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Long-Wavelength Optical Lattice Vibrations in
Ba„Srt „F~ and Sr„Cat „F&
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(Received 11 July 1967)

The far-infrared reQectivity spectra of Sr„Ca& „F2 and Sr„Bai „F2 have been measured both at room
temperature and at 100'K over the spectral range from 10 to 100 p. Chang et al. have observed a single
Raman mode in these crystals and suggested that a virtual-ion model is applicable. This is to be distin-
guished from such systems as GaAs„P& „and CdSe„Si „where the appearance of two reststrahlen bands
leads to a more complicated model. Even though the reQectivity spectra of these mixed Auorides show
essentially a single reststrahlen band, these bands have some fine structure. The infrared reststrahlen band
shifts smoothly but in a nonlinear manner with y. The model used previously for GaAs„Pi „is adapted to
the present case and is shown to predict both the Raman and infrared spectra including the fine structure.
The model shows that the virtual-ion approximation is valid for the main Raman mode but not for the
infrared modes. Contrary to the case of GaAs„P& „, no significant clustering of like cations around anions
is detected.

I. INTRODUCTION

ECENTLY Chang, Lacina, and Pershan' studied
Raman scattering from the mixed crystals

Ba„Sr1 „F~ and Sr„Ca1 „F2. They found that just as in
the parent crystals, only a single Raman-active mode
is observed in the mixed crystals. The frequency of this
mode varies linearly with concentration y. Somewhat
similar results were obtained for the infrared-active
mode in Co„Ni1 „0by Gielisse et al.'

Ke may contrast mixed-crystal systems of this kind,
in which the lattice vibrational properties appear to be
an average of those of the parent crystals, with other
mixed-crystal systems in which two distinct sets of
optical lattice modes are observed. ' Examples of mixed
crystals showing two-band behavior are GaAs„P& „,"
InAs„Pi „,' CdSe„S1..„,' ' and Ge„Si1 „.' In GaAs„P~ „,
for example, the reQectivity spectrum displays two dis-
tinct bands. One band lies at frequencies close to the
optical phonon mode of pure GaAs and the other band
near the mode frequency of pure GaP. The strength of
each band depends upon the composition, the GaAs-
like band increasing with y and the GaP-like band with

(&—y)
The two-band behavior would have been expected if

the second group of crystals consisted of imperfect solid
solutions. However, studies of GaAs„P1 „4 ' and

'R. K. Chang, B. Lacina, and P. S. Pershan, Phys. Rev.
Letters 17, 755 {1966).' P. J. Gielisse, J. N. Plendl, and L. C. Mansur, J. Appl. Phys.
36, 2446 (1965).' A. S. Barker, Jr., and H. W. Verleur, Solid State Commun. 5,
695 (1967).

4 H. W. Verleur and A. S. Barker, Jr., Phys. Rev. 149, 715
(1966).

6 Y. S. Chen, W. Shockley, and G. L. Pearson, Phys. Rev. 151,
648 (1966).' F. Oswald, Z. Naturforsch. 14A, 374 (1959).

7 M. Balkanski, R. Besserman, and J. M. Besson, Solid State
Commun. 4, 201 (1966).

8H. W. Verleur and A. S. Barker, Jr., Phys. Rev. 155, 750
(1967).' D. W. Feldman, M. Ashkin, and J. H. Parker, Jr., Phys. Rev.
Letters 17, 1209 (1966). "S.S. Jaswal, Phys. Rev. 137, 302 (1965).
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CdSe„S1 „' using the electron-beam microprobe and
x-ray powder spectra showed no large-scale clustering
of A, P, Se, or S.

If one compares the infrared-active mode frequencies
in crystals of the two groups (i.e., one-band and two-
band crystals), one finds in the one-band case that the
TO (transverse optic) mode of the lighter ion parent
crystals lies between the TO and LO mode frequencies
of the heavier-ion parent crystal. In the two-band mixed
crystals the TO mode of the lighter ion parent crystal
lies well outside this range. This suggests that two bands
will only appear in those mixed-crystal systems in which
the relevant optical modes of the parent crystals are
well separated. Such requirements are known to exist
for the appearance of local-mode structure due to im-

purity atoms. " Local-mode theory will be applicable
to the mixed crystals for y close to 0 or 1. For the for-
mation of a local mode in a diatomic host lattice the
mass ratio of the host ions to the impurity ions must
exceed certain minimum values depending on which
host ion the impurity ion replaces. " The situation in
polar crystals is complicated by the eGect of long-range
Coulomb forces which are usually neglected in local-
mode theories.

A preliminary discussion has been given of the de-
pendence of the mixed-crystal modes on the parameters
of the pure crystals using a simple model to illustrate
the important concepts. ' In the present paper the
lattice dynamics are treated in detail to include mass-
and force-constant changes as well as the local-field
corrections. Infrared and Raman spectr* are computed
from the model for comparison with experiments per-
formed on Ba„Sr1 „, F~ and Sr„Ca1 „Fg.

For the two-band mixed crystals GaAs„P1 „and
CdSe„S1 „a model of the long-wavelength lattice vi-
brations was previously developed which allowed us to
calculate the infrared- and Raman-mode frequencies
and strengths as a function of composition and cluster-
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FIG. |.ReQectivity spectrum of CaF2 at 90'K. Open circles
represent experimental data. Solid curve is classical oscillator fit
using mode parameters listed in TaMe I.

ing. This earlier work (Refs. 4 and 8) will be referred to
as I and II. The calculations based on the model were
in good agreement with the experimental data for these
two systems. The essential feature of the model was the
recognition of the existence of 6ve basic nearest-
neighbor ion complexes or units corresponding to the
five possible distinct arrangements of anions around a
given cation. A probability argument was used to deter-
mine the number of each of these units in the lattice at
all values of y. This probability argument involved the
introduction of a cluster parameter p as the simplest
one-parameter extension of the random-probability
case. In the random case all probabilities are simply
comb matlons of g and (1—y). For GaAs spy q and
CdSe„S~ „ the cluster parameter, p resulting from the
fits took on positive values, implying a tendency for like
anions to cluster around a given cation. Although the
values of P chosen to give a best Gt markedly affected
the structure of the two reststrahlen bands, the existence
of two distinct bands did not depend. on the value ot p.

None of the assumptions underlying the model de-
veloped in I were applicable exclusively to GaAs„P& „
or CdSe„S» „.Hence it seemed appropriate to test its
applicability to a mixed-crystal system of the one-band

type of which BaySr j yF2 and SryCag yjF 2 are repre-
sentative. In order to make comparisons with the ex-

perimental work of Chang et a/. ,
' we have extended the

model to yield the Raman-active modes as well as the
infrared-active modes.

