
Tml.z II. Interstitial cluster size.
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appears to be more reasonable. Table II gives the values
for the size of the interstitial clusters for irradiation
in the vicinity of room temperature obtained using
these assumptions. Clearly even for comparable inter-
action radii the results imply rather large clusters. "

35 These estimates are based on the assumption that random
diffusion controls both the annihilation and aggregation of nega-
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The interaction potential energy of a gas atom with a solid is obtained by summing the 6-12 gas-atorn-
solid-atom pairwise potential over all atoms of a perfect, monatomic, cubic, semi-infinite lattice model.
Study is made of relations among (i) heats of adsorption, surface diBusion, and sublimation; (ii) lattice
spacing, lattice type Lbody-centered and face-centered cubicj, and exposed lattice face L(100) and (110)g;
and (iii) the pairwise interaction parameters. Possibilities of obtaining one or more of these quantities from
knowledge of the others are considered. The theory is applied to an analysis of experimental data, and a
somewhat unsuccessful attempt is made to assess the validity of the 6-12 pairwise model in gas-surface
interactions. Tables, correct to five significant figures, of sums of inverse sixth and twelfth powers of gas-
atom-solid-atom distances are presented as functions of distance of the gas atom from the surface of a simple
cubic lattice which has either its (100) or its (110) face exposed.

I. BrxRODUnxom
' ~XAMINATION is made of the assumption that the

~ interaction of a gas atom with a solid may be
described by means of a potential energy obtained by a
summation over all atoms of the solid of the Lennard-
Jones 6-12 gas-atom —solid-atom pairwise interaction
potential':

V;; is the potential energy of interaction of atoms i and

j p t d by d't;;; d th 6-12
gas-atom —solid-atom parameters, the physical signi6-
cance of which is we/l known. The solid is represented

by a perfect, monatomic, cubic, semi-indnite lattice
model, and the interaction potential of a gas atom near
the surface is assumed to be obtained by summing (1)

' J. E. Lennard-Jones, Physica 4, 94j. (1937).

over all atoms j of the semi-infinite lattice with i= gas
atom.

The lattice type is denoted by L, and a notation of
Born' is used: L=s, b, and f denote, respectively, the
simple, body-centered and face-centered cubic lattices.
The lattice spacing is a (the nearest-neighbor distances
are qua/2, where q=4, 3, and 2, respectively, for s, b,
and f lattices). The exposed face F of the lattice must
be specified LF= (110), for example] and the notation
used is that FL means the F face of the L lattice; the
conventional round brackets in the face specihcation
are omitted hereafter (for example, F=110).

Questions to which we attempt partial answers are
the following:

(1) What is the atomic heat EI of adsorption at zero
coverage and the corresponding "heat" (act'ivation

' M. Born, Proc. Cambridge Phil. Soc. 36, 160 (1940).
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energy) D of surface diffusion as functions of ro, e, a, L,
and FP

(2) What does a topographical "map" of the gas-
surface interaction potential energy look like as a
function of these quantities?

(3) What may be deduced about ro, e, and F from
studies of II and D and from other studies, for example
the scattering of gas atoms by a clean surface of known
material (and hence of known a and L, but not in
general of known F)?

Discussion of previous relevant work is delayed until
after various definitions have been made. The analogous
situation for infinite lattices (for which surface effects
are negligible compared to bulk effects) is simpler, and
we need some of the results; therefore, a brief discussion
may not be out of place.

ln6nite Lattices

In this case, V;, is the solid-atom —solid-atom pairwise
interaction potential; ro and e are the solid-atom —solid-
atom parameters. The assumption is that the crystal
potential energy is obtained by a summation of (1) over
the infinite lattice, and that the bulk properties of
crystals are derivable from this potential energy. In
this way, at/ bulk properties (including, for example,
crystal structure) are functions only of ro and e.

Work of this nature has been done by many
authors' "using many pairwise interaction laws, both
of type (1) and others; for example, ""the Morse
potential. "A detailed discussion of the various pairwise
interaction laws and of their re/ations with the relevant
experimental data is found in Ref. 22; a review of the
solid-state work appears in Ref. 23. For the purposes of
this discussion, it is sufhcient to note that ro and e are
determined by four experimental quantities, (i) the

' G. Mie, Ann. Phys. (Leipzig) 11, 657 (1903).
4 J. E. Lennard-Jones and A. E. Ingham, Proc. Roy. Soc.

(London) A107, 639 (1925).
E. Gruneisen, in Handbuch der I'hysik, edited by H. Geiger

and K. Scheel (Julius Springer Verlag, Berlin, 1926), Vol. 10, p. 1.' J, Corner, Trans. Faraday Soc. 35, 711 (1939).
7 R. D. Misra, Proc. Cambridge Phil. Soc. 36, 175 {1940).
R. Furth, Proc. Roy. Soc. (London) A183, 87 (1944).
J. Corner, Trans. Faraday Soc. 44, 914 (1948).

'0 T. Kihara and S. Koba, J. Phys. Soc. Japan 7, 348 {1952).
"E.A. Mason and W. E. Rice, J. Chem. Phys. 22, 522 (1954).
'2 A. D. Buckingham, J. Chem. Phys. 23, 412 (1955)."E.Whalley and W. G. Schneider, J. Chem. Phys. 23, 1644

(1955)."C. Domb and I. J. Zucker, Nature 178, 484 (1956).
'5 I. J. Zucker, Proc. Phys. Soc. (London) 77, 889 (1961)."L.A. Girifalco and R. A. Lad, J. Chem. Phys. 25, 693 (1956).
"A. D. Crowell, J. Chem. Phys. 29, 446 (1958).' N. Bernardes, Phys. Rev. 112, 1534 (1958)."L. A. Girifalco and V. G. Weizer, Phys. Rev. 114, 687 (1959).
'o D. D. Konowalow and J. O. Hirschfelder, Phys. Fluids 4, 629

(1961)."P. Morse, Phys. Rev. 34, 57 (1929)."J.O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular
Theory of Gases and liquids (John Wiley k Sons, Inc., New York,
1954)."E.R. Dobbs and G. O. Jones, Rept. Progr. Phys. 20, 516
(1957).

atomic volume o at zero p and T, (ii) the atomic heat X

of sublimation at zero p and T, (iii) the atomic zero-
point energy L'o at zero p and (iv) L. LBecause of
stability considerations, "'" (1) cannot hold for b or s
lattices, although it is used' for crystals of both types f
and b in the hope that it yields a useful model for a
description of many crystal properties; s crystals are
unknown in nature. "]Knowledge of z and L implies
knowledge of a and, when Eo is negligible, ro/o and e/X
are functions only of L. (Corrections to be applied when
Eo is not negligible a,re discussed by Corner. ') In fact,
it may be shown from the work of Refs. 4 and 7 that

and
ro/a~0 7280.(f), 0.9099(b),

e/X~0. 1161(f), 0.1213(b) .

