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A method of imposing unitarity on the amplitude obtained from current algebra is examined as a possible
extrapolation procedure for the calculation of the s-wave pion-pion scattering lengths. This method consists
of two steps: The current-algebra result is incorporated to fix the amplitude at the symmetry point in the
unphysical region, and the dispersion relation based on rigorous grounds is used to extrapolate up to the
physical threshold. This procedure allows us to derive a set of exact sum rules for the s-wave scattering
lengths which enables us to estimate the unitarity corrections to the current-algebra calculations.

I. INTRODUCTION

ECENTLY a number of authors*—? have exploited
the current-algebra techniques to obtain the
s-wave 7w scattering lengths. In all of these calculations,
the extrapolation of the amplitude from the con-
sistency region off the mass shell to the physical
threshold is an essential and additional ingredient; one
must assume that the amplitude does not vary signifi-
cantly even if the external mass of one or two pions
goes to zero as in mV scattering. However, the extrapo-
lation in the 77 case seems more ambiguous than in the
«N case, in view of the fact that several results are not
consistent with each other. But they all agree in giving
scattering lengths that are much smaller than those of
the previous S-matrix calculations!®!! and the semi-
phenomenological analysis.?

In practice, the extrapolation is done by assuming in
one way or another a parametrization of the amplitude
which maintains crossing symmetry and by determining
the arbitrary parameters from information given by
current algebra. Weinberg! and subsequently Khuri!
extrapolated the amplitude through a power-series
expansion in the variables’3 s, #, # and the external pion
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mass u;® (1=1,2,3,4), in which the first few terms are
retained. Their amplitudes thus seem necessarily
appropriate only for the small scattering lengths, as
the authors admit, and clearly are not correct beyond
the elastic-unitarity branch point. The investigation by
Khuri,* who kept the second-order terms in the expan-
sion and reproduced essentially Weinberg’s values
(within 109%,), may be regarded as remarkable evidence
against any significant effect due to the unitarity cut;
but Sucher and Woo? more recently have entertained
the possibility of deviations from Weinberg’s results
and have argued the possible existence of another, larger
solution for the scattering lengths by treating a specific
and simple example of unitarizing the amplitude at the
threshold. Strictly speaking, therefore, current algebra
may not exactly prove the scattering lengths to be small
enough. On the other hand, we do know of some
successful current-algebra predictions on, for example,
the K3, and Ky form factors,!* which are predicted on
the smallness of the = scattering lengths.

Thus, it is interesting to investigate another possi-
bility of extrapolation!® which at the same time ac-
commodates elastic unitarity in the amplitude. The
purpose of this article is to explore this possibility. We
assume the Weinberg-Khuri amplitude, not in order to
determine the scattering lengths directly, but to fix the
amplitude at the symmetry point (s=¢=wu=%) on the
mass shell,’® and we use the dispersion relations based
on the rigorous results of Froissart!” and of Jin and
Martin!® to estimate the corrections due to the on-mass-
shell extrapolation from the symmetry point to the
physical threshold. This procedure may be reasonable
in that the Weinberg-Khuri amplitude is real and the
power series can be safely used in some region which
includes the symmetry point and the consistency region
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0<s,,u<1 of current algebra as long as the off-mass-
shell amplitude has no singularity of s, £, %, and u;?
there.’® The symmetry point is the farthest point from
all the unitarity branch points, and the power-series
expansion of the amplitude is guaranteed to converge in
some neighborhood of the symmetry point which is not
too far from s=¢{=#=1. In other words, what we
assume is that the extrapolation along the path defined
by s=t=u=%3";n? 0<pm?®<1, and p?=1 (i=234)
is smooth. Although this may not be as reliable an
extrapolation as in the on-mass-shell case, the arguments
of Khuri* and Meiere? seem to suggest that the effect is
not very serious.

In Sec. II, we shall derive sum rules for the s-wave
scattering lengths which have a rather firm foundation
and contain the familiar parameters A and A; introduced
by Chew and Mandelstam.!® Section III contains the
numerical results of the scattering lengths corresponding
to the various parametrizations for the s-wave absorp-
tive parts. Some concluding remarks are also given in
Sec. III.

II. SUM RULES FOR THE SCATTERING
LENGTHS

We use the following invariant amplitudes:
Fu(s,t,u) =4F 3(s,t,u)/(s—u)
=4{2A7=(s,t,u)+3A47=1(s,t,u)
—5A1=2(5:t3u)}/(5* u) ) (1
where A7(s,t,u) is the invariant amplitude with isotopic
spin I. Fi(s,tu) is completely symmetric in the three

variables, while Fo(s,f,) and F4(s,t,u) are symmetric in
the variables s and #. One can easily see that

F1=3(x%| 4 | n°n°),

Fo=2(zt70| A|xta0),
and
Fs=6{(rtr | A|ntr)— (wrnt| 4 |ztxt)}.

