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Classi6cation of Particle Multipletsa
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In the present paper we observe that in considering how particle states transform under Q=QPT one
cannot neglect internal symmetries, since 0 changes the signs of all conserved internal additive quantum
numbers; and that, furthermore, if a physical theory admits a parity symmetry (P, this symmetry may also,
like 0, effect an automorphism on the group of internal symmetries, as does, for example, QP, the correct
parity operator in the presence of weak interactions. We find all types of particle multiplets for massive
particles that are compatible with local deld theory, particle multiplets being defined as the irreducible
corepresentations of the group obtained by extending the internal symmetry group by (P and 0. Of the
thirteen types that exist, only three occur in the various approximation schemes that are at present used to
describe nature. The reason for the nonappearance of the other types is not to be found in the usual postu-
lates of local 6eld theory, because Lagrangian 6eld-theoretical examples of all thirteen types do exist and
are given.

I. INTRODUCTION

~~~NE of the most striking features of elementary
particle physics is the existence of exact and ap-

proximate internal symmetry operations, such as those
generated by baryon number and isotopic spin, which
commute with all elements of the connected quantum
mechanical Poincarb group. These internal symmetry
operations also commute with the antilinear operator
8, traditionally called CI'T, which is guaranteed by a
very general theorem' of elementary particle physics
to be an exact symmetry. However, it is at present no
longer possible to suppose that internal symmetries
also commute with space and time reQections since
the discovery that it is CI', rather than I', which is
(at least approximately') conserved in weak interac-
tions and which shouM properly be called the space
reRection operator.

Michel' has proposed that, in general, the geometrical
symmetry group may not be a subgroup of the quan-
tum-mechanical synunetry group (the group of ttll

transformations which leave the Lagrangian invariant),
but is obtained instead as the factor group of the full

symmetry group by an invariant subgroup. This idea
Gods its application in a recent work by Lee and Wick, '
who classify all minimal extensions (to be described
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below) of the full internal symmetry group G by
parity operator P.

In the present work we give a complete classiGcation
of the 13 types of particle multiplets, corresponding to
irreducible corepresentations' of the group E, made by
minimal extension of the group of internal symmetries
G by a parity operator 6' and the CI'T operator e.
It is not necessary to adjoin an independent time-
reversal operator 1' since it may be de6neds by V'=(PO.
This classiGcation is made in terms of the properties of
the irreducible representations of the group G, assumed
known, and the extension of G by (P which is given.
Starting from an irreducible representation of G of
given dimensionality or particle multiplicity, it will be
found that adjunction of 6' may or may not double
the multiplicity and adjunction of 6 may or may
not further double the multiplicity. Complete criteria
for determining these alternatives, explicit formulas
for the corepresentations, and illustrative examples are
given. Our results also include u fortiori the case of
theories, which one might wish to consider, that admit
of no parity symmetry and, hence, no time reversal.
The adjunction problem is then simpler since only 8
is adjoined, instead of both (P and e.

As a simple example of the classification given here,
consider some internal symmetry group G and adjoin
only e. One of the three possible types of corepresenta-
tion of the resulting group is what may be called a
self-conjugate particle multiplet. It occurs if and only
if the irreducible representation D'(g) of G, which
corresponds to the multiplet, is equivalent to a real
representation D.e., one in which the elements of the
matrices D'(g) are realj, in which case 8 acts within
the multiplet; otherwise, the application of 8 to any
state of the multiplet produces a state outside the
multiplet. If the internal group is the isotopic spin

«Corepresentations are described by E. P. Wigner, GroNp
Theory arid its App/icatiorls to the QNaetlm 3fechaeics of Atomic
Spectre (Academic Press Inc., ¹wYork, 1959), Ch. 26. They
occur when one considers transformations of basis vectors in a
vector space under a group that includes both linear and anti-
linear operators.
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group G= SU(2,C), the real representations correspond
to integral isotopic spin, and there can be no self-
conjugate multiplets of isotopic spin ~. This particular
result has been noted recently and thought to be a
consequence of locality. ' Actually, it is found here to
depend on locality only to the extent that the CPT
theorem is valid and thus holds also in a CPT-invariant
S-matrix theory. ' The first recognition of a degeneracy,
which we now attribute to an invariance generated by
an antilinear operator, dates back to Kramer's 1930
article, ' and the classification of the three types of co-
representation obtained by adjoining an antilinear oper-
ator to a group of linear operators appears in Wigner's
1932 article on time inversion. The new content of the
present article is the classiGcation of the 1.3 types of
irreducible corepresentations obtained by adjoining
both a parity operator of the type discussed by Lee
and Wick' and an antilinear CPT operator 6 with
8'= (—1)»

Let us now turn our attention to the groups whose
corepresentations we will find in the following sections.
The complete quantum mechanical group of particle
physics includes:

(1) Unitary operators representing the quantum-
mechanical connected Poincarh group P+t. Its elements
are given by (tt,A), where tt is a real 4 vector and
AQSI. (Z,C) with the multiplication law (its,As)(a»Ai)
= (as+A(As)tti, AsAr), where the Lorentz transforma-
tion A(A) is specified by a"+sr a'=A(a'+tr a)A) for
tt'= A(A)u. Its irreducible unitary representations have
been found by Wigner. "We will be concerned here only
with the irreducible unitary representations correspond-
ing to positive mass. A similar analysis could also be
eGected for the case of zero mass, but this will not be
done here.

(2) The antiunitary CPT operator 8, whose multipli-
cation law with (a,A) is given by 8(a,A)8 '= (—a, A).
Here and eIsewhere in the article we will use the same
symbol for the group element and the operator in
Hilbert space corresponding to it. We consider here
only the type occurring in Geld theory' where 8 is an

antilinear operator satisfying"

C~=a (1.2)

This important property of 6 was stated and proven
in Ref. 5. Alternatively, it may be proven, following
Jost's proof of the CPT theorem in Ref. 1, by noting
that because g commutes with the real Lorentz trans-
formations it also commutes with their analytic con-
tinuation, the complex Lorentz transformations, and
hence with 8. (In general, (P or T' do not commute
with g.") If g is an element of a Lie group in the neigh-
borhood of the identity and generated by the Hermitian
operator F, so that g= 1+t'eF, we find from the anti-
linearity of 8 and Eq. (1.2)

Consequently 0 changes the sign of all internal additive
quantum numbers, and hence carries every state into
its antiparticle state.

(4) A parity operator (P, either as an exact or ap-
proximate symmetry. Its commutation relations with
(u,A) and 8 are

tP(a, A)O '= (a',~„A*~„),

where (its', a')= (ae, —a) and a„ is the antisymmetric
Pauli spin matrix) and' "

(P8O '= (—1)»8. (1 3)

The commutation relations of (P with g are speciGed
only to the extent that

(Pg6 '=F g+G (1.4)

We use (—1)'i as a shorthand notation for the element
of P+t specified by (tt,A) = (0, —1).It is also an element
of the internal symmetry group corresponding to a
rotation through 2x.

(3) Unitary operators g making up the full interns, l
symmetry group G, assumed compact. Its irreducible
representations will be labeled D'(g). The elements g
commute with (tt,A), and with 8:

is a given automorphism'4 Ii of G, and

(1.5)(P'= f+G,
where f is a fixed point of the automorphism F,

(1.6)/Pf(P '=F.f=f.
From V'= (P8 and Eqs. (1.2)—(1.5) we find

9g9 i=(P8g8 i(P i=(pg(P i

ol
V'gT' '=F g

~ In the traditional formulation which has separate C, P, and
T operators, whose product CPT=e commutes with g, P and
T cannot both commute with all g since C does not."F 'exists and (P gi)(& gi)=F (gigs). .
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ever, more recently, O. Steinman (Phys. Letters 258, 234
(1967)g has independently recognized that this result depends
only on the CPT theorem.

e H. Stapp, Phys. Rev. 125, 2139 (1962) and High Energy-
Physics and Elementary Particles, Trieste Lectnres (IAEA, Vienna,
1965).
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~ Other types may be considered (E. P. %igner in Ref. 4) and

analyzed along the lines given below. A classification of the
representations of the Poincarb group including space and time
reQections is given by signer in Refs. 4 and 11.The modifications
which arise when the internal symmetries exist have not been
considered, however.
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c7 2 (P8(P8 ( 1)2j(P282 (P2

(1.8)

In order to classify particle multiplets, it is su6icient
to study the little group of the 4-vector po= (m, 0,0,0),
namely the group of all operators (apart from space-
time translations) which leave the particle a,t rest.
These include A =I+SU(2,C) (the quantum mechani-
cal rotation group), g&G, 6', 8, and their products.
In the rest frame, the rotations I are represented by

I
I j~)=2 D'.,(I) I j ),

where the D&'(u) are irreducible representations of
SU(2,C) of dimension 2j+1. Now because g and 6'

conunute with e and D&(N) is irreducible, their repre-
sentatives D(g) and D(6') are scalar matrices in spin
space. However, even though O also commutes with
e, it is not diagonal in spin space, but reverses the
direction of all spins, as is known. This occurs because
it is antilinear, so that from ON =NO its representative
D(8) satisfies

D(8)DJ*(N) =D&(N)D(8).

Eq. (1.3) or (1.12) is replaced by

(PQOQ
——Op(PQ p

by virtue of the antilinearity of Oo, and

6'o'= fo

(1.15)

(1.16)

replaces Eq. (1.5). Equations (1.4) and (1.6) remain
unchanged,

Instead of

6'og6'o '=& gCG,

6'ofo6'o '=F fo= fo

9 =6'8,

(1.17)

(1.18)

we also introduce for notational completeness

As a further convenience, which will give the same
form to representations for particles of integral and
half-integral spin (hereafter called tensor and spinor
particles, respectively) by eliminating factors of (—1)'&,
we introduce on the manifold of one-partic1e states the
operator 6'o, instead of 6', dined by

(1.13)

where fT=1 for tensor partic1es and a-=i for spinor
particles. Using

f.=—(-1)"fCG, (1.14)

It is convenient at this point to introduce instead of
O the antilinear operator Oo dedned by which satisfies

&o= 6'o8o, (1.20)

O '=1
gOQ=Oog,

6'8o6 '= (—1)"8o.

(1.10)

(1.12)

The introduction of OQ instead of 8 recalls the intro-
duction, in the case of the isospin group, of isoparity
or g parity, Q=C exp( —in.T„), instead of the charge-
conjugation operator C. Like O, OQ changes the sign of
all internal additive quantum numbers. One may, in
fact, introduce for arbitrary momentum y a correspond-
ing operator B„which is a scalar in spin space.

8,=8 exp( —in J„)= exp( —im-J„)8,

which in the usual basis is a scalar in spin space. This
is easily proven by verifying that the matrix D(8o)
commutes with all D'(I):
D&'(N)D(8o) =D&(N)D&Lexp( —in o „/2))D(8)

=D ~ (-'-,)jD(8)=D(8)D L-(-'-,)3
=D(8)D&t No( io „)*j—=D(8)D'(s*( ir„)j-
=D (8)D&L (—io „)N$=D(8)D&'(—io „)D&'(I)

=D(8o)D&(N) .

