
PHVSICAL REVIEW VOI. UMK 164, NUMBER j. 5 DECEMBER l967

Molar Volume, CoefBuent of Thermal Expansion, and Related
Properties of Li(luid He' under Pressure*
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(Received 24 July 1967)

From measurements of the dielectrjc constant, we have determined the molar volunm of liquid He4 along
various isobars in the region 1.25 to 4.2'K and 0.5 to 28 atm. Tables of molar volume, thermal expansion co-
CKcient 0,~, entropy of compression, and isobaric change in the isothermal compressibility are presented for
this region. Values of T'g, I'q, and V'g are presented. Particular emphasis was put on the form of the expansion
cocSclent near the ) transition. %'e have found that the O,g singularity is logarithmic over the range of
2&10 s to 10~ 'K displacement from the transition, and. from the data that lead to this conclusion, we
have been able to calculate various other properties of the Quid near the transition, These results are com-
pared with those of other experiments wherever possibl.

I. INTRODUCTION

E have made R detailed investigation of thc molar
volume of liquid He4 along various isobars be-

twecQ 1.25 axld 4.2 K, RDd, fI'GID the I'csults of this
lnvcstlgatlon wc have obtained thc therlnal cxpanslon
coefficient, er ——I/ V (r)V/8T) r, and thermodynamically
related properties. In this study we have put particular
emphasis on the region near the X transition, and on the
behavior of ar as

~
T—Ti, ( decreases to 10 "K.Similar

research has been done by several @corkers' ' along the
vaporization curve with considerable resolution near the
) point, and o.p has been obtained by Grilly and Millss

along certain isobars near the melting curve but with
hmited, resolution near the P transition. Ke have im-

proved on this work by R factor of 40 or more in
tcITlpcraturc resolution) Rnd have IDRdc thc 6rst system"
atic study of the variation of e~ with pressure in this
temper Rtux'c I'ange.

M01RI' volulncs arc of fuDdRIDcntRl lmportaDcc lD

obtaining an equation of sta, te for He'. The fact that the
DlolRr vol~c decreases with lncreaslng tcIDpcraturc
(nr &0) over the entire range of our data below the )~

line and, for part of the range above it, is most unusual
Rnd thcI'cfolc %'orth studying ln detail. IQ addition, Such
an lsobRllc Study ylcMs a pRrtlculally sensltlve %'ay of
calculating changes in the isothermal compressibility,
Aky2 %'1th tcIQpcraturcq Rnd of CRlculRtlng thc cntI'opy
of compression. Our results of V Rnd of 0.~, and our
calculations of Skag kr(T) kr(To)——and S.,—o=5(T,P)

5(T,I'svp) are pr—esented in the first part of the
I'csults scctloD„Rnd Rlc compared %'lth cxistlng dRta
where possible.

Our study was undertaken primarily to deterlnine the
DRturc of thc X transltlon at clcvRtcd prcssuI'cs. This

~This research has been supported by the National Science
Foundation.
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requires quite high x'csolutloQ lD the Independent vaI'l"

Rbles) slncc pI'cvlous studlcs near thc trRQsltlon have Rll

sho%'D thRt thc various pI'opcl ties chRDgc rapidly.
FaiIbank, Buckingham, and Kellers' ~ have shown that
the singularity in the specific heat of the liquid under its
sRtuI'Rtcd vRpox' ls logRl lthInlc ovcI' R %'ldc I"Rngc.

Zhcrlnodynamlc l"clRtlons lndlcRtc that, A~ Rnd C~
ought to display the same limiting behavior at Ty. The
thermal expansion 0.~ is Inore readily measurable at
elevated pressures because the experiment, unlike that
of Cp, does not involve thermal isolation from R bath.
This lsolRtloQ ls dlQlcult to Rchlcvc bccausc of thc heat
leak through the pressure-transmitting capillary. Hence
lt %'as dccldcd to make R systcmRtlc study of 0!Js close
to the transition hne.

A by-pI'oduct of this I'cscRI'ch ls R QC%' detcrmlnatlon
of the X line in which particular care has been taken to
dctcx'IQ1Qc the liIQiting slope Rt, thc 10%'cl tI'lplc point, '

and we present the results of this determination ex-
pressed as Pi(T) and Vq (T).We present our expansion-
coeKcient results close to the transition at the various
px'cssuI'cs whcx'c %'c have taken high-resohltlon data.
I rom these results we have calculated by various means
the spcci6c lmat Cp, thc compressibility coeQlcicnt kg,
and the pressure coefficient (c)P/c) T) r . All of these data
are presented in the second section of results along with
a dlscusslon- of lntcI'QRl conslstcncy Rnd R coIDparlson
with the results of previous workers. In general the
agreement is quite good so that our results Inay be taken
as giving a valid description of the shape of the volume
surface Dear the X line. Some of the results have already
been reported in more concise form elsewhere. s

