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The probabilities for triplet occupation in an A 8 binary alloy I,
'or spin one-half Ising magnet) are found to

be exactly expressible as linear combinations of the three pair correlations if the configurational energy of
the system possesses a certain symmetry. The required symmetry is that the energy be invariant when all
3 atoms are replaced by 8 atoms and vice versa (or all spins are Aipped). Systems having only pairwise or
even particle interactions satisfy this requirement. Roberts's values for the pair correlations in CuAu at
various temperatures are used to calculate the probabilities of several triplet configurations. The results
are somewhat paradoxical and can probably be attributed to the lack of a size-effect correction in Roberts's
data. Equations for the triplet probabilities in alloy compositions other than 50-50 are also given; but these
require a fourth parameter, the triplet correlation, which is not yet available experimentally.

INCE thc 6rst detRllcd IncasUl"cIQcnt by Cowley
of the pair correlations Lor Warren short-range-

order (SRO) parameters) for CuaAU, it has become

possible to experimentally determine the pair correla-
tions in favorable alloy systems up to distances of the
order of tenth nearest neighbors. It has long been known

that a knowledge of the alloy composition and the
Warren SRO parameter m;; was suScient to determine

the four pair probabilities I'„~~ I',™~I'„~~, I';;~~
and to thUs pI'ovldc R pM'tlR1 dcscllptloD of thc atomic
Rrrangcmcnt ln thc alloy. What hRs Dot bccD gcneralj. y
realized is that foI' the special case of a 50-50 composition

alloy, the eight triplet probabilities I';;I,~~~, I';;I,~~~,

etc., are also directly determinable from the pair corre-

lations 0!sg~ 0!spy RDd 0!gA; provldcd that thc con6guratlonal

energy of thc alloy ls R sum of only cvcD DUTQbcr paI'ticle

interactions, It is normally assumed that the conigura-
tloDal cnelgy ls R sUm of pairwlsc 1DtcI'actloDs in 'QThich

case the equalities to be derived belovr are valid. Con-

versely, if lt becomes possible to measure tI'iplct corre-

lations (as suggested by Cowley' ), an observed violation

of the equations would indicate the importance of three-

paltlclc (ol hlgllcl odd IlulllbcI') Intel'actions.

Wc shaH usc the occupation numbers 0.; to de-

scribe any state of the alloy or spin system where

e;= (+1, —1) if site I' is occupied by an (A,B) atom or

equivalently an (up, down) spin. We will not continue

to discuss thc spin problem cxpllcltly O'Ut lt will bc
understood that all the subsequent arguments apply to
the spin problem by replacing (A,B) a,toms by (up,
down) spins.

We note the foHowing useful relations:

& "=
2 (1+0'~)= (1,0) lf an (A,B) atom is at site I', ,

OP= 2—(1 0;—) '(0=,1) if an (A,B) atom is at site i

It ls now possible to write definitions for the pair Rnd

triplet probabilities in a general form

where X, I', Z can each be assigned 3 or B.One of the
four possibilities in (1) is PI2"~ which then means the
statistically averaged probability that Rn A-8 paix will

be found separated by the distance el~. One of the eight
possibilities in (2) is I'113~~~ which is the probability
that R triangle of sldcs t'yg fey, Rnd fbi will bc occuplcd
ln thc HlRnncI' shown ln Fig. 1.

The summation over y refers to a sum over all the
possible individual configurations of the aHoy on the
Ã sltcs of the cl'ystalt) there being E!/(E/2)! sucll

possibihties for an AB alloy. p(y) is the usual thermo-

dynamic weight factor e ~~/g~ e ~~. The sum over r
is used to average over all pair sites separated by a 6xcd
distance rle or, in the case of Eq. (2), over aB triplet
sites which form a triangle of fixed dimensions rI2, r~3,

and r31. The notation (y I I y) merely implies that the
value of the quantity inside the brackets is to bc
calculated fol the coIl6guration y.

As an example, consider the probability I'1~3~~"

given by Eq. (2) as follows:

FIG. '1. Illustration of a configuration which vrould contribute to
I'123~~". Site 1 can be taken as any of the & sites in the crystal
but sites 2 and 3 must always have the same orientation and
distance relative to site i.

' J. M. Cowley, Phys. Rev. 77, 669 (I95&).
2 J. M. Cowley, J. Australian Inst. Metals II, 258 (1966).

The product O-I+,"0-2+,~03+,~ will have the value 1

only lf thc thlcc sltcs Rrc simultaneously occUplcd iIl

the fashion indicated, otherwise the product vanishes.
Thus, summing this operator product over g counts
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precisely the number of triplets for the y configuration
(oil't of R posslhlc total of Ã) that Rl'c occupied 111 the
required way. The suxnmation over y then accoxnplishes
thc thermodynamic avcx'Rglng of Rll CQIlfigurations.