Consequently, in order to obtain the multiplet struc-
ture one may suppress all spin and momentum varia-
bles, because g (P„and Oo leave the particle et rest,
and their representatives are scalar matrices in spin
space. Equations (1.1)—(1.3) for 8 are replaced by

1'=6'o8o6'o8o=6'o'8, '= 6','= f, , (1.21a)

VogVo '=6'o8og8o '6'o '=6'og6'o '=F.g (1.21b)

Equations (1.10), (1.11), (1.15)—(1.18), and (1.21) de-
fine the minimal extension of G by P„8„and by g",.

The new operators O'Q and OQ have been de6ned to
act on the manifoM of one-particle states. If one were
to apply them to the fields, they would be found to
act nonlocally. However it will be found that when
the fields are conjugated with 6' and O, and after the
space-time transformation properties of the fields are
taken into account (e.g., after multiplication by yo or
yo), the fields become multiplied by the representatives
of (PQ and OQ.

The main concern of the present article will be to
find all irreducible corepresentations D"(k) of the group

&= jk) = (G, G6'o, G8o, GEo=G6'o8o) (1.22)

in terms of the irreducible representations D'(g) of the
group G of all internal symmetry operators g. This
will be done in two steps. In Sec. II we first Gnd all
irreducible representations D'(Io) of the group

&=(&)=(G G6'o), (1.23)

which is the extension of G by O'Q. Secondly, in Sec.
III, we similarly find all irreducible corepresentations"

~~ This second step is actuaIIy eGected in Ref. 6. However, we
repeat it here briefly for notational completeness and by a slightly
simpler method.
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D"(k) of the group E,
E= (k}= {H,H60}, (1.24)

which is the orthonormal basis for D'(g):

gl~~)=Z D'0-(g)I~P& (2.4)

viewed as the extension of H by the antilinear operator
00. Then in Sec. IV the two steps are combined to
yield the D"(k) in terms of D'(g). There turn out to be
13 types of irreducible corepresentations D"(k}. They
are displayed together in Table IV„which summarizes
the principal results of the present investigation. In
Sec. V our results are compared with previous analyses,
and in particular a general discussion of the charge-
conjugation operator C is given. The last section is
devoted to illustrative examples from Lagrangian leld
theory. This is done by exhibiting I.agrangians which
admit a certain internal symmetry group and possibly
a parity operation. The group formed by these opera-
tors and the CI'T operator transforms sets of multiple
component fields in a manner which can be put in
direct correspondence with the corepresentations studied
in Secs. III and. IV. Observe that the transformation
laws of the 6elds, e.g. under parity, are not preassigned
to them, but are instead determined by the Lagrangian.
Consequently, in constructing Geld theoretic examples,
our main task is to devise suitable interaction I.agrang-
ians, which force particular transformation laws upon
the 6elds.

All of our results are summarized in Tables I-VIII.

II. IRREDUCIBLE REPRESENTATIONS OF
PARITY AND INTERNAL

SYMMETRY GROUP

We seek the irreducible representations D'(h) of the
group H=(h}=(G,G(P0}. It will be found that they
are expressible in terms of the irreducible representa-
tions D'(g) of G, assumed known. Since h= g or I2= gg0,
we consequently must obtain D'(g) and D'(g(P0). How-
ever, from the condition that D'(12) be a representation,
we have D'(g(P0) =D'(g)D'(1 (P0) for 1&G, and hence it
is clearly sufficient to specify, D'(g) and D'(1 F0), which
we shall write as D'(P0}. The equations that are
required, are (1.16)—(1.18), which we reproduce here:

and now replace g by Ii 'g, where I ' is the inverse
automorphism to F. One Gnds

g6'0l~~&=Z D'~-(F 'g)~0I2P& (2.5)

Consequently, the (P0Isn& form a basis for the repre-
sentation D'(F 'g), which is obviously unitary and
irreducible because D'(g) is, and F 'G=G. Th—ere are
now two possibilities: Either D'(F 'g) is equ-ivalent
to D'(g), which we write as D'(F 'g) D'(g) and.
designate as cs,se A„or D'(F 'g) is ine-quivalent to
D'(g), D'(F 'g) n—ot D'(g), case 8,

We consider first case A, and let F, ' be the unitary"
matrix which sects the equivalence,

D (F 1g)=-F De(g)P (2.6)

This matrix, which depends on the automorphism Ii
induced by 6'0 and on the representation s, is unique up
to a phase factor since if F,' also satisfies Eq. (2.6),
then F, 'F,' commutes with all D'(g) and must be a
constant times the identity. This constant is a phase
factor because E, and I',' are unitary. %e have further
that

De(F—2.g) F 1Ds(F 1 .g)F F ——2Ds(g)—F 2

=D (~.-g~")=D (f.-gf.)
= (D') '(fo)D'(g)D'(fo) (2.7)

by Eqs (2.1) and (2.2). By the argument given above,
F.' and D'(f0) differ at most by a phase factor. We
now choose the arbitrary phase factor in I', so that

P 2 —DN(f ) (2.8)

Multiply this equation on the left by {po..

+og(~&&= +Og+0 +0(Sa&

=F g+ l~ &=2 D'2-(g)&oI~P&,

6'Og(PO '= I" .g,

+0 =f0)

a'ofo$'0 '=F f0= fo

(2 1)

(2 2)

Only the sign of I', remains undetermined. Vfe will see
that this sign may be regarded as the intrinsic parity
of a multiplet.

Let us return to Eq. (2.5) and write

Since G is a subgroup of H, every representation
D'(6) is also a representation D'(g) of G. The group G
is compact, by assumption, so a basis may be chosen
such that D'(g) is completely reduced:

D'(g) =Q OD'(g),

where D'(g) is an irreducible unitary representation of
G. Let us concentrate our attention on the set (sn),

g+0I~~&=Z tjF 'D'(g)F l~-+0I2&&

gL~0Z F. '~-I2V&3

-» 0-(g}t:6'.Z F.-',sl »j. (2.9)
P 'y

'f1 Reference 6, Chap. 9. We vriH again and again make use of
the simple theorems given in this chapter.
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This shows that the orthonomal basis vectors

su), —= (P, P I' v. Isp)

also transform according to the irreducible representa-
tion D'(g) and hence'r

(spl sn)i —Xo (—r, (2.11)

where X is a constant independent of n, and IXI &1
since the vectors are normalized. We next show that
with the choice of phase of Eq. (2.8), X is real. From
Eqs. (2.10) and (2.11) we have

(spl(P, lsn&=u,
The complex conjugate of this equation yields

[(spl (P lsu&jp=x*z, *p ——X*P, '
s

= (sa I(Pp
—'IsP)

=(snl (Pp(Pp I sp&=(sn I (Ppfp I sp)

=2 (sul (Pp
I
sv&D'. s(fo ')

=P (sul (Pplsy)P. '„p

by Eqs. (2.2) and (2.8). Hence

(snl(Polsp)=X*P, p,

and upon interchanging n and p we find

(spl(P, I su) =)*z,,
Consequently we find X=X~, so X is real and —1&3«1.

Consider the possibility X=~1. In this case, by
Eqs. (2.10) and (2.11),

(Ppg P „ lsy&=+Isu),

TAnrz I. Irreducible representations D'()s) of the group EE

~(G,G(Pp), where (Pp 'g(Pp=F 'g and (Pps= fp+G. The elements
g of G are linear operators as is (Pp.

Types 1 and 2
DI(F 1.g)

—P -1Ds(g)P
P 2-De{fp)

Type 3
D'(F-'g) not D'(g)

D'(g) =D'(g)

D'((Pp) =&P.

The matrix I', is fixed by Eqs. (2.6) and (2.8). This
result is recorded in Table I, the two signs in Eq.
(2.13) corresponding respectively to cases 1 and 2.

There remains to be examined the situation when
—1&X&1.Let us introduce a new set of basis vectors
Isa)i defined by

I
su)i= X

I sn&+ (1—X')'~'
I sn&~. (2.14)

Multiplying this equation by 6'0 and solving for
(Ppl sn), one obtains

(Po
I su&, = (1—X')—"'(Q P,—',.(Pps

I
sn& —

)%, (Pp
I su&}.

By virtue of Eqs. (2.2) and (2.8), we have

(Pplsa), = (1—X') '~'{Q P,~ Isu)

—XQ P,» fhlsy)+(1 —X')'"lsn&ig},

Because lsn)i and lsa) transform according to D*(g),
so does Isa)& Using . Eq. (2.11) one may easily verify
that the set of vectors (lsn), lsn), } form an ortho-
normal set. From Eqs. (2.10) and (2.14) we have

(Polsa&=Z I'~v~[) fsv&+(1 )()''Isy&ij. (2.15)

and hence,

(Polsu)= a+ I',s. I sp&.
where Eq. (2.15) has been used for the last term, and
hence

The sign alternative ~ could be absorbed into the
indeterminacy of sign of I'„. however, we retain this
notation as a reminder that either sign is possible.
Equation (2.12) shows that if X= +1, the operator (Pp

acts within the multiplet ls,n). Since the g already
acts irreducibly there, we have obtained, if X=~1, an
irreducible representation of II. It will be seen below
that the case —1&A,&1 may be reduced, by a change
of basis, to the present case and so in case A,

D'(F 'g) =I' 'D'(g)P, .

D'(0) is given by

(Po
I su), =Q E,„.[(1—)j.')'~s

I sn) —X
I sn),j. (2.16)

D((Po) =P,I
E(1—) s)~~s

(1—X')'"
(2.17a)—X

On the same basis the g are represented by

D(z)=D'(c)3(,) .

Equations (2.15) and (2.16) constitute a representa-
tion of (Pp in the orthonormal basis ( I sn), I sn), },

D'(g) =D'(g), D'((P) =+I', . (2.13)
This representation is easily reduced, the irreducible"Reference 6, p. 115.We will make frequent use of the theorem

for irreducible representation s, s': (sn(s'P) Xg„b S= components being given by Eq. (2.13). This completes



1964 B. ZUMINO AND D. ZWAgZ? GER.

the proof that in case A, all the irreducible representa-
tions are given by Eqs. (2.13).

The determination of the sign alternative in Eq.
(2.13) is an intrinsic property of the multiplet corre-
sponding to the irreducible representation D'(k) a,nd
is the generalization of the present case of the intrinsic
parity of a particle. To see this one must verify that
the diferent signs yield inequivalent representations.
Let us assume the contrary. Then there exists a matrix
U such that D'(g)=UD'(g)Ut and UP, Ut= P,. —
But, because D'(g) is irreducible, the erst equation
implies that U is a phase factor, The second equation
then reads I',= —P„which is a contradiction.

Let us turn to the second alternative, case 8, :
D'(F ' g) not D'(g). By Kq. (2.5) the vectors
(Pp~su) transform according to D'(F 'g), which is in-

equivalent to D'(g), so," (sa~(Pp~sP)=0, and hence the
set {~su), 6'p~sn)} forms an orthonormal basis. This
basis yields the representation D'(k) for case 8, :
D'(F'g), is n-ot D'(g),

D'(g)
D'(g) =

0

D'(F 'g)
(2.18)

0 D'(f)y
D'(6'p) =

0

It must be verified that this representation is ir-
reducible, for which it suffices to show that any matrix
M which commutes with D'(k) is a constant matrix. "
Let us write

of type A„D'(g) D'(F 'g) and the equivalence
transformation E, that we have introduced will coincide
with D'(g„) to within a phase factor. If case 8 holds,
then the representation D'(g) may be either in case
A, or case J3,. Equations (2.13) and (2.18) give all the
irreducible representations of the group H= {G,G6'p).