s W. M. Fairbank„M. J. Buckingham, and C. F. Kellers, in
Proceedings oj the Eijth Imtereatiomak Conf+ gece ms L,os-TemPe a-
Abt'e Ih'rrf$$cs @st ChefÃ$sA'p~ 3f&gsomi g $$coN$$N) 1957r cdltcd by
J. R. Dilhngcr (University of Wisconsin Press, Madison, 1958),
p. 50~ C. F. Kcllcrs» thcsisr Duke University 1960 (unpublished).' M. J. Buckingham and %'. M. Fairbanks, in I'roy ess jw Iom-
Temperutlre Physics, edited by C. J. Gortcr (North-HoBand
Publishing Company, Amsterdam, 1960), Vol. III, p. 80.

s D. L. KhveH and H. Meyer, IIluH. Am. Phys. Soc. 1I, 175
(1966);D. I.Klwell and H. Mcycr in Proceedings of the Tenth
International Conference on Low-Temperature Physics, Moscow,
1966 (unpublished). In this report, the height of the mercury
column measuring the vapor pressure of Hc' for calibration eras
erroneously not corrected to the height at O'C and therefore the
temper'aturc scale ls about 1.7 mdcg K too high near 2 K.
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II. APPARATUS AND EXPERIMENTAL
PROCEDURE

We have determined the molar volume of liquid He'
by measuring the dielectric constant of a small sample
of the liquid. This sample was contained in a capacitor
which was part of an I.C tank circuit, the resonance of
which determined the frequency of a tunnel-diode
oscillator. This circuit has been discussed previously,
where it was shown that

=&( o/ )'+&L( o/ )'—&j}L&+&9')3 ' (&)

where e is the dielectric constant of the sample, v and vo

are the frequencies of the circuit with and without
samp1e, respectively, and E and B(I') are terms which
correct for, respectively, part of the capacitive space
being unavailable to the sample and pressure distortion
of the capacitor. The molar volume V was then de-
termined from the dielectric constant by using the
Clausius-Mosotti relation

(c—1) 4m. A&

(a+2) 3 Vf
(2)

A fundamental assumption that has been made in this
work is that the molar polarizability 3 is a constant
which we have taken to have the value' 0.1230. The
justification for this assumption lies in the excellent

' C. Boghosian, H. Meyer, and J. E. Rives, Phys, Rev. 146, 110
(19~~).

FIG. 1. Schematic diagram of the density cell and He4 pot for
the temperature range between 4.2 and 1.25'K. The vacuum
jacket is surrounded by liquid He' at 4.2'K.

agreement of the density data with the pycnometric
data of Edeskuty and Sherman, " as will be described
later.

The apparatus is very similar to those that have been
described in detail elsewhere, ' and is only discussed
brieRy here. " The heart of the cryostat is shown
schematically in Fig. 1. It is an improvement over
an original version in that the oscillator elements were
close together (electrically as well as mechanically) and
rigidly mounted with respect to each other so that the
frequency was very stable. The operating frequency was
about 14 MHz and did. not change by more than ~0.2
Hz over periods of about 1 h, as long as temperature and
pressure were heM constant. This made it possible to
detect volume changes as small as 1 part in 10'. This in
turn made it meaningful to approach the X line to a
resolution of about 10 p, 'K, since the molar volume
changes by about 1 part in 10' in an interval of this size
near the transition. The thermometers were yp-W Allen
Bradley carbon resistors, attached as shown in Fig. 1.
A 110-0 resistor attached to the capacitor was the main
thermometer, while a 64-0 resistor attached to the
capacitor was used for work below 1.6'K, and a 64-0
resistor attached to the pot was used to detect the
presence of thermal gradients introduced by the sample
in the superQuid phase. Resistances were measured on
an ac Wheatstone bridge at a power level of about 10 '
% dissipated in the resistor; at 2.2'K this gave a resolu-
tion of about 5 p, 'K on the main thermometer. The
signal from the bridge was amplified and fed into a
phase-sensitive detector, and this detector in turn fed a
dc signal to a chart recorder to give a continuous display
of the temperature change.