(2a)

(2b)

Semi-Infinite Lattices

The problem of the interaction of a gas atom with a
semi-infinite lattice is more complicated than the
infinite-lattice problem because of the extra parameters
which must be specified. Briefly, a result is that, when
zero-point energy is neglected, the reduced gas-atom—
solid-atom parameter ro/a is determined in general by
B/D, L, and F; e is then determined by either H or D.

Semi-infinite lattice sums are defined by

S,(FL,x,y, s) =Q (a/r, ,)', (3)

where r;; is the distance of,the jth lattice point from the
gas atom z, which is located at the point (x,y,s). The
potential energy V(FL,x,y, s,ro/a, e) of the gas atom is
therefore given by

V(FL,x,y, s,ro/a, e)/e
= (ro/u)oL(ro/a)oSio(FL, x,y, s)—2So(FL,x,y,s)$. (4)

Two important approximations (inherent also in all

previous work on semi-infinite lattice sums but not
always clearly stated) are made; these are that the
lattice remains undistorted in spite of the presence of
both (i) the free surface and (ii) the gas atom. These
approximations result in such great simplifications of
the calculations that it is worthwhile to make them at
this stage of the theory.

One such simplification is that results for both Fb
and Ff faces may then be obtained by superposition of
appropriate results for the Fs face; therefore detailed
sums are done only for the s lattice. In order that results
on at least two different faces may be compared,
calculations are made for F=110 and 100.'" For b, f,
and s lattices, these faces are shown, respectively, in
Figs. 1 and 2, together with x and y axes defining
right-handed systems of rectangular cartesian coordi-

"Remember that we are using the notation s = sc, b =bcc,
and f=fcc.

2~ Remember that we are using the notation 110= (110),
100= (100), etc.
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nates, the surface planes (containing the surface atom
centers) being s=0.

Adsorption and surface-diffusion properties are deter-
mined by the equilibrium position with respect to s of
a gas atom located directly above the point (x,y) on
the surface, and by the value of the interaction potential
at this position. s (FL,x,y, rp/a) is the value of s making
V(FL,x,y,s,rp/a, e) a minimum V, with respect to s:

U(FL,x,y,s,rp/a, e) = V (FL,x,y, rp/a, e) .

An important problem in gas-surface interactions
concerns the "smoothness" of the surface potential
"seen" by an incident gas atom. The hard-cubes
scattering theory of Logan and Stickney" assumes a
perfectly smooth surface (although surface roughness
is considered later" ), whereas the hard-spheres theory
of the author"" assumes relatively rough surfaces.
The theory of Oman and his co-workers'~" uses the
same gas-surface potential function as that in this paper,
and from this point of view this paper is an investigation
into the surface properties of that theory. In both the
hard-cubes" "and hard-spheres" "models the incident
gas atom may be thought of as a point mass, and the
surface as an array of hard spheres of radius R; in the
former theory R= pp and in the latter R~1.1a (for
inert-gas-W systems). The hard-cubes model is far
more successful in describing recent low-incident-energy
narrow-lobe gas-surface scattering patterns'~36 than
is the author' s. That the author's model cannot ade-

quately describe these patterns should cause no surprise,
as it is developed specifically for high incident energies;
that the hard-cubes model does describe the patterns so
well {at least, qualitatively) is, however, surprising. "
Logan and Stick.ney" state that partial justification for
their smooth-surface assumption is provided by a
discussion of potentials by Ehrlich. " In the author' s

opinion, this is misleading. Ehrlich s argument (with
which the author agrees) is that, in the above notation,
variations of V (x,y) over the surfa, ce are small com-

pared to V itself. This does not seem directly relevant.
A m.ore relevant criterion would seem to be the smooth-

ness of the surface which contains the points of closest
approach to the solid of the incident gas atoms, assum-

y/a

N2 ~

X3
0. W I O

(a) llob

X3 X(2

XI X4 ~

J2 x/a 0
(b) I IOV

J2 x/a

X4. X5 X6
X7

Wl X2 2(3

J2 x/a

(c} IIOs

Fzo. 1. The 110b (a), f (b), and s (c) faces. The 6lled circles
represent solid atoms at z/a= —2&e for b and s and at s/a= —n/2&
for f where m=0, 1,2, ~ ., ~; the open circles represent solid atoms
at s/a= —2&(e+$) for b and s and at s/a= —(n+';)/2& for f. The
crosses for b and f give the positions (x,y) at which the gas-solid
interaction potentials are calculated; for s they give the positions
for the lattice sums.

II. LATTICE SUMS

Because of the considerations in the previous three
paragraphs, we are interested in details of the variation
of the gas-surface interaction energy V with s at several
positions on each lattice face. Lattice sums calculated

ing for simplicity that they have equal energy K
Assuming, again for simplicity, that the lattice is not
disturbed by the interaction, this surface is de6ned by
s=sz(FL, x,y, rp/a, e), where

V(FL,x,y, sg, rp/a, e) =E. (6)

For each case, effective interaction radii R~ for the
energy E may be defined as those radii of spherical
lattice atoms which result in surfaces giving best 6ts
(in a sense defined below) to the variations of
s=sz(FL, x,y, rp/a, e) with x and y. An upper limit on
the smoothness of the surface (that is, on Rs) is
provided by setting E=0; that is, all incident gas atoms
must penetrate at least to the surface s=sp (without
the above assumption of an undisturbed lattice, some
atoms need not penetrate this far, but these are
trapped) .

In the theory of gas-surface interactions, it is neces-
sary" to know the "average" potential well, denoted
by —V (FL,rp/a, e), encountered by a gas atom during
its approach to the surface. Later on, more detailed
information will be required by the theory; for example,
it will be necessary to know V (FL,x,y, rp/a, e) as a
function of x and y.

