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Properties of Semiconductor Surface Inversion Layers in the
Electric Quantum Limit*
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The strong surface electric Geld associated with a semiconductor inversion layer quantizes the motion
normal to the surface. The bulk energy bands split into electric sub-bands near the surface, each of which is
a two-dimensional continuum associated with one of the quantized levels. We treat the electric quantum
limit, in which only the lowest electric sub-band is occupied. Within the effective-mass approximation, we
have generalized the energy-level calculation to include arbitrary orientations of (1) the constant-energy
ellipsoids in the bulk, (2) the surface or interface, and (3) an external magnetic Geld. The potential asso-
ciated with a charged center located an arbitrary distance from the surface is calculated, taking into account
screening by carriers in the inversion layer. The bound states in the inversion layer due to attractive Cou-
lomb centers are calculated for a model potential which assumes the inversion layer to have zero thickness.
The Born approximation is compared with a phase-shift calculation of the scattering cross section, and is
found to be reasonably good for the range of carrier concentrations encountered in InAs surfaces. The low-
temperature mobility associated with screened Coulomb scattering by known charges at the surface and
in the semiconductor depletion layer is calculated for InAs and for Si (100) surfaces in the Born approxima-
tion, using a potential that takes the inversion-layer charge distribution into account. The InAs results
are in good agreement with experiment. In Si, but not in InAs, freeze-out of carriers into inversion-layer
bound states is expected at low temperatures and low inversion-layer charge densities, and the predicted
behavior is in qualitative agreement with experiment. An Appendix gives the phase-shift method for two-
dimensional scattering and the exact cross section for scattering by an unscreened Coulomb potential.

I. INTRODUCTION

A N e-type inversion layer is produced at the surface
of a p-type semiconductor when the energy bands

near the surface are bent down enough that the bottom
of the conduction band lies near or below the Fermi
level. This band bending can be introduced by applying
an electric Geld to the surface, in a conGguration like
that shown in Fig. 1, or by the presence of positive
charges at or near the surface associated with impurity
ions or other Coulomb centers.

The electric field associated with an inversion layer
is strong enough to produce a potential well whose
width in the s direction, the direction perpendicular
to the surface, is small compared to the wavelengths
of the carriers. Thus the energy levels of the electrons
are grouped in what we call electric sub-bands, each
of which corresponds to a quantized level for motion
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FIt. 1. Schematic metal-insulator —semiconductor structure
used for inversion-layer experiments. The inversion-layer electron
concentration is changed by changing the gate voltage. The
inversion-layer conductance is measured by applying a small
potential diGerence between the n-type contacts and measuring
the resulting current.

* Some of the results of this work were presented at the Chicago
meeting of the American Physical Society, March, 1967; Bull.
Am. Phys. Soc. 12, 2/5 (1967).
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in the s direction, with a continuum for motion in the
plane parallel to the surface.

The quantization of energy levels in inversion layers
has been anticipated for many years, ' but the two-
dimensional nature of the electron gas when only one
electric sub-band is occupied was only recently con-
Grmed by experiments on e-type inversion layers on a
(100) surface of silicon in the presence of a magnetic
Geld perpendicular to the surface. '

The principal purpose of this paper is to study the
e8ect of charged centers near the surface on the
properties of electrons in the inversion layer. To do
this we Grst Gnd the average potential due to such a
charge seen by the inversion layer electrons, including
for the first time the effect of screening in this quasi-
two-dimensional system. From this potential we Gnd
both the scattering cross section of the electrons and
the inversion-layer bound states that result when the
potential is attractive.

The calculated scattering rate is compared with
experimental results on inversion-layer mobility at
low temperatures in InAs' and in Si.4 These experi-
ments measure the conductance between the e-type
contacts of Fig. 1, and determine the inversion-layer
electron mobility by using the Hall e6ect4 or magneto-
resistance. ' Thus an experimental curve of inversion-

J. R. Schrieffer, in Semiconductor Surface Physics, edited by
R. H. Kingston (University of Pennsylvania Press, Philadelphia,
Pennsylvania, 1957),p. 55.

2 A. B. Fowler, F. F. Fang, W. E. Howard, and P. J. Stiles,
Phys. Rev. Letters 16, 901 (1966); in Proceedings of the Inter-
national Conference on the Physics of Semiconductors, kyoto, 1966,
Q'. Phys. Soc. Japan Suppl. 21, 331 (1966)g.

8S. Kawaji and Y. Kawaguchi, in Proceedings of the Inter-
national Conference on the Physics of Semicondlctors, Eyoto, 1W6,
PJ. Phys. Soc. Japan SuppL 2l. , 336 (1966)).

4 F. F. Fang and A. B. Fowler (to be published).
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layer mobility versus inversion-layer free-carrier con-
centration can be constructed.

Because the inversion layer is thin —of the order of
100 4 or less—the mobility is sensitive to scattering
associated with the surface, and thus provides a power-
ful tool for studying surface-scattering mechanisms.

If the Coulomb centers near the surface are positively
charged, they attract electrons, and in general lead
to bound states. The properties of these bound states
depend strongly on the amount of screening by in-
version-layer electrons, and are among the most
interesting results of our work. In particular, we 6nd
that in Si inversion layers the bound states in the
absence of screening are deep enough to trap the 6rst
electrons which enter the inversion layer at low tem-
peratures. As the gate voltage is increased and more
electrons are added, some will enter the electric sub-
band and will contribute to screening, thus weakening
the attractive potential. At a sufficiently high inversion-
layer electron concentration, the screening will reach
its full value, and the energy levels will be so shallow
that the orbits of inversion-layer electrons bound to
adjacent Coulomb centers overlap. Vnder these condi-
tions the bound states merge with the bottom of the
lowest electric sub-band and effectively disappear. In
InAs, on the other hand, the bound states merge with
the bottom of the lowest electric sub-band even in the
absence of screening, and effects associated with bound
states are not expected.

Except for the calculation of Landau levels in
Appendix A, all of our results apply to zero magnetic
field. In addition we restrict ourselves to low tempera-
tures, for which only the lowest electric sub-band is
occupied by electrons. We call this limiting case the
electric quantum limit.

The organization of the remainder of the paper is
summarized by the following Table of Contents:

Section 2.
3.
4

5.