These are reproduced in Table I.

and
eoheo '=

eo2= i.

(31)

(3 2)

However, it is just as simple to consider the general
problem, and this will provide results that are useful
later. So let us replace ep by A in Eqs. (3.1) and (3.2)
and let

AhA '=E h, ,

A'= e+H,
where e is a fixed point of the automorphism E,

(3 3)

(3.4)

III. COREPRESENTATIONS WITH CI'T
CONJUGATION

This section follows the general method of the pre-
ceding section and, so as not to bore the reader, the
justification of certain statements will now occasionally
be omitted if it may be found after the corresponding
statement there. We seek the irreducible corepresenta-
tions D"(k) of the group E= {k)= {H,HOp) in a vector
space where k&H acts unitarily and ep antiunitarily.
Our immediate problem is not the most general problem
of extension by an antilinear operator, because, by Eq.
(1.10), (1.11), and (1.15),

so from MD'(g)=D'(g)M, one has

iiD'(g) MuD'(F 'g)

AeA '=E e=e.

We seek the irreducible corepresentations

D"(k) of the group E={k}={H,HA).

(3.5)

D'(g)Mgg D'(g)Mgp—,.„... ..„'- „.)
Hence, by Schur's lemma, " 3f»——M» ——0, and M»
=s~, M~2 ——s~, where s~ and s2 are scalar matrices, or

From the condition MD'(Pp) =D'((Pp)M, one easily
finds s~= s2, so M is a scalar matrix and the representa-
tion (2.18) is irreducible, as asserted.

Lee and Wick, in Ref. 5, classify the automorphism
induced in G by (Po according to whether it is inner
(namely, there exists a g~&G such that F g= g„gg~ '),
case A, or outer (there is no such g„), case B If case.
A holds, then every representation D'(g) of G will be

Because A acts antiunitarily, D"(k) constitutes a set
of unitary matrices which are a representation D (k)
of H and satisfy

D"(kA) =D"(k)D"(A), (3.6)

D"(k) D'-(k) = UD-(k) Ut, (3.9a)

then, because A is antilinear, one easily verihes that

D"(A) -+ D'"(A) = UD" (A) U~, (3.9b)

so that the representative of an antilinear operator
does not undergo a similarity transformation unless
U is real. We call a corepresentation irreducible if -it

D"(Ak) =D"(A)D"'(k), (3 7)

D"(A') =D"(A)D"*(A)=D"(e) . (3.8)

We observe that it is sufhcient to specify D"(k) and
D"(A). Furthermore, if a unitary change of basis U is
made such that
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cannot be brought into diagonal block form by a
transformation of the type (3.9).

Let the set ltn) be the orthonormal basis for the
irreducible representation D'(h) of H,

operator (Po. The upper and lower signs in Eq. (3.14)
will be designated as types 1 and 2, respectively.

Let us substitute Eq. (3.12) into Kq. (3.11):

hAltn&=p fA D'(h)A, j,.Altp)
hltn&=p D'e. (h) Itp).

Multiplication on the left by A yields

Ahltn)= (AhA ')A Itn&=Q D'*p (h)A I tp),

(3.10)
or

hfZA~ 'e-AI pt&3=2 D'v-(h)fZ A 'e.Altp&j (315&

Consequently, the orthonormal basis vectors

since A is antilinear. Upon replacing h by A 'hA
=E 'hCH, one 6nds

Itn&g—=p A,—'e.A Itp) (3.16)

hA
I tn) =P D'*e.(E-'h)A

I
tP). (3 11 ) also transform according to the irreducible representa-

tion D'(h) and hence'7

(tpl«&~=K (tplA Itv&A~
' -=»e- (3»)Consequently, AItn& forms a basis for the unitary

irreducible representation D'*(E 'h) of H.
Let us now explore the possibility that D'*(E 'h)
D'(h). Let A& be the unitary matrix, depending on

the automorphism induced by A and the representa-
tion $, which sects the equivalence

(tp I
A

I
tn&=@A „., (3.18)

D"(E 'h) =A 'D'(h)A

where X is independent of n and
I
X

I
&1.It will now be

shown from the antiunitarity of A that P vanishes for
(3 12) type 2 "We have

It is unique up to a phase factor. Upon writing E 'h
for h and taking complex conjugates, we have

D'(E-'h)=A)* 'D'*(E 'h)Ag*
=A ~ 'A 'D'(h)A A ~

and hence, using Eqs. (3.3) and (3.4),

D'(e 'he) = (D') '(e)D'(h)D'(e)
= (AgA(~) 'D'(h)(A)A(*)

(tPIAI«)= f(AtPIA'I«)j*

(where (Atpl is the bra corresponding to the ketA
I tp)),

= f(Atpl el tn&j*=p f(Atp le&D',.(e)g*,

by Eq. (3.4), so

ol

D'(h)D'(e)(A(A, ~) '=D'(e)(AgA(*) 'D"(h) =a+ (Ag,*)-'.,XA„e

XA,e.=aZ(A, '-'A A,).p= aZA, *-'.e= ~yA, e..

for all h. Because D'(h) constitutes an irreducible by Fqs (314) snd (318) or
representation, D'(e)(A~A~*) ' is a scalar matrix, and
in fact a phase factor since the matrices are unitary:

or
D'(e)(A, Ag*) '=g1

D (e) =&A,A,*; (3.13)

Let us now set h= e in Kq. (3.12). By Eq. (3.5) we And

D'*(e) =Ag 'D'(e)Ag,

which yields, when Eq. (3.13) is substituted into the
left- and right-hand members,

q*A g*A g Ag '(gA gA,*)A——( gA )*Ag——
A

I
tn&=Q A,e. I tp), (3.19)

Consequently, A. vanishes when the lower sign holds,
which is type 2.

%e next concentrate our attention in detail on type ].,
AQ,*=D'(e). The phase of A & has been arbitrary until
now, and it is convenient to choose it such that X in
Eqs. (3.17) and (3.18) is a real non-negative number,
0&X&1. If X=1, then by Eq. (317)~ ltn&~= ltn&, and
hence by Eq. (3.16),

and consequently A acts within the multiplet. Since
and so ~ ls real. Because lt ls also a Phase factor, the k acts irreducibly there, we have obtained, lf A=1

7

an irreducible representation of E. It will be seen

A A *=AD'(e) (3 14) below that the representation obtained when X& 1 may

This equation is the analog of Eq. (2.8) for the unitary 18 It is at this point that our method departs from Ref. 6,
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TAnzm II. Irreducible corepresentations D"(k) of the group X= {k}={B,H82}, where the "CPT"operator 8» is an antilinear operator
satisfying 82 'hB»=h, 822=1, snd P= {G,G/P»} is the group of linear operators obtained by extending the internal symmetry group G
by the parity operator /P». This table also gives the irreducible corepresentations of the group {G,GB»} if D (//) and 8& are replaced by
D'(g) and 8,.

T~c 1
D'*(h) =Bg 'D'(h)Bg
e,e,'= 1

D"(//) =D'(I/)

D.(8,) =8,

Type 2
D'*(k) =Bg 'D'(kl8»,

egest*= —~&

».»&=»&a»&(' )
»-(s.& =e,»(', ,')

Type 3
D'*(h) not~D'(k)

""'=( 'o"' »-'»)
D.&e.& = (', ,')

be reduced to the one obtained here, and so for type 1,

D&*(~'k)=A 2

—'D'(k)A/ and A (A 2'= D'(e), (3.20)

D"(k) is given by

D"(k)=D'(k) D"(A)=A/. (3.21)

The phase of D"(A) =A, may be changed by multiply-
ing all basis vectors by a common phase factor.

To deal with the possibility 0&X&1, we introduce
a new set of basis vectors («)2 defined by

(frr)i=A(«)+(1 —X')'"(«)r. (3.22)

Because of Eq. (3.17), the set of vectors ((tn), («)2}
forms an orthonormal basis. By Eq. (3.16) we have

This corepresentation is easily reduced by a real orthog-
onal transformation, whereby the representatives of
the unitary and antiunitary operators transform in the
same way, according to Eq. (3.9). The irreducible
components of the corepresentation are then found to
be of the form (3.21). This completes the discussion of
type 1.

We now return to type 2, A/A, *=—D'(e), for which,
as we have seen, the right-hand side of Eq. (3.17)
vanishes. Consequently the vectors

(I«), l«)i=2 A/ '/-A lfP)}

form an orthonormal set. We have

A («)=P A///. ( )&, (fP)+ (1—) ')'"(tP)r). (3.23) A(fn)=p A„.(fp), (3.26)

Multiplying this equation by A, and recalling that 3'= z
and that )&, is real, one obtains, using Eq. (3.20),

e(«)=p D&/. (e)(fp)=p(&p)(Ag, *),.
=g A;/2. L)~A (&P)+(1—Z2)'/2A (fP),j,

A
I «)i=2 A/ '*2 A2 (fp) =p A ~-'*/.e(fp)

=Z D' s(e)A *2.(fy)= —g(Ag, eA,*-i) .(&&)

Ol

g(fP)A„.=M(«)+(1—) )'/'A(f ),
A I~&)r= —2 A, // (]p) (3.27)

=) g A„.P(fP)+(1—) 2)'/2(fP), j
+ (1—)&.2)'/'A (to/)„

in which Eq. (3.23) has been used. Solving for A («)„
one obtains

A(».=Z A 2.((1-~')"'lfP)-) l/P).j. (3.24)
-()= '()(

/'1

1)* (3.29a)

Consequently, we Gnd for type 2,

D' (E-'k)=A&, 'D'(k)A& and A/A&* ———D'(s), (3.28)

that D"(k) is given by

—1
D"(A) =A, /3(Equations (3.23) and (3.24) yield the representative

of A,
(3.29b)

(1 )&2)1/2)

(3.25a)
X

D(A) =A,s
(1 ) 2)1/2

t1 0
D(k) =D'(k)

I

0

It must be vexined that this corepresentation is ir-
reducible. The representation D"(k) LEq. (3.29a)g of
the subgroup H is already completely reduced. VVe~ & . In this basis the h are repre-
may require that this representation of H remain

sented by invariant when attempting to reduce the full corepre-

(3 25b) sentation, according to Eq. (3.9), by a transformation
V. Using an argument similar to that which follows
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TAnzx III. Irreducible corepresentations D"(l) of the group I = {I)= {G)GV'o), with To 'gV o=F 'g, 1'oo= fo.
The elements g of G are linear operators; V'0 is antilinear.

Type 1
D'*(~'g) =T. 'D'(g)T.