"R. M. Logan and R. E. Stickney, J. Chem. Phys. 44, 195
(1966)."R. M. Logan, J. C. Keck, and R. E. Stickney, in RarefI, ed Gas
Dynamics (Academic Press Inc, , New York, 1967), Vol. I, p. 49."F. O. Goodman, Ref. 27, p. 35.

"F.O. Goodman, NASA Report (unpublished). A shortened
version of this work appears in Surface Sci. 7, 391 (1967).

"R.A. Oman et al. , AIAA J. 2, 1722 (1964)."R. A. Oman, A. Hogan, and C. H. Li, in Rarefied Gas Dynamics
(Academic Press Inc, , New York, 1966), Vol. II, p. 396.

'2 R. A. Oman, Grumman Research Department Report
No. RE-222, 1965 (unpublished).

"R.A. Oman, Ref. 27, p. 83.
'4 J. N. Smith, Jr. and H. Saltsburg, J. Chem. Phys. 4Q, 3585

(1964)."J.N. Smith, Jr. and H. Saltsburg, Ref. 31, p. 491.
"H. Saltsburg et a/. , Ref. 27, p. 223."G. Ehrlich, Ann. Acad. Sci. (N. Y.) 101, 722 (1963).

y/a

X3

X3

0 Wl X3 ~ WI N2 Wl X4 ~

I x/a j x/a x/a

(a) loob (b} ioo& (c) IOOs

Fxo. 2. The 100b (a), f (b), and s (c) faces. The 6lled circles
represent solid atoms at s/a= —n and the open circles solid atoms
at s/a= —(n+$) where m=0, 1,2, , ~. The crosses for b and f
give the positions (x,y) at which the gas-solid interaction potentials
are calculated; for s they give the positions for the lattice sums.

38 F. O. Goodman (unpublished).
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TABLE I. Coordinates of the surface positions (Refs. 24, 25), in
Figs. 1 and 2, at which the interaction potentials are calcu-
lated as functions of s.

110I.E 4x/24 4y/a

0 0
0

2 0
0 2
1 2
2 2
1 1
0 0
0 2
1 1
0 0
1 2
0 2
1 0

s.l
s2
s3
s4
s5
s6
s7
b1
b2
b3
f1
f2
f3
f4

100LlV 4x/a 4y/a

0 0
1 1
2 2
2 0
0 0
2 2
2 0
0 0
2 0

1

s1
s2
S3
s4
b1
b2
b3
f1
f2
f3

as functions of s at each of the seven positions marked
on the 110s face in Fig. 1(c) enable V to be evaluated
as a function of s at the three positions on the 110b face
in Fig. 1(a) and at the four on the 110f in Fig. 1(b).
Similarly, sums calculated as functions of s at each of
the four positions marked on the 100s face in Fig. 2(c)
enable V to be evaluated as a function of s at the three
positions on each of the 100b and 100f in Figs. 2(a) and

2(b), respectively. Position 1V on the FL face is denoted

by FLE; for example, V(100ba/2, 0s, r , /,ao«) ,is equiva-
lent to V(100b3,s,ro/a, «). Absolute clarity as to the
coordinates of each position is essential; for this reason

they are given, relative to the axes in Figs. 1 and 2, in
Table I.

For the 110sface, the sums are done at 32s/2~a =0(1)56
for each position, and for the 100s at 20s/@=0(1)50.
Then, V(110L1V,s,ro/a, «) may be calculated at 32s/2"a
=0(1)48 and V(100L1V,s,ro/a, «) at 20s/a=0(i)40; the
calculations are done for ro/a= 0.6(0.1)2. For each case

so and s are each found by approximating V(s) by a
Lagrangian seven-point interpolation polynomial, "the
central point being chosen as that closest to so or s„
[so and s„are, respectively, the finite roots of V(s) =0
and dV(s)/ds= 0, found by Newton's method from the
interpolation polynomials].

Position 2 is the adsorption site for all the b and f
cases considered, and the easiest route of surface
diffusion is via position 3.Thus we assume that

Jl(FL,ro/a, «) = —V„(FL2,ro/a, «) (7)

D(FL,ro/g, «) = U (FL3,ro/u, «) —V (FL2 ro/8 «) . (8)

The effective radius Ro(FL1E,r&&/a) for zero energy and

for the pair of points 1,1V (%=2,3,4) is defined as that
radius of spherical lattice atoms which results in a diRer-

ence in surface height between the points 1 and E equal

to the difference between so(FLi,ro/a) and so(FLX,ro/a).
Denoting this difference by iso(FL1X,ro/u), we obtain

"Z. Kopal, Numerical Analysis (John Wiley R Sons, Inc. ,
New York, 1955), p. 20.

in general

32Ro(FL1$,ro/a)
= 166so(FLilV, ro/a)+ca'/Ds(FL11V, ro/a), (9)

where @=4, 3, 6, 4, 2, 8, 4, 4, and 2, respectively, for
FL1E=110b12, 110b13, 110f12,110f13,110f14,100b12,
100b13, 100f12, and 100f13. H so(110f2,ro/&)&2'&/4,
then (9) does not hold for Ro(100f12,ro/a) because then
the energy zero over position 2 is nearer to the lattice
atom immediately below it in the second layer [at the
point (a/8'*, a/2, —a/8*')] than to that in the first layer
at position 1 (at the origin). In this case we take

2Ro(110f12,ro/a)
= so(110fi,ro/a)+so(110f2, ro/a)+1/Sl. (10)

The average potential well —V (FL) is calculated in
each case from V (FLiV) by assuming that V varies
sinusoidally with x and y. That is, we assume that

4V (FL)=V (FL1)+V (FL2)+2V (FL3) (11a)

for FL=100b, 100f and 110b, and that

4V (FL)= U„(FL1)+V„(FL2)
+V (FL3)+U (FL4) (11b)

for FL=110f.