The linear dependence upon concentration of the
frequency of the single Raman mode in Ba„Sr~ „I'~ and

Sr,Ca~ „F~ led Chang et al. to suggest that a virtual-ion
model might be applicable to these mixed crystals. ''
Calculations are made below of the Raman- and infra-
red-mode behavior using the virtual-ion model and com-

parisons are made with experiment and with our model.
It will be seen that both models agree in the prediction
of the Raman frequency but that our model yields
better agreement with the experimental infrared reAec-

tivity spectra. The virtual-ion model with its one mode

fails completely of course when applied to a two-band

crystal like GaAs„P» „.Chen et al.4 have recognized the
need for more than one degree of freedom in describing
the two-band crystal GaAsyPg y. They developed a
model with two degrees of freedom for the optical
Diodes. Thell model, howevel, cannot account for the
one structure observed in the two distinct reststrahlen
bands since these obviously require additional degrees
of freedom. The model developed in Refs. 4 and 8 has
12 degrees of freedom for the optical modes, and can
predict the main bands and the 6ne structure in
GaAs„P~ „.The 12 degrees of freedom are suggested by
the nearest-neighbor environments. The model is ex-
tended here for the Quorite structure which has slightly
more complex nearest-neighbor environments since the
pure Quorite-type crystals have three ions in a primitive
cell compared with two in GaAs and GaP.

Section II describes the experimental work on the
barium, strontium, and calcium Quorides and their
mixed crystals. In Secs. III and IV a model is developed
for the lattice dynamics of the fluorite structure. This
model will predict one- or two-mode behavior depending
on the atomic-force parameters. In addition to explain-
ing the observed spectra, examination of the ion dis-
placements given by this model shoms under what con-
ditions the virtual-ion Inodel is a good approximation.

Three representative samples of both Ba„Sr~ „F2
and Sr„Ca~ „I'2 were purchased from Optovac, Inc.
The respective compositions were approximately
y=0.25, 0.5, and 0.75. The exact composition was de-
termined by x-ray powder diffraction, assuming linear
dependence of the lattice constant on concentration.
Our observations here agree with those of Chang et al.'
who obtained samples from the same source, in that no
evidence was found for deviations from homogeneous
solid solutions. It should be realized, however, that
x-ray powder measurements are not sensitive to
clusters or deviations from random mixtures in regions
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FIG. 2. Reactivity spectrum of SrF~ at 90'K. Open circles
represent experimental data. Solid curve is classical oscillator Gt
using mode parameters listed in Table I.
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Fzo. 3. Reflectivity spectrum of BaF& at 90'K. Open circles
represent experimental data. Solid curve is classical oscillator Qt
using mode parameters listed in Table I.

extending over only several atomic diameters. Crystals
of pure BaF2, SrF2 and CaF~ were obtained and in-

cluded in the x-ray powder analysis to fix the endpoint
of the concentration range. Since all crystals are cubic,
no special orientation is required for infrared work. The
crystals were mechanically lapped, then polished with
diamond abrasive to provide a Qat, smooth surface at
least 4 by 6 mm.

Pure Crystals

The room-temperature reflectivity spectra of CaF2,
SrF2 and BaF2 were originally measured by Kaiser
et ul."Our room-temperature measurements are in sub-
stantial agreement with these workers' including the
observation of a weak mode besides the dominant
transverse optic (TO) mode in all three crystals. The
experimental reQectivity spectra of the three crystals
at 90'K are shown in Figs. 1, 2, and 3 (open circles).
The solid curves in these figures represent classical
oscillator fits to these spectra. The mode parameters
used to obtain these curves are listed in Table I, to-
gether with the corresponding room-temperature values
given by Kaiser et al."

The origin and temperature dependence of the weak
mode is of special interest for the analysis of the mixed
crystal spectra carried out below. In all three Quorides,
the strength of this mode decreases by a factor of about

» W. G. Spitzer and D. A. Kleinman, Phys. Rev. 121, 1324
(1961).

»%. Kaiser, K. G. Spitzer, R. H. Kaiser, and I.E. Howarth,
Phys. Rev. 127, 1950 (1962).

ReQectivity Syectra

The infrared reflectivity spectra for unpolarized light
at 15' incidence were measured both at 300 and 90'K
over the frequency range from 100 to 1000 cm ', using
conventional spectrometers. The general method for
taking data has been discussed by Spitzer and Klein-
man. "The spectral slit width was never more than 2.5
cm ' over the entire frequency range.

six on cooling from 300 to 90'K. Kaiser et ul."suggested
that this mode is a two-phonon summation band in-
volving the TO mode and an acoustic mode. A calcula-
tion of the temperature dependence of the strength of
such a mode shows that it shouM decrease upon cooling
from 300 to 90'K by a factor of only 2.5. On the other
hand if this mode is a two-phonon difference band
formed from the LO mode and an acoustic mode, the
calculated temperature dependence is in close agreement
with experiment.

In addition to the strongest combination band dis-
cussed above, other very weak high-frequency modes
are observed in the reQectivity spectra of these crystals.
These modes have not been previously reported.
Modes 3 and 4 (Table I) appear as small dips at the
high-frequency side of the reststrahlen band of CaF&.
The fifth mode corresponds to the rounding of the high-
frequency shoulder of the reQectivity peak in this
crystal. The same type of mode is listed as the third
mode in SrF2 and BaF2. We have not assigned these
modes but assume that they are due to combination
bands.

In all cases the main combination band structure in
the reflectivity spectra of CaF2, SrF2 and BaF& is
strongly suppressed at 90'K. To simplify interpretation
we shall, therefore, make a detailed analysis of only the
low-temperature measurements.

Mixed Crystals

The reflectivity spectra of the mixed crystals
Ba„Sr~ „F2 and Sr„Ca~ ..F~ were measured both at 300
and at 90'K. At both temperatures and for both systems
the spectra consist of essentially a single reQectivity
peak with some fine structure. In Fig. 4 we have shown
the 90'K reflectivity spectra of three mixed crystals of
Ba„Sr~ „F2 together with the spectra of the pure
crystals for comparison. When we come to classical-
oscillator fits of these spectra we shall see that some of
the fine structure observed in the spectra of the parent
crystals continues in the mixed crystals with properly
scaled frequencies. However, the pronounced dip in re-
Qectivity which is especially noticeable in the low-
temperature spectra and varies with composition from
about 260 to 280 cm ' in Ba„Sr~ „F2 and from about
300 to 330 cm ' in Sr„Ca& „F:,cannot be traced to any
of the weak modes in the parent crystals. Moreover, the
strength of this mode is temperature insensitive. We
assign this dip to a fundamental mode (or modes) in
the mixed crystal.

III. LONG-WAVELENGTH PHONON VIBRATIONS
IN THE CaF2 STRUCTURE

Equations of Motion and Polarization

CaF2 crystallizes in the Quorite structure with space
group OI, '. A primitive cell of CaF2 is shown in Fig. 5,
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TABLE I. Mode parameters used in classical oscillator fits of parent crystals. Room-temperature data are from Kaiser et at. (Ref. 12).
90 K data Rrc from prcscnt mcasurcmcnts. Note: Oul 300 K mcasurcmcnts ylcld thc &Rlucs (R} 261 cIn ~ (4) 0 033 (c) 0.025 for thcsc
mode parameters.