T,T.*=D'( fo)

D"(g) =D'(g)

D (go)=T

Type 2
D'*(~'g) =T 'D*(g)T

T,T, = —D'(fo)

D (O=D'Or&o( ()
D"(T)=T,O(( )

Type 3
D'o(F 'g) not D'(g)

Kq. (2.25), one finds that U must be of the forln

~=18I
si

It is unitary and may also be required to be unimodular,
since if U is multiplied by a phase factor, this does not
aid in the attempted reduction, but only multiplies
D"(A) by a phase factor. Consequently it sulIices to
consider transformations of the form

in which Eq. (3.5) has been used, we find that the co-
representation D"(){:)for type 3,

is given by

D"(E-'h) not~D'(h) (3.31)

Do*(Z-'h))

D'(e)
D"(~)=

l

1 )

(3.32a)

(3.32b)

{f=18l
l l

l'+lp'l=1. (3.30)
p+ o(+J

'

However, as one may easily verify, D"(A), given by
Kq. (3.29b), remains invariant when transformed with
this U according to Eq. (3.9b). Consequently the co-
representation (3.29) is irreducible. It is interesting to
note the curious phenomenon that the basis vectors of
the corepresentation (3.29) may be subjected to the
transformation (3.30) and the corepresentation remains
invariant. The particle multiplet which forms the repre-
sentation space of D"(k) has twice the dimensionality
of that of the multiplet corresponding to D'(tt), even
though there is no quantum number which distinguishes
between

l ter) and l«)l=Pt) A( 'p A ItP).
Finally we consider the remaining possibility,

D'*(E 'lo) not D'(to) which we call type 3. In this
case, because the vectors of the sets {l te) }and {2l tn)}
transform, by virtue of Eq. (3.11), according to in-
equivalent representations, they are orthogonal and
consequently form an orthonormal set when taken
together. From 8 ltn)= (2 ltn)) and

A(A it+))=A'l«)=el«)=p D's. ( )ltpe),

D *(h)=e;D (t)e, (3.34)

e,e,*=a|. (3.35)

Because 6& is unitary, the upper or lower signs imply
that 6& is symmetric or antisymmetric. The result of
the substitutions (3.33) is recorded in Table II.

As a second application of the theory of corepresenta-
tions, Table II may also be used for the irreducible
corepresentations of the group {G,Gep} obtained by
extending the internal symmetry group 6 by eo. This
group will be the full symmetry group (apart from P+t)
in theories without parity invariance; otherwise it is a
particular subgroup of E={G,G(Pp, Gep, G(Ppep}. To be
consistent with the notation used elsewhere in the
present paper, one should replace

D'(h) and 8( by D'(g) and 8, (3.36)

for the corepresentations of {G,Gep}. Equations (3.34)
and (3.35) then become

D (g)=e-D'(g)e
e,e,~=a|,

(3.37)

(3.38)

and 8, is syznmetric or antisymmetric. A canonical
form for e, is given in Sec. V. We note that the three
types of corepresentation of Table II correspond re-

One may easily verify, using the arguments given below
Eq. (3.29), that this corepresentation is irreducible.

The three types of irreducible corepresentations of
the group obtained by extending any group of linear
operators H by any antilinear operator A are given
respectively by Eqs. (3.21), (3.29), and (3.32). We
now apply this result by identifying the abstract group
B and operator A with some physical groups and.
operators. Let H be the group of all internal sym-
metries extended by parity, H={G,G(Pp}, and let A
be the CI'T operator 60. Then the desired irreducible
corepresentation D"(){,) of E={H,EMp} in terms of
the irreducible representations D'(tt) of II are obtained
from these equations by the substitutions

A~e„A, ~e„E-~ h~h,
e~1, D'(e)~1, (3.33)

by virtue of Eqs. (3.1) and (3.2). Equations (3.12)
and (3.14) become, respectively,
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spectively to D'(h) or D'(g) being potentially real,
pseudoreal, or complex, " the matrix 8& or 8, being
respectively symmetric, antisymmetric, or nonexistent
in the three cases.

A final application is to let H=G, the group of
internal symmetries, and let A = V o, the "time-reversal"
operator. The irreducible corepresentations D"(l) of
the group 1-={G,GV'0} in terms of the irreducible
representations D'(g) of G, are obtained from Eqs.
(3.21), (3.29), and (3.32) by the substitutions, justified
by Eqs. (1.21),

A 9;, A, T„h g, D'(h) D'(g),
e-+ fo E 'h~F 'g (3.39)

as e6ected in Table III.

We must find out under what conditions Eq. (4.6)
holds for these types of representation. Prom Eqs.
(4.6a) and (4.8) we find that 8, must satisfy

D"(g) =8, 'D—'(g)0, (4.11)

This is recognized as the criterion for the type of
corepresentation of the group {G,GOO}, obtained by
extending the internal symmetry group by 8o. These
corepresentations are obtained from Table II by the
substitution H~G, h —+g, D'(h) ~D'(g), 0~ —&0,.
We observe that if the representation D'(g) is complex,
then no 8, exists, and hence no 8& exists. The form of
the representation D"(k) is then given by substituting
Eq. (4.8) for D'(h) into the entry for case 3 in Table II:

Ooheo '=h, (4 1)

IV. EXTENSION OF INTERNAL SYMMETRY
SY PARITY AND ccCPT))

In the last section we found and classified the irre-
ducible corepresentations D"(k), given in Table III, of
the group E={k}= {H,HOO} obtained as the extension
of II by 8o satisfying

D"(g) =!
rD'(g)

!
D*(g)]

'

D"((Po) =+!

1
D"(0 )=!

(4.12a)

(4.12b)

(4.12c)

8o2= 1. (4.2)
which also gives

The type of corepresentation D"(k) depends on the
existence and symmetry or antisymmetry of a matrix
0,, satisfying, for each irreducible representation D (h)
of H,

p.
~ ~(4.12d)

D"(h)=B 'D'(h)0 (4 3)

Ke now apply this criterion to the representations
D'(h), given in Table I, of the group H= {G,G(Po}.
Equations (4.1) and (4.3) are respectively equivalent to

and to

00 'geo= g,

8o '6'o8o= +o,

D *(g)=0;D'(g)e„

(4 5)

(4.6a)

D~*(o,)=0;&D~(6,)e, . (4.6b)

We will express the corepresentations D"(k) in terms of
the irreducible representations D'(g) of G.

We first consider representations D'(h) of types 1
and 2 for which

One may easily verify that the two possible sign
determinations in Eq. (4.12b) correspond to inequiva-
lent representations, by combining the argument which
follows Eq. (2.17) with the proof that the representa-
tion (3.32) is irreducible. These two corepresentations
appear as entries 9 and 10 in Table IV.

Let us now consider the alternative possibility,
namely that D'(g) is potentially real or pseudoreal, "
so that a unique solution (up to a phase factor) to
Eq. (4.11) exists, and hence if there is a 0„ it is given
by

8,=8, .

The remaining condition that 8& must satisfy is Eq.
(4.6b), and so, by Eq. (4.8), 0, will exist, and be given
by 8„if 8, satisfies

D'(~ 'g) =&. 'D'(g)&. ,

so that D'(h) is given by

(4.7) E,*=8,-~P,e, . (4 13)

vrhere

and

D'(g) =D'( ), D'(+o) =+&.,

I""'g= 0 'g+0, +0'= foEG, (4.9)

This condition may be expressed in another way. Let
us substitute F 'g for g in Eq. (4.11), then, with 0,
written for 8&, we have

D"(z-'g) =e D (p-'g)e, =e z D (g)z,e„
P2 Ds(f) (41O) where use has been made of Eq. (4.7). If we set

"See, for example, Ref, 6, pp, 285—288. Usual convention
designates aur 8, by C '. (4.14)
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TABLE IV. Irreducible corepresentations of the group E= {k}= {G,G(PS,Geo,GTo}, where To= (Po8o, (Po 'glPS=F 'g,
(Po'= fo+G, eo 'geo=g, eo'=1, eo '6'oeo= (Po, g+G and (Po are linear operators, 8o is antilinear.

D*(E 'g) =P 'D'(g)P
D *(g)=e -&D (g)e,I' =D'(fo)

T,—P,O,
D'*(g) =9. 'D'(g)O

D'(F 'g) not D'(g)

epee*= 1
T T =D'(fo)

D"(g) =D'(g)

D"(6,) =+P,

D.(e,)=e,

Types 1, 2

e,e,*=—1
T,T,*= Ds(fo)—

'1'ypes 5, 6

D'(~'g) =& 'D'(g)&
D"(g) not D'(g)

P 2 —Ds(f )

e.e.'=1
T T,s Ds(fo)

o.«& =o «)s(', )
) (S.)=AS() ))
o.(e)=ss() ')

Type 3

8~8~*=—1
T T *=D'(fo)

o"(o=o'«)s( ))
o"(s)=) s(' )
S.(S.)=S.S(, ')

Type:.'7

T T '=D'(f())

D„() D (g)

D„(~ )
D'( o)

D"(00) =

Type 4

Type 8

D's(li 'g) =T 'D'(g)T
D'(F 'g) n(&t D'(g)

T,T,S = D'(fo)—
Ds (g

o.(s.) =+('
o.(s.)=(, ')

o"(g)=(

o.(s ) =(,.
Dts(0 )

&)'*(r))

T;)

Types 9, 10

(D'(g)
D"(g) =~

D'(fo)

D"(. ) =I
1

D'(~ 'g)
D'*(g)

Ds+ (~pl. g)

D'*(fo)

Type 11

D'(F 'g) n(&t D'*(g) not D'(g)

Type 12

Ds(g )

Type 13

then by reference to Table III we recognize that the
representation Do(g) is of type 1 or 2 with respect to
extension by V'0. This could have been recognized by
direct inspection of Kqs. (4.7) and (4.11) because
v,= O,e, and equivalence relations are transitive. I,et

us multiply Eq. (4.13) on the left by P,g, and on the
right by B,*. This gives

E',B,P,*B,*=5,2B,B,*,
and hence, by Eqs. (4.10) and (4.14), the condition
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(4.13) for the existence of 0, is the same as the condition 3 in Table II. From Eq. (4.8) we find for D"(k)

T,T,*=D (f,)e,e,*. (4.15)

Inspection of Table II twith D'(h)~D'(g) and

0, —&0,) shows that D'(g) isof type 1 or 2 with respect
to extension by 80, according as e,e,~ = 1 or e,e,*=—1,
and lik.ewise, by Table III, it is of type 1 or 2 with re-

spect to Eo as T,T,*=D'(fo) or T.T,*= D'—(fo)
Consequently the condition (4.13) or (4.15) for the
existence of a 0, is the condition that D'(g) be of the
sarae type with respect to extension by 80 and by To.