III. PREVIOUS WORK

The first semi-infinite lattice sums of which the
author is aware are those of Orr, 4' who tabulated
So(100slV,s) for combinations of )V=1, 3 and 4 and
Ss=0, 4, 5, 8, 12, and 16. For each of these three posi-
tions, an analytic expression was devised to give a
reasonable fit of U(s). Orr's tables were later supple-
mented by those of Steele and Halsey«' on Sjo(100slV,s).
The interaction of gases with a semi-infinite graphite
crystal was considered by Crowel14' 4' and by Crowell
and Steele. '4 The most accurate published calculations
available to date appear to be those of Steele and Ross, 4'

who tabulated 5«(100s,x,y, s) for combinations of k=6
and 12, all our positions 1—4 [Fig. 2(c)] as well as
(Sx/a, gy/u) =(1,1), (3,3), (4,3), (2,0), (3,1), and (4,2),
and 20s/a=0(1)25 and 26(2)50 [for our position 3
calculations were done also for 20s/a=50(2)80]. These
sums enabled evaluation of the gas-surface interaction
energy at the six positions (our three and three others)
on the 100f face shown in Fig. 3 of Ref. 46. Results for
V at each position were applied successfully" ' to the
special case of the adsorption of He on Ar. The lattice

W. J. C. Orr, Trans. Faraday Soc. 3$, 1247 (1939)."W. A. Steele and G. D. Halsey, Jr., J. Phys. Chem. 59, 57
(1955).

4~ A. D. Crowell, J. Chem. Phys. 22, 1397 (1954).
4' A. D. Crowell, J. Chem. Phys. 26, 1407 (1957).
44 A. D. Crowell and R. B. Steele, J. Chem. Phys. 34, 1347

(1961).
45 W. A. Steele and M. Ross, J. Chem. Phys. 35, 850 (1961).' M. Ross and W. A. Steele, J. Chem. Phys. 35, 862 (1961).
4' M. Ross and W. A. Steele, J. Chem. Phys. 35, 871 {1961).
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sums were tabulated to four or five signi6cant figures,
and the accuracy is as expected" by the authors: For
the smallest values of s, 6ve signihcant 6gures are
correct for S~2, and usually for S6, for the largest values
of s, four 6gures are correct for S~~, but only two for S6.

The b lattice was considered in some detail by
Neustadter and Bacigalupi, 48 who calculated the inter-
action energy at up to one hundred and thirty-two
positions on each of the eight surface planes of highest
atom density, for four specific values of rs/a. Their
resulting values of H/e and D/e are tabulated and
topographical potential maps drawn; the comparison
with experimental data seems encouraging. Results
obtained, in this paper are essentiaHy in agreement
with those of Bacigalupi and Neustadter" where di-

rect comparison is possible. However, the accuracy
of their sums is stated by the authors to be only
about 1/&.

Other work in which semi-in6nite lattice sums have
been done is that of Oman's group, '~'~ referred to
above. In this work, detailed gas-atom trajectories are
calculated by integration of the classical equations of
motion. However, the sums are incidental to the
trajectory calculations and are not a main objective.

'10
1,5 2 r jd

»& 3 D{b)/~ (— ) aud D(f)/~ (———-) versus r~/d
for the j.10 and 100 faces.

Hje

30.

IV. PRESENT WORK

The calculations presented here are somewhat time
consuming, but seem worthwhile as they 6nd use in
many related 6elds. For example, the 110s sums are a
6rst step towards a calculation of the adsorption
properties of He on the 110face of Ar, complementary
to the work of Ross and Steele'~ 4~ on the 100 Ar face;
a comparison of these properties would be interesting,
although this may involve further 110s sums, as the
surface potential on the 110f face may be required at
more than four positions (Ross and Steele4s used six
positions on the simpler 100f face). For these reasons,
the results of the 110s and 100s sums are tabulated,
respectively, in Appendices 8 and C, correct to five
significant figures Lexcept for a small chance of an error
of +1 in the last figure for Ss(110s); see Appendix 8].
The method of calculation is described in these
Appendices.

In presentation of 6nal results of the analysis
(Figs. 3—11) in dimensionless form, energies are reduced
by e and lengths by d, dedned by

Fio. 4. H(110b)/e (

20.

l.5 2 r,jd

) and H{100f)/s {————) versus ro/d

Fio. 5. LH{100b)—H(110b)g/e ( ) sup
LH {110f)—H(100f) g/e (————) versus ro/d.

(e is the lattice atomic volume). d is chosen rather than
the more conventional a for the following reason. The
heat of adsorption II is mainly determined by inter-
action of the gas atom with large, far-removed, portions
of the lattice. Hence P/e should be determined essen-
tially by the average number, proportional to (rs/d)s,
of solid atoms in a sphere of radius ro. It is to be ex-

48 H. E. Neustadter and R. J. Bacigalupi, Surface Sci. 6, 246
t1967}.

l.5 2 ro/&

FIG. 6. —V (j.j.0b)/e ( ) and —'t/' (100f)/g (———-)
versus r0/d.

pected, therefore, that curves of H/e versus rs/d should,
very approximately, be about the same for all lattice
faces, especially for large rs/d This similar. ity may not
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il

R./d
8

Fro. 7. —LV (100b)—V (110b)j/s ( — ) and—
I V (110f)—V' (100f)j/s (————) versus rq/d.

o/g

0.4-

I.5 r, /d

H(IIOb)
H (C)

3

Fro. 8. D(b)/If(b) ( ) and D(f)/IX(f) (————)
versus rp/d for the 110 and 100 faces.

ro/&

FIG. 11. Ro(110flS)/d versus rp/d for X=2 ( ),E=3 (————), and X=4 ( --—).

however, apply to the heat of surface diGusion D, which
is mainly determined by interaction of the gas atom
with the nearest portions of the lattice. Curves of D/e
versus rs/d are, therefore, expected to depend strongly
on the lattice face under consideration, especially for
small rs/d; similar statements apply to curves of Rs/d
and of D/H versus rs/d Howe.ver, as rs/d ~ ~, even
the nearest portions of the lattice become far-removed,
and the results on all lattice faces approach those ob-
tained from a continuum model of the solid. The
continuum "face" is denoted by FL= C, and the
corresponding results are as follows:

H(C) V„(C) 20*rr rs) '

9 d/' (14)

I yG. 9. II{110b)/H(C) versus rp/d.

ro/d

R,/d

8'

1.5 2

FIG. 10. Rp(110b12)/d and Rp(100b12)/fg (
and Rp(100f12)/d (- ———) versus rp/d.

(~/d)'= 2(b) 4(f)

The same arguments apply to the average potential
well —V, discussed above. These arguments do not,

be clear from curves of H/e versus rp/a, as the relation
between d and u depends on the lattice type; for
example,

(13)

D(C)/e= 0, Rs(C)/d = ~ .