Mode Parameters

pI (TO) (cm-')
47rpy

FI
v2(cm ')
krp2
r2
p3{cm ')
47rp3
I'3
v4(cm ')
47rp4

F4
vn(cm-')
krp5
F5
vzo(cm ')
v (Cm '}

~0= ~~+E 4~p

300'F

257(a)
4.2
0.018(b)

328
0.4
0.35

463
71
2.045
6.65

90'K

265

0.025
340

0.07
0.1

385
0.02
0.1

420
0.01
0.1

460
0.01
0.2

4/4
134

2.045
6,545

300'K

217

0.017(c)
316

0.07
0.25

374
99

2.07
6.14

90'K

225
4.17
0.025

330
0.0125
0.15

370
0.0125
0.2

392
162

2.07
6.26

300'K

184
4.5
0.02

278
0.07
0.3

326
94
2.16
6.73

90'K

192
4.7
0.025

280
0.01
0.15

320
0.005
0.2

342
162

2.16
6.87

It colltallls ollc formIIla lllllt 'tlIRt ls 'two F Ions (FI Rnd

FI), and one Ca ion. BRF. and SrF2 have the same
structure as CaF~, hence the forms of the equations de-

veloped below are identical for these crystals.

l50 200 250 300 550 400 450 500
FREQUENCY (cm ')

FIG. 4. Comparison of experimental reQectivity spectra at 90'K
of. the pure crystals BaF2 and SrFp vrith three mixed crystals 0&

paySrI f,F2.

Group character analysis of the long-wavelength
(q~0) lattice vibrations shows that the phonon dis-
persion curves consist of three acoustic branches and
six optic branches. At q~0 three of the latter are in-
fralcd-active modes of vlblatloll (ollc doIIblv degenerate
TO mode and one LO mode). The remaining three
optic modes are Raman active and triply degenerate.
Following the procedure outlined by Born and Huang, "
using the polarizable-ion model, we can write equations
of motion for the three ions in the primitive cell. Since
the structure is cubic, the dielectric function connected
with the infrared modes is isotropic and there are no
preferred directions for measuring infrared spectra. For
simplicity we write scalar equations and choose the vi-
bration direction along the hne joining the fluorine ions
FI and F.„(see Fig. 5). In the harmonic approximation
we write

IIIpwpI=+kI(wc~ —wpI)+kg(wp2 —wpl) —seEeII, (I)

IIIpwp2= +&I(wc~ wp2)+k—6(wpl wpp) g—eEeII, (2)—
IIIc~wca = Irl (w pl wcs)+—4(w p2 wca)+eFeII (3)

The m's are the ionic masses, the m's ionic displace-
ments; ki is the nearest-neighbor force constant between
F and Ca ions, k6 the second-neighbor force constant be-
tween Ii j and F2, E,qq is the e6eetive electric 6eld v hich

acts on the effective ionic charges —-', e and +e of the F
and Ca ions, respectively. No second-neighbor force
appears in Eq. (3) since the second neighbors of a Ca
ion are 12 Ca. ions which must all be moving in unison
with it for a q 0 vibration.

As we did in the development of the model for

GaAs„P~ „ in I, we approximate the partial overlap of
the electron cloud around each ion with adjacent cells

"M. Born and K. Huang, Dyrharg~ca/ Theory of Crysta/ LaNjees
(Clarcndon Press, Oxford, England, 1954).
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by dividing the effective ionic charge e into a local and
nonlocal portion:

TABLE II. Eigenfrequencies and Eigenvectors of normal
vibrations in CaF2 structure.

e=el,.+e l. (4)

The nonlocal part represents the overlapping part of e

which extends outside the cell and experiences the
macroscopic field E, rather than E,H. Since these
Quorides are much more ionic than the III—V and
II-VI compounds analyzed previously, we expect the
nonlocal portion to be much smaller than the local part
of the total eGective ionic charge.

With this assumption concerning the charge distri-
bution and taking the cubic symmetry of the crystal
into account, we obtain for the effective 6eld acting on
the local charges:

I.R. &To =
2k1 —4m Eel.o2

mCap2

Raman

Mode Frequency

Acoustic co,2 =0

Displacements corresponding
to Eigenvectors of

Eqs (1)-(3)

mp1 =mp2=mC,

2mp
~pl —F2& ~Ca=

mCa

%F1=—%F2', &Ca=0

@eff E+2 fr+foe ~ (5)
Infrared Mode Strength

E is the macroscopic electric field and I'i„ is the atomic
displacement polarization given by:

Pleo 1Veloc (feos 22ep1 22ep2) ~ (6)

E is the number of molecules per unit volume, i.e., the
reciprocal of the primitive cell volume.

The total polarization is

E=S(ei«+e»)(fffoe 2Wpf 2WF2)

+E(nP1+nP2+nc. )E. (7)

The 6rst term arises from the ion motion creating a
dipole proportional to e. The second term is the elec-
tronic polarization with the polarizabilities of the ions

given by the n's. We have assumed that the electronic
polarization effects can be related to the macroscopic
6eld E, i.e., that the local-field correction can be in-

cluded by using Eq. (7) and treating the n's as effective
polarizabilities.

We now substitute for the effective field in Eqs. (1),
(2), and (3) from Eqs. (5) and (6). Assuming that I',
E, and the displacements have exp(Rut) time depend-

ence, the three linear equations are solved for the eigen-
frequencies and eigenvectors of the normal vibrations.
The solutions are listed in Table II.

The first mode, where all ions move together is the
acoustic mode. The relative displacement of the Ca
sublattice against the two F sublattices moving in uni-

son, typihes the second mode as the infrared-active
mode. For the third normal mode, which is Raman
active, the two F sublattices move against each other,
while the Ca sublattice is stationary.

We note in passing that the second-neighbor force
constant k6 between F& and F2 appears only in the
Raman frequency, since in the infrared-active mode the
two F sublattices are not relatively displaced. The
second-neighbor force constant between the Ca ions does
not appear in the equations of motion since these ions
do not move relative to each other at q=0.

To obtain the classical oscillator strength of the in-
frared-active mode we evaluate the dielectric function
e(M) from the definition

c(fe) —1
P E e

Substituting for 2ff and E in Eq. (t) and combining with
Eq. (8) we obtain

4frXe2/flic. p2
2 ((d) = e~+

(&To GP zFMfdTO)

The term in the resonant denominator proportional to
I' has been added to represent the eGect of damping.
The classical oscillator strength (4frp) is given by the
diGerence between the low- and the high-frequency di-
electric constants.