The sample pressure was held constant to &0.1 mm of

Hg throughout a pressure run. The absolute accuracy to
which the pressure was known varied with the mea-
suring device. It was +0.2 mm Hg for pressures up to
1 atm, where a mercury manometer was used. In runs I
and II a bourdon gauge was used with a pressure
resolution of +0.05 atm. In run III, a Heise bourdon

gauge with a resolution of about +0.01 atm was used.
Both Bourdon gauges were calibrated against a dead
weight tester and were accurate to the resolution to
which they could be read. Hysteresis of the gauges was
found to be negligible. The external pressure control
system was connected to the sample capacitor by a
0.010-in. i.d. stainless-steel capillary that had an 0.008-
in. wire in it between a thermal anchor at 4.2 K and
the He4 pot. This reduced the heat influx along the
pressure line considerably but, for pressures below

1 atm lead to a small lag (2 or 3 sec) between pressure
adjustment and frequency equilibrium. Thus there was

"F.J. Edeskuty and R. H. Sherman, in I'roceedings of the Fifth
International Conference on Iom Temperature Physics, Madison,
Wisconsin, 1957, edited by J, R. Dillinger (University of Wiscon-
sin Press, Madison, 1958), p. 102.

"A detailed description of the apparatus and tabulation of all
the results can be found in the Ph. D. thesis by D. I.. Elwell, Duke
University, 1967 (unpublished).
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somewhat more scatter in the high resolution data at
low pressures than elsewhere.

Resistance and sample frequency were recorded auto-
matically on IBM punch cards. The 14 MHz signal was

amplified and mixed with a 10-MHz standard (from the
counter) and the resultant beat frequency was counted
on a Hewlett-Packard 5245L solid-state sealer. The
reading of this counter fed on command directly to the
key punch. Resistance values were read both as dial
settings on the standard decade box which was one arm
of the Wheatstone bridge, and as the voltage imbalance
from the phase-sensitive detector. This recording system
was designed and built by Dr. J. Jarvis of this labora-
tory and has been described by him in detail elsewhere. "

At the beginning of an experimental run the empty-
cell frequency of the oscillator and the resistance of the
thermometers were measured as a function of the vapor
pressure of the He4 in the pot and thus of temperature
on the T~8 scale. The resistance calibration showed a
scatter of &0.5 mdeg, and in addition there was a small
drift in the resistance of the thermometers over periods
of several days which introduced other uncertainties, so
that we estimate the total uncertainty in the absolute
temperature to be &1 mdeg on the T;8 scale. The
empty-cell frequency calibration scattered by about
~2 Hz. Additional shifts as large as &50 Hz (over a
total range of 400 Hz) were often induced by shaking
the apparatus while filling the helium pot and were
compensated for by maintaining reference points at
various pressures. It should be noted that these shifts
were avoided during the data-taking periods, and there-
fore the high-resolution data were not affected.

Once helium was introduced into the density cell, the
calibration constants in Eq. (1) were determined from
a 6tting of our frequency results to the densities given
by Lounasmaa" along the 1.75'K isotherm. The un-
certainty in Lounasmaa's data and hence in the absolute
value at our molar volumes was estimated to be about
0.1% Relative values along a given isobar are of
course known to a much greater precision. After cali-
bration of the apparatus, volume measurements were
made at constant pressure over the whole temperature
range available to us, and in this process the approxi-
mate location of the transition was determined. Suc-
cessively higher resolution passes were then made over
decreasing intervals of temperature both while warming
and cooling the density cell through the transition. The
last three to five such passes wouM cover an interval of
about 2 mdeg and take around 2 h with readings punched
every 20 sec. The data for one such pass at 13 atm are
shown in Fig. 2, and we emphasize that most of the
other passes were parallel and of similar quality. We
take this parallelism to indicate that thermal equi-
librium was maintained in the sample. This is of course
important, because even a small disequilibrium would

"J.F. Jarvis, thesis, Duke University, 1967 (unpublished)."0. V. I ounasmaa, cryogenics 1, 1 (1961).
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Fio. 2. High-resolution data at 13.0 atm in the neighborhood of
the X transition.

III. RESULTS AND DISCUSSION

For convenience we divide this section into two parts;
the first one gives our data over the broad temperature
range and a comparison with other such data, and the

smear the transition badly. The cell was particularly
suitable from this point of view, since the sample was
always within 0.05 mm of a copper wall and since there
was a large surface-to-volume ratio and heat could be
exchanged rapidly. A further potential source of
broadening was the hydrostatic pressure head in the
sample. However the 1-cm height of our sample corre-
sponded to a shift in Tz of only about 10 ~'K and since
this was considerably less than the available resolution
it did not e6ect the validity of the results.