Figure 3 contains the results for D/e on the four
lattice faces considered. The curves of II/e are about
the same for all four faces (see above); to avoid con-
fusion, therefore, the results for the 110b and 100f faces
(that of higher surface-atom density in each case) are
given in Fig. 4, and the differences between these results
and those for the 100b and 110f faces, respectively, in
Fig. 5. In the same way, the curves of —V /e for the
110b and 100f faces are given in Fig. 6, and the differ-
ences between these and those for the 100b and ij.0f
faces, respectively, in Fig. 7. (Remember that V (0
always. ) Curves of D/H are important (see below),
and these are shown for the four faces in Fig. 8.

Et is instructive to compare the lattice results on H
and V with those (14) from the continuum solid model.
As all the curves of IX and —V are similar (see Figs. 4—
7), this comparison is made by plotting H(110b)/H(C)
versus rs/d in Fig. 9.

For each of FL=110b, 100b and 100f, Rs(FL12) is
close the corresponding Rs(FL13) for the same value
of rs, for these three faces, therefore, only Rs(FL12) is
shown versus ro in Fig. 10. In contrast, the values of
Rs(110f11V) for X=2, 3, and 4 are rMf close; for ex-
ample, 1K=4 gives markedly higher results than either
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TABLE II. Theoretical results for self-interaction (Refs. 24, 25). TABLE III. Summary of experimental data on self-interaction,
and some theoretical results.

FL rp/d x/p H/~ D/e 0/H H/x

110b 1.146 8.245 5.23 0.64 0.123 0.634
100b 1.146 8.245 6.35 2.30 0.362 0.770
110f 1.156 8.610 7.14 2.12 0.297 0.829
100f 1.156 8.610 5.96 1.61 0.270 0.692

D/x

0.078
0.279
0.246
0.187

D Xa
System (kcal/mole) (kcal/mole)

Au 23die 90.7
K 0.5g'+ 21.8
~(110) 221 204

D/X
(experimental)

0.25f'
0 02h, e

0.11'

gob
(A) (kcal/mole)

2.96 10.5
4.85 2,64
2,88 24.7

E=2 or %=3, particularly at the larger ro. For this
reason, all three curves of Ro for the 110fface are shown

in Fig. 11.
In many ways, the simplest example of "gas-solid"

interaction is that of "self-interaction" (that is, the
interaction of an a.tom with its own lattice), for which

rp/d is calculated from (2a) and (13), and H/e, D/e, and

D/H then follow from Figs. 3—5 and 8. Also of consider-
able interest are h/e, H/X, and D/h, where X/e is the
reduced heat of sublimation, calculated from (2b). (It
is as well to emphasize here that the heat of sublimation
is trot the same as, but is greater than, the heat of self-

adsorption at "zero coverage". ) These results for self-

interaction are in Table II. (Note that our value 1.146
of rp/d for the b lattice differs from that, 1.112, which

corresponds to the o'/up=0. 786 of Neustadter and

Bacigalupi. 4')

V. COMPARISON WITH EXPERIMENT
AND DISCUSSION

For self-interaction, rp/d is fixed as described in the
previous paragraph, whereas, for other gas-solid sys-

tems, it must be estimated, either by comparison of our
results with experiment or by some independent means.
Perhaps the best method is from experimental values
of H/D on a known crystal face; in general, H/D deter-
mines rp/d from Fig. 8. An independent method involves
using the well-known combination rule in conjunction
with values of ro for the gas-gas and solid-solid systems
(see, for example, Ref. 49).

In most cases, the crystal faces predominating during
the experiments are unknown. For example, estimates
of the main faces to be expected on an etched W filament

vary from mainly 100 with a possibility of some 110
(Ref. 50) through a mixture of 110and 211 (Ref. 51) to
mainly 110 (see Refs. 48, 52, 53). This information is

important for an adequate comparison of theory with
experiment, as, for given I, D/e is very dependent on F,
although H/e is not so dependent (see Figs. 3—5). Where
this information is lacking, however, it may be possible
to make certain statements about F from a comparison
with the theory; for example, it is impossible (see
Fig. 8) to obtain D/H&0. 32 for any gas on a 110f
surface.

For cases in which there are no reliable independent

4' F. O. Goodman, J. Phys. Chem. Solids 24, 1451 (1963)."R.P. Johnson, Phys. Rev. 54, 459 (1938)."R. P. Bien, Phys. Rev. 47, 806 (1935)."I.Langmuir, J. Am. Chem. Soc. 54, 2798 (1932)."F. L Hughes et a/. , Phys. Rev. 113, 1023 (1959).

' Quoted in Ref. 8.
b From Eq. (2a) and C. Kittel, Introductioe to Solid State Physics (John

Wiley 8z Sons, Inc. , New York, 1963), p. 40.
o From Eq. (2b) and column 3.
d A. J. Melmed and R. Gomer, J. Chem. Phys. 34, 1802 (1961).' It is doubtful whether the methods used to obtain these data are valid;

see J. A. Simmons et al. , J. Appl. Phys. 35, 2271 (1964);V. Ruth and J. P.
Hirth, J. Chem. Phys. 41, 3139 (1964).

f In agreement with theoretical 110 value in Table II; see footnote e,
however.

g R. L. Parker and S. C. Hardy, J. Chem. Phys. 37, 1606 (1962).
h An unrealistically low value (footnote g); see footnote e.
' Reference 57.
& Somewhat larger than the theoretical result 0.08 in Table II.

estimates of ro for the gas-gas systems, results for many
gases on the same surface are not sufhcient in general;
a satisfactory test of the theory is obtained in general

only if experimental results are available for the same

gas on more than one surface (preferably of the same
solid). This is because rp for solids is easily estimated
from (2a), and when rp for one gas-solid system is known

(by comparison with the theory, for example), the
combination rule allows estimation of ro for the inter-
action of the same gas with another solid; of course, ro

should be independent of which surface of the same

solid is considered.
Table III contains a summary of experimental data

on the sen-interaction of Au, K, and W, although it
seems that little reliance may be placed on the data for
Au and K (see footnote e); theoretical values of rp and e

are included to illustrate expected values. A summary
of experimental data and corresponding theoretical re-

sults on "mixed" systems is given in Table IV. The
agreement between the experimental data on D/H for
O-W and N-W and the theoretical values for F=100
does not constitute a satisfactory test of the theory,
except for the fact that "reasonable" values of ro are
obtained for these systems (for a 100 face). Similar

remarks apply to K-W, where the experimental result

falls between the theoretical 110 and 100 values. On

the other hand, ro for H-W is calculated from that for

H-Ni, and the agreement here is more encouraging.

