon pair will have
momentum fzk or fz(k-G), with relative probabilities

The amplitude ao was calculated from the equation"
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ao = (2zrzV/fz') tzao/E' (K—6) '] — (11)

for an energy gap V=3eV. (See for example Refs. 13
and 14.) Table I gives several values of ao obtained
in this manner, assuming that

~
ao ~'+

~
ao ~'=1. Al-

though the value of ~ is quite large near the Fermi
radius kj, its value diminishes rapidly as the distance
from the zone boundary increases. Therefore, only a
few states near the zone boundary will contain an
appreciable higher-momentum component. For this
reason, most of the annihilations are normal processes,
and only a few percent of the photons arise from um-

klapp annihilations and have momentum fz(k+6).

Tax,z I. Amplitude of HMC.

k,/kg

1.0
0.9
0.8
0.7

O. i40
0.065
0.035
0.025

'~N. F. Mott and H. Jones, The Theory of the Properties of
Metals aed Alloys (Oxford University Press, New York, 1936),"F S. Ham, &Phys. Rev. 128, 82 (1962) ."F.S. Ham, Phys. Rev. 128, 2524 (1962).

—.03—

0 I 2
J J

3 4 5 6 7
8

FIG. 4. The amount hA shown above must be subtracted from
the calculated areas of Fig. 3 for comparison with the measured
counting rates.

effect of the HMC is to decrease the counting rate in
the range 1—3 mrad. However, the decrease should be
only about 1% of the maximum counting rate, which
is approximately the same as the experimental error
of the measurements. Therefore, the effect of the HMC
on the j 110]measurements can be considered negligible.
The HMC should also produce a small bump in the
j110]angular correlation curve at about 6 mrad. Again
however, the expected increase is within the experi-
mental error.

One circumstance makes it possible to determine the
model parameters independently of a consideration
of the effects of the HMC or of the enhancement effect
discussed in a succeeding paper. In the neighborhood
of E,=O, the photon pairs with momentum Ak and
fz(k —6) have the same s component of momentum.
For this reason, the HMC produce no net effect near
0 . The measured distribution at this point, therefore,
should be directly proportional to the extremal areas
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of slices through the Fermi surface. The model param-
eters can thus be chosen so that these areas "fit"
the measured results at O'. The measured counting
rates at 0' can be compared directly with Ham's cal-
culation of the extremal areas for the three principal
directions. Ham obtained the values""

kQQ 1o023kf )

whereas we obtain

kgpp =0.973kf, kgb =0.983kf,

(Aur Auo/Ano=0. 036,

(Ago A no) /Aug —0.017.

These values compare favorably with our results of
0.045&0.012 and 0.020&0.012, respectively. For the
values of the principal radii Ham obtains

[111]measurements should reach a maximum at~~5
mrad, which is appreciably greater than ef, (4.33 mrad),
and also outside the portion of the angular correlation
curve most strongly affected by the fJnite angular
resolution of the experiment. A careful study of Fig.
1 indicates that the measured counting rate for the
[111] direction is consistently higher than for the
other two directions, which lends support to the argu-
ments given above. The "statistics" for measurements
in this region are poor, however, so that many more
measurements should be made before a direct meas-
urement of the eRects of the HMC can be said to
have been made. The measurements also indicate a
slight bump near 6 mrad for the [110] curve, but
again the effect is of about the same size as the statis-
tical error.

kup —1.04k kggy~kgpp =0.99kf.
V. CONCLUSIONS

Therefore, using our model we obtain somewhat sharper
bumps than Ham predicts.

The shape of a slice through the bump in the [110]
direction, as obtained from the model with the prin-
cipal radii listed above, is shown in Fig. 5. The ratio
kF/kr is plotted as a function of the angular distance
from the [110]direction. The variation of kr, in two
separate planes is shown. In the interval from the origin
(45'} to zero, kp lies in the plane containing the [110]
and [100]directions. In the interval from 0' to 90', k~
lies in the plane containing the [110],[111],and [001]
directions. From this graph it is easy to visualize the
shape of the Fermi surface of lithium as obtained by
this analysis of these experiments.

Possibility of Direct Observation of HMC

The results shown in Fig. 4 indicate that the con-
tribution of the HMC to the counting rate for the
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FIG. 5. The radius of the Fermi surface in various directions
as computed from our phenomonological model. The estimated
accuracy is about 1-,'/& in kp

The principal conclusions derived from this experi-
ment are as follows:

(1) The Fermi surface of lithium is anisotropic,
kno being about 5% greater than kazoo

(2) The Fermi surface does not touch zone boun-
dary in the [110]direction, unless it does so by a very
thin "neck".

(3) The Fermi surface and energy bands calcula-
ted by Ham are in agreement with these results which
are estimated to be accurate to about 1-', % in kf.

Some of the assumptions made in analyzing the re-
sults of this experiment can be verified only by com-
plete calculations of f~, P+, and the energy as a func-
tion of k. Such a calculation has been made by Meln-
gailis, "who calculated the band structure and the posi-
tron-annihilation results by a pseudopotential tech-
nique. He not only calculated the twelve nearest [110]
orthogonalized-plane-wave (OPW) coefficients more
accurately than were done here but in addition the next
six [200] OPW terms and the positron wave functions.
It is satisfying that his work is in substantial agreement
with our simpler, more approximate, calculations and
especially pleasing that both calculations fit the data
reasonably well.
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