Finally, the raw data were converted by computer,
without smoothing or fitting, into molar volume-versus-
temperature points, and these were plotted on large
graphs. Curves were drawn through the data by hand
and slopes obtained graphically. In this way we have
avoided prejudicing the shape of the o'& singularity in
favor of any particular mathematical form and consider
that the data we present in the next section give a good
representation of the equation of state near the
transition.
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Fxo. 3. Relative difference of the molar volumes measured by
Kdeskuty and Sherman' {Uzs) and by the present authors {VzM).
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25 atm.

second one gives the detailed results near the transition
and a comparison with relevant work.
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A. The Broad Range: 1.25 to 4.2'K

Our molar-volume results are presented at standard
temperatures in Table I for all the isobars that we have
studied. These values were obtained from curves drawn
through the data by hand and the scatter was no more
than 0.001 cm'/mole even though the data were always
taken in two long passes, 6rst cooling and then warming,
and frequently were taken on more than one day. It is
because of this high relative accuracy along a given
isobar that we have chosen to present the data without
smoothing them, which would otherwise have removed a
signi6cant 6gure. This signi6cant figure, however, is in
relative accuracy; absolute values are known only to
&0.1%. It is particularly interesting that along suc-
cessively higher isobars the decrease of V with increasing
T below T~ becomes considerably greater, and the dis-
placement of the volume minimum from Tq becomes
larger, while the subsequent increase of V with T be-
comes smaller. We have compared our results at 0.996,
10.01, and 24.93 atm with those of Edeskuty and
Sherman" (corrected by —0.3%) at 1, 10 and 25 atm,
respectively. The relative difference, (Vms —VsM)/VEM,
is plotted in Fig. 3. Corrections for the slight pressure
differences do not effect the points noticeably. There is
a slight systematic difference between the two sets of
data but it does not exceed the combined uncertainties
so that the results are basically in agreement. Also there
is agreement between our results at 1.3'K and those
of Boghosian and Meyer'4 to within the combined
uncertainties.

The n~ results are given in Table II at regular tem-
peratures for the various isobars. The estimated error
is 3% or 0.3&&10 I'K ', whichever is greater. Figure 4
shows a comparison of the various results at low tem-
peratures. There is also reasonable agreement with the

"C. Boghosian and H. Meyer, Phys. Rev. 152, 200 {1966};
164, 205(E) (1967).



TABLE III. Entropy of compression of liquid He (mJ/g'K). For explanation for those isotherms that pass through Tz, see text.

20

1.30
1.40
1.50
1.60
1.70
1.80
1.90
2.00
2.10
2.20
2.30
2.40
2.50
2.70
3.00
3.20
3.50
3.80
4.00

0.60
1.27
1.92
2.71
3.62
4.81
6.33
8.65

12.4—7.77—17.3—20.9—24.2—30.1—34.4—37.4—38.3—32.4—22.8

1.51
2.88
4.33
6.15
8.25

10.9
14.5
19.6
29.3—15.9—33.4—41.6—48.8—61.2—74.5—85.2—100.5—112.3—126.8

5.67
9.56

13.9
19.7
27.8
35.4
47.6
63.5

102.4—39.0—73.6—94.0—110.4—136.6—170.1—196—236—278—325

16.1
25.4
36.3
51.1
70.0
93.8

126.0
174.5

0—74.0—126.7—160.1—187—229—284—325—388—456—522

30,0
46.0
65.8
92.3

127.6
174.1
241.1

0—10.65—107.25—171—212—247—300—370—420—497—581—656

47 4
71.3

103.4
144.5
204.0
284.0
418.0

17.2—32.4—140.3—210—258—298—359—438
-495—583—678—758

64.7
96.0

140.8
197.2
284.0
409.0

0
7.7—53.5—166.9—240—293

—335
-400
—486—547—641—742—827

69.7
102.9
151.5
212.0
308.0
449 0

1.39
4.05—59.02—173.53—248—301—334—410

-497
—559—655—757—842

0 ~ ~

396.0
0—1.59—8.75—76.3—193—270—325—370—438—530—594—693—799—887

results of Grilly and Mills' although for the 1.3 and,

1.4'K points they give values somewhat below our
curves. On the other hand, while there is better than
order-of-magnitude agreement with Mills and Sydoriak"
there is a basic difference in that the slope of their
isotherm would seem to decrease monotonically with
pressure while our isotherms show an initial decrease
followed by an increase at high pressures. The only
comment that we mould make on this is that our form
is consistent with results along isotherms that pass
through the X line and hence must have a negative

singularity. Finally, while we do not give their points,
our results extrapolate quite well to the vapor-pressure
results of Kerr and Taylor4 and of Atkins and Edwards. '

%e have calculated the entropy of compression from
our data by graphically determining areas for

P BV
S(T,P) $(T,Po) =—— —gP.

Po

These values are given in Table III, where it should be
noted that I'0 is the saturated vapor pressure except for
those regions that can not be reached along isotherms
without crossing the P line. In this last case Po is the
lowest pressure above the transition for which data are
given. The uncertainties in the integration probably
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-l 8

QP(atm) 1
T('K)X

10 20

1.30
1,40
1.50
1.60
1.70
1.80
1.90

0
0.49
1.12
1.98
3,14
4.'10

6.87

0
0.36
0.85
1.53
2.46
3,10
5.33

0
0.28
0.68
1.25
2.05
3.26
S.25

0
0.28
0.69
1,31
2.21
3.55
S.96

0
0.31
0.79
1,47
2.48
4.03
6.90

0
0.39
0.97
1.88
3.46
6.34

(12.5)

0
0.68
1.70
3.43
6.41

12.84
1.8'2

Txm.x IV. The change of compressibihty with temperature at
standard pressures (10 ' atm '). The values given are ky —ki.3 K
for T &T~ (ordinary numerals), and kz —k2. 2'z for T&Tq (italic
numerals). Values in parentheses are considered uncertain.