Electric Sub-bands
Coulomb Potentials and Screening
Bound States
A. General Considerations
B. Bound States for a Model Potential
Impurity Scattering
A. Born Approximation
B. Validity of the Born Approximation
Comparison with Experiment
A. InAs
B. Si
Discussion and Conclusions

Appendix

Appendix

Appendix

A. Landau Levels

B. Screened Coulomb Potential

C. Two-Dimensional Scattering

2. ELECTRIC SUB-BANDS

In this section we consider the energy levels of
inversion-layer electrons moving in a potential well
which depends only on s, the distance from the surface.
We 6nd the effective masses for motion parallel to the
ggrf@ce g,nd the corresponding one-dimension@1 Scb.ro-
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FIG. 2. Surface potential well and surface charge distribution
for a representative Si surface. The curve labeled E, gives the
energy of the bottom of the conduction band near the semi-
conductor-insulator interface at @=0. Also shown are the position
of the Fermi level for 10" electrons/cm' in the inversion layer,
and the positions of the 6rst two excited states, as calculated by
Howard {Ref. 10). The zero of energy is taken to be the bottom
of the lowest electric sub-band. The upper curve is the charge
distribution of carriers in the lowest electric sub-band, taken from
Ref. 10. Also shown is a vertical line at the average inversion-layer
thickness as computed from the approximate relations given in
Eqs. {22) and {42).

dinger equation for motion perpendicular to the surface
for an arbitrary surface orientation and for arbitrary
bulk. ellipsoidal constant-energy surfaces.

The electron potential well near the semiconductor-
insulator interface is shown for a typical case in Fig. 2.
We wish to 6nd the energy levels E and envelope
functions f belonging to self-consistent solutions of the
effective-mass equation

$~0 as 3'~ ~, (3a)

where ~,. and ff:;, are the static dielectric constants of
the semiconductor and the insulator, respectively.

The effective-mass equation (1) is perhaps a poorer
approximation in the inversion-layer problem than in
some other applications, since the width (in the s
direction) of the inversion-layer envelope function f
is only of the order of 20 A in some cases, and therefore
not much larger than atomic dimensions, The boundary

where T is the kinetic-energy operator and p is the
electrostatic potential, which in turn is the solution of
Poisson's equation

Py = —4n.p/~.

Here p is the charge density given by the fixed charge
in the depletion layer plus the charge in the inversion-
layer states, and ~ is the dielectric constant. The
boundary conditions on P are
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We now make the substitution

t(s) = I (s) expt —is(wrskt+ wssks)/wss) (11)

to eliminate the erst derivative with respect to z, and
find that I (s) must satisfy

dsi';/dzs+ (2ms/ks) PE;"+eg(s))I;(s) =0, (12)

where m3=m33 ', a subscript i has been introduced to
label the solutions, and

Wya

E, (kr, ks) =E;"+-'sIl' wrt — kt'

FIG. 3. Schematic representation of the constant-energy ellipses
and Brillouin zones for the {001), (111),and (110) surfaces of Si
and Ge in the effective-mass approximation. Where both solid
and dashed curves appear, the solid curves correspond to the
electric sub-band of lower energy. Concentric ellipses are shown
to indicate doubly degenerate levels. Note that the dashed curves
for the (110)-Sisurface have been displaced by a reciprocal lattice
vector to bring them within the 6rst Brillouin zone. See also
Table I. The horizontal and vertical axes have been marked to
indicate their directions in reciprocal space. The radii of the
circumscribed circles about the three Brillouin zones are 2z./a,
(4z./Ba)V2, and (z./a)YS for (001), (111),and (110), respectively,
where a is the lattice constant in real space.

condition we use for lP is

lP(0) =0, (4)

pj Zs ajsps

/
g CzlsG&'yZVllsy = 'R&.s,

(6)

where wss' ——1/ms', and the ms' are the principal
effective masses of the ellipsoid of constant energy in
the semiconductor.

Since the potential energy —ep in (1) is a function
of z only, we take as a trial solution the product

lt (x,y, s) = &(s) exp(iktx+iksy) . (8)

If we substitute this in (1), using (5), we find that $
must satisfy the equation

—xwssks (ds $/dz') —ks (wtskr+ weaks) (d $/dz)
—Led (s)yE')~(z) =0, (9)

I' =E +sk (wttkt +2wtsktks+wssks ) . (10)

since the potential barrier at the semiconductor-
insulator interface will lead to a small amplitude for
the envelope function there.

The kinetic-energy operator in Eq. (1) can be written

T=s Qr, ,w, ,P(P, )

where p, = ih(8/r—)x;), and w, , is the reciprocal effec-
tive-mass tensor in a coordinate system in which the
semiconductor-insulator interface is the plane z=0.
In terms of the transformation matrix ~~a~I from the
principal axes of a constant-energy ellipsoid of the
semiconductor (indicated by primes) to the coordinate
system we have chosen, we have

( wrswss)
+2I wrs —— Ikrks+ wss — ks' . (13)

w„/ %33

The Schrodinger equation thus reduces to an equa-
tion in z, in which the x and y motion enters in the
energy only through (13), and through the boundary
condition on tp. Since we use the boundary condition

(4), the eigenvalue E" is independent of kt and ks. If
other boundary values at z=0 were used, both E;" and
I', (s) could dePend on kl and ks unless wts =wss =0.

Because of the form of the kinetic-energy operator
(5), our results do not apply to inversion-layer energy
levels arising from a degenerate band like the valence
band of Ge or Si or InAs. Furthermore, the strong
electric field associated with the potential P is expected
to remove the degeneracy of the basis Bloch functions,
as does a uniaxial strain, ' thereby invalidating the
simple effective-mass approach. VVe shall not deal with
that case in this paper.

Three effective masses enter in the energy levels of
electrons in the inversion layer. One is m3 ——m33 ', the
mass which determines the energy levels E;" for
motion perpendicular to the surface via Eq. (12). The
other two, m~ and m2, are the principal effective masses
of the constant-energy ellipses associated with motion
parallel to the surface, and can be deduced from Eq.
(13). For a simple conduction band like that of InAs,
all three of the effective masses are equal to each other
and to the effective mass in the bulk, apart from the
effect of nonparabolicity, which we have not considered.

It is easy to show from (13) that the product mrmsms

equals the product m~'m2'm3' of the principal effective
masses in the bulk for an arbitrary ellipsoidal constant-
energy surface and for arbitrary surface orientation.
This assures that, as in the case of an isotropic mass, ' '
the density of states when many electric sub-bands are
occupied approaches the value one would And without
considering surface quantization.

For conduction bands with multiple minima, like
those of Ge and Si, the plane in k space containing the

~ G. E. Pikus and G. L. Sir, Fiz. Tver. Tela 1, 1642 (1959)
LEnglish transl. : Soviet Phys. —Solid State I, 1502 (1960)g.
We thank J. J. Hall for discussions.