4flp=eO 2 =42ISe /frfc F2&TO

Raman Mode Strength

The ion motions considered in writing Eqs. (1) to (3)
were along the line joining Fj and F2. We can choose the

Q co

FIG. 5. Primitive cell of CaF2 structure. The primitive cell
contains two F ions at the center of two tetrahedra. The relation
of the standard x-rav cell length ao to this primitive cell is shown.
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UNIT

F
Ba
Qar

nated with a laser beam whose electric 6eld has time
dependence E=Eoe'"". If wpi and wp2 are thermally
excited and vibrating with frequency co+, the spectrum
of I' will have sidebands at co~%cog. The power in these
Raman lines or sidebands per unit power in the laser
beam is proportional to

~
P

~

2/
~
E2

~

2. We define a Raman
scattering strength 2 corresponding to this latter ratio

A = (Ln.„*(wpi—wp2) j'), (13)

where ( ) denote the thermal average over initial states
of the system. The correct result for the Stokes-Raman
intensity is obtained by considering the laser mode to
lose one quantum, and the Stokes mode (at Mi —cog) to
gain one quantum. " Taking the thermal average we
obtain for the Stokes line strength

2(n.„')' 6—(Ps+1),

FIG. 6. Basic units of nearest-neighbor ions around a F ion site.
Units 2, 3, and 4 must occur in other orientations besides those
pictured here to agree with the observed optical isotropy of the
crystals.

z axis (Fig. 5) along this direction. Testing the Raman
mode listed in Table II under the point-group opera-
tions in O~ shows that it belongs to the threefold de-

generate representation T2,. Since second-order tensors

with components o. „,e„,n„, transform under T'2, we

readily identify the mode we have derived in Table I
s,s a Raman-active (and infrared-inactive) mode pro-
ducing pola, rizability n „.Two other orthogonal (but
degenerate) Raman modes may be chosen with the

Quorine ions vibrating along the x or the y axes; these

will cause polarizabilities o.„,and e„, respectively. We

ferrite for the electronic polarization

P,i ——n E. (11)

Carrying out the usual expansion of n to erst order

in the phonon coordinates and assuming that only the

g directed Raman mode is excited we obtain

npl+np2+ncs+n (wpl wp2) ~

The symmetry dictates that mc, cannot appear and that
the F ion displacements must enter as a difference. The
6rst three tensors are diagonal and have been used

already in Eq. (7). n' has nonzero elements n,„*=n„,'
for the mode we wish to consider. Substituting the above

expression for n into Eq. (11) and retaining only the

terms which depend on the phonon amplitude we obtain

P=(n*(wpi —wp2)) E (12)

In a typical Raman experiment the crystal is illumi-

where S~ is the Bose population factor corresponding
to the phonon frequency co&."For the anti-Stokes line,
$12+1 is replaced by Es.'4" For the infrared lattice
vibration up~ ——mp2 so 2 =0 as expected.

To make the connection with more standard forms
for the Raman scattering intensity we note that Q A is
actually a polarizability. The incident-laser beam
creates oscillating dipoles at frequency id& cocci (—for the
Stokes case) with dipole moment p=(QA)E/K The
power radiated by a single dipole of strength p into
solid angle dQ at right angles to the polarization is

P' (~i—~12)'dQ/ (81rc') .

We find that the Raman power scattered into solid
angle dQ per unit power in the incident laser beam for a
crystal of length I. is

A (Mi cds) LdQ—
2gc4

We thus obtain the familiar fourth power of fre-
quency, and the linear length dependence. "N may be
combined with the ion mass contained in A LEq. (14)]
to give the density factor which is often quoted in for-
mulas for the Raman scattering eKciency. For sim-

plicity, in the calculations which follow we compute A
from Eq. (14) (i.e., the geometry-independent part of
S) and call this the Raman mode strength.

Determination of Atomic Parameters

The reQectivity at normal incidence is related to the
dielectric constant by the Fresnel equation:

P2((g) ji&2—] 2

JR (16)
I

r. ((g)/&2+1
' G. Placzek, Handblch der Radiologic (Akademische Ver-

lagsgesellschaft, VI, Leipzig, 1934), Vol. 2, p. 209. Translation
available from Department of Commerce, Washington, D. C.

'5 R. Loudon, Advan. Phys. 13, 423 (1964).
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Fits of this calculated reQectivity to experimental
spectra allow us to determine the mode parameters
s„, &oTo, 4n.p, and I' which enter e(a&) [see Eq. (9)].The
6tting procedure has been discussed in the literature. "
Once the mode parameters are known we can calculate
the total effective ionic charge from Kq. (10) since E is
known from the x-ray cell size. In addition the expres-
sions for the q =0 infrared TO and Raman mode fre-
quencies give us two equations for the three atomic
parameters k», k6, and ei„. Individual values for these
latter parameters will be obtained only when we apply
our model to the mixed-crystal reHectivity spectra since
we then obtain additional relations between the three
constants. Measurements of the strength of the Raman
mode allow the determination of the atomic parameter
n,„'.Such measurements have not been carried out by
the present authors; however calculated results are
presented for the Raman mode strength assuming n „'
is the same in all three Quorides. The Raman modes in

BaF2, SrF2, and CaF2 will not have the same strengths
of course because of the factors (N+1) and &os appear-
ing in Eq. (14). Values of A for the pure and mixed
crystals are presented below.

IV. APPLICATION OF THE MIXED-CRYSTAL
MODEL TO Ba„Sr» „F2 AND Sr„Ca» „F2

I.O

0.5

P 0 RANDOM

—0.5—

—1.0
0

I

O.RS
I

0.50
I

0.75 I. O

Fxo. 7. Allowed values for P as a function of y.

of disorder (i.e., positive values of P) was found to exist
in GaAs„P» „and also in CdSe„S» „, although in dif-
ferent degrees.

If order exists in the crystal, i.e., if Ba ions are prefer-
entially surrounded by Sr ions and vice versa, P will
take on negative values. For example in a one-dimen-
sional crystal, the completely ordered situation for a
50-50 alloy mould be BaSrBaSr. . .. For this ordered
crystal we mould have

PBaBa 0
q PBaSr

Basic Units and Their Probability of Occurrence PSrSr PSrBa

Examination of Fig. 5 shows that the four nearest
neighbors of either an F» or an F~ ion in pure CaF2 are
Ca ions arranged at the corners of a tetrahedron. These
four cation positions in a mixed crystal of Ba„Sr» „F&,
may be occupied by either Ba or Sr ions. The situation
is quite similar to the one considered in I:For each of
the F ions in a unit cell there are five possible distinct
nearest-neighbor environments, which we call basic
units. They are shown in Fig. 6. Because we must dis-
tinguish between the two F ions in order to properly
describe the Raman-active modes, we will consider ten
basic units (rather than. five, as was done in I), five for
each of the two F ions. The mixed crystal is considered
to be built up from these ten basic units.

The probabilities of finding a Ba ion next to a Ba ion
and a Sr ion next to a Sr ion are given by

&s.s.=y+p(1—y), (17)

~...,= (1—y)+Py. (18)

These equations are identical with Eqs. (1) and (2) in
I with different subscripts. Since 6ve types of nearest-
neighbor environments are possible we might expect that
up to five parameters could be introduced in the proba-
bility expressions. The introduction of P represents the
simplest improvement over the random-probability
case. We call p the clustering (or disorder) parameter.
If p is positive (but smaller than or equal to one), the
probability of finding a Ba ion next to another Ba ion
is enhanced over the random case where P =0. This type

which corresponds to P= —1. At other compositions P
must have minimum values larger than —1 to prevent
the probabilities from becoming negative.