1 1

lG l5 20 25
P (atm )

FIG. 4. Thermal expansion coeKcient of He4 along the 1.30,
1.40, and 1.50'K isotherms. The closed symbols are the present
results, the corresponding open symbols are the results of Mills
and Sydoriak (Ref. 15). The diamonds are the results of Grilly
and Mills (Ref. 5), given at 24 atm at these same temperatures.
The stars are the results of Boghosian and Meyer (Ref. 14) at
130 K.

"R.L. Mills and S. G. Sydoriak, Ann. Phys. (N. Y.) 34, 276
(1965}.
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using graphical integration. Our results are given in
Table IV, where TO=1.3'K for T&Tq and To——2.2'K
for T&Tq. The chief value of such data is that the
method used in obtaining them is sensitive to small
changes along the isobars that otherwise would be
calculated as the difference between large numbers. The
only systematic direct calculations of k& throughout this
region are those of Grilly. ' We have obtained kz at
2.2'K directly from our data and the agreement is
within 3% except at 1 atm, where our values are about
5% smaller. This is reasonable agreement, since the
spacing of the isobars along which we have taken data
is not particularly suited for making such calculations.
Grilly's results show some internal inconsistency along
the isobars. Our data show the systematic variation of
kz along these isobars.

Finally it should be mentioned that the velocity of
sound calculated from the compressibility data at 1.3'K
(tabulated in Table V) under the assumption that the
isothermal compressibility can be substituted for the
isentropic compressibility, is in excellent agreement
with the values observed by Atkins and Stasior. "

TABLE V. The compressibility kz at standard
pressures'(10 ' atm ').

atm) 1 3 5 10 15 20 25

lead to an error of about 3%. In Fig. 5 we show the
relative difference between our calculated results and
those determined by Van den Meijdenberg et al."from
fountain-effect work. The agreement is within the com-
bined uncertainties except at 2.0'K, where their results
are considerably larger than ours. This may be due to
experimental difhculties they encountered near the

transition. Our results agree well with those of
Boghosian and Meyer" at 1.3'K, their values being
between 1 and 3% above ours. Finally, we find that the
entropy results of Wiebes and Kramers" give values for
the entropy of compression that are 10 to 25% above our
results, giving a disagreement that is greater than the
combined uncertainties.

We have also calculated changes in the isothermal
compressibility along various isobars from

Brri )
Akr= — ——

~
dT,,, aP)r

TABLE VI. Py, Ty, and Vg for liquid He'.

P
(atm)

0.493~0.005
2.70+0.05

13.00+0.05

T
(oK)

2.1685
2.1455
2.0215

V
cm' /mole

Run I
27.20
26.48
24.24

0.0497
0.0524
0.0548
0.0792
0.0924
0.1050
0.1398
0.1588
8.00+0.05

20.10+0.05
27.10~0.05

0.494
0.996
5.06&0.01

10.01~0.01
15.01+0.01
17.97+0.01
22.08%0.01
24.93+0.01
28.00+0.01

2.17312
2.17309
2.17308
2.17288
2.17277
2.17263
2.17233
2.17214
2.0865
1.9225
1.8085

2.1675
2.1635
2.1205
2.0615
1.9955
1.9535
1.8905
1.8455
1.7935

Run II
27.3730 (lower triple point)
27.3725
27.3710
27.3618
27.3557
27.3516
27.3373
27.3294
25.12
23.22
22.45

Run III
27.22
27.03
25.81
24.74
23.90
23.47
22.96
22.65
22.32

B. The Temperature Range Close to the Transition

As we have noted, the X transition is characterized by
a discontinuity in the slope of the molar volume-versus-
temperature curve (Fig. 2). We have thus determined
values of Tq and V), as a function of pressure Pq and we
give these values in Table VI. The carbon thermometers
were recalibrated for each of the three runs which were
separated by intervals of several months. Since the
calibration accuracy was about &1 mdeg, the different
runs are consistent with one another only to this
amount. The low-pressure region was investigated with
particular care. A number of passes below 0.16 atm
were made within a period of 20 h in order to avoid the
effects of thermometer drift. The best straight-line fit to
these data yields a limiting slope (dP/dT)q, = —114+1
atm/'K and the slight curvature of the points indicates
that the true limit may have a somewhat greater value.