6 R. F. Greene, Surface Sci. 2& 101 (1964),
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Tmz.E I. EGective masses for three surface orientations, for semiconductors having band structures like those of the conduction
band of Si (six {100}ellipsoids of revolution) or of Ge (four {111}ellipsoids of revolution). The principal eGective masses in the ellipsoids
are m~, m~, and m~. The derived values are m3, the eGective mass perpendicular to the surface, and m» and mg, the principal masses of
the constant-energy ellipse in the surface, defined by Eq. (13).The degeneracy of each set of ellipses is n, .
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wave vectors for motion parallel to the surface will
make equal angles with all the constant-energy surfaces
of the bulk only in special cases, i.e., the (111)surfaces
of Si and the (100) surfaces of Ge. On the other hand,
for a (100) surface of Si, two of the six bulk constant-
energy ellipsoids will give ms=m&, the longitudinal
effective mass of the bulk, while the other four will

give m3=m~, the transverse bulk effective mass. We
list in Table I the values of the masses m», m~, and m3
for energy bands like those of Si and Ge for three
high-symmetry surface orientations, and indicate in
each case the degeneracy n„, which gives the number
of ellipsoids of the bulk that have equivalent sets of
values. Where two different values of ma enter, the
ith solution of (12) belonging to the larger mass will

have a lower energy E;"than the ith solution belonging
to the smaller mass. Note that the constant-energy
ellipses for motion in the surface are not, in general,
equivalent to slices through the constant-energy
ellipsoids of the bulk.

The two-dimensional Brillouin zones and constant-
energy ellipses for the cases of Table I are shown in
Fig. 3, which indicates the kinds of degeneracy that
can arise. Where a double degeneracy occurs at a point
in the zone, as in the (100) surface of Si, we expect
deviations from the effective-mass approximation to
remove the degeneracy. ' Since for low magnetic 6elds
no splitting of the degeneracy is observed for Si,' we
assume here that the two states can be described in the
effective-mass approximation by the same envelope
function, to which the boundary condition (4) applies.
A more realistic treatment of the boundary conditions
at the surface would give an estimate of the accuracy
of this approximation, and would also give information
about electron scattering associated with the surface.

The effective masses of the constant-energy ellipses
given in Table I can be rather anisotropic, just as in
the bulk. For most of the cases shown in Fig. 3, this
anisotropy does not lead to an anisotropic conductivity
because the ellipses are symmetrically placed. But for
(110)surface orientations, which have lower symmetry,
one should expect to see anisotropic conduction. '

7 Dr. E. J. Walker (private communication) has informed us
that measurements of the conductivity of (110) surface inversion
layers on p-type Si have not so far shown any significant anisotropy.

Once we know the energy levels on the electric
sub-bands of the surface inversion layer, we easily
6nd the density of states for electrons, including a factor
of 2 for spin, to be

p(E) = (z.b') ' Q n„m. g,H(E —E;") (14)

where the E;" are the various eigenvalues of (12),
n„ is the degeneracy of the electric sub-bands whose
lowest energy is E;", m&; is the density-of-states mass
per ellipse [in the notation of Table I, mq;= (m~;mph)'~'j,
and H(x) = 1 if x)0, H(x) =0 otherwise.

The number of carriers in the inversion layer at
temperature T is

N~ ——Q; N; = (KT/m A )
&&+;n»mg, Fp([Ep E;"j/KT)—, (15)

where E is Boltzmann's constant, Ep is the Fermi
energy, and

Fp(x) = in[1+exp(x)] (16)

is the Fermi-Dirac integral' with exponent zero. For
large positive x, Fp(x)~x, and for large negative x,
Fp(x) exp(x). The charge density in the inversion
layer can then be written

p'-=-eZ;NC'(),
g'(z) = If'(z)l',

(17)

(18)

where t, is the normalized eigenfunction corresponding
to the ith solution of (12), and N; is given in (15).The
function g(z) is shown for a representative case in
Fig. 2.

In the depletion layer, we suppose that all donors
and acceptors are ionized, so that the charge density
is equal to e(N& —N&) in a layer whose thickness is
approximately given by

d«p&= [~I&(0)I/2pelN&» I
0'"

in Gaussian units, i.e., with P(0) given in terms of
statvolts, where 1 statvolt ~300 V. If an n-type
inversion layer forms, the conduction band edge at
the surface is near the Fermi level, while the valence

8 See, for example, A. H. Wilson, The Theory of Metals (Cam-
bridge University Press, Cambridge, England, 1953), 2nd ed. ,
p. 147.
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band edge in the bulk is near the Fermi level, so that
to a fair approximation we can replace ~$(0)~ by
E,/e. ' The total number of negative charges per unit
area in the depletion layer is

ftrg.,& (E——g ED—)dd„g. (20)

HX~ —en=10" cm ', x=» 8, an«ly(0) I
=E.=115

CV for Si, we 6nd that dg.pl ——I.2 p) and Ed,pl
——1.2&10"

Gm

The self-consistent equations (2), (12), and (17) for
the inversion-layer energy levels and charge distri-
butions have been solved for a range of temperatures
and charge densities by Howard. "In this paper we use

. only the approximate expression"

g(s) =-,'b's' exp( —bs)

for the charge distribution when only the lowest
inversion-layer energy level is occupied. A variational
calculation" shows that for

b= (t48se'mg/x„h')t Xs„(+(11/32)X; ])'", (22)

where mg has the sallM value as ln (12), the energy of
the lowest inversion-layer state lies within 6% of the

energy found from a numerical self-consistent 6eld
calculation, for values of the ratio E;,/Sq„~ from 0 to
at least 60.'0

The average value of s, weighted by the charge
distribution (21), is 3/b, and we take this as a measure
of the thickness of the inversion layer. It will be a
maximum when E;„—+ 0. In that case, if ma=m and
Sq„~=1.2X10" crn ', we End that 3/b=45 A. Thus
the inversion layer is considerably thinner than the
depletion layer even in this case. As more charge is
added by increasing the 6eld at the semiconductor-
insulator interface, almost all the excess goes into the
inversion layer, while dq„~ (and Xq,„~) remain essentially

constant, provided that the surface states do not play
a rolC.

Although most of the considerations of this paper
are for zero magnetic 6eld, we give in Appendix A some

approximate results for the energy levels in the presence
of a magnetic 6eld making an arbitrary angle with the
interface between the semiconductor and the insulator.

To calculate the cGcct -of ionized impurities on the
transport properties of carriers in the inversion layer,
wc must 6nd the change in potential energy of the

This approximation tends to overestimate dq, „q in high-
resistivity Si, for which the Fermi level in the bulk may be weB
inside the energy gap, and to underestimate dd, » in heavily doped
Inhs, for which the conduction band at the surface must lie
vrell below the Fermi level before the inversion layer begins to be
occupied.

jo W. E. Howard (unpublished).
~~ F, F. Fang and W. E. Howard, Phys. Rev. Letters 16, 'B7

(1966}.We are indebted to J. F. Janak for pointing out a correc-
tion to the variational treatment indicated by Fang and Howard.
The correction is used in Gnding Eq. (22) of the present paper.

inversion-layer carriers because of the presence of an
impurity. The carriers in the inversion layer will
rcdlstllbutc themselves in thc plcscncc of thc impuI'lty
potential, increasing in number where their potential
energy is lowered, and decreasing in number where their
potential energy is raised, thus screening the charge
of the impurity or other Coulomb center.