Similarly, the agreement for Ba-W (100 and 110) is

quite satisfactory, as ro for these systems is calculated

independently. Because the Cs atom is so large (a 6A),
the pairwise model predicts values of D/H for Cs-W

considerably lower than the experimental result, which

is very discouraging. Worse is the situation for the inert

gas-W systems, where it may reasonably be assumed

that the pairwise model should be relatively good. The

fact that D/H is larger for Xe-W than for Ar-W is

contrary to the predictions of the model, as it is almost

certain that ro for Xe-W would be larger than for Ar-W

(considerable weight is given to this remark by the re-
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TABLE IV. Summary of experimental data on mixed systems,
and some theoretical results.

System

Ba-W (110)

D/H (theory) a D/H r pb

rp/d F =110 F =100 (experiment) (A) (kcal/mole)

0.060 0.06d

Ba-W{1OO)
K-W
Cs-W
Ar-W
Kr-W
Xe-W
H-Ni
H-W
0-w
N-W

1.48c

1.54c
1.67c
1.34h
1.38h
1.48h
1.57&
1.45k
1.47m
1.40m

0.20
0.051 0.18
0.035 0.13
0.083 0.26
0.076 0.24
0.060 0.20
0.11 0.11
0.064 0,21
0.061 0.20
0.072 0.23

0.17d
0.11f
0,22d
0.32d

&0,25d
0.42d
0.11d
0.22d
0.20d
0.23n

3,8

3.9

3.5
3.6
3.7
3.5

9 8e

6.9g

6.6c
9 11

171
191

a From Fig. 8 and column 2.
b From column 2.
c From the combination rule (Ref. 49) used on values of r p for Ba, K, Cs,

and W (4.56A, 4.85A, 5,50A, and 2.88A, respectively) obtained by com-
bining Eq. (2a) with values of a in C. Kittel, Introduction to Solid State
Physics (John Wiley 8z Sons, Inc. , New York, 1963), p. 40.

d Quoted in G, Ehrlich, General Electric Research Laboratory Report
No. 59-RL-2299M, 1959 (unpublished). (Note that D/H =0.20 for O-W).

e Average values obtained by comparison of the experimental D and H
quoted in footnote d with the corresponding theoretical D/e and H/~ curves
in Figs. 3—5, using the rp/d in column 2.

& L. Schmidt and R. Gomer, J. Chem. Phys. 42, 3573 (1965).I As in footnote e, but adding 54% of the 110 results to 46% of the 100.
h From the combination rule used on values of rp for Ar, Kr, and Xe in

Ref. 49 and rp for W in footnote c.
IAgreement of theory with experiment is so poor (see Sec. V) that

further calculations are unjustified.
& From comparison of the experimental D/H in column 5 with the

corresponding theoretical curves in Fig, 8.
k From the combination rule used on values of rp for W and Ni (2.56A

for Ni) from footnote c and r p/d for H-Ni in this table.' As in footnote e, but assuming a 100 surface.
Obtained by the method of footnote j, but assuming a 100 surface.

n Quoted in Ref. 37.

suits of Ref. 54). The experimental value" of D for
Xe-% was, in fact, for the 310 face. From the pairwise
theory, "D(100))D(310), which makes the agreement
even worse. For a reasonable value of rp/d, the theory
cannot reproduce the experimental result D/H=0. 42
on any of the eight faces studied in Ref. 48 (the largest
value 0.32 for the 411).One may hope that this rela-
tively large D/H is incorrect, but this is unlikely as it
would need reduction by a factor of about 2 to conform
to pairwise theory.

VI. FURTHER DISCUSSIOgTT

The above comparisons of theory with experiment are
discouraging, and no decision can be made at present
as to circumstances in which the pairwise model is
appropriate for calculations of gas-solid interaction,
except perhaps for inert-gas —inert-gas solid systems, for
which it may be expected to work well. It is felt, how-
ever, that the model may at least be useful in some
approximate sense, for example for order-of-magnitude
calculations. A summary of points against and for the
model is found in Appendix A.

With the above reservations, let us estimate values of
effective interaction radii Rs for zero energy (see Sec. I)
to be expected in gas-surface scattering experiments.
From Table IV, for gas-W systems, rs/d lies in the range
1.3—1.5, and from Fig. 10, Re/d lies in the range 1.2—1.7
(for 100 and 110 surfaces). The hard-spheres radii R in
Ref. 29 correspond to Rs/d 1.3, 1.4, and 1.5, respec-

"F. O. Goodman, Ref. 31, p. 366."G. Ehrhch and F. G. Hudda, J. Chem. Phys. Bp, 493 (1959).

tively, for He, Ar, and Xe-W, and the W surfaces
actually "seen" by the gas atoms are, therefore, about
as "rough" as those in Ref. 29, and can certainly not be
called "smooth. ""We conclude, then, that although
the success' '7 of the hard-cubes theory in describing
experimental gas-surface scattering patterns is a point
against the pairwise theory (Appendix A), the smooth-
surface assumption is not justi6ed by experimental
adsorption and surface-diffusion data.

From the results on the relative magnitudes of
Ep(FL11V), stated in Sec. IV and illustrated in Figs. 10
and 11, it seems that gas-surface scattering properties
should not depend strongly on incident azimuth angle
(Qs of Refs. 28 and 29) for the 110b, 100b, or 100f faces,
but that this dependence may be strong for the 110f.
This is in agreement with previous conclusions. ' '

It is argued in Sec. IV that curves of H/e versus rs/d
should be approximately the same for all lattice faces,
because H/e is determined mainly by long-distance
atom-atom interactions, and this is supported by
Figs. 4 and 5. In spite of this, the comparison made in
Fig. 9 of H(110b) with the continuum result H(C),
makes it clear that some short-range effects are im-
portant, particularly for small rp/d. It follows that
considerable care must be taken using a continuum
model of adsorption, as this may underestimate H/e by
as much as 40—

50%%u~ in the region of interest. The
asymptotic result H(FL) =H(C) does not appear to be
even approximately true unless rs/d is very large. This
result echoes similar conclusions of Steele and Ross,"

Figures 6 and 7 provide a 6rm basis for estimation of
t/, a quantity important in gas-surface interaction
theory. In the region of interest, —U /s~5 —8, whereas
values of H/e 6—9 are, of course, slightly larger.