Under the crossing #<«>f, s<>s, the amplitude
Fy(i=1,2,3) transforms as
Fi1— Fy
Fo— 3Fy—L1Fs—1F,
F3— F1—3F,+1F,. )
We observe that at the threshold,
F= ao+2a; ’
Fy=a, )
Fy=2a,—5a,, ®3)
19 Indeed, the existence of such a domain, needed to justify the

power series expansion around ¢ =0 when u;2=pus?=¢, is shown by
Y. S. Jin, Nuovo Cimento 50, 256 (1967).
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where a; is the s-wave scattering length with isospin 7;
while at the symmetry point these amplitudes are
related to the familiar Chew-Mandelstam parameters!®
A and A by Fi=—9\, Fo=—2\, and F;=6\;. These
parameters are defined by

—.}\=%AI=O(5=t=u=%)=%AI=2(s=t:u:%) s

B {8 cosGI_ v

and the Weinberg amplitude gives
A=—5%L, =L, ©)

1 /g,\2
L=—<§—) ~0.116.
2T

It can be shown? that the s— #-symmetric amplitudes
F; (i=1,2) are concave for fixed ¢ in the triangle bounded
by s=4, t=4, and u=4. Furthermore, the completely
crossing-symmetric amplitude Fi(s,f,%) has an absolute
minimum value at the symmetry point. We note that
the concavity is entirely absent in Weinberg’s ampli-
tude. This clearly indicates a deviation from the exact
amplitude.

We can express F;(4,0,0)— F;(8/3,0,4/3) (i=1,2,4) by
the forward dispersion integrals, and F(8/3,0,4/3)
—F,(4/3,4/3,4/3) by the fixed-momentum-transfer dis-
persion integrals at =4/3 after using the ¢ <> % crossing
symmetric properties (2) of F;(:=1,2,3). Because of the
s<>u crossing symmetry of F; (1=1,2,4), these dis-
persion integrals have a twice-subtracted energy de-
nominator, and convergence is guaranteed rigorously
according to Froissart!” and Jin and Martin.!® Thus we
obtain exact sum rules for the s-wave scattering lengths,

ao+2a0=—IN+1+Jy,
A= — 2)\-—%)\14—]2—!—%]1——%]2——%.74 )
2680~ 582= 6N+ 14+3T1— (27/2) T o+ T 4, (6)

where the integrals I; and J; are given by

e 4 1=1(y,c050):” 4)
y=—3,c080=0

where

2 (+1) ImFi(v,cosf=1)

Li=— | dv , (7a)
orto Wt DOHDE+)
2 2 ImF.(v,cos60=1+2/3v)

Ji=— | & . ()
9 Jo +3 0+ e+1)

Since the existence of the integrals (7) can be shown
under quite general assumptions,’® our sum rules (6) not
only are exact, but also have a rather firm foundation.

The third sum rule in (6), for 2a,—S5a,, should be
equal to this combination as obtained from the first and
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second sum rules. As long as only s and p waves are kept
in the absorptive parts in the integrals (7), the two
integrals are identical. But when d and higher partial
waves are included, they are not. Thus, this inclusion
would result in new superconvergence-type sum rules.
To see this, let us rewrite (6) as

ao=—S\+$M+1(ao)+ (14/9)J (ao)
+(10/9)J (a2)— 2P+,
ay=—2N—3\4+(2/9)J (a0)+1(as)
+(13/9)J (as)+P+62,

2a0— 5a2= O+ 2[1(00)"‘](00)]
—5[1(az)+J(az) ]—9P+5,

(8a)
(8b)

(8¢c)

where
Imd4 -’ (1’)

4 ]
I(ar)=— / y——,
9rJo v(+%2)(v+1)
1 *® ImAd;_'(»)
y—,
3rJo  (+30+1)
1 r° Imd;™= )
P=- / y——,
mJo v+30+1)

and &, d;, and & represent the contribution from the
higher partial waves other than /=0 and 1. Since
8— (280— 563) should be zero, we obtain a sum rule

(%)
J (dr) = (9b)

(9¢)

4 e 2A4T0—9AAT=1—-5A4T=2
— =0, (10)
97 Jo (+3) 0+ +1)
where
AAT=02= 3 (2I4+1)
1=2,even

X[P(H—%)——l:l/l 1=02() , (11a)

A= 3 (214-1)

1=3,0dd

2 2
X[Pz(l—}——‘)—- 1 —-——:IA =), (11b)
3v 3

We feel that the sum rule (10) would be useful in
estimating the d-wave contributions in the low-energy
region. But since we are primarily concerned with the
s-wave scattering lengths, we will not discuss the
consequences of the sum rule (10) here.