We shall calculate the CGect of screening by analogy
with the classical derivation of the screening length
in a semiconductor in three dimensions. "We suppose
that the impurity potential bp depends only on the
coordinates r and s, where r= (x'+y')'", and consider
a region far enough away from the impurity that the
potential b&(r, s) is a slowly varying function of r The.
potential then leads to an extra potential energy—ebp(r, s) in (12), which to erst order in hatt gives no
change in the eigenfunction l;(s), and. gives a change

5E;(r)= ey, (r)—= e&—(r,s)g;(s)ds (23)

in the ith eigenvalue, where g;(s) is the normalized
charge distribution (18). If we substitute the energy
change associated with the impurity potential into
(15), and keep only the terms linear in b&, we find that
the induced charge density in the inversion layer is

where
e:( , r)s= (~/2~)Z—; s,0'(r)g'(s),

s;= (2ne'/x)$;/Es. ;., (25a)

s = 2l„m ge'/b, 'x. (26)

This agrees with the result obtained from the wave-
vector-dependent longitudinal dielectric constant of a
degenerate two-dimensional electron gas."

Poisson's equation (2) for the potential change g
thus becomes

&b4 (r,s) 2Z' s'0*(r)g—'(s) = «~ *~(&»)/~— (2&)

where p,„t is the external charge density, here associated
with the impurity ions or other charged centers.
Solutions of (27) for a number of cases of interest are
glvcn in Appcndlx 8 and al e used ln thc following
sections to calculate the energies of bound states in the
inversion layer, and the differential cross section for
screened Coulomb scattering.

"See, for example, F. Stern, Solid State Phys. IS, 299 (1963),
Sec. 48."F.Stern, Phys. Rev. Letters 18, 546 |,'1967).

Es„/ET =&0(x)/E'o'(x)
=L1+exp( —x)j1nL1+exp(x)), (25b)

x=(Es E;")/ET, an—d. all other quantities have the
same significance as in (15) and (17).

For the electric quantum limit at absolute zero, the
screening constant (25) is independent of carrier
concentration, and has the value



The simple screening constant given in (26) no
longer applies if more than one electric sub-band is
occupied, or at temperatures for which completely
degenerate statistics cannot be assumed. In particular,
the screening constant for higher sub-bands will bc
larger than for the lowest sub-band. , an CGect discussed
for a three-dimensional case by Robinson and Rod-
riguez. "The increase in the screening constant for the
higher sub-bands is balanced at least in part by the
smaller values of p;(r) and g;(s) associated with the
greater spatial extent of the cha, rge distribution in the
higher sub-bands.

4. BOUND STATES

A. GenexaI ConsitIex'ations

Electron effective mass parallel to
surface {m)

Electron effective mass perpendicular to
surface (m)

x„, dielectric constant of semiconductor
g;, dielectric constant of insulator
IC = (Ksa+Ifite) /2
n„sub-band degeneracy

factor for interband scattering
o~, effective Bohr radiuss ()t)
Ry*, effective rydberg, Eq. (54) (meV)
8, degenerate screening constant using R'

(cm ')

0.025

14.3
2.8~
8.55
1

181
4.6
1.1&106

0.19

11.8
38b
7.8
2
1

22

1.8&10~

a Mylar
b SiQ2

& See Eq. (46).
d EQUat1011 (36)

c See Eq. (41).

TAsI.E II. Values of parameters used in the numerical calcu-
lations for InAs and for the (100) surface of Si.

If the electrons in the inversion layer move in an
average potential @(r), and if they have an isotropic"
CGective mass m~=mg=my, then their energy levels
and wave functions will satisfy the two-dimensional
cGectivc-mass equation

effective potential energy in (28) would be's

e@(r)=—e'/xr, —
where

&Sc,&ins (32)

it (&,y) =I I"&(r) exp(+erne). (3o)

The angular-momentum quantum number m herc
takes on the values 0, 1, 2, ~ ~, and I'(r) must vanish
t th o gi d t'n6nityfor abou d. st te.
If there were no screening by the inversion-layer

clcctronsq lf thc lnvcl sion-layer charge dlstrlbutlon
g(s) were a delta function at the interface between the
semiconductor and the insulator, and if the Coulomb
center of charge e were also at the interface, -then the

' J. E. Robinson and S. Rodnguez, Phys. Rev. 135, A779
(1964).

"%hen the eftective mass is not isotronic, the methods de-
scribed by W. Kohn t Solid State Phys. 5, 257 (1957)7 can be used.

t —(hs/2m*) V —ey(r) —
/jest (g,y) =(). (28)

We assume that only the lowest electric sub-band
ls occllplcd Rlld ldcntlfy tlM zero of cllel'gy 111 (28)
with the bottom of this sub-band. The procedure for
determining p(r) in (28) is discussed in Sec. 3 and in
Appendix B. Thus we study here the CBect of an
additional potentia1, assumed to be attractive, vrhosc s
dependence has been treated by 6rst-order perturbation
theory and, replaced by its average value, while its r
dependence is to be treated using (28). The complete
envelope function of bound states in this potential is
given by the product of the envelope function found
111 (28) RIld 'tile wave func'tlon $(s) glvcI1 111 (11).

If we take advantage of the circula~ symmetry of @,
and mak. e a transformation to eliminate the erst
derivative, then (28) becomes

J'"'+t (s m' )r '—
+(2m'/hs)$E+ey(r) jp'(r) =0, (29)

a*=xh'/m*es (36)

ls thc cfIectlvc Bohr radius. Using paraIQcters ap"
propriate to Si-Si02 interfaces, as given in Table II,
we find that Ry*=42 meV and u*= 22 A.

For a Coulomb potential due to an ion at the surface
of a semiconductor, with electrons free to move in the
semiconductor, 1Dstcad of bclng condncd to an IH.-
vcl sion-layel sheet as we assumed' thc gI'ouDd" state
energy is —

X4.Ry*.'0

"This found from the results of Appendix 8 or from the method
of images Lace, for example, J. H. Jeans, The jIorheraatrcai Theory
of E&eckricity and' Magnetism (Cambridge University Press,
Cambridge, England, 1951),5th ed. , Sec. 22).