For the present case, as in I, we use Eqs. (17) and
(18) to calculate the probabilities of occurrence f, of
units of type i (see Fig. 6). In terms of the basic proba-
bilities given in Kqs. (17) and (18) the probabilities of
occurrence of these basic units are4:

fi=y(&Bass y+ypBsss ), (19)

f2 4y (1 PBsBs)PBsss y (20)

f3=6y'(1 —Ps.s.)' (21)

f4=4(1—y)'Ps. s.(1—Ps.s,), (22)

f5= (1—y)[ps.s.—1+y+(1—y)Ps.s'j. (23)

Only those values of p are admissible for which all of
the probabilities Eqs. (19) to (23) are positive. The
range of allowed values for p is shown in Fig. 7 for all y.

Equations of Motion and Polarization

The only formal difference between the two systems
considered here and the GaAs„P» „model developed
in I arises from the introduction of a total of ten F sub-
lattice coordinates, rather than Gve. Ke have in fact
five Fi sublattice coordinates wpi(i), i= 1 to 5, and 6ve
F2 sublattice coordinates wi. 2(i), i=1 to 5, to take
account of the five possible nearest-neighbor environ-
ments of each of the F ions. For the cations, however,
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we have wB„(i),i=1 to 4, and ws, (i), i=2 to 5, for the
BalrSrl rFs sgstem alld wsr('b)) '8= 1 to 4, and woa($))
i =2 to 5 for the Sr„CR~ „F2 system. These coordinates
are exactly like the anion coordinates used in I. In spite
of the large number of coordinates or degrees of freedom
(eighteen) in this model we will find below that there are

actually fewer parameters (force constants and charges)
than were used for the mixed crystals described in
Refs. 4 and 8.

Using again BR„Sri „F2 as an example, the equations
of motion, corresponding to Eqs. (13), (14), and (15)
Of I Rle

x(i)f,mB.wB.(i)=+x(i)f;kl(i) [w pl(i)+w pm(i) —2wB. (i))

+x(~)f kl P f [wpl(j)+wp2(j) 2w—B(a )l)+ x( )~frkag *(j)f[wB.(j)—wsa(~))
j=l

+*(')f'k 2 L1 *(—i))f L "(i) —.())+*()f' .F-. (24)
j=l

[1—x(i))f ms,ws (i)=+[1—x(i))f k, (i)[wpl(i)+wpg(i) —2ws (i))

+[1 x(&)—)f ks 2 fr'[wpl( j)+wp2(j) —2ws, (~))+[1—x(~))f k4 g x(j)fr[wsa(j) —ws, (l'))
j=l j=1

+L1 x(~))—f'k~ 2 L1—*(i))fLw"(j)—w" (~))+[1—x(~))f's"E.«(25)

f;~pw»8) =+x8)f;kl(~)[w». (i)—wpl(i))+ f 1—x(i))f;k2(~)[ws, (i)—wpl(l'))

+f'» 2 *(i)fLwB.(i)—w»(&))+f'ks 2 L1—*U))f [ws. (j)—wpl(i))
j=l j=l

+f'k Z f,L ~ U)- ~ ('))--,'f;{ (')".+L1—*('))",)E. , (26)
j=l

f,mpwp2(i) =same as Eq. (26) with wpl and wp2 interchanged. (2&)

In these equations, the fractional coeKcients x(i)
4& 2r 4~

specifying the unit, goes from 1 to 5. If there are S
"molecules" SR„Sr~ „F~ in the lattice, there are

x(i)fjVBa ions belonging to unit i,. We use force con-

stants out to second neighbors. In unit i, kl(i) and k2(i)
are the nearest neighbor Ba-F and Sr-F force constants,
respectively. The second-neighbor force constants are ks

between Ba-Ba, k4 between Ba-Sr, k5 between Sr-Sr

and k6 between Fi-F2. Finally, nearest-neighbor forces

between the F ions in a unit i and Ba and Sr ions in sur-

rounding units j are taken account of by kv and ks.

We thus have a total of 18 equations, which can be

solved as was done in I for the eigenfrequencies and

normal modes of the model. Besides the acoustic mode

and the $2 infrared-active modes we obtain an addi-

tional five Raman-active infrared-inactive modes

which were not present in I.
As was done in Sec. III for the pure crystals, we divide

the total e8ective ionic charge into a local and nonlocal

portion':
~Ba= &Ba,lcc+~Ba,air

&Sr &Sr, lac+&Sr,nl ~

unit neutral:

spl=sp2= —2{x(i)eB.+[1—x(i))es,) .

For the polarization we write an expression similar
to Eq. (1'/) of I which is the appropriate generalization
of Eq. P) used in the present paper for the pure
crystals.

~=N Z f;{—2{x(j)sB.+[1—x(j))s")

)([WPI+WPr)+X(j)CBaWBa(j)

+[1 x(j )fes,ws, (j ))+NaE—. (28)

Corresponding to Eq. (6), we write

Pl., i7 p f;{——,'{x(j)eB.,I.,+[1—x(j))es„l)

x [wpl(j)+wp2(j))+*(j)en. ,l..wB.(j)

+L1—x(j))ss., l-ws. (i)) (29)

For the effective charge on the F ions of unit i we take for the polarization due to the local charge in the mixed

thRt llneRI combination of cg, Rnd 88, which IIlakes the CIystal.
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4Xp&CO&

~(~)y)P) = ~~+2
j=& co ~—Go —zM 'F 'M

2

(30)

where the dependence of e on co, y and P through the
mode parameters has been explicitly indicated. The re-
flectivity is finally calculated from Eq. (16).

It is interesting to note that even though we have
extended the model from 13 to 18 modes, this does not
result in a larger number of unknown parameters which
must be 6tted. The reason for this is that even though
we distinguish between the two types of F ions, their
surroundings are identical except for a 90' rotation.
Hence the same set of nearest-neighbor and second-
neighbor force constants link both kinds of F ions to
surrounding ions. In fact additional requirements are
now to be fulilled with the same set of parameters.
These are the known Raman frequencies of the parent
and mixed crystals which must be predicted by the
model.

The 6tting procedure again consisted of choosing
trial parameters for the unknown force constants, local
charges and for P; the calculation of the reflectivity
spectrum with these parameters at a particular compo-
sition; then adjustment of the parameters and recalcu-
lation of the reAectivity until a best fit is obtained. The
success of this procedure depends on whether after ob-
taining a good 6t at one composition an adequate fit is
also obtained with the same set of parameters at the
other compositions. Finally in the case of these two
systems, the agreement of the calculated Raman fre-
quencies with the experimental results provided an
additional check on the values chosen for the unknown
parameters.

TABLE III. Known physical constants used in the
calculations of the model.

Theoretical Fit of ReBectivity Spectra

Using Eq. (8) we can solve for the dielectric constant
from Eq. (28). The details of this procedure are dis-
cussed in the Appendix of I. Since the Raman-active
modes have no infrared strength, they do not contribute
to the dielectric constant. Consequently, the expression
for e becomes formally identical with Eq. (A11) of I:

TABLE IV. Force constants and charges determined by
the reQectivity curve Gt ting.