Let us now consider the various possibilities:

(a) 0,0,*=1 and T,T.*=D'(fo) ~ (4.16)

D'(g)
!D"(g)=

D'*(g)&
(4.22a)

D.(a,)=~I ~.*) '

( 1
D"(0o) = I

(4.22b)

(4.22c)

This corepresentation may be expressed in another
form. From Eq. (4.20) we have instead of Eq. (4.15)

In this case Fq. (4.15) is satisfied, so 0& exists and is

given by O„which is symmetric. Hence, by Table II,
type 1 and by Eq. (4.8), the representation D"(0) is

given by

T,T,*= D'(—fo)0,8,*,

», by Eqs. (4.10) and (4.14),

(4.23)

and hence,

D"(g) =D'(g)

D"(O'o) =a&. ,

D"(Bo)=0„

(4.17a)

(4.17b)

(4.17c)

D-(q.o) =D.(Po)D.(0,)=aP,B,=+T, . (4.17d)

The opposite signs yield two inequivalent representa-
tions which are recorded as entries 1 and 2 in Table IV.

(b) B,e.o= —1 and T.T.*= D'(fo) (—4 18)

Again Eq. (4.15) is satisfied and 0, is given by 0„
which is antisynnnetric. Hence by Eqs. (4.3), (4.8),
and Table II, type 2, the corepresentation D"(k) is

given by

which reduces to

E '= —e -~P.e, . (4.24)

Ds g)D"(g) =
I 0;~D (g)0,)

'

p.
Dsc((p ) —0;iP,B,J

Now let the corepresentation D"(k) be transformed
according to Eq. (3.9) with

If this equation and Eq. (4.11) are substituted into
Eqs. (4.22a) and (4.22b), they become

D"(g) =D'(g)
I 1J'

pi
D"(~o)=~~. I

(4.19a)

(4.19b)
Then we Gnd

6,&

' (4.25)

D (e,)=e.e!
1

(4.19c)
D"'(g) =D'(g)I, !, (4.26 )

)1

—1)
D-(~.)=D-(~o)D-(0.) =~T.S I; (4.19d)

)

(1
D"(+o)~ D '(Oo)=a~, e! ! (4.26b)

Again the opposite signs yieM inequivalent corepresen-
tations which appear as entries 5 and 6 in Table IV.

(c) 8,0,*=1 and, T,T,*= D'(fo), (4.20—)

(d) 8,0,*=—1 and T,T,*=D'(fo). (4.21)

Equation (4.15) is not satisfied and consequently no
e, exists so that the corepresentation D"(0) is of type

D-(e,) D"'(eo) =
I !I ! (4 2«)

0, Ei J E Osr)

( 8~ ) aiyD"(e,)= I

' =e,g
I ! . (4.26d)

ke,
'

El

In the last line the upper or lovrer sign holds according
as 0, is (c) symmetric or (d) antisymmetric, . i.e.,
according as D'(g) is (c) real or (d) pseudoreal. In
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these two cases further transformation by

(4.27)

=822=8»=0. Consequently, if relation (4.34) holds
8& ——0 and e~ ' does not exist, D"(k) is of type 3,
Table II. In this latter case, if Eq. (4.29) is combined
with entry 3 in Table II, one obtains

interchanges the two signs in Eq. (4.26b) and leaves
all other equations invariant. Consequently the two
opposite signs in Eq. (4.26b) yield equivalent corepre-
sentations. Since we are interested only in equivalence
classes of corepresentations, we may suppress the lower
sign in Eq. (4.26b). The two cases considered here, (c)
and (d), appear as entries 3 and 7 respectively in Table
IV. Our analysis of types I and 2 of D'(g),
D'(F 'g) D'(g), is now complete.

The analysis for type 3,

D'(F 'g) not D'(g) (4.28)

follows similar lines. The representation D (I2) is, by
Table I,

D"(g) =

D"(82)=

D'(g)
Ds(F—1.g)

D'"(g)

D'(fo)

D'*(f) '

D'*(F ' )
(4.35a)

(4.35b)

(4.35c)
D '(g)

D'(g) =
D'(F 'g)I

(4.29a)

(4.29b)

which is recorded in Table IV as entry 13.
Let us now suppose relation (4.32) holds, so that

D'(g) is potentially real or pseudoreal,

D'"(g) =e. 'D'(g)8. ,

(811 812)

(821 822)
(4.30)

The question to be settled is whether or not there
exists a 8& satisfying Eqs. (4.6). It is convenient to
decompose 8& into four square matrices

8;,') i, j=1,2:

and 8»2=82» ——0. Ke thus find that there
unitary e„satisfying Eq. (4.6a), and its
blocks 8»» and 822 di6er at most by a phase
%e may set 8»——8, since the phase of the
arbitrary, so 8& takes the form

exists a
diagonal
from 8,.
latter is

We multiply Eq. (4.6a) on the left by 8, and substitute
into it the expressions (4.29a) and (4.30):

(e„D *(g) 8„D'*(F 'g))
ke„D*(g) 8„D"(F 'g))

~ D*(g)e„D'(g)e„q
(4.31)

+e(F-1.g)822 De(F-1.g)822~

There are three possibilities to be considered:

D"(g) D'(g) not D'(F 'g) (4.32)

D'*(F 'g) D'(g) not—D'(F 'g), (-4.33a)

which as we shall see is equivalent to

D"(g) D'(F 2 g) not D'(g) (4.33b)
or

D**(g)n«-D'(g)
and D'"(g) not D'(F 'g) . (4.34)

If the first holds then" 8»2=82»=0, if the second
holds 8»» ——822=0, and if the third hoMs then 8»2 ——82»

where g is a phase factor. If this expression and Kq.
(4.29b) are substituted into Eq. (4.6b) one obtains
g=1, and hence,

(4.37)

Vfe observe that 8& is symmetric or antisymmetric as
8, is, and so the representation D"(l' )w2ill be of type
I or 2 in Table II, depending on whether D*(g) is
potentially real or pseudoreal. If Eqs. (4.29) and (4.37)
are substituted into Table II, the entries 4 and 8 in
Table IV result, as D'(g) is potentially real or pseudoreal.

Vfe now consider the only remaining possibility,
namely that relation (4.33a) holds. By reference to
Table III, we see that D'(g) is then of type 1 or 2
with respect to extension by V'0, the matrix which
effects the equivalence (4.33a) being T, :

D'*(F 'g) = T 'D'(g) T, . (4.38)

If we take the complex conjugate of this equation and
Inultiply on the left by T,* and on the right by T,~, we
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obtain
D'*(g)= T *D'(F 'g)-Tsr, (4.39)

( T,
D'(6 o) =i

(~T.*
(4.45b)

which establishes the equivalence of relations {4.33a)
and (4.33b). By comparing these last two equations
with (4.31), we find that Olp ——XT, and Opi ——pT, ,
where X and p, are arbitrary numbers, and so

p 0 XT~

kpT, ' 0]'
since we have already observed that when Eq. (4.33)
holds 8~~——022 ——0. From the unitarity of 8&, we con-
clude that )X~'= ~p~'=1. Because the phase of T, is
arbitrary, we may choose X=1 and

(4.40)

The matrix Oi which effects the transformation (4.6)
in the new basis is simply

O, =i (4 46)

In Eqs. (4.45) and (4.46) the upper or lower sign holds
according as D'(g) is of type 1 or 2 with respect to
extension by V'0, and the matrix Ot is symmetric or
antisymmetric accordingly. By substituting into Table
II the representation (4.45) for D'(h) and Eq. (4.46)
for 0&, one obtains entry 11 in Table IV for the upper
sign, while for the lower sign, the following corepresen-
tation results:

If this equation and Eq. (4.29b) are substituted into
Eq. (4.6b), multiplied in the left by O&, one obtains

(Ts r~D (f)T'
pT rDs*(f)j k T)

Using the result of Table III, namely

T T 0 ~Ds(fp) (4.41)

one finds that y= &1 and hence, from Eq. (4.40),

D"(g) =

D"(6o)=

D'(g)
D'*(g)

D'(g)
D'"(g)

(4.47a)

(4.47b)

0 T,)
k~T.' oi ' (4.42) D (Op)= (4.47c)

D'(g)
D'(g) = (4.43a)

T FDs0(g) T

&T.T.*
'D((P )=0. (4.43b)

By making the change of basis

D'(h) -+ D"(Ii) = UD'(k) U
with

(4 44)

one finds in the new basis, dropping primes,

the upper or lower sign holding, according as D'(g) is of
type 1 or 2 with respect to extension by Vo. At this
point we could already make the 6nal entries in Table
IV. However, one can obtain a more symmetric. form
for the corepresentation by making a change of basis.
If Eqs. (4.39) and (4.41) are substituted into Eqs.
(4.29), one finds for D, (h):

This corepresentation may be given a slightly more
symmetric form. By making the change of basis accord-
ing to Eq. (3.9), with

one obtains entry 12 in Table IU in which ( iT,) has-
been replaced by T„as may be done since the phase of
T, may be chosen arbitrarily. The analysis of case 3,
Ds(I 'g) not D'(g), is now complete, and with it
Table IV, giving all types of irreducible corepresenta-
tions D"(70) of E= (G, G6'0, GOp GV'0= G(PpO0} in terms
of the irreducible representations D'(g) of G. This
table expresses the principal results of the present
investigation.

In deriving and classifying the corepresentations of
the group K, we have selected out a particular parity
operator 6'0. However, a principal tenet of the present
approach is that one could have equally well chosen
another parity operator differing by a factor of gi+G,D(=

D'*(g)&
(4.45a)

60 =gl60 60P gl (4.48)
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TABLE V. Irreducible corepresentations of the group X=.{G,G(Pp, Gep, G(Ppep)
when (P is of geometric type, tPgS '=g, S'p=(—1)".

Types 1 and 2
D"(g) =e 'D'(g)e*
e.e,*=1

D"(g) =D'(g)

Types 3 and 4
D *(g}=e;D'(g)e.
e,e,~ = —1

Types 5 and 6
D'*(g) IIot D'(g)

p„( )
((&'(s)

D-(t0) = ~i

D"(e,) =e,

(This is the generalization to arbitrary groups and
general parity operator of the familiar freedom of
choice of absolute intrinsic parity in di6'erent charge
sectors. ) One may easily verify that the classification
of the corepresentation into the types 1 to 13 of Table
IV remains invariant under this change of parity
operator. The same table may be used to give the
corepresentations of E in terms of the new parity of
operator (Po' of Eq. (4.48) by making the substitutions

(Po ~ 6'0',

K=K~I' N~

fo~ fo'=grfoF 'gi,

(4.49a)

(4.49b)

(4.49c)

F —p F '=D'(gr)P, =P D'(F 'gi) (449d)

T, T'=D'(g )T =T D*'(F 'gr), (4.49e)

e, ~e,'=e, . (4 49f).

ops= (—1)» (5.1)

as first observed by Racah, '0 and as we shall verify in
the following section. We propose to call this the
"geometric" parity type. Upon introducing 6'o ——fT(P,

where, as we recall, 0-=1 for a tensor particle and 0 =i
for a spinor particle, we find 6'02=1, and hence 7,
exists and is given by

(5.2)

V. COMPARISON WITH PREVIOUS ANALYSES

Upon completing the classification of the corepresen-
tations, it is instructive to fit previous analyses, which
~,re familiar to the reader, into the present scheme.