-~7 L. I, SchiB Quultlm Mechanics (McGravr-Hill Book Com-
p»y, Inc., New York, 1955), 2nd ed. , Sec. 16.

D. Landau and E. M. Lifshitz, QuaNAim Mechanic's
(Addison-Wesley Publishing Company, Inc., Reading, Massa»
chusetts, 1958), Sec. 36."S. FlGgge and H. Marschall, Rechenmethodee de QNunket
theoric (Springer-Verlag, Berlin, 1952), 2nd ed. , Problem 24.

~ J. D. Levine, Phys. Rev. 140, A586 (1965}, Eq. (10). See
also K. P. Prokop'ev, Fig. Tver. Tela 8, 2770 (1966) English
transL: Soviet Phys. —Sohd State 8, 2209 (1967}g.The ieiectric
constant ~ should be replaced by g=$(x+1) in these papers if
our Eq. (31) applies.

is the average of the dielectric constants in, the semi-
conductor and the insulator.

The solution of (29) proceeds by analogy with the
three-dllncnslonal case, D x8 and thc clgenvalucs arc thc
i~finit set of (2n —1)-fold degenerate levels"

E„=—(Is—g) 'Ry*,

where the unit of energy is the CGective rydberg

Ry*=~m*e'/(2x'h'), (34)

and the quantum number I takes on the values m+1,
m+2 ' ' ' Tile ground-state cllvclopc fllllc'tloll ls

il = (8/rr) I"u~r exp( —2r/a*),
where
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energy of the lowest state is, for small I,
E= (t't'ss/4rtte) exp( —2/I) . (39)

0.8

I

0.6

.Ilg 0.4

0.2

0

sd= 5

lO

I=2(Z[/u*s, (40)

independent of the position of the ion and of the thick-
ness of the inversion layer.

For the electric quantum limit at absolute zero, we
find from (26) that

8=2rt„/et*,

The strength integral I can be calculated for the
screened potential associated with charge Ze located
at an arbitrary distance from the semiconductor-
insulator interface, as calculated in Appendix S. We
find, using (317), that

For potentials differing from the Coulomb potential,
we can infer something about the solutions from the
strength integral

I= (2ns*e/5') r
~
rIr(r)

~
dr, (37)

which is finite when there is screening. To do this, we
note that Eq. (29) for the function P(r) is identical
with the corresponding three-dimensional radial equa-
tion if we identify the two-dimensional orbital angular-
momentum quantum number srt with /+ —',, where / is
the three-dimensional quantum number. Ke can then
make use of a theorem proved by Bargmann, "which,
restated for two dimensions, says that the number m

of solutions of (29) for trt&0 obeys the inequality

2m' &I. (3S)

Bargmann's proof is not directly applicable when

m=0, but it has been shown that for any attractive
circularly symmetric potential there is always a two-
dimensional bound state with orbital angular-mo-
mentum zero, no matter how weak the potential is,""
which is not true in the three-dimensional case." If
we identify the range of the potential with twice the
reciprocal of the screening constant 8, where 8 is
obtained from (25) by replacing tc by the average
dielectric constant tc of (32), we find that the estimated"

e' V. Bargmann, Proc. Natl. Acad. Sci. (U. S.) 38, 961 (1952)."See p. 156 of Ref. 18.
'3 This has been proved for an arbitrary attractive potential in

two dimensions by D. Jepsen and T. D. Schultz (to be published)
and by J. C. Slonczewski (unpublished), but disagrees with a
remark in P. M. Morse and H. Feshbach [Methods of Theoretical
Physics {McGraw-Hill Book Company, Inc. , New York, 1953),
p. 1654j.

sr

FrG. 4. Screened Coulomb potential in an inversion layer of
zero thickness located at the semiconductor-insulator interface
when a charge e is located a distance d away, as given by Eq.
(B19).The screening constant is 8 =4/o*, where a* is the effective
Bohr radius of Eq. (36). The average dielectric constant oi the
two media is 2, and r is the radial distance in the plane from the
point closest to the charge.

so that I=st. ' if ~Z~ = 1. Thus the screened Coulomb
potential is not strong enough under these circum-
stances to bind states with orbital angular-momentum
quantum number greater than 0. However, I is not
small enough to make (39) a reliable estimate for the
binding energy when m=0. Thus a more detailed
treatment is required to find the binding energy for the
screened Coulomb potential.

B. Bound States for a Model Potential

To investigate the energies of bound states for a
tractable potential cls(r), we use the model that leads
to Eq. (B19), with Z=+1 to make the potential
attractive. The potential is calculated for an inversion
layer of zero thickness located at the semiconductor-
insulator interface, with a charge e located a distance
d away, and is illustrated for a screening constant
s= 4/tt* in Fig. 4. This model does not accurately repre-
sent the more realistic potential given by (89)—(316)
because it ignores the thickness of the inversion layer,
but was used because of its considerably simpler form.
The difference between our model potential and the
more realistic potential is not likely to obscure quali-
tative features such as the dependence of the bound-
state energies on the separation d and on the screening
constant 8.

In applying our model potential, we identify the
distance d between the inversion-layer sheet and the
attractive Coulomb center with the average thickness,

s, =3/h, (42)

of the inversion-layer distribution of Eqs. (21) and
(22). This is intended to represent the average distance
between an electron in the inversion, layer and an
attractive center at the semiconductor-insulator inter-
face. For centers in the insulator, larger values of d
should be used. Note that the ionized acceptors in the
depletion layer of the p-type semiconductor are nega-
tively charged, and thus constitute repulsive centers.
There will be attractive centers in the depletion layer
if it is compensated.
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We have obtained numerical solutions of the two-
dimensional effective-mass equation (28) for the model
potential (B19) with a number of values of d, and a
number of values of the screening constant 8. In
particular, when 8=0, the potential becomes the un-
screened potential"

(43)

Results of the calculations for g=4/a* and N=O are
shown in Fig. 5. The integration procedure used is due
to Cooley. "

The large ratio of binding energies for the unscreened
and screened cases shown in Fig. 5 suggests the possi-
bility of interesting freeze-out sects in inversion layers
at low temperatures as the number of charges in the
inversion layer is changed. We shall return to this
point in Sec. 6.

Figure 6 shows how the binding energies vary with
the screening constant for a number of values of d.
From this 6gure we can estimate binding energies for
InAs at absolute zero, for which 8=2/a*, and can
obtain approximations to deal with the screening at
nonzero temperatures. The lower curve of Fig. 6, for
d=2a*, can be fairly well approximated by Eg=0.54
Xexp[—2.8(a*3)' "]Ry*. The simple result (41) for I
holds only at low temperatures. In general, as shown
in (25), the screening constant depends both on tem-
perature and on inversion-layer carrier concentration.