1.30
2.20

11.1 10.2 9.0
12.3 10.0 7.37

7.24 5.93 5.18 4.58
6.63 6.19 5.27 4.38

"C. J.Van den Meijdenberg, K. %.Taconis, and R. De Bruyn
Ouboter, Physica 27, 197 (1961)."J.Wiebes and H. C. Kramers, Phys. Letters 4, 298 (1963);in
ProceeCings of the ninth International Conference on Low-Tempera-
ture Physics, Collmbgs, Ohio, 1964, edited by J. G. Daunt, D. O.
Edwards, F. J. Milford, and M, Yaqub (Plenum Press, Inc. , New
York, 1965), p. 258; (private communication, 1966).

xs E. R. Grilly, Phys. Rev. 149, 97 (1966).
K. R. Atkins and R. A. Stasior, Can. J. Phys. 31, 1156

(1953).

FIG. 5. The relative differ-
ence between the entropy of
compression results of Van den
Mejdenberg et al. (Ref. 16)
(8S~) and those of this paper
(ASE).
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We have found that the relation

Pg (atm) =0.0497—64.6X"4'+120X, (5)

where X= Tq(SVP) —Tq(P) and T&, (SVP) = 2.173 12'K,
is an excellent fit to all our data. This equation indi-
cates that the limiting slope is —120 atm/'K. Since the
slope according to Eq. (5) varies strongly very close to
the lower triple point, this limiting slope is probably
too high. More data within 0.5 m'K of the triple point
will clarify this question. The temperature of the lower
X point is about 1 mdeg K higher than that listed in
the He4 1058 vapor-pressure tables, but this difference
is still within the limits of the calibration uncertainty
and does not affect noticeably the slopes of the thermo-
dynamic quantities along the X line (Ta,ble VII).
Kierstead" has recently completed an article on the
A. line in which he presents new determinations of his

IT-TJ In'K

FIG. 6. Logarithmic plot of ag (in deg ') at 13 atm close to the
transition. The numerical data for the points at all pressures are
available in tabulated form in the Ph. D. thesis of Elwell (Ref.
11).The dashed line is drawn parallel to the lower solid line.
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own of the shape of the transition line and in which he
reviews the work of other authors including our data
presented elsewhere' and here. Therefore we confine
our discussion to a few comments on the current state
of knowledge. In general there is good agreement (to
within 1 mdeg) on the location of the transition at
all pressures, so that except in the low-pressure limit
where (dP/dT) q is changing rapidly there is basic agree-
ment on the pressure derivative of the transition.
Kierstead has taken the most extensive data of any
of the investigators below 3 atm down to the upper
limit of our high-resolution data, and we feel that in
this range his data are most to be relied on. However,
our high-resolution data at very low pressures indicate
that the limiting slope is somewhat greater in magnitude
than the value he obtains. Because of this, we prefer our
simpler form, Eq. (5) excluding perhaps the portion
within 0.5 m'K of the low'er triple point. We have found
no such simple relation that gives a satisfactory fit to
the molar volume curve, but we have found that the
straight-line value for the slope at low pressures is
45.5~0.5 cm'/mole 'K, and this is in excellent agree-
ment with the va, lue of 47.6 cm'/mole calculated by
Barmatz. "

A representative plot of the thermal expansion coefB-
cient data is shown in Fig. 6. Here the 13-atm data are
plotted as a function of

~
T Tq

~

on a sem—ilogarithmic

1.800
1.850
1.900
1.950
2.000
2.050
2.100
2.150
2.160
2.170
2.172
2.173

(dI'/d T) 7,

atm/'K

—58.5—61.5—65.2—67.4—72.5—77.0—85.0—94.6—100K
-108.
—iii~
—114b
—120a

(d V/dT),
cm'/mole deg

6.10
6.58
7.54
9.1

11.1
13.8
18.9
29.7
35.6
42.5
44.0
45.5b

a From the fit to Eq. (S).
b From linear fit to the points of Run II in Table VI.

20 H. A. Kierstead, Phys. Rev. (to be published).

TAIII,E VII. Temperature derivatives of the P line.
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FIG. 7. The parameters A and D (in deg ') of the logarithmic
plot for nz as a function of density along the transition and com-
parison with results of other authors at saturated vapor pressure.