VII. CO5 CLUSIONS

Some of the present experimental data on surface-
diffusion and adsorption properties are inconsistent
with the pairwise theory, while others support it;
over all, however, there seems to be a general incon-
sistency of the data with the theory. These data are not
inconsistent with the hard-cubes theory, but can offer
it no support because they give information about parts
of the gas-surface interaction potential which are not
directly relevant to the hard-cubes model. The pairwise
theory is inconsistent with the hard-cubes theory.

The present data are rather sparse and, perhaps, some
are unreliable, so it is too early to suggest rejection of
the pairwise theory. There is, therefore, considerable
need for a series of reliable experimental data on several
suitably chosen gas-surface systems, for example the
inert gases on several faces of as many f and b metals
as possible.

If, as seems likely at present, it eventually turns out
that the pairwise model must be rejected, then a new

56 In fact, on the basis of these arguments it seems that these
(Ref. 29) values of R are slightly too large.
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interaction model must be constructed which will be
either consistent or inconsistent with the hard-cubes
theory, which theory may by then have been either
accepted or rejected on other grounds.

On the other hand, if it turns out that the data are
consistent with the pairwise model, then, presumably,
this model will be either accepted, in which case the
hard-cubes theory will be rejected, or rejected in favor
of a new interaction model which is consistent with both
the hard-cubes theory (in the region of the interaction
potential relevant to gas-surface scattering) and the
pairwise theory (in the region relevant to adsorption
and surface diffusion).
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APPENDIX A: SUMMARY OF POINTS AGAINST
AND FOR THE PAIRWISE MODEL OF

GAS-SURFACE INTERACTIONS

Against

(1) The experimental and theoretical Cs-W results
disagree.

(2) The qualitative experimental behavior of D/H for
the inert gas-W systems is contrary to that of the
theory.

(3) From comparison of experimental and theoretical
results on the relative values of D for self-interaction
of %-% on 6ve different faces, Ehrlich and Hudda"
conclude that the model is inadequate for the W-W
surface interactions.

(4) The smooth-surface (hard-cubes) theory of gas-
surface scattering is successful" " (see Sec. VI).

For

(1) All values of rp in Table IV are reasonable. The
Ba-W (110and 100) results are consistent, as are results
for H-Ni and H-W with the assumption of a 100 surface
for W and a combination of 110 and 100 for Ni.

(2) Neustadter and Bacigalupi4' conclude that their
comparison with experiment gives considerable support
to the pairwise model, particularly for inert gas-metal
systems. However, these conclusions should, perhaps,

57 G. Fhrlich and F. G. Hudda, J. Chem. Phys. 44, 1039 (1966).

be modified in view of the conclusions here and in
Ref. 57.

(3) Some justification is afforded (at least on the
100b face) for the empirical result" D/H~0. 2, as this
result obtains in the region of "realistic" rp/d for many
systems (see Fig. 8 and Table IV).

(4) Results of Refs. 46 and 47 on He-Ar suggest that
the model may be valid for inert-gas —inert-gas solid
systems. It is well known that the model works well for
inert-gas —inert-gas systems, and for a description of
properties of inert gas solids, so this result is not
surprising.

(5) Lattice theories of thermal accommodation coeK-
cients, in which pairwise potentials are used, work
well. ""However, this is by no means a rigorous test of
the pairwise model because only "head-on" interaction
of the gas atom with only one surface atom is considered,
and because the thermal accommodation coeKcient
gives a very "coarse-grained" picture of the scattering
process.

APPENDIX B:RESULTS OF THE
110s LATTICE SUMS

In Table U we present the results of the lattice sums
on the 110s face at each of the seven positions in

Fig. 1(c) as functions of the distance s of the gas atom
from the surface; the coordinates, relative to the axes
in Fig. 1(c), of each position are in Table I.

The sums are calculated by direct summation over
the lattice atoms for gas-atom-sol. id-atom distances less
than some distance l, which depends on s; the contribu-
tion to the summation from lattice atoms Inore remote
than / is approximated by an integral. The criterion for
the choice of / is that 6ve signi6cant figures may be
obtained for 56, this results in about ten significant
figures for S»2. The complete range of s is separated into
five smaller ranges by the four values of 32s/2~a=11,
22, 33, and 45, each of these being a maximum of one
of the smaller ranges. In each range, the results ob-
tained using some initial, arbitrarily chosen value /0 of /

are compared with those obtained using a much larger
value l» for one or two values of s; this process is repeated
with different choices of /0 and l» until. a sufhciently large
lp is found, together with an appropriate correction (ob-
tained from the much larger li). With this procedure,
the values of /0 6nally chosen for the 6ve ranges are
lp/a=10, 12, 20, 26, and 36, respectively; the larger
values of /» depend on the particular case considered,
but in general li/a= 16, 24, 40, 50, and 60, respectively.
Finally, all results are rounded to five significant 6gures.
All figures quoted for S» are correct, while there is a
small chance of an error of %1 in the last figure for S6,.
this error in S6 should occur, if at all, in very few cases,
as any clearly doubtful case is recalculated using larger
and larger /.

As stated in Sec. II, so and s are each calculated by
approximating V(z) by a Lagrangian seven-point inter-
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polation polynomial, the central point being that
closest to sp or s . For cases where sp or s is about zero,
this may involve calculations of V(s) for negative s, and
these are included in the Table.

APPENDIX C: RESULTS OF THE
100s LATTICE SUMS

In Table VI we present the results of the lattice sums
on the 100s face at each of the four positions in Fig. 2(c)
as functions of s; the coordinates, relative to the axes in
Fig. 2(c), of each position, are in Table I.

The sums are calculated by the same method as

described in Appendix 3, except that the criterion for
the choice of l is that six significant figures may be ob-
tained for S6, as it was originally intended to present
this Table to six 6gures; this results in more than ten
signi6cant figures for S~~. As before, the complete range
of 2; is separated into five smaller ranges, this time by
s/a=0. 5, 1, 1.5, and 2. The values of ts and lq appro-
priate here are ls/a= 13, 21, 31,36, and 46, and lr/a= 18,
30, 50, 50, and 60, respectively. All results are rounded
to five significant figures, and all figures quoted, both
in S6 and S~~, are correct. For reasons similar to those
in Appendix 8, some calculations of V(s) for negative s
are done, and these are included.