Thus far we have discussed only the lowest bound
state associated with the lowest electric sub-band. For
completeness, we must consider also three other kinds
of states. The first of these are the higher-excited bound
states associated with the lowest electric sub-band. We
shall not deal with these further, since they are likely
to be so close to the bottom of the sub-band that they
do not have important experimental consequences.

Second, there are the bound states associated with
higher electric sub-bands derived from the same bulk. -
energy surfaces that give the lowest sub-band. The
higher sub-bands have more extended charge distri-
butions, and therefore weaker potentials and smaller
binding energies. In addition, the energies of the bound
states will be raised by the amount of the splitting
between sub-bands. Nevertheless they may lie lower
in energy than the bottom of the lowest sub-band if the
screening constant is small, and thus represent possible
excited states of the attractive center. H these states
lie in the first sub-band, they may aBect the scattering
of those carriers whose energy lies nearby.

The third type of state arises in a surface such as
(100)-Si, in which there are higher electric sub-bands
associated with bulk. -energy ellipsoids not equivalent
to those that give rise to the lowest sub-band. In this
case, as in the previous one, the binding energy is
reduced because of the greater value of 2, for the higher

& J. W. Cooley, Math. Comput. 15, 363 (1961). We are
indebted to Dr. Cooley for providing the program for the
integration.

FrG. 5. Calculated bind-
ing energies for the model
potential of Eq. (819),with
screening constants 8 =0
and 4/g*. Theunit of energy
is the effective rydberg,
given in Eq. (34).
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AG. 6. Binding energy as a function of screening constant for
three distances between the impurity and the inversion-layer
plane, calculated from the model potential (319),

sub-band, and the state is raised by the sub-band
separation. But now the efFective rydberg is increased
because of the larger eBective masses associated with
the second family of constant-energy ellipses for motion
parallel to the surface. In general, these states could
even lie lower than the states whose energies are shown
in Figs. 5 and 6, and could be the primary bound states
associated with the attractive center. However, esti-
mates for the case of (100)-Si, based on calculations
of the upper electric sub-bands, " indicate that these
states are higher in energy than the ground state
associated with the lowest electric sub-band, at least for
conditions near the conductance threshold. From Fig.
6 it is clear that as the screening increases the last
two types of bound states, being associated with larger
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&,/+*-2(Z, LRy'j)-" (44a)

s, , will decrease in depth at a faster rate than the
ground state associated with the lowest sub-band, and
thus remain higher in energy if they are higher in the
absence of screening.

Since all the kinds of states we have discussed arise
from a single attractive center, they are statistically
linked to each other. Only one state of the set may be
occupied at a given time.

The considerations thus far, including the energies
shown in Figs. 5 and 6, apply only to isolated Coulomb
centers. For densities of practical interest, the over-
lapping of wave functions of the bound states will
limit the range of binding energies for which these
states can be represented as discrete levels separated
from the bottom of the lowest electric sub-band. By
analogy with the three-dimensional situation, " we
estimate that overlap of the bound-state energies with
the continuum occurs when

to the inversion layer to introduce screening, the bound
states in (100)-'Si will also merge with the continuum,

S. IMPURITY SCATTERING

A. Born Approximation

Scattering of an electron in the inversion layer from
an initial state iP; to a f'inal state Pr by the potential of a
charged scattering center is most easily treated in Born
approximation. If the scattering potential is eP(—r, s),
then the differential cross section is found from time-
dependent perturbation theory" to be

0.(0)= (0'nz"e'/27''5, ) ~
(lpf~y)lp$) ~' (45)

where m~ is the effective mass (assumed circularly
symmetric) for the final state, v, is the carrier velocity
for the initial state, and 0 is the area of normalization
for the wave functions.

If we write

where r, = (~$;,i) '" is the radius of the Wigner-Seitz
circle associated with a concentration E; ~ of attractive
centers per unit area, and E~ is the magnitude of the
binding energy of the bound state. We can rewrite

(44a) in the form

(44b)

For smaller concentrations of attractive centers the
bound states will form a distinct impurity band, and
for larger concentrations they will merge with the
bottom of the continuum and form a tail in the density
of states.

The density of states associated with random im-

purity centers is a complicated problem in three
dimensions. The reader should recognize that Eq. (44)
is a first attempt to estimate the overlap effects in the
two-dimensional case, and that the specific values are

subject to revision.
If we nevertheless use the estimate in (44), and take

the binding energy from Fig. 5 for the Unscreened

potential, using d=43 A for (100)-Si and d= 101 A for
InAs 6 and taking a* from Table II to obtain E&=0.5
and 1.2 Ry~, respectively, in the two cases, we find that
the concentrations for which overlap effects become
important are 9X10" cm ' for (100)-Si and 3X10M
cm—' for InAs. The values of ¹ & encountered in typical
experiments"" on (100)-Si surfaces are in the range
4 to SX10" cm ' while the value found in the InAs
experiment' is 6X10" cm '. We conclude that the
bound states for the Nnscreened potential have fully
merged with the continuum in InAs, and are more or
less discrete in (100)-Si. As enough carriers are added

~5 See, for example, N. F. Mott and W. D. Twose, Advan.
Phys. 10, 107 (1961).

I'These values of d are taken from (22) and (42), for 3X10»
inversion-layer electrons/cm', and for NJ, eqp@f &o 1&10'4 apd
$.6&&10"cm ' for Si and InAs, respectively,

where h is normalized, and a similar expression for p&,
we find that the matrix element in (45) becomes

(2s/0) Jo(Sr)rd h;(s)br*(s)y(r, s)ds, (47)

where S= ~kr —k;~ is the wave-vector change during
scattering.

When the lowest electric sub-band is degenerate, two
kinds of complications may arise. The first, illustrated
by the (111)surface of Si in Fig. 3, occurs if the e,-fold
degenerate sub-band has minima at n, points equivalent
by symmetry in the two-dimensional Brillouin zone
associated with the surface periodicity. In that case,
one would have to consider the anisotropy in the scatter-
ing associated with the anisotropic mass of each ellipse, '8

and the possibility of intervalley scattering by the
Coulomb centers. " We shall not consider such cases
further here.

A second complication is illustrated by the lowest
sub-band for the (100) surface of silicon, which is at
the center of the Brillouin zone and is doubly degenerate.
The two states are associated with wave functions
having different dependences on the coordinate perpen-
dicular to the surface on an atomic scale, but the same
over-all modulating function. Thus the sub-bands are
degenerate in our effective-mass approximation, but
the degeneracy could be removed in a more exact
treatment. The experimental evidence' suggests that
the splitting is small at low magnetic fields.

'7 See, for example, Sec. 29 of Ref. 17.
R. A. La6 and H. Y. Fan, Phys. Rev. 112, 317 (1958);L. J.