Wc shall now postulate two separate conditions:
I:For every coniguration 7 in the ensemble there exists
Rll lllvcrsc (y) ohtalncd hy 1'cpiaclllg cvclyA'a, tonl hy
a 8 atom and vice versa (i.e., all the o s change sign).
II: T1M thermodynamic weight factol has thc sym-
metry property p(y}=p(y), i.e., H(y) =H(y).

Condition I js clearly satisficd for the ensemble of
possible configurations of an A Ji alloy but will not be
satisficd for canonical ensembles of other compositions.

A speclfic example of a Hamlltonlan that, Satlsfics
condition II would bc the geDelal ~-part jcle interact:jon
HRIIUltonlan

H=Q V@o;o;+Q Vcso;~ps

+ Z V;;..;;"+", (3)

if the terms containing odd numbered products of 0's
VRDlsh. T1M usual palrwlsc lDtcrRctlon ITlodcl Rssll111es

all but the first term are negligible.
Proceeding to a calculation of the pair and triplet

probabilities by using the relations for 0.,~ and o;~ in
terms of 0. , and using the notation

PI2~'= 8 {&+(~le2)),

Pu"n= 4 g.—(~1~2&),

Pns"=-', (1—(olo 2}),

Pun'= 8 (&+(~1~2)).

(4a)

(4h)

(4c)

(4d)

Pls""= 8(|+& I&+&os&+(~1~2))

Input (~I)= (o,&=0, hccause this is simply the difference
in the fraction of A and j3 atoms in the crystal, Hence,
by omission of such terms one has

p(~) =p(~) h«6 I~l~s~slv&= —8Iol~s~sl~).
As a consequence, the eight triplet probabilities can be
written entirely in terms of the pair correlations e;;
as follows:

Pns"""=P128" = 8 (&+rru+rrss+cssl), (»)
PI28"'n= PIssn" = 8 (&+~u—~28—~81), (5h)

Pus""=Pns"n =-'(&—rr»+rrss —cr») (Sc)

P128 Piss 8 (~ Iris rrss+nsl) (Sd)

For the more general situation where either condition
I or II or both are violated, (olos~s& need not hc zero
and the triplet probabilities now depend on fivc
parameters Rs follows:

Pus'"'= 8(&+Bc+on'+csss'+Irsl'+ms), (6R)

Pus = 8 (&—Bc+cru'+ass'+rrsl' —rus), (6h)

Piss" = 8 (I+c+crls' —rrss' —Irsl' —&us) & {|Ic)

Pus = 8 (~—c+crn —Irss —Irsl +ms) i (6d)

Pus'""= 8 (&+c—rru'+Irss' —Irst' —rus), («)
Piss = 8 (~ c rr12 +cr28 o'8l +rus) y (6f)

Pus = 8 (1+0—nls —c828 +asl —rlss), (6g)

P128 = 8 (~—c—o'u —rsss +Rsl +rus), (6h)

where c 18 thc difference ln thc fraction of g and g
Rtomsq rr'j ls tile ciuantlty (1 c )cE' +c Rlld 1& ldcntlcal
to (a,o;), and. rus—= (o lo so 8). It is apparent that various
pairwisc coxQblDatlons of thc tx'lplct plobRbllltlcs CRD bc
found that are independent of v.~23, but this is Dot as
useful for describing a state of order.

As Rll RppllcRtloll of Eqs. (Sa)—(Sd), wc collsldcl" thc
alloy CuAu. Roberts4 has measured the n; 8 out to
eighth-neighbor separations at several temperatures
above T,. Unfortunately, the u; 8 were not corrected
for size effects, which arc laI'gc 1D this s)~stem as shQwn
cxphcitly by Boric.' Thus, the 0.;,'8 reported by Roberts
shoUld not be taken. too literally, and wc shall use them
here primarily for purposes of illustration. They are

TAIILz I. Pair correlations (a~) for CnAn (p =408'C).

TlM pRll correlation ls slxnply thc WRrrcD short-rangc-
order parameter n~2 and the equations state the familiar
fact that Rll foul pall plQbabllltlcs dcpcDd QD a slnglc
experimentally determined parameter. '

The triplet probability I'g23~~~ becomes

Piss"'"= 8(&+(~I)+&~2)+&os&+&olios&

+ (O2OS&+ &~8~1&+&OI~2~8&)

and we note that the triplet correlation (o lo.so 8)
vanishes, because for every contribution to the sum
from y there is an exactly cancelling contribution from

' P. C. Ciapp and S.C. Moss, Phys. Rev. 142, 4t8 (1966).