TzaLE VI. Results of the sums for the (100) simple cubic lattice face.

20s/a S6(100s1,s)

4—3—2

0 00

6.4000(7)
2 1.0000{6)
3 8.779'?(4)
4 1.5630
5 4.1007(3)
6 1.3761
7 5.4794(2)
8 2,4773
9 1.2367

1O 6.6908(1)
11 3.8726
12 2,3749
13 1.5316
14 1.0322
15 7.2313(o)
16 5.2402
17 3.9112
18 2.9950
19 2.3450
20 1.8715
21 1.5186
22 1.2500
23 1.0418
24 8.7780(—1)
25 7.4669
26 6.4054
27 5.5361
28 4.8170
29 4.2168
30 3.7116
31 3.2834
32 2.9180
33 2.6043
34 2,3334
35 2.0984
36 1.8935
37 1.7140
38 1.5562
39 1.4169
40 1.2936
41 1.1839
42 1.0861
43 9.9869(—2)
44 9.2026
45 8.4972
46 7.8612
47 7.2863
48 6.7654
49 6.2924
50 5.8619

4.0960{15)
i.oooo(12)
7.7o73(9)
2.4414(8)
1.6777(7)
1.8817{6)
2.9593(5)
5.9606(4)
1.4504
4.0971(3)
1.3060
4.6006(2)
1.7632
7.2634(1)
3.1861
1.4772
'?.1952(O)
3.6642
1.9430
1.0691
6.0852(—1)
3.5736
2.1599
13405
8.5247(—2)
5.5439
3.6803
2.4896
1.7134
1.1980
8.4987(—3)
6.1097
4.4462
3.2723
2.4335
1.8272
1.3843
1.0575
8.1412(—4)
6.3135
4.9297
3.8740
3.0629
2.4356
1.9474
1.5651
1.2640
1.0257
8.3609(—5)
6.8444

5.2350(2)
4.9357
4.1701
3.2152
2.3175
1.6001
1.0807
7.2569(1)
4.9004
3.3529
2.3347
1.6581
1.2019
8.8880(0)
6.6993
5.1401
4.0087
3.1734
2.5464
2.0687
1.6994
1.4103
1.1813
9.9789(—1)
8.4950
7.2835
6.2858
5.4577
4.7654
4.1826
3.6890
3.2683
2.9079
2.5975
2.3289
2.0953
1.8914
1.'?126
1.5553
1.4163
1.2931
1.1836
1.0859
9.9855(—2)
9.2016
8.4965
7.8607
7.2859
6.7652
6.2922
5.8618

2.6218(5)
2.3281
1.6523
9.7134(4)
4.9580
2.3033
1.0140
4.3624(3)
1.8750
8.1696(2)
3.6427
1.6715
'/. 9166(1)
3.8755
1.9613
1.0255
5.5330(0)
3.0765
1.7598
1.0338
6.2261(—1)
3.8373
2.4164
1.5521
1.0156
6.7591(—2)
4.57O5
3.1364
2.1819
1.5375
1.0963
7.9057(—3)
5.7607
4.2392
3.1486
2.3590
1.7821
1.3568
1.0406
8.0373{—4)
6.2491
4.8896
3.8489
3.0472
2.4257
1.9411
1.5611
1.2615
1.0241
8.3505(—5)
6.8377

Sis(100st,s) S6(100s2,s) S»(100s2,s) S6(ioos3,z)

2.9211{1)
3.1311
3.2985
3.3997
3.4178
3.3459
3.1885
2.9600
2.6814
2.3760
2.0651
1.7659
1.4903
1.2449
1.0322
8.5154(0)
7.0051
5.7570
4.7339
3.8998
3.2219
2.6716
2.2248
1.8615
1.5654
1.3232
1.1245
9.6064{—1)
8.2500
7.1217
6.1787
5.3866
4.7180
4.1510
3.6678
3.2541
2.8983
2.5910
2.3245
2.0923
1.8894
1.7112
1.5543
1.4157
1.2927
1.1833
1.0857
9.9841(—2)
9.2007
8.4959
7.8603
7.2856
6.7649
6.2921
5.8617

S (ioos3,&)

1.6319(2)
1.9782
2.2815
2.4902
2.5639
2.4873
2.2752
1.9673
1.6143
1.2636
9.4896(1)
6.8794
4.8437
3.3315
2.2504
1.5000
9.9076(0)
6.5075
4.2632
2.7926
1.8327
1.2070
7.9882(—1}
5.3176
3.5634
2.4052
1.6360
1.1217
7.7546(-2)
5.4056
3.7998
2.6935
1.9252
1.3875
1.0080
7.3819(—3)
5.4480
4.o513
3.0350
2.2900
1.7399
1.3308
1.0246
7.9380(—4)
6.1872
4.8509
3.8246
3.0319
2.4160
1.9349
1.5572
1.2590
1.0225
8.3402(—5)
6.8311

1.3213(2)
1.2807
1.1736
1.0217
8.5101(1)
6.8410
5.3544
4.1144
3.1266
2.3641
1.7872
1.3558
1.0349
'/. 9646(0)
6.1871
4.8550
3.8494
3.0840
2.4961
2.0401
1.6832
1.4011
1.1700
9.9484(—1)
8.4774
7.2733
6.2799
5.4543
4.7634
4.1815
3.6883
3.2679
2.9077
2.5974
2.3288
2.0953
1.8914
1.7126
1.5553
1.4163
1.2931
1.1836
1.0859
9.9855(—2)
9.2016
8.4965
7.8607
7.2859
6.7652
6.2922
5.8618

8.1936(3)
7.7186
6.4755
4.8857
3.3633
2.1483
1.2954
7.4928(2)
4.2159
2.3343
1.2837
7.0616(1)
3.9064
2.1816
1.2334
7.0726{0)
4.1188
2.4378
1.4669
8.9758(

~ 1)
5.5837
3.5306
2.2681
1.4797
9.7975{—2)
6.5805
4.4805
3.0906
2.1585
1.5254
1.0901
7.8728(—3)
5.7434
4.2300
3.1437
2.3564
1.7807
1.3560
1.0402
8.O350(—4)
6.2478
4.8889
3.8485
3.0470
2.4256
1.9410
1,5610
1.2615
1.0241
8.3504{—5)
6.8377

S6(100s4,s) S»(100s4,s)