signer" has given an analysis without explicitly
considering internal syrrunetry groups, and also without
including all the implications of local Geld theory. If
we assume that the internal group consists only of the
identity, then D'(g)=1, and so 8, exists and 8,=1.
Furthermore, all particles will correspond to Majorana
fields for which

(P'= exp(iprF/2) (P, (5.5)

where F may be baryon number, or lepton number, or
muon number, as appropriate, then the intrinsic parity
is ~1 for spinor particles also, but spinor antiparticles
then have opposite intrinsic parity with respect to the
corresponding particles.

It is traditional to introduce a "charge-conjugation"
operator C in discussions of parity, time-reversal, and
internal symmetries. Although from the present point
of view there is no a priori reason why such an operator
should exist (or why not several), one may suppose,
as a specific additional assumption that the internal
symmetry group 6 is obtained as the minimal extension
of another group E by the linear operator C,

Table V, with

D"(g) = 1, D"(8o) = 1, D"((Po) =a1. (5.3)

For this simplest of all situations, because 5'=0-6'0 all
tensor particles have intrinsic parity ~1, and all
spinor particles ~i.

Another possibility is that there exists a parity
operator 6', which commutes with all elements g of the
internal synunetry group, G,

(5.4)

and which satisfies the "geometric" condition (5.1).
Then Eq. (5.2) also holds, and the corepresentation
D"(h) is of type 1 or 2 of Table IV if D'(g) is potentially
real, or of type 5 or 6 of Table IV if D'(g) is pseudo-
real, or of type 9 or 10 of Table IV if D'(g) is complex.
These corepresentations are given explicitly in Table
5. We see by inspection of this table and from 5'=0-6'0
that all tensor particles have intrinsic parity ~1, and
all spinor particles ~i, and also that aLt particles have
the same intrinsic parity as their corresponding anti
particles However, .if all spinor particles carry a con-
served quantum number, as is believed to be the case
for all those observed up to now, then by introducing
a new parity operator

Consequently all particles fall into types 1 and 2 of
with

"G.Racah, Nuovo Cimento 14, 322 (193't).

G= {E,EC),

C'= 1,

(5.6)

(5.7)
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TAnzx VI. Irreducible representations D'(g) of the group
G=(l&l,NC), where CssC '=rse and C'=1. The elements n of i&i

are linear operators, as is C.

Types 1 and 2
D"(I')=D'*(&s) =C, 'D" (&s)C„ Type 3

C,I j. D'(&se) =D"'(n) not D"(ss)

D'(g) of G in terms of the irreducible representations
D'(n) of E, assumed known. For the classical unitary
Lie groups we are considering, one may choose a basis
for each class of equivalent representations which has
the property"

Dl (I)=D"(ss)

To complete the specidcation of the minimal extension,
the automorphism induced by C in E must be given.

One would like to suppose that charge conjugation
reverses the sign of conserved additive quantum
numbers Ii;,

CF = —IiC (5.8)

where the Hermitian operators F; are the ininitesimal
generators of the compact Lie group contained in S.
However, it is not possible to maintain Eq. (5.8) for
all the Ii; when the Lie group is noncommutative, for
it contradicts

$F;,F,j=iC;;sFs (5.9)

when the structure constants C;;s do not vanish. (Be-
cause of the i and the reality of the C;;&, this objection
does not hold for the antilinear operator 0, which, as
we have seen in Sec. I, does satisfy Eq. (5.8) for all
F;.j Consequently we choose a complete commuting
set of F; and suppose that Eq. (5.8) holds for these.
Such a choice is mathematically arbitrary but familiar
in physics where, for example, Ts in SU2, and 73 and
7 in SU3 are customarily singled out.

A natural way to achieve Eq. (5.8) for a complete
commuting set of P s is to make the further supposi-
tions that E is a Kronecker product of one parameter
gauge groups and of the classical unitary Lie groups"
and that for the group elements n and ne (corresponding
to the matrix e and its complex conjugate in the deining
representation)

CnC '=n*+E, (5.10)

so that the signs of the F; (which are the phases of the
diagonal n's) are reversed. This is not a matrix equa-
tion but rather, in accordance with our convention, an
equation for the operators in Hilbert space that corre-
spond to the group elements e and n* and the auto-
morphism C. Equations (5.7) and (5.10) complete the
specification of the miniinal extension (5.6) of E by C
to give G.

%e may now apply the results of Sec. II and given
in Table I to obtain the irreducible representations

s' These are defined in H. Weyl, The Classical Groesps (Princeton
University Press, Princeton, Ne~ Jersey, 3.946). This assumption
is quite general and includes the gauge group Uy, the special
unitary groups, SU, the symplectic groups, and the orthogonal
groups,

The irreducible representations of D'(g) for G= {iV,XC}
are given in Table VI and are obtained from Table I
by the substitutions g

—+ e, h —+ g, E '
g ~ ~*, O, ~ C,

fs~ 1, s ~ r, and t +s-. We notice that types 1 and 2,
which are self-conjugate under C, are distinguished
only by the sign of the representative of C and may be
regarded as having opposite intrinsic charge-conjuga-
tion parity. "

The classification of the representations D'(g) de-
pends on the existence or nonexistence of a unitary
matrix C, satisfying

C„C„*=&1, (5.14)

and C„ is symmetric or antisymmetric, according as
the upper or lower sign holds. From the last two
equations we have

C„~=C„~=aC, . (5.15)

Hence, with the phase of C, chosen to satisfy Eq.
(5.13), the unitary matrix C„ is real and symmetric,
or pure imaginary and antisymmetric, depending on
whether D"(g) is potentially real or pseudoreal. In the
former case C„may be diagonalized by a real orthogonal
transformation. (We restrict to such transformations
so that Eq. (5.11) remains true in the new basis).
Since C„'=1, its diagonal form is

C„g——e,b;;, (5.16a)

where ~; is a sign. In the latter case, the dimension
of C„and D"(g) is necessarily even I take the determi-

~This property is established in Ref. 21, although not ex-
plicitly stated as a theorem. It may be understood from the fact
that all irreducible representations of the one parameter gauge
groups and the classical unitary groups are obtainable by reduc-
tion of tensor products of e and e*. This property does not hold
in general for the representations of other groups.

3 This is familiar in SV2 as isotopic parity, L. Michel, Nuovo
Cimento 10, 319 (1953), or g-parity, T. D. Lee and C. N. Yang,
ihid. 3, 749 (1936); Y. Dothan /ibid M, 399 (1963)g. has used
the method of group extension to obtain the charge-conjugation
parity for self-conjugate SU8 multiplets, which he calls unitary

~~

~~

~~

~~
~~

~~

~~
~

~

arity. K. Tanabe and K. Shima D. Math Phys. 8, 657 (1967)g
ave found out for which groups there exists an operator corre-

sponding to this parity, analogous to the isoparity or G-parity
operator 8=C exp( —AT~) in the case of the isospin group.

D"(n) =C 'D'(n)C„ (5.12)

and whose phase may be chosen, by virtue of the
analog of Eq. (2.8), such that it satisfies

(5.13)

However, Eq (5.12.) has the same form as Eq. (3.37)
for O„and we may immediately conclude that Kq.
(3.38) also holds for C„,



CLASSIF ICATION OF PARTI CLE M ULTI PLETS

TtutxE VII. Irreducible corepresentations of the group E (G,G6&o,Geo, G(Poco} for G=(S,SC}and parity of geometric
type, in terms of the irreducible representations D'(rt) of fir which satisfy D'(I*)=D' (rt).

Types 1, 2, 8, 4
D'*(rt) =C, 'D'(rt)C,

&.=C.~=Cr*

Types 5 and 6
D'*(I)=C, 'D" (tt)C,

C„~=/„*=—C„
Types 7 and 8

D"*(rt) not~D'(rt)

D"(tt) =D'(I)

D"((Po) =+I

D"(eo) =C.

nant of Eq. (5.15) with the lower sign to show this]
and C„may be brought, again by a real orthogonal
transformation, to the form'4

0
0

D-(C) =I
pC,

C+i '

(5.17a)

(5.17b)

0
0

(5.16b)

(5.17c)

One can also give 6, a canonical form" by a trans-
formation (3.9). If 8, is symmetric it can be trans-
formed into the identity matrix; if it is antisymmetric,
it can be brought into form (5.16b). For groups other
than SU(2), these results are more detailed than those
given in Ref. 19.

I,et us consider the extension of an internal group 6
of the type described above, G= (JV', JVC), by a parity
operator (p of geometric type, (pg=g(p, 6"=(—1)st,
and by the CI'T operator 0. As before we have I',=1.
If D"(I) is potentially real, then D'(g) is potentially
real with B,=C„, since D'*(n)=D"*(tt)=C„'D"(tt)C,
=C, 'D'(rt)C„and

D"(C) =C,*=C,=C, 'C,C,=C„'D'(C)C, .

Consequently the irreducible corepresentations D"(h)
are of types 1 and 2 of Table V, and are recorded in
Table VII. If Dr (rt) is pseudoreal, then D*(g) is complex.
Assume there exists aB, satisfying D"(g) =8, 'D'(g)B, .
Then, for g=rt& we iind from Table VI that D'(n)
=—D"(I) and hence that B,=C, Upon setting g=C, we
6Ild

D"(C) =C,*=—C,=C, 'D'(C)C, =C„,

which is a contradiction and hence no 6, exists and
the representation D'(g) is complex. In this case the
irreducible corepresentations D"(h) are of type 5 and
6 in Table V, and we have explicitly

ooF. R. Gantmacher, The Theory of 3Eatroees (Chelsea Pub-
Iishmg Company, New York, 1964), Vol. I, p. 293.

~~ B.Zumino, J. Math. Phys. 3, 1055 (1962).

(5.17d)

Upon effecting the equivalence transformation D"(}'t) —+

D"'(&(,) according to Eq. (3.9) with

tr1

V=iE C)

one 6nds the corepresentations listed as types 5 and 6
in Table VII. Finally, if D"(I) is complex, then D'(g)
is potentially real, with B,=D'(C). The resulting co-
representations for D"(h) are listed as types 7 and 8
in Table VII. The situation which was assumed to
hold before the discovery known as nonconservation
of parity is described in the 6rst and last columns of
Table VII, both of which correspond to cases 1 and 2

of the general Table IV. Parity is accounted for simply
by associating an intrinsic parity to each particle;
extension by the CI'T operator 6 does not increase the
multiplicity of the multiplet and eo may be represented
by the same matrix as the charge conjugation operator
C. One may introduce a new time reversal operator
V'= C(PG, instead of V =(PB, which appears geometric
because it commutes with the commuting set of addi-
tive quantum numbers. However, it will not, in general,
commute with the remaining generators of the internal
symmetry group. As an example, take the familiar
SU(2) isospin group, with generators Ti, Ts, Tp and
elements u= exp(ita T). From Bu= uB, we find
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(PT 6-i= T"
from CN= u*C, we have in the usual representation

CTgC '= —Tg,

CTpC '= T2,
CT3C '= —Te

and hence, for 1'=C6'0,

Tj V —Tg~

V'T2V"' '= —T2,
r'T3V'-'= T3-

VI. EXAMPLES FROM FIELD THEORY

In this section we give field theoretic examples
illustrating the various types obtained in Secs. III and.