QeIgh-
bor dIs-
tance,

Per- Quenched
feet froln

order 500'C

—0.158
+0.210—0.048
+O.i53—0.050
+0.093—0.035
+0.070

Held
at

425'C

—0.123
+0.048

0.00
+0.07—0.03
+0.03—0.02
+0.02

Held
at

525'C

—O.iis—0.002
0.00

+0.05—0.03
+0.03—0.02

0.00

4 B.%. Roberts, Acta Met. 2, 597 (i954).
~ B.Boric, Acta Cryst. I4, 472 (1961).

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000



P H I LI P C. CLAP P

Equations (Sa) and (Sb) yieki

Pltj = a (i+~&1+'&1j) yi

P AAB r(I & .)

I'IG. 2. Sites used for the calculation of triplet
probabilities in CuAu.

TAnLE II.Triplet conditional probabihttes LP (;n (
&s"")g for CuAu.

Cluster Quenched
site Perfect fromj order 500'C

0.688
0.469
0.622
0.503~

0.640
0.543
0.570
0.530'

0.634
0.568
0.567
0.539

0.500
0.500
0.500
0.500

a Values which are paradoxical in the sense that they do not lie between
the perfectly ordered and perfectly disordered values.

listed in Table I along vrith the 0,;,'s for perfectly
ordclcd RDd pcrfcctly disordered saxnplcs.

CuAu is RD interesting example to study because the
symxnetry of the crystal changes from cubic to tetrago-
nal upon ordering. The ordered phase may bc described
as even-numbered 100 planes of a face-centered cubic
lattice occupied by one type of atom and odd-numbered
100 planes occupied by the other type. Since three
points are required to delne a plane. the triplet proba-
bllltlcs have Rn RdvantRgc over thc blnRI'y probabilities
in that they can provide an answer to the question of
whether such layering occurs on a small scale in thc
disordered state, in anticipation of the ordered structure.

Although ere could, in principle, calculate probabili-
ties of any triplet vrhich did not contain a pair separated

by more than eighth-neighbor distances, vrc shall con6ne
ouI' RttcDtloQ to thc chlstcI' of sltcs shown ln Flg. 2. All

the sites of the cluster are nearest neighbors of site 2,
and vrc shall calculate the triplet probabilities for the
case vrhcn sites 1 and 2 are occupied by A atoms.

In particular me shall calculate the conditional
probabthtyE(;n~r2"~) of aB atom at j given and atom
Rt 1 Rnd 2~ l.c.)

P .A,AB
QI~

.AAA+p .AAB 2+2~

Since sites 3, 4, 5, Rnd 6 in Fig. 2 are 6rst, second, third,
RQd fourth neighbors of sltc 1 wc have Ags=Aj AI4=A2'
~r5=~„~„=~,. Tbe caiculateci values oi S (; I»"")
appear in Table II. %e see from the column of values
for the ordered structure that placing an 3 atom on
sites 1 and 2 resolves the ambiguity of vrhethcr the
layering occurs on the 100, 010, or 001 planes, in that
sites 4 Rnd 6 are forced to contain A atoms, and sites
3 Rnd 5 Rrc folccd to have 8 RtolTls. If laycI'1Qg Rlso

occurs in the disordered state this should appear as a
value of less than 0.5 in the table for sites 4 and 6 and a
value greater than 0.5 for sites 3 and 5. Only the
quenched sample scclHs to CODlc close to sRtlsfylng these
mnditions. The values in the table marked with a letter
are those that do Dot satisfy the layering condition and
we note that although 3 and 5 arc preferred 8 sites in
all cases, the paI'adoxical result emerges that at, 425
RIld 525 C locations 4 RIld 6 also RppcRl to bc pI'cfclI"ed
8 Slt,CS.

However, Rs %'c Doted before, RobcI'ts s I'csults do
contalQ slgn16cant errors RQd hc coIMTlents that, ot2 lD

particular is probably much too small. Increasing m2 in
our equations rvould affect only site 4 and change it in
the direction of being R preferred A site.

In COQcluslon, lt may bc said that thc I'csults for
CuAu are ambiguous and that a better picture of the
disordered state in this system wiH have to wait for
more accurate values of the n;, 's. Then such measure-
ments are available for this and other AB alloys, the
triplet probabilities should provide a critical test for the
IIDpoltancc of hlghcl pMtlcle lntclRctlons ln oI'deI'1Qg

processes @&hen the direct measurement of triplet
probabilities becomes feasible.