¹arest-neighbor force constants (10' g/sec2)

Ba„Sr1 „F2 SryCa1 yF2
Ba-F Sr-F Sr-F Ca-F
Force Force Force Force

constant constant constant constantSymbol

4(tl
k (2)
k& (3)

k2(2)
k2(3}
k (4)
k2(5)
ky
ka

3.3
3.8
4.3
4.5

5.0
5.45
5.9
6.35

2.5
3.0
3.5
4.3

3.0
3.5
4.0
4.5

2.5 1.8
2.5 2.5

Second-neighbor force constants (10' g/sec2)
Symbol Between atoms CaF2 SrF2 8aF2

k6 F1-F2 2.4 1.3 0.5
k3 k4 k5 cation-cation 0.0+0.5 0.0+0.5 0.0&0.5

Local effective ionic charges (esu)
7.6X10 "

esr, gpo 8 1X10
&Ba, lpp 8.5X 10 "

In Table III, we have listed the physical constants
that were known or could be calculated from the known
classical oscillator strengths of the parent crystals.
Since no data were available on the lattice constants at
90'K, we have used the 300'K values of ao. We estimate
that ao decreases about 0.4% on cooling to 90'K, so the
effect on the other atomic parameters is expected to be
small.

In Table IV we present the force constants and
charges which were determined by curve fitting. We
note a considerable difference in the Sr-F force constants
depending on whether Sr is the lighter or heavier cation.
Qf course at the endpoints of the composition range
where we have pure SrF2 in the two systems, the Sr-F
force constan. ts must be the same [i.e., ki(1)+k7 in
Sr„cai ),F2 must equal k2(5)+As in Ba„Sri yF2].

The second-neighbor force constants k6 between F~
and F2 are, as expected, somewhat different in the three
parent crystals. In the mixed crystals we have assumed
a smooth composition-dependent transition from one
endpoint value to the other:

Mass

Charge

Lattice constant

No. of molecules
per unit volume

Constant

mp
mrna

msr
mrna

&e

&Sr

&a
~0(caF2}
ao(SrF )
a0(Bap2)
x(caF2)
iV(SrF )
)V iBaFul

Value

3.15X10~3 g
6.65X10 'g

14.54X 10~3 g
22.80X 10-» g
10.93X10-"esu
11.35X10 "esu
12.0X10 '0 esu
5.46
5.8i.
6.2 j
2.45X 10"/cm'
2.0X10"/cm'
1.68X 10"/cm'

4(~a))Srl—))F2) =y4(&aF2)+ (1—y)lr, (SrF,) .

The values of the second-neighbor force constants
k3 kQ and k5 are expected to be smaller than k6 since
the distance between the cations is V2 times the dis-
tance between F& and F2 ions. In the dynamical matrix
these force constants appear with small reciprocal mass
factors (e.g. , k3/ms, ) because of the relatively large
masses of the cations. These two effects suppress the
effect of second-neighbor cation-cation interactions. As
a result of these effects none of the Qts were sensitive
to values as large as &0.5X10' for these force constants.
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the two main modes were due predominantly to vibra-
tions of cations against anions in units 1 for the lower
frequency mode and cations against anions in unit 5
for the higher-frequency mode. Ke wiD return to this
point later since it allows us to make contact with the
virtual-ion model.

The group of four high-frequency modes (cot to co4)

and the group of three modes with frequencies some-
what lower than the main mode (tos to res) are similar in
nature to the modes found to exist in GaAs„P» „and
CdSe„S» „.The eigenvectors of these modes show them
to be predominantly due to vibrations within a par-
ticular unit. The nature of these modes changes, how-

Bay SI'i yFg
P=O

4m'p
5

modes, presumably because of the relatively large
F»-F2 force constants are no longer negligible in these
mixed Quorides, especially in Sr„Ca» „F2.

The frequencies of the Raman modes as a function of
y are plotted in Figs. 12 and 13, together arith the
strengths of the main modes. The linear dependence of
the frequency of the main Raman modes in Sr„-Ca» „F2
is in agreement with the experimental results of Chang
et al.» The combined strength of the other four modes
given by the model is less than —', j~ of the strength of
the main mode. They were not observed by Chang
et uL. '

In Ba„Sr» „F2 the total Raman strength is divided
between the two highest-frequency modes as is shown in
Fig. 12, The three lower-frequency modes have negligi-
ble strength as in Sr„Ca» „F2. Chang et e/. report only
a single Raman mode. However, the linewidth of this
mode was about 10 cm '. Between y=0.5 and y=0.8,
where according to our model the two modes both have

IO

Sr' Cal yFg
@aO

I.o—
EO 0.8—
4l
K

0,6-
CO

0.5-
K

0.4-
03—
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CO
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.os-
Q4-
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.Qs

F»G. 10. Infrared-active model strengths for four groups of
modes in Ba„Srq „Fs versus composition (y) computed from the
model for P =0.

.03

ever, with composition. For example, mode 6 in
Ba~Sr» „F2 is mainly due to F-Ba vibrations in unit 1
for small values of y, but changes its character to P
vibrating against Ba and Sr in unit 2 at large values of y.

The group of four low-frequency modes are very
similar to those found in GaAs„P» „and consist of rela-
tive vibrations of entire units. The strengths of these

Q.R Q.4 O.S 0.8 I.O
Sr F&

Fro. 11. Infrared-active mode strengths for four groups of
modes in Sr„Ca~ „Fg versus composition (y) computed from the
model for P=0.
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E 260
CJ
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220—

reststrahlen bands is caused by a band of three weak
modes given by the model. We take this structure to be
a significant mixed-crystal effect as opposed to combi-
nation band effects which of course must also be
present. As has been discussed previously, the appear-
ance of such structure as well as the actual concentra-
tion dependence of the main mode frequency and
strength rule out the use of the virtual-ion model for a
detailed description of these mixed crystals.

A best Gt at y=0.5 required a negative value for P.
At the other compositions, choosing a nonzero P did not
improve the fit. We, therefore, took P=O at all other
concentrations. The negative value for P at y=0.5 sup-
presses the strength of the mode at 283 cm ' and in-
creases the main mode strength, greatly improving the
6t. The eigenvector of the 283 cm ' mode shows that
its strength is predominantly due to vibrations of Sr
ions against F ions in unit 5 (see Fig. 6). When
P= —0.15 the number of these units in the lattice is
considerably reduced and the number of type-3 units
is increased. This tendency towards type-3 units is an
ordering tendency. A case of extreme ordering in
Bao.5Srp, gFe is achieved by making (100) cation planes

40—
~ M

Z2

+a 20—
lh ~2~
X ~

0
0

Sr Fz

(2
I

0.4 0.8 0.8

RAMAN MODE STRENGTHS

l.0
80F&

520

5l0

sr) ca) yFI

Fzo. 12. I&aman-active model frequencies and strengths for
Ba„Sr1 „F~ versus composition (y) computed from the model for
P=O. Only the strengths of modes (1) and (2) are shown. The
other modes have negligible strengths.

considerable strength, their frequencies are less than 10
cm ' apart and might, therefore, not be experimentally
resolved.

In Figs. 14, 15, and 16 we present the theoretical 6ts
to the reQectivity spectra at 90'K for three mixed
crystals of Sa„Sr& „F2. The mode parameters: fre-
quency a&; strength 47rp, and linewidth I', as well as P
and e„are listed in each figure. Kith the exception of
the highest-frequency mode which we interpret as a
combination band, the values for the strength and fre-
quency of each mode are those given by the model. The
linewidth of each mode is chosen to give a best 6t and
is found to have values typical of the linewidth of
phonons in pure crystals.