IV from group theoretic considerations and collected
in Tables II and IV. Many of these examples describe
situations which are not known to occur in nature,
corresponding to the fact that many of the types in
Tables II and IV are not known to occur in nature.
As a matter of fact, if we consider the approximation
in which only the strong and the electromagnetic inter-
actions are effective, so that the theory is invariant
separately under the traditional P and C, we find
ourselves always in types 1 and 2 of Table IV. If we
add the familiar CP invariant weak interaction, that
violates separately the traditional P and C, we obtain
the situation described by types 1 and 2 and by type
11 of Table IV. If in addition to these interactions
there is also a CP violating interaction. ,' so that no
good parity operator exists, we are in the situations
described by Table II (ta,king the second interpretation
of the table, namely B—+G, the group of internal
symmetries), more precisely by types 1 and 3 of that
table. The other types of Tables II and IV do not occur
in any of the approximate descriptions presently used
in particle physics. Our purpose in giving field theoretic
examples is to show that it is possible, within the
framework of Lagrangian Geld theory, to realize all

types given in the tables. The explanation, if any, for
the fact that some types are not found in nature
should, therefore, not be sought in requirements, like
e.g., the locality requirement, which are satisfied in
Lagrangian Geld theory.

Our method will be to construct an interaction
Lagrangian whose symmetry properties are such as
to force the GeMs to transform according to one of the
multiplet types tabulated previously. Such a Lagran-
gian is easily found for each multiplet type. From the
field transformation law one may immediately deduce
the corresponding particle transformation law if one
makes the assumption, which is implicit in the frame-
work of standard Lagrangian Geld theory, that, apart

which changes the sign of all spinor Gelds, is always
an element of the internal symmetry group, since one
can realize it by performing a rotation by the angle 2m.

about an arbitrary axis. The operation (6.1) changes
simultaneously the sign of all spinor fieMs; relative
sign differences between spinor fields may have an
intrinsic meaning.

The irreducible corepresentations of an internal sym-
metry group g, to which one has adjoined the CPT
operator 0 and possibly a parity operator 6', operate
on multiple component Gelds as follows. The basis for
the representation will be a set of local fields, for
instance of spinor fields f, and the effect of a trans-
formation of the group g is described by

eP.(r,t)ri =yp(r, t)D-,.(g), (6.2)

while the e6ect of CPT and of parity, when there is a
parity invariance, are described by"

eg„(r,t)e i=yp-( r, ——t)~,D-p. (e,)

(Pf (r, t)(P '=Pp( r, t)—7sD"p (—(Ps).

(6.3)

(6.4)

In Eqs. (6.2)—(6.4), in which the index n distinguishes
the diferent Gelds of the multip1et, the Dirac indices
have not been explicitly indicated. As implied by the
notation, for a suitable choice of the basis fields f,
the matrices, D (g), D (Bs) and. D"((Ps) can be made
to have exactly the forms described in Tables II and IV
for the various types. It would indeed be possible to
repeat step by step the developments of Secs. III and
IV in terms of representations of the form (6.2)-(6.4)
on multiple component Gelds with the result that the
same classification of types would emerge. For vector
fields the analogs of Eqs. (6.2)-(6.4) are

(6.5)

BV„(r,t)B—'= —V„p(—r, t)D p (Bs), —(6.6)

(PV„.(r,t)(P '= .„V„,( r, t)D"p.(O-,). —(6.7)—
~6I"or convenience we use the Majorana representation in

which all four matrices y„are real. In this representation yo' ———4,
pP=pz'=&&=1; the matrix po is antisymmetric (and anti-
Hermitian), the matrices y&, ps, and ps are symmetric (and
Hermitian). We de6ne y~ ——ppy1ygyo, , so that ys is real, anti-
symmetric (and anti-Hermitian) and ps = —t. The projection
operator which enters in the usual form of the weak interactions
is then ', (1+iys)-

from possible bound states, there is a particle corre-
sponding to each Geld which appears in the Lagrangian.

In order to show that the various group theoretic
types can occur for both integral and half-integral
spin, we construct our examples with Dirac (or Major-
ana) spinors and with vector fmlds. It would not be
ddhcult to translate them into examples involving
Gelds having other spin values. For spinors the operation

(6.1)
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Here 6p= —j. Ey=&2=&3=1, and no summation over
the index p, is intended.

A diGerent choice of basis Gelds would give the
matrices D"p a diQerent form and may in concrete
cases be considered preferable according to one's taste
and background. We wish to point out here that it is
always possible by means of a unitary change of basis
to transform the matrix D"p, (Bo) into the unit matrix
and the matrices D"s (g) and. D"s ((Po) into real
matrices. This follows immediately from Eqs. (1.10),
(1.11), and (1.15) which imply, respectively,

D"(Bo)D"'(Bo)= 1, (6.8)

arid

D"(g)D"(8o) =D"(Bo)D"*(g), (6.9)

D"(6'o)D" (Bo)=D (Bo)D"'(6'o) (6.10)

This property

C: (6.13)

(6.14)

singles out the above definition of parity as being in
some sense purely geometric. Its convenience was
particularly emphasized by Racah."The square of this
parity operator is —1 for spinor Gelds, and in general

(6.15)

consequently the eigenvalues of P are &i for one parti-
cle states having half-integer spin. When the fields are
in interaction the parity operation dehned in Eqs.
(6.11) and (6.12) inay not be a symmetry of the theory
and the correct parity operation may require an extra
phase factor or may involve a linear combination of
diferent 6elds and their Hermitian adjoints. These
cases are all covered by Eq. (6.4) where the "non-
geometric part of the parity transformation is coll-

The new basis fields can be taken as Hermitian fields.
The dimension of the corepresentation does not change,
of course, by this change of basis. Its irreducibility is
connected now to the irreducibility of the representa-
tion of the group g extended by 6'p given by the matrices
D"(g) and D"(ufo) with the restriction that they be
real matrices.

For the case of a single free Hermitian spinor field

p the parity operation can only be defined as

I': p(r, t) ~ &qh( —r, t)yo, (6.11)

where the matrix yo is real (in the Majorana represen-
tation which we are using). No complex phase can be
introduced in Eq. (6.11) since it would spoil the
reality properties of the Majorana field p. For a com-
plex spinor held I the analogous de6nition

I': x(r, t) ~ ax(—r, t)yo (6.12)

has the advantage of corrmiuting with the operation of
charge conjugation defined (in the Majorana represen-
tation) by

tained in the matrix D"((Po). The same considerations
can be made in connection with Eq. (6.'l).

Ke now proceed to the construction of examples.
Examples for Table II (when no parity invariance is
present) are easy to construct. In order to obtain a
Lagrangian which does not admit a parity transforma-
tion we may take the interaction

xtyoy„(1+iyo)yW„+H c.. (6.16)

involving two spinors g and x and a vector W„. Clearly
(6.16) violates the traditional C and I' invariances.
We can violate also CI' invariance if we add another
interaction which, for instance, conserves E but violates
C, such as

X Pp+~X'V~ (6.17)

X~ ~iaX gl ~ ~iagl (6.20)

together with the transformation which changes the
sign of all spinor fields. (Since this transformation is
always an element of the internal symmetry group, in
the following we shall not mention it explicitly every
time). The transformation 8 is:

x(r, t) ~ xt( r, —t)y—„xt(r,t) ~ x(—r, t)yo—
W„(r,t) —+ —W„t(—r, t), W„t(r,t) ~——W„(—r, t) . —

(6.21)

In the basis P= (x,Xj') the irreducible corepresentation
is given by Eqs. (6.2) and (6.3) with

(6.22)

(6.23)

Clearly we 6nd ourselves in type 3 of Table II for
spin —',. If we take the basis V„= (W„,W„t), we must
use Eqs. (6.5) and (6.6) and we see that the expressions
(6.22) and (6.23) still apply: we have an example of
type 3 for spin 1.

Ke may now impose the reality conditions

x=x~, 8'„=8'„~ (6.24)

«'%'hat we mean is that the other interactions in which the
field e„enters are invariant under the operator C, provided it
operates on v„as in (6.18). A simple example of such a vector
6eld would be o„=8(p')/Ba„, where p is a Herruitiau scalar Seid.

where e„ is a Hermitian vector field which, under C,
does not change sign'~

(6.18)

but which behaves as usual under I'. We restrict the
internal group by requiring P to be a Majorana field

(6.19)

The internal symmetry group of the theory is now
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X —+ —X, 8'„—+ —S'„.
Here we take the basis /=X or the basis V„=W„, and
we have an example of type 1 of Table II for spin ~2

and 1 respectively. In this simple example e)=1.
An example of type 2 of Table II can be constructed

in an analogous way. Let 8'„and X be isospinors and
take a linear combination of the interaction

Xtyoy„(1+iyg)&W„+H c. .

and the interaction

(6.26)

(6.27)

where v„has the property given in Eq. (6.18).
In Eqs. (6.26) and (6.27) a sum over the isospin

indices is understood. With the restriction (6.19) the
Lagrangian would be invariant under a U(2) group
operating on the fields X and 8'„. We can restrict the
internal group to be an SU(2) group by adding the
further interaction

which restrict the internal group to the simultaneous
sign change

(6.25)

In this case one can choose a basis such that 6,=1,
D'(g) is real, and X are Hermitian fields. For type 2,
f= (X,Xte„'); for type 3, f= (X,xt). These forms are
completely general.

We shall now describe brieQy field-theoretic examples
for the various types of Table IV. All types will be
covered, but not io the order in which they are given
in the table. All fields are massive and, unless explicitly
stated, diGerent fieMs are assumed to have diGerent
masses. (The masses appear in the free Lagrangian
which we do not write out. ) The very familiar interaction

(6.34)

between a spinor and a Hermitian vector A „fieM (which
we take to be massive) provides an example of type 1
for both spin -', and spin 1. We have here a phase group
and a charge-conjugation operation. In the basis

g = (x,xt), Eqs. (6.2)—(6.4) apply, with

(6.35)
X6'rp'rex'vp+H. C. )

where ~ is the 2 by 2 matrix

)0 —1)

0)
The internal group g is now given by

g: X —+ XN, 5"„~lV„N,

(6.28)

(6.29)

(6.30)

)0 1q ~1 OqD.(e,)=i i, D (6,)=i
oi

'
(0 1)

$X +0+pp{jXJgp ) (6.37)

In the basis V„=A„, Eqs. (6.5)-(6.7) apply with

D"(g)=1, —1, D"(e )=1, D"(P,)=1. (6.36)

An example of type 2 for spin 1 is given by the interaction

where u is an SU(2) matrix. The transformation 6 is

9: X —&Xtys, g„—+ —g„t (6.31)

We are in type 2 of Table II, for spin —', and D'(g) = I,
8,= e. Similarly, for spin 1, we take the basis

V„=(W„,W„te) .