Barmatz, thesis, University of California, 1966 (un-
published).
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FxG. 8. The A' and D' parameters (in deg ') for the logarithmic
expression of the specific heat.

scale. It should be noted that these results extend an
order of magnitude closer to the transition than previous
data at saturated vapor pressure. This is due in part to
the improved density resolution of the apparatus. How-

ever, as has been noted, pressure equilibrium times are
more favorable at pressures above 1 atm so that our low-

pressure data are not of as high quality as that shown in
Fig. 6 and are of comparable resolution to the vapor-
pressure work. '—'

We have analyzed our data in terms of a logarithmic
singularity in temperature displacement from T), .

np ——ai iogts~ T—T, ~+Di T)T,
&P +II Iogls~ T TX

~
+DII T+ TX

for 10 ') ~T TI~)2 10 "K. —(6)

I,ounasmaa and Kojo" along the X line and the present
results for (dP/d T)&„Vi„and nI, we have obtained the
results shown in Fig. 8. The validity of this estimate of
CI extends of course only over the range of the n~ data.
We note that the change in slope is relatively much less
than that for the o.p coeKcients. This is because the in-
crease of the n~ coeKcients with pressure is compensated
for by the corresponding decrease of (dP/dT)I and we
note that the increase in the C~ parameters at low
pressures is due to the strong increase of the slope of the
P line. Our calculations give results that extrapolate
reasonably well to the experimental results of Kellers
(Fig. II).

It is now of interest to check the consistency of our
data with other recent results at elevated pressures. Our
values of Vz(T) and of the coefFicients of ni given by the
lines in Fig. 7 in e6ect completely dehne the volume
surface near the X line. Thus we may calculate (by
numerical interpolation on a computer) V at any point
between 10 ' and 10 "K separation the ) line and in
particular may determine the shapes of the isochores
and isotherms in this interval. Thus, while there are

5
AIN

It is apparent from Fig. 6 that Ai/Azz. The various
coeKcients for these equations for the data at each
pressure are plotted in Fig. 7 as a function of the density
along the X line. In all cases the fit to the data is good
until ~T T&, I =10 "K. —As can be seen, the slope
parameters increase sharply at higher densities. On a
plot of A versus pressure this increase is more linear.
The low-pressure results are in reasonable agreement
with the vapor-pressure results of Chase et ul. ' and Kerr
and Taylor4 with our uncertainty corresponding roughly
to the difference between their values.

The specific heat Cp may be calculated from our data
in a region close to the transition by means of the
relation

I

8-

-12
1

IO I5 20
p&(atm )

I +
25 30

where 3= T—T~ at constant pressure. We assume that
over the range 10 ')

~

T T&, I the slope (BS/BT)&—
= (d5/d T)I, and by using the entropy data of

FIG. 9. Parameters A"' and D"' (in atm deg ) for a logarithmic
6t to the slope (BP/BT}r. Black circles and squares: present
results. Open triangles: Lounasmaa and Kaunisto (Ref. 23);
open circles and squares: Lounasmaa {Ref. 25), + Kierstead
(Ref. 24).

"O. V. Lounasmaa and E. Kojo, Ann. Acad. Sci. Fennicae
Ser. AVI, No. 36 (1959).



254 D. L. ELKELL AND H. MEYER

Hej

IO5

FIG. 10. Comparison of the calculated (BP/BT) z at 13 atm with
that measured by Lounasmaa. Solid lines: Logarithmic fit by
Lounasmaa. Open circles: experimental points of Lounasmaa
(Ref. 25). Closed circles: experimental points of Lounasmaa and
Kaunisto (Ref. 23). Dashed lines: (BP/BT)i as calculated from
our data by interpolation.

no other results on the expansion coefficient, we are
able to compare our work with data on the pressure
coe%cient and the isothermal compressibility. It should
be noted that such calculations are limited only by the
accuracy of our results and the uncertainty of inter-
polation, and do not depend in any may on thermo-
dynamic approximations. Turning first to the isochores,
we note that although the pressure coefficient (r)I'/r)T) v
must remain finite, our calculations of the isochores
yield results that can be represented by a logarithmic
expression over the interval of

~

T Ti,
~

from 10 ' to—

10 "K.Thus it is convenient to express the results of
our calculations in terms of the same parameters as have
been used for n~ and C~. These are shown in Fig. 9,
along with the previous experimental results of various
authors. The early results of Lounasmaa and Kaunisto"
had a limiting resolution of only 10 "K; thus, as has
been pointed out by Lounasmaa, they did not succeed
in obtaining the limiting form of the singularity, and
therefore the disagreement with our values, which is
pronounced in the He II region, is not significant. We
consider that the agreement with Kierstead'4 is generally
gratifying but that his results indicate that AI'" is
increasing more rapidly at high pressures than our
calculations indicate. His data are apparently very good
and extend down to a resolution of 2&(10 "K. The
agreement with Lounasmaa's parameters" at 13.0 atm
is not so good, and in order to assess the difference
we have plotted our calculated values directly on
Lounasmaa's data in Fig. 10. While our results are not
the best fit to his data, they do fall within most of the

"O.V. Lounasmaa and L. Kaunisto, Ann. Acad. Sci. Fennicae
Ser. AVI, No. 59 (1960).