As mentioned earlier, we find both experimentally
and theoretically that the spectrum at each value of y
is predominantly due to a single strong resonance mode.
The weak lowest frequency band predicted by the model
has little effect on the reQectivity spectrum. The ex-
perimental results are consistent with the presence of
such a band but its presence is not positively confirmed.
The readily observable 6ne structure on top of the

RN

O2
4J

Py 290

270

40
fh

X +

UJ

l- ~~ 20

~ Cl
K
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Ca Fz

RAMAN MODE STRENGTHS

I
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l

0.4

FIG. 13. Raman-active model frequencies and strengths for
Sr„Ca& „P2 versus composition (y) computed from the model for
P=O. Only the strength of mode (1) is shown. The other modes
have negligible strengths.



LONG-WAVELENGTH OPTICAL LATTICE VIBRATIONS

100—
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~~ 70
~ 6o-
—50
~ 4o

~ so~
20

Ba~5Sr75Fg (90 K}

p =Q e(0 = 2.09
(d(cm ') 47rp I

357.5 .Ol, 2 f
282.2 .04 . I

269.4,009 . I

262.7 .007 . I

211.3 4 41 .045
117.9 .013 . I

alternately aH Sr ions then all Ba ions. The crystal then
consists entirely of type-3 units.

There are some weak second-order or combination
bands present in both BaF2 and SrF2. Evidence for the
existence of a weak mode in the mixed crystals whose
frequency varies linearly between the frequency of the
weak mode in BaFs (320 cm ') and that in SrFs (3'R
cm ') is presented in Fig. 16. This is the highest-fre-
quency mode mentioned earlier which is not given by
the model. The dotted line there represents a 6t with a

100

0 i

150 200 250 300 350 400 450 500
FREQUENCY (err) ')

Fro. 14. Theoretical 6t {solid line) to experimental reflectivity
data for Hap. ~5Srp. 75F2. The oscillator parameters and P value are
listed in the 6gure. The mode labeled f is the combination band
described in the text.
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266.5,005
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Fio. 16. Theoretical 6t (solid line) to experimental reiiectivity
data for Sap. g/SIQ, Q9P2. The oscillator parameters and P value are
listed in the figure.

6t in that region for the y=0.515 crystal by introducing
additional ad ho(," modes near 260 cm ', but were not
successful. A Kramers-Kronig analysis of the experi-
mental reAectivity shows that the shape of the reQec-
tivity is not due to resolvable modes but to a rather
nonsymmetric mode shape which is most naturally
described by a frequency-dependent damping parame-
ter. It was felt that the introduction of additional
parameters to describe frequency-dependent damping
would not be particularly illuminating, and this was not
attempted. The behavior here does suggest the pos-
sibility of increased coupling of the main optic mode to
the two-phonon density of states because of disorder in

80-

, 70

&. 60
I-

0
~ I-
C3~ 40

~ 30~

10

150 200

Ba 5Sr 5Fp (90 K)

P = -.15 ego = 2.115

(u(cm ') 47rP I'
345 0 .015 .2f
283. 1 .002 . I

268.4 .008 .05
2607 .011 .05
203,4 4.58 .05
136.9 .015 . I

250 300 350 400 450 500
FREQUENCY (em-I)

the mixed crystals. Such increased coupling is also sug-
gested by the increase of the damping parameter of the
main mode as y approaches 0.5.

The second-order or combination modes observed in
CaF2 and SrF2 also extend into the mixed-crystal
system. We have indicated these modes on the lists of
mode parameters (symbo) f) in each figure. The eGect
of these modes is similar to what was observed in
Ba„Sr~ „F~. We note again that the strength and fre-
quencies of these modes are not given by the model, but
were merely chosen to give a better 6t.

Fio. 15. Theoretical 6t (solid line) to experimental reiiectivity
data for Sap.SSrp.5F2. The oscillator parameters and P value are
listed in the 6gure.
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90

80

Sr~5Ca 75F~(90'K}

P =0 e~ =2.051

mode at 335 cm ' left, out. The solid line is the theoreti-
cal fit with this mode included and is decidedly better.
We take this mode to be a combination band or at least
not a specific mixed-crystal effect and label it f in the
6gul e.

The theoretical fits to the reQectivity spectra of
SryCag yF2 at 90'K are presented for three values of y
in Figs. 17, 18, and 19. The mode parameters are again
listed in each Q,gure. We find that in all cases P =0 gives
the best 6ts. The results here are not as good as in the
previous system. We note especially the poor fit to the
experimental data at the low-frequency side of the
reststrahlen bands. We did attempt to obtain a better
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Fio. i7. Theoretical 6t (solid line) to experimental reQectivity
data for Srp. gsCap. y5F2. The oscillator parameters and P value are
listed in the figure.
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TABLE V. Displacements of ions in strongest infrared and Raman modes of Bao.5Sro.&F2. Force constants and charges are given
in Table IV. For comparison the turbo main modes in CdSe0. 53SO.47 are also given.

@0 present
Ion

type

Bao.sSro. sFII

Displacements (P=—0.15)
IR mode Raman mode
202 cm ' 267 cm '

CdSeo. 53S0.47

Dlsplacements (P =0.40)
IR mode 1 IR mode 2

177 cm ' 251 cm '
Ion f;

type /0 present

1.5 F1
F2
Ba
Fl
F2
Ba
Sr
F1
F2
Ba
Sr
F1
F2
Ba
Sr
F1
F2
Sr

0.45
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FIG. 18. Theoretical 6t (solid line) to experimental reQectivity
data for Sro, 515Ca0.485F~. The oscillator parameters and p value are
listed in the 6gure.

The model does predict modes near 3lo cm ' which
as in Ba„Sr~ „F2 produce the one structure on top of
the reststrahlen bands. The modes with frequencies
lower than the main I.R. mode have considerably more
strength than those in Ba„Sr~ „F2, however their CGect

on thc rcQcctlvlty spectra ls DlcI'cly to lncleasc 'the rc"
Qcctivity at the low-frequency side of the reststrahlen
bands.

The main feature of the infrared spectra of both
systems is thus the predominance of a single, strong
mode with some weak additional modes causing the
6ne structure of the reststrahlen bands. From the model

we And that there is also one main Raman mode. Its
frequency varies linearly with composition. A cornpari-

son has already been publisheds of the 6t of the calcu-
lated Raman mode with the data of Chang et al. ' In
Table V we list the ion displacements of the main in-

frared and Raman modes in Bao 5Sr0.5F2. %c note that
within any unit the qualitative form of the displace-
ments is the same as for the pure crystal (Table H);
however, for the I.R. mode the ratio of anion-to-cation
displacement is no longer given by a simple mass factor.