Neuringer and D. Long, ibid. 135, A788 (1964};A. D. Boardman,
ibid. 147, 532 (1966};:.-.V. M. Bondar, O. G. Sarbei, and P. M.
Tomchuk, Fiz. Tver. Tela 8, 2511 (1966) I English transl. :
Soviet Phys. —Solid State 8, 2012 (1967)j.

29 G. Weinreich, T. M, Sanders, and H, G. White, Phys. Rev.
114, 33 (1959).
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where the coefficients A (k,so) are given in (B9)—(B16).
Thus the Born approximation differential cross section
associated with an impurity at so is

0 (0)= (2sm*e'n . /k's) IA (S,so) I' (49)

if we use (45)—(48), and make use of the relation (B7)
to evaluate the integral over r in (47).

The rate of scattering through an interval de is
taken to be the sum of the scattering rates of the
individual scattering centers acting independently. It
is given by r '(0)d0, where

Z2

o (0)= (2 nse'on /k') $(so) I
~ (S so) I

dso (50)

and X(so) is the density-of-scattering centers per unit
volume at a distance 20 from the semiconductor-
insulator interface.

To proceed further we must know $(so), the distri-
bution of charged scattering centers. For the purpose
of this paper we assume that there is a uniform volume
density S; . of centers in the insulator, a density
E„=/&+ED in the semiconductor depletion layer,
where Sg and ED are the concentrations of ionized
donors and acceptors, respectively, and a surface
density E; t, of charged scattering centers at the inter-
face. The limits s~ and s2 correspond to the boundaries
of the insulator and of the depletion layer, respectively,
but can be taken to be inhnite if, as in the cases we
consider, ISsqI»1 and Sso»1 for most values of
scattering angle.

With these approximations we 6nd that the mo-
mentum-scattering rate due to charged scattering

"If the quantities m&3 and m» in Eq. (12) are nonzero, the
expression for the cross section becomes somewhat more compli-
cated. This complication does not arise for electrons in (100}-Si
or in InAs inversion layers, -and is ignored in the following
dlscllsslon.

We must make allowance for this double degeneracy
in calculating the total scattering cross section, since
carriers may scatter not only within the same sub-band,
but also into the other sub-band of the degenerate
pair. In the absence of a detailed theory, we allow for
such scattering by replacing k(s) in (46) by the en-
velope function t'(s) of Eq. (12) for the lowest sub-
band, ' and then multiplying the cross section given
by (45) by a factor o4. If the s dependence of the
perturbing potential is weak, then oo, =i. When t (s)
is used for k(s), the integration over s in (47) gives
p(r), the average impurity potential in the inversion
layer, as discussed in Sec. 3 and in Appendix B.

The average potential p(r) in the inversion layer
associated with an impurity located at x= y= 0,
8= Soq ls

A (k,so)Jo(kr)kdk,

centers can be written

r '(8) (1—cos0)d8

= (2orm*e'I, /k')Z. S; 8;(S)(1—cos0)d8, (51)

where 0 enters through 5= 2k sin-', 0. The index j refers
to the interface, insulator, and semiconductor depletion-
layer scattering centers, respectively, with surface or
volume concentrations E;. The coef6cients 8; are
given in (B21).At low temperature, the only case we
evaluate in this paper, the mobility is given by er;, /m,
where 7 is evaluated for k=k~, the wave vector at the
Fermi surface.

Numerical examples for the mobility calculated from
the foregoing expressions for (100)-Si inversion layers
and for InAs inversion layers are given in the following
section.

B. Validity of the Born Ayyroximation

We now turn to the evaluation of the validity of the
Born approximation for screened potentials. The
example we analyze is that of an impurity of charge
Ze, with Z= +1, located a distance d from an inversion
layer of zero thickness located at the interface between
two dielectrics whose average dielectric constant is R.
The screened potential for this case is the same one
used in Sec. 4B, and is given by Eq. (B19) and illus-
trated for various values of d in Fig. 4.

The momentum scattering cross section, which
includes the weighting factor 1—cos0, has been evalu-
ated numerically for this potential using the phase-shift
method and Eq. (C11).In addition, we have evaluated
the momentum cross section using the Born approxi-
mation. From (C11), (49), and (B18) we Gnd

o „=(27rm*e'/R'k's)

X (S+s) ' exp( —2Sd)I 1—cos0)d0. (52)

The screening constant s was taken from (41) to equsl
either 4/a" or 2/a~, corresponding to n. =2 or e,=1,
respectively. The former case would apply to (100)-Si
surfaces, and the latter to InAs surfaces. We tak.e the
scattering factor oo. of Eq. (49) to equal 1 here.

The momentum cross section, in units of a*, is given
in Fig. 7 as a function of Fermi energy -', m*v' for three
values of sd, with 8=4/a~. The curves for the phase-
shift calculation are for attractive (Z= 1) and repulsive
(Z= —1) potentials, while the Born-approximation
curve applies for both signs of Z. The Born approxi'ma-
tion gives quite good results over a wide energy range
when ad&5, but fails at small values of 8d and at low
energies.
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To scc what values of thc parameters corrcspond to
typical experimental conditions, we identify the distance
d between, the scattering charge and the inversion layer
with the average inversion-layer thickness given by
Eq. (42). Wc co1181dcl' a (100)-S1 saInplc wltll 10
inversion-layer carriers/cm', and with 10" acceptor
ions/cm' in the depletion layer. The momentum cross
section, as given by the phase-shift method of Eq.
(C11), and by the Born approximation, Eq. (52), is
shown in Table III. tA'e see that the phase-shift cross
sections for attractive and repulsive potentials lie
within 15% of each other, and that the Born-approxi-
mation cross section lies slightly higher.

Also shown in Table III is a similar comparison for
InAs, using numbers representative of the experiment

TABLE III. Comparison of the momentum cross section as
calculated by the Born approximation and by the phase-shift
Inethod of Eq. (C11) for attractive (Z= 1) and repulsive (Z= —1)
screened Coulomb scatterers of charge Zf.. The potential used
is that of Eq. ($19), in @which the distance d between the scatterer
and the inversion layer is taken to equal thc quantity s,~ of
Kq. (42). The calculation is made for the indicated values of
the inversion-layer electron concentration and bulk-acceptor
coQccntI'RtloQ using thc parameters of Table II. Also given Rrc
the sums of the scattering phase shifts, taken over RH values of
thc orbital angular-moIQcntuxn quRQtum number 5f.

of Ka%'a)1 and Kawaguchl. Hcl c again %'c Gnd thc
three cross sections to be rather close together.