We have described the above examples in some detail
in order to show how', by suitably putting together
various interactions, one can restrict the symmetries
of the Lagrangian to agree with a particular type in
the table. Observe that the field theoretic bases for
the various types agree with the following general
forms. For type 1, /=X, where X represents a set of
fields on which g acts irreducibly:

g: x —+ xD'(g) . (6.33)

with the appropriate changes of sign in the coordinates,
which we shall not indicate explicitly from now on.
In the basis f= (X,xte), we have again Eqs. (6.2) and
(6.3) with

(I 0) (0 —e)D"(g) =
I I

D"(eo) =
I I (6 32)

&0 I) ke 0 ]

E„thy'„N+H. c.,
iE„"XyoyuyP+H c'
iE„tAgog„ygN'+H. c.,
r,N~yoy, N+H. c.,
E'troy„Ãn„,

(6.40)

where i„ transforms as in (6.18). The parities of E„
and E„' are opposite and so are those of E and E'.
The internal group is the SU(2) group on N, N', E„,
K„'. Take the basis V„= (K„,E.te) for spin 1 and

which forces the Hermitian 4-vector 8„to be a pseudo-
vector. Here, in the basis V„=B„,the internal sym-
metry group has a trivial representation.

D"(g) =1, 1, D"(ep) =1, D ((Po) = —1. (6.38)

In the case of spinors, type 1 and type 2 can only be
distinguished by considering the relative sign between
two spinors. For instance, in the interaction

giX"gpss„xiA„+ag, x gpss„y, x+„+H. c., (6.39)

the two spinors X~ and X2 will transform with opposite
sign under parity.

Types 5 and 6. Let E, S', E„,and E„'be isospinors,
A. =At an isoscalar. Take a linear combination of the
interactions
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f= (X,¹e)for spin —, and similarly with the primed
6elds.

Types 9 and 10. One may take any Lagrangian with
a one-parameter gauge group which is invariant under
the traditional parity transformation but not under
the traditional C. The taro signs correspond to the
usual distinction, e.g. , between vectors and pseudo-
vectors or, for spinors, between spinors having different
parity signs.

Type 11. Ke may take here the usual weak inter-
actions with an intermediate boson

D"(g) = e—ia+iP

D"(&o)=

In the basis V„= (W„,U„,W„t,U„t) we have

e't cL+0P

(6.48)

x,y„(1+i72)x2W„+H c. . (6.41)

Here (P is the traditional "CI'"and there are taro phase
groups. In the basis V„= (W„,W„t) we have an example
for spin 1, with

D"(eo) =0

(e-' 0) ( 0 —1)
D"(g)=I

ho .'-)' '
&-1 o)*

(0 1
D"(eo) = l

1 0

(6.42)

xq~y2y„(1+iy2) UE„+H. c.,
+xgy2y„(1 ip2) W—E„t+H c., . (6.49)

which shows that we are in type 13 for spin 1. To
obtain an example of type 13 for spin —,', just switch
the roles of the vectors U„, 8'» and of the spinor X~.

The interaction which replaces (6.45) is now (Xq, U,
and W are spinors and E„avector)

while in the basis p= (X„X2t) we have an example for
spin —,', with while we still keep (6.46). The internal group is

Xg —+ e't'Xg E„-+e'~E„,

U ~ e-'~'~V lV~ e'~'~$'. (6.50)

(6.43)

and in the basis g'= (X~,X2t) also an example for spin
—,
' with

In the basis P= (V,U, Vt, Ut), the matrices D" have
the form given in (6.48). Observe that in type 13, both
e and 6' cause doubling of the original multiplet.

Type 4. Take the interaction (6.45) /plus (6.46)j
but impose the restriction that U„and 8'„be Hermitian,

(6.51)

(e's 0 (0 1)
D"(I)=

l . D"(tpo) =
l(0 e '& k1 0)

(0 1
D"(e.)=l

(1 o

This restricts the internal group from (6.47) to a
group of sign changes. In the basis V„=(W„,U„) we

(6.44) have

(1 oq (1 oq

Case 13. Let the vector fields U„and 8'„have the
same mass and take a linear combination of the
interactions (

—1 0)
(
—1

Xl VOV11(1+2V5)X2Ugc+H c. (0 1) (1
+x, , „(1—.,)X, W„+H . (6.45) D"(6'o) =I

Ei o) &0
and

X$ p~pXQvgg p
t (6.46)

where e„ is again as in (6.18). The internal symmetry
group is given by

Similarly, for spin 2, take the interaction (6.49) Lplus
(6.46)g and impose the further restriction that U and
8' be Majorana spinors

(6.53)

U' ~ e—ta+iPP 8'„—+ e' +~'8'„.
Xy~ e Xy X2~ e X2

(6.47)
In the basis P= (W, U) the matrices D" are given by
(6.52).
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TABLE VIII. Describes the 6eld-theoretic basis appropriate to
the various types of Table 4. The fields x, x1, and x2 are the
multiple-component 6elds on which the internal-symmetry group
G acts irreducibly, e.g. gxg '=xD'(g). xiepp rllxiAil+H, c, (6.59)

(6.46) (with sums over the isospin indices), we add the
interaction

Type

12
3, 5, 6, 7

9, 10, 11

8
13
12

Basis

4=x
C= (x xt~.-')
4 = (X,Xt)

4 = (Xi,Xs)

g = (Xi,Xs,Xlte. ',Xlte, ')
(Xl Xs Xl Xs )

lP= (Xl XRT Xl T Xl )

The internal group is thereby restricted to

Xq ~ Xig, X2~ X2e'

U„—+ U„ue ', F'„—+ S'„Ne',

where u is an SU(2) matrix. In the basis

V„= (W„,U„e,U„te,W„t)
we have

eaag

(6.60)

Type 3. Consider again the interaction (6.45), but
impose the condition 8'„=iU„. It is easily seen that,
in terms of the field Q=Xs+iXst, the interaction (6.45)
takes the form

D"(g) = e—iaNQ

e%0!I

e—iag4

xltypy„(Q+iypQ")W„+H c. . (6.54) (6.61)
With this interaction the parity transformation is

(P: Q —& +imp, Xi-+l)Xiyp, W„—+ &iz)W„e„, (6.55)

where q is a phase. It should be noted that an inter-
action like the above forces a particular phase in the
parity transformation of a spinor field. (Similarly, it
is possible to give interactions or Hermiticity condi-
tions which require a spinor 6eld Z to transform as"

(P: Z —+ +Zyp. (6.56)

The internal group consists of the transformations

x, —-l e'sx, , W„—& e' W„, Q —+ Q, (6.57)

plus the usual sign change for spinors. In the basis
f= (Q,Qt) and choosing the lower sign in (6.55), we have

(l P (—l 0)
Eo 1)

'
k o

(6.58)
i 0~ po

D"((Po) = ((0 +pi (1 Oi

D"(ep) =

The case of spin ~ can be treated in a similar way. In
type j.2, as in type 13, both e and (P are responsible
for doubling of the dimension of the original multiplet.

Type 8. One can proceed as for type 12, but, instead
of adding the interaction (6.59), let us add, e.g.

U„g (Bl,U„B„U),)Ai-
+H. c.+W„g(e)),W„—B„Wi)Ai+H. c. , (6.62)

which eliminates the phases from the internal symmetry
group In the.basis V„=( W„, U„, W„ gt, U„ gt), we have

We are in type 3 for spin ~. If we take the same inter-
action (6.54) and impose the further restriction X,
=Xit, the group (6.57) is restricted to a sign group
and the phase lt in (6.55) must be real. In the basis
V„= (W„,W„t), the matrices D" have the same form
(6.58). We are in type 3 for spin 1.

Type 12. An example can be developed in complete
analogy with that for 13, but using fields U„, W'„, and
Xl which are isospinors, while X, is an isoscalar (for the
spin 1 example) and fields U, W, and Xi which are
isospinors while E„ is an isoscalar (for the spin —,

example). Let us concentrate on the spin 1 example.
In addition to the interactions analogous to (6.45) and

' That diferent spinor Gelds can transforIn under parity in
diferent ways, as described in Eqs. (6.54) and (6.55) was especially
emphasized by C. N. Yang and J. Tiomno, Phys. Rev. 79, 495
(1950).

(6.63)

D-(e,)=

Ke are in type 8 for spin 1. The example for spin ~

can be developed in a similar way.
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Type '?. For spin -', one may take an isospinor 1V

which by parity transforms as

iÃyo, (6.64)

D"(e.) =i
(o
ke oi

(6.6s)

and one should add an interaction which restricts the
internal symmetry group to be just SU(2). Then, in
the basis f= (E,Ete),

(6.66)Ep, + 1'6p

In the basis V„=(E„,E„te) the matrices D" are again
given by (6.6S).

The basis fields for the examples discussed above
for Table IV fit into general forms analogous to those
described after Eq. (6.33) for the types of Table II.
These general forms are collected in Table VIII, which
is a sort of summary of the results of this section.

A Lagrangian which achieves the above can be easily
constructed following a method similar to that used
for type 3. Similarly, for spin 1, one may use a vector
E„which is an isospinor and which by parity trans-
forQls as
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The aim of this paper is to generalize Toiler's work on elastic forward scattering and to expand the general
two-body amplitude for all values of momentum transfer in terms of unitary representations of SO(3,1).
The authors' concern is covariant inclusion of spin.

1. INTRODUCTION

' 'N a series of recent papers, Toiler' has made a funda-
l ~ mental advance in noticing and exploiting the extra
O(3, 1) invariance possessed by the elastic forward-scat-
tering amplitude. The new invariance leads him to an
expansion of the amplitude in terms of unitary repre-
sentations of the group SO(3,1). This is in contrast to
the normal partial-wave analysis which is an expansion
in terms of unitary representations of SO(3)—a much
smaller structure. The new expansion —embodying the
higher symmetry —leads to newer insights; for example,
if the new partial-wave amplitude, labeled with the
four-dimensional generalized angular momentum 0, is
assumed to be meromorphic for complex 0; one 6nds
that to each pole in the 0-plane there corresponds a
family of integrally spaced daughter poles in the com-

plex J plane for the partial-wave amplitude u~. This
parent-daughter phenomenon anticipated in the works
of Gribov and Volkov, 2 Domokos and Suranyi, ' and
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rediscovered recently by Freedman and Wang, 4 Ands

its most complete expression in Toiler's development
insofar as, in contrast to the other authors, Toiler takes
full account of the very essential complications intro-
duced by spin.

The aim of the present paper is to generalize Toiler's
work- on elastic forward scattering and to expand the
general two-body amplitude for all values of momentum
transfer in terms of unitary representations of SO(3,1).
That such a program is feasible and that it may be
expected to lead to new results has already been
demonstrated by Oakes' and Domokos' for scattering
of equal- or unequal-mass particles when no spins are
involved. In this simple case, the amplitude is a function
of scalar products of incoming and outgoing momenta.
Such a function (or rather its analytic continuation to
a Euclidean metric) can always be expanded in terms
of a corttpkte set of four-dimensional Gegenbauer
polynomials.

Our concern in this paper is covariant indusion of
spin. One simple suggestion for doing this would be to
separate out all spin-dependent factors and to write
the general amplitude in terms of scalar amplitudes of
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No. E-1591 (unpublished).
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