However, we point out that a sum rule very similar
to (8c) for 2a— 5@ has been considered by Meiere and
Sugawara.® Indeed, if we insert the Goldberger-Treiman
relation?! for F from (5), the sum rule (8c) gives
2(G/G 4)? in terms of 2¢o— Sas and an integral over the
total w7 cross sections, as in Ref. 5, except for the
different subtraction point in the integral. While their

21 M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178
(1958). In our definition of L, F is given by —2myG4/G.y~K (0).
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subtraction is made at s=#=2 and ¢=0, ours is at the
symmetry point. They noted that the integral in this
once-subtracted Adler-Weisberger-type sum rule?? is
much less sensitive to the high-energy behavior and to
the parametrizations of the s waves than is the integral
in the unsubtracted one. We shall also observe this in
the next section.

III. NUMERICAL RESULTS AND CONCLUSIONS

Owing to the large energy denominators in the
dispersion integrals of (7) and (9), the higher partial
waves are much suppressed, and the contribution from
the higher resonances becomes negligible. For instance,
if we estimate &, 02, and 6 from the established f,
meson (m;=1254 MeV, Tj=117 MeV)2 by the
narrow-width approximation, we find that §o=6X10"4,
0:=9X1075, and 6=9X107% so that 6—(28,—58,)
=10"% On the other hand, the contribution of the p
meson (m,=778 MeV, T',=160 MeV)2 to the integral
(9¢) in the narrow-width approximation is P=4X10-3.
Thus we can safely neglect the contributions from /> 2
in (8). We mention again that in this case (8a) and (8b)
are identical to (8c).

For given X and A4, one could calculate a; by solving
(8a) and (8b) simultaneously. This approach would then
give values quite analogous to those from the two-
parameter calculations of low-energy == scattering by
the S-matrix method.?425 To see this from (8), we have
to somehow estimate (9a) and (9b). We consider three
different parametrizations for the s-wave absorptive
parts: the Chew-Mandelstam approximation, the
scattering-length approximation, and the nonrelativistic
effective-range formula.

A. Chew-Mandelstam Approximation

In this case, the s-wave absorptive part is parame-
trized by

IrnA 1=01(V) = (V/V+ 1)1/2

X{LA/aD+r@) I+ 0/r+1))7, (12)

where

h(v)=2/m(v/v+1)12 In[p1/24 (+1)12],

Then for a;>0, the integrals of (9a) and (9b) can be
written in analytic form

4
Var+h(—2) 1/ar+h(—1)
9 W=~ (4/3n)
2 [1/ar+r(—=D) T’

I(ar)=ar+

(13a)

22S. L. Adler, Phys. Rev. Letters 14, 1051 (1965); Phys. Rev.
140, B736 (1965); W. I. Weisberger, Phys. Rev. Letters 14, 1047
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Varth(—=3)  1/ar+h(—1)
9 h(—3)—(4/37)
4 et (=BT

J(ar)=—

(13b)

B. Scattering-Length Approximation

By this, we mean the parametrization

y N1 e
ImAz,,e’(v)=(y ) [ 4 ] (14)
“+1 arr v+1

and (9a) and (9b) give

8§ 6ar? ar? 2
I(a;) =~[1—' - 9( ]a; tan~lar
1r 2a1*—1 2ar2—1

at (15 18ar
D Carear) O
2a—1\2 2a2—1

(112

™ 2(112—1

6 50[2 (112 2
J(an)= —{1—~ +6( ) ]a; tan~lay
Ps 2ar2—1 2ar2—1

ar® /21 9ar?
—— -
2a72— 1\4 2ar2—1

arl

, (15a)

™ 21112——1

(15b)

C. Nonrelativistic Effective-Range Formula

Here, the s-wave absorptive part is parametrized by

Imd1od ()= (v5) / [(di r)+] (16)

and we get for instance for ¢;>0 and ;<0 that

—1

1 -1 1
f<a,>=a,+s(—+%1n|+\/%) —4<—+%Inl+1>
ar ar

1 —2
—E(\/%)+[nl](a~+%lnl+\/%> , (172)
I
1 -1 1 -1
J(az)=—3<—+%lrz|+\/%> +3<—+%Inl+1)
ar ar

1 —2
+%[(\/%)+|n|](;—+%lrr|+\/%> . (7b)
I

One can also evaluate these integrals in analytic form
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for the case er7r>0. In any case, we consider the
effective-range parameter 77 for |r7| <1.