'4 H. A. Kierstead, Phys. Rev. 153, 258 (1967).
'~ O. V. Lounasmaa, Phys. Rev. 130, 847 (1963).
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E'IG. 11. The parameters A" and D" (in atm ) for the loga-
rithmic fit to kz. Circles are for T)T)„squares are for T&'Ty.
Black circles and squares: present direct calculations from experi-
ment; circles and squares with dot: cylindrical approximation
calculations; open. circles and squares: Grilly (Ref. 18).

error bars that he gives, and therefore we conclude that
the agreement is reasonable. There are no experimental
results below 8 atm so that our calculated results must
stand in this area.

Similar calculations along various isotherms yield
values for the compressibility, and these values are
given in Fig. 11 in terms of the parameters of a loga-
rithmic singularity. The range over which our calcula-
tions are valid is from roughly 10 ' to 1 atm on each side
of the transition. It will be noted that there is con-
siderable scatter in the calculated points. This is
presumably due to difficulties in the calculation which
arise because the singularity appears as a small change
in a large quantity. The same difficulties arise in the
experimental work. Kierstead'4 has obtained very good
resolution of the transition in his work near the melting
curve. We have plotted the equations he presents for
ky and find that the results thus obtained are increasing
more rapidly than a logarithmic singularity. Grilly" has
obtained results of moderate resolution at a number of
temperatures and while he does not present these
directly in the form we are using, we have been able to
estimate the values of the parameters that fit his data.
These values are also shown in Fig. 11, and considering
both the scatter of the points and the fact that the
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comparison had to be rather indirect, we 6nd that the
agreement is excellent.

It is also possible to calculate the isothermal com-
pressibility from our expansion-coefficient data by using
the thermodynamic relation

BT p 8T~ g 8T

We have calculated kz from this expression for the re-
gion 10 '( ~P Pq~ (—1 atm by using the cylindrical
approximation" and these points are also shown in
Fig. 11. It is apparent that while the new intercept
parameters are in good agreement with the other values,
the slope parameters are not. In particular the cylin-
drical approximation indicates that the two logarithmic
branches are close to being parallel. This is the conse-
quence of the two branches of 0,& being nearly parallel
and the form of the approximation used. Since there is
this disagreement we conclude that the conditions
required for the cylindrical approximation to be valid
have not been fulfilled. It should be noted that ac-
cording to our first calculations, A~~" is greater than
zero at low pressures. This means only that the mini-
mum in ky along the isobars is closer to the transition
than 10 ' atm. Thus the limiting form of the com-
pressibility has not been reached and the cylindrical
approximation can not be valid under these conditions.

Some of the anomalies of certain properties are shown
in Fig. 12. The k~ minima along the isotherms and along
the isobars and the minima of the isobaric molar volume
are presented in a I'-T diagram. The locus of o,J =0 is
also the locus of entropy maxima, in virtue of a Maxwell
relation. It is interesting to note the gradual widening of
the separation of the curves from the X line as the
pressure increases. The np=0 curve becomes roughly
parallel to the P line above about 20 atm.

25

P
(atm)

l5

l0 HeI

1.5 2.0
T('K)

2.5

FIG. 12. The P-T phase diagram of He4 close to the X line. Black
circles: locus of a&=0 (present results); X:locus of 0,&=0 LGrilly
and Mills (Ref. 5)]. Open circles: kr minima along the isotherms
PGrilly (Ref. 18)). Black squares: kr minima along the isohars
(present results). Solid line: g line

other thermodynamic properties of the Quid. In par-
ticular we have made a detailed study of the isobaric
coefficient of thermal expansion to within about 2.10 "K
of the P line. This coeKcient can be represented for
all pressures in terms of a logarithmic singularity
which becomes steeper as the pressure is increased.
This conclusion is reached at least for the interval
10 '~&~ T Tq~ &~ 2X10 '.—The derivative (r)P/r)T) yean
also be expressed in terms of a logarithmic singularity
over this range of

~

T T&, ~, although —it is clear that this
relationship cannot hold at the X line. The derivatives
(BP/BT)tr as well as kr are in agreement with all
available direct measurements. On the other hand, we
have attempted to use the cylindrical approximation for
calculating kz and have found that it does not give
satisfactory results over the range of temperature dis-
placement down to 10 "K.

IV. CONCLUSION

We have presented and examined molar volume data
for liquid He4 and have used them to calculate various

"A. B. Pippard, The Ftements of Ctassicat Thermodynamics
(Cambridge University Press, Cambridge, England, 1957),
Chap. IX.

ACKNOWLEDGMENTS

We are indebted to Dr. John Jarvis for making avail-
able his automatic data recording system and his advice
on electronics. We are also indebted to Dr. Charles
Boghosian for making available the regulated pressure
system.