Comyarison of the Model with a Virtual-Ion Model

In Ref, 3 we have given a preliminary comparison of
the virtual-ion (V.I.) model with the detailed model
presented in the present paper. The basic approxima-
tions which lead to the virtual-ion concept for problems
of band structure or lattice vibrations have been dis-
cussed by Herman ef a/. "For the infrared-active mode
of vibration, the virtual-ion approximation consists of
dehning a virtual cation with average properties. This
virtual ion is then imagined to reside at every cation
site in the lattice restoring the translational symmetry.
In Ba„SrI „F2 the virtual cation would have mass

yms. + (1—y) ms, .

One takes a similar composition-dependent average of
the cation-anion force constants, the charges, the lattice
constants and the high-frequency dielectric constants.
Following the procedure previously outlined for the pure
crystals, we then calculate the infrared frequencies and
strengths.

For the Raman mode, Table II shows that the cation
mass does not enter the frequency expression. The
virtual cations do control kj and k6 however, so concen-
tration-weighted averages of these forces are formed.

16 F. Herman, M. Glicksman, and R. H. Parmenter, I'rogress &t
Seericoedgcfors I,'John Kiley R Sons, Inc. , Net York, 1957), Vol. 2.
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Since ~z' ——(k&+06)/m& we note that co+' will vary
linearly with composition for the virtual-ion (V.I.)
model. For the actual force constants and the mass used
in these Quoride mixed crystals we And that co& itself
varies almost linearly with composition. The deviation
from linearity of the frequency is only about 4% high
for the virtual-ion model at y=0.5. Figure 20 shows
the V.I. model calculations as dashed curves. The
Raman frequencies given by the V.I.model coincide with
the frequencies of mode 1 in our model at low values of
y, and with the frequencies of mode 2 at large values of
y. Both results agree with experiment since the two
modes given by our model cannot be resolved experi-
mentally in the region between y= 0.6 and 0.8 where the
two modes have comparable strengths.

The two models disagree in their predictions of the
infrared frequencies and strengths. Our results are in
closer agreement with experiment than those given by
the V.I. model. The strength of the main I.R. mode at
y=0.5 is somewhat higher than the calculated value for
P=0. Taking P= —0.15, as was done in the fit presented
in Fig. 15, brings the calculated and experimental
values of the strength of the main mode in agreement,
giving a good fit for all concentrations. In addition to
disagreement concerning the infrared mode strength and
frequency, the V.I. model does not account for the fine
structure which is experimentally observed. In Fig. 21
we present a fit to the reQectivity spectrum of
Bap.5Srp. 5F2 using the V.I. model results to illustrate
this last point. This figure is to be compared with the
fit based on our model presented in Fig. 15, which, as
can be seen, is considerably better,

An interesting comparison can be made between the
eigenvectors of our model and the V.I. model. Table V
shows that at y=0.5 unit 3 is the most prevalent ion
complex. The strongest I.R. mode consists of F ions
moving 0.34 units along s (Fig. 5) in unit 3, Sr ions
moving —0.135 units, and Ba ions moving —0.103
units. The V.I. model has a slightly higher frequency
for this mode and would have both F ions moving 0.34
units and one virtual (Ba-Sr) ion moving —0.115 units
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along s in each primitive cell. Our model has in addition,
Ba and Sr ions moving with slightly different ampli-
tudes in other less prevalent units. We find therefore
that in our model the motion is predominantly like the
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FIG. 20. Comparison of infrared and Raman frequencies as well
as infrared oscillator strength (krp) for Sa„Sr1 „F2 as calculated
from our model and from a virtual-ion model.



virtual-ion model motion but there is a small relative
motion of Ba and Sr; moreover, Ba and Sr ions in dif-
ferent environments (units) move with slightly different
amplitudes. These slight relative cation motions bring
into play second-neighbor forces and electrostatic forces
which change the frequency from the V.I. model pre-
diction. In addition, allowing relative motion for cations
in different environments yields the other weaker modes
(not shown in Table V) which fit the structure shown
in Fig. 15.

We also show' in Table V the ion displacements in a
mixed crystal whose force constants, masses, and
charges cause two widely separated modes in the y=0
and y=1 pure crystals. There is very little tendency
here towards virtual-ion behavior. The behavior of this
crystal system has been discussed previously. ' We note
here that near y=0.5 there is not one main infrared
mode but two. The lower-frequency eigenvector con-
sists of the heavier anion moving against the cation
(mostly in unit 1) while the higher-frequency mode
consists predominantly of the lighter anion moving
against the cation in units 3 and 4. This distinct tw'o-

mode behavior cannot be approximated by a simple
virtual-ion model. '

V. CONCLUSIONS

We have shown in this paper that a conceptually
simple model of a mixed crystal which was originally
developed to explain the reQectivity spectra of
GaAs„P& „and CdSe„S&» i.e. , systems having two
reststrahlen bands, is applicable also to these mixed
Quorides which have only a single reststrahlen band.
This seems to lead to the conclusion, therefore, that
there is no fundamental difference between these two
kinds of systems. In particular it seems unnecessary to
associate single-band systems with homogeneous mix-
tures and the two-band systems with imperfect solid
solutions. In the application of the model to the two-
band systems (GaAs„P~ „and CdSe„S~ „), p had
rather large positive values suggesting a strong degree
of clustering of like anions around the cations, whereas
in, these mixed fluorides p is found to be zero (i.e., like
ions are not clustered) and in one case negative for good
Gts to the reQectivity spectrum. As was shown in I and
II, P does not control the appearance of one or two
bands; thus the nonclustered arrangement of the ions

is not directly related to the appearance of one main
mode in these crystals. Chang et a/. ' have speculated
that the ions are distributed randomly (p= 0).However,
independent measurement would be valuable to es-
tablish this point. This may be possible using small-
angle x-ray scattering.

The appearance of one or two bands in the reQec-
tivity and Raman spectra of mixed crystals depends
primarily on the relative values of the atomic masses
and force constants of the two parent crystals, or equiv-
alently on the separation and relative strengths of the
Raman and infrared modes in these crystals. '

One of the predictions of the model is the appearance
of weakly infrared-active modes at frequencies below
the main TO band. In an at tempt to verify the existence
of these weak. modes we have made transmission meas-
urements on a mixed crystal of strontium —calcium
Quoride in the range 180 to 250 cm '. Unfortunately the
transmission is so low for the thinnest samples which
could be prepared that a weak band near 210 cm '

could not be ruled out or confirmed. A separate neutron
diffraction study of Bao.5Sro 5F2 is being planned which
should give valuable independent evidence of the optic
mode structure.

Finally, we have seen that the V.I. model, while

applicable to the Raman spectrum of the mixed
Quorides, falls short when applied to the infrared re-

Qectivity spectrum of the mixed Quoride systems. Its
complete failure in explaining the two reststrahlen band
systems was already noted. ' The basic

difference

between this and our model lies essentially in the fact
that the V.I. model averages the lattice vibration prop-
erties of the pure materials, assuming both cations will

vibrate as they did in the pure crystal. This approach
is obviously violated in the case where a light com-

ponent forms a local mode and vibrates independently.
Our model retains the individual character of the two
components and assumes that the cation-anion inter-
action of one component is perturbed by the presence
of the other material in the lattice. Only when the per-
tinent properties of the two parent crystals are very
close do the two models yield similar results.
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