Fortunately, the results are not sensitively dependent
on a particular parametrization. For instance, the
combination I(ao)+ (14/9)J(ae)=g(as) which appears
on the right-hand side of (8a) behaves almost the same
way for both small and large values of ao. For small a,,
we see that g(a) =0.37a,? for the parametrizations (A)
and (B), and g(ae)=~0.42a,? for (C); while as gp— =,
gl@)=~ay—24 for (A), glas)=ao—1.6 for (B), and
g(ag) =~ ay—1.8 or ap—1.4, depending on whether 7o=0
or ro=—1 for (C).

To compare the results from (8) with the two-
parameter solutions??® by the .S-matrix method, we
have plotted in Fig. 1 the function f(ao)=ao— g(ao)
versus @p. We also include there f(ao)=ao—0.42a0%,
which corresponds to the parametrization (C) but with
a threshold approximation made in addition, so that
ImA o’ (v) = ar®/v. On the other hand, f(ay) is related
to A and Ay by —5A+(4/3)\+(10/9)J (a2)— 2P from
(8a), so that it can be fixed by fixing \, A1, and a,. For
example, for A= —0.1, \;=0.15, and ¢>=0.1 [for which
J(a2) can be safely estimated by the scattering-length
approximation] we get f(ao)=0.7, which gives (from
Fig. 1) ao=0.96-1.28, to be compared with ¢p=1.1 ob-
tained by Ball and Wong.?* A similar procedure applied
to (8b) for this range of @, reveals a;=0.11. The agree-
ment convinces us that there is some usefulness in our
sum rules (8).

Next, we notice from (5) that Weinberg’s calculation
gives A=—0.01 and \;=0.116. His values for the scat-
tering lengths, ¢p=0.2 and @.=—0.06, can be exactly
reproduced if all the dispersion-integral terms are
neglected in (8), so that

A= — 5)\'}‘%)\1 ,

Qo= — 2)\— %‘)\1.

(18)

Clearly, his solution for the s-wave scattering lengths
contains some contributions from the p wave, as is
evidenced by the presence of A; in (18). With these
values of A and \;, we observe from (8) that the unitarity
correction increases @, merely by about 5%, and de-
creases the magnitude of a» by about 109, for all three
parametrizations considered of the s-wave absorptive
parts. It should be remarked that our sum rules (8) do
not allow a second solution with large @, for all the
parametrizations. However, if we further make a
threshold approximation to the nonrelativistic effective-
range formula (iii) to estimate the dispersion integrals
(92) and (9b), then we obtain in addition a larger
solution @¢y=2.1, as in the example of Sucher and
Woo0.%:26 We feel, however, that this larger solution is

26 Interpreting the parameters a, b, ¢, and x of Sucher and Woo
in terms of A, Ay, and gy, one gets ao= —5SA+$N+4[(v/2) —3]ao?,
which agrees with the sum rule (8a) if (10/9)J (a2)-2P+3, is
dropped and I (ao)+(14/9)J (as) is estimated by using Im4 ;.o?=%(»)

=ao’\/.
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Fie. 1. f (ao)‘ versus gy for the s-wave parametrizations by (i) the Chew-Mandelstam approximation, (ii) the scattering-length approxi-
mation, and (iii) the nonrelativistic effective-range approximation with 7o= — 1. The curve (iv) corresponds to (iii) for which a threstold

approximation is further made.

not physically favorable, for two reasons: The threshold
approximation is good only for a small scattering length;
and if ao is indeed as large as 2, then the amplitude
should have a rapid variation from the consistency
region to the symmetry point, which is clearly not
consistent with the smoothness assumption of the
hypothesis of partially conserved axial-vector current.

If a ¢ meson (M,=400 MeV, T',=95 MeV)? is
assumed in order to estimate (9a) and (9b), then in
Eq. (8) ao can be increased by 509, and as by 159, over
the values obtained by Weinberg for A=—0.01 and
A1=0.116. A ¢ with a higher mass gives a less significant
change in the scattering lengths. Thus we find in any
case that @, can hardly be larger than half a pion
Compton wavelength once the behavior of the ampli-
tude near the symmetry point is determined by the
results of current algebra.

27 L. M. Brown and P. Singer, Phys. Rev. Letters 8, 460 (1962);

Phys. Rev. 133, B812 (1964); L. M., Brown, Phys. Rev. Letters 14,
836 (1965).

Finally, we remark that the small scattering lengths
from current algebra may be attributed to the smaliness
of \, which in turn seems to be a natural consequence of
Adler’s self-consistency condition?® that the amplitude
should vanish at s=¢=#=1. If experiments indeed
confirm @y to be as large as unity, then this will be
difficult to reconcile with the consistency condition of
current algebra, at least for =w scattering, where no
mass scale is available.
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