Another test of the screened potential due to a charge
Z8 1S thc Friedcl Phase-sh1ft sum rulcy which wc w11te
in a slightly generalized form3' for electrons in two
dlIIMnslons:

2x " Q N.; (dr)„„/dE)f(E)dE=Z, (53)
res f

where the sum'goes over aB orbital angular-momentum
quantum numbers m from —~ to Qo, and over all
electric sub-bands i, with orbital degeneracy e„;. The
integration is over all electron energies E, and f(E)
is the Fermi-Dirac occupation probability of a state
of energy E.

Imp11clt 1n our usc of a phase sh1ft 18 the requirement
that the constant-energy surfaces have circular sym-
metry, which is satished for InAS, and for the lowest
sllb-balld 1n (100) stll faces. Tllcll 1f 011ly thc lowest
electric sub-band of electrons is occupied, (53) simplifies
at absolute zero to

Niav (cm )
Eg (cm ')
Eg (Ry*)
s,„(A)
88
o (Born)(e~)
~~(Z= 1) (+')
~ (g= —&)(o*)
Q q (I riedel)

Ze (~=&)
Ze (g= —~)

2.0X20»
2.0X20»
0.15

29
53
0.91
0.89
0.78

s/4
0.80
0.75

3.0y20»
2.6X201~

6.2
101

0.017
0.015
0.019

s/2
2.5V

2.51'

We have evaluated the phase-shift sum in (54) for
thc cases summarlzcd Hl Table III' and glvc thc results
at the bottom of that Table. Phase shifts through
(trs) =5 were calculated for Si, and through (res( =19
for InAS. The contributions of higher terms were
estimated by lls111g thc Bol'll apploxlIIla'tloll (C16) fol'

the phase shifts, the asymptotic expression P(r)~r s

"F.Stern, Phys. Rev. 158, 69 / (196/).
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for gr))1 given iII (B20a), and tllc I'clatloII

J„'(kr)r 'dr =-(i'e/sr) {'p'—~s)-',
~ pl &~a, (55)

which shows that the phase shifts fall o6 approximately
as rN ' for large

I IIII. This behavior was exhibited by
the calculated phase shifts.

The phase-shift sums for InAs agree to three 6gures
with the requirement of the Friedel phase-shift sum
rule, suggesting that we have chosen a self-consistent
screened potential, " yet the Born-approximation mo-
mentum cross section diGers from the phase-shift
results by about 15%.One of us has shown elsewhere"
that in three dimensions the Friedel sum rule is satisfied
for the conventional screened Coulomb potential if the
BOI'n apploxlIQation is valid. A similar I'esult applies
in the two-dimensional case. The results of Table III
show that the converse does not necessarily hold.

Fol' Sl (100) sul'faces tllc pllasc-slllft sums differ

by less than 5% from the predicted value. They are
smaller than those for InAs by about the factor of 2
which arises via (54). because N, =i for InAs and
N. =2 for Si (100) surfaces. We note that the Born-
mornentum cross section of Table III is quite close to
the phase-shift value for an attractive potential. The
dominant scatterers are the interface scatters, which
for the experimental case considered2 ' have an attrac-
tive potential. However, the agreement must be
considered accidental, and the spread of about 15%
between the attractive and repulsive values of 0.

must be taken as a better guide to the validity of the
Born approximation.

On the basis of the results in Table III and in Fig. 7
we conclude that the Born approximation is satisfactory
for the experimental range of E;„ in InAs, but becomes
increasingly unreliable for determining the momentum
cross section in (100)-Si surfaces from the screened
Coulomb potential when the inversion-layer carrier
density is much below 10" cm '. On the other hand,
for values near 10"and above, which cover much of the
range examined experimentally, ' the Born approxi-
mation should give reasonable estimates for screened
Coulomb scattering in the lowest electric sub-band.

In calculating the potential and the scattering cross
section, we have here considered only screening by
free electrons in the inversion layer. But there will
also be screening by bound electrons, and modiication
of the screening by free electrons in the neighborhood
of bound electrons. We have not treated these problems,
although they are dearly important when the inversion
layer is sparsely populated by electrons, some of which
may be in bound states and some in the electric
sub-band.

Although our calculations are restricted to theelectric-
quantum limit, in which only the lowest electric

sr 6. N. Watson, Theory of Bessei PssneIsols (Cambridge
University Press, Cambridge, England, 1962), 2nd ed. , p. 403.
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sub-band is occupied, the scattering rate may be
affected by virtual transitions to higher-lying sub-bands
as the carrier concentration increases and the Fermi
level approaches the bottom of the erst excited sub-
band. Such processes have not been included in the
cross sections calculated in this section.

a. COMPARISOÃ WITH EXPERIMENT

Since InAs and Si are the only materials for which
low-temperature inversion-layer mobilities have been
measured, ' 4 we have calculated surface mobilities for
a number of cases for these materials, using the Born
approximation as expressed in Eq. (51) and (B21),
and material parameters given in Table II. Note that
while the comparison of Born approximation and phase
shift cross sections in Sec. 5 was made for a delta-
function electron distribution in the z direction, the
calculated mobilities given in this section have been
obtained for electrons distributed according to the
variational function given by (21) and (22). The results
apply only to the low-temperature limit, and assum. e
that screened Coulomb scattering within a single
sub-band is the only important scattering mechanism.

We have calculated the electron mobility at absolute
zero in inversion layers on uncompensated p-type InAs
with 6& 3.0" interface Coulomb scatterers per cm', the
value estimated by Kawaji and Kawaguchi' for their
sample if all the centers are singly charged, and for
several values of bulk-acceptor concentration E~.
The results are shown in Fig. 8 together with the

INVERSION LAYER ELECTRON CONCENTRATION (cm ~)

FIG. 8, Calculated low-temperature mobility for an e-type
inversion layer on Inhs with the indicated values of bulk-acceptor
concentration Sg per cm', and with 6&10" singly charged
scatterers per cm~ at the InAs-Mylar interface. The points frere
measured at 4.2'K by Kawaji and Kawaguchi (Ref. 3), on a
sample vath a net acceptor concentration of 2.6&1016 cm '. The
calculated curves for SA ——10" and 2.6X101' cm ll terminate
where the Fermi level enters the next-higher electric sub-band
(see Ref. 10) and additional scattering processes must be con-
sidered. For Kg=10» cm ', the calculated crossover occurs at
ÃI v=1.3&10"cm 2.
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mobilities measured at 4.2'K by Kawaji and Kawaguchi
on a sample with 2.6&(10'6 net acceptors per cm'.

The case of InAs is rather straightforward because,
as noted ill Kq. (44), wc cxpcct tllc bound sta'tcs 'to

merge with the lowest electric sub-band even in the
absence of screening for E;„~&3&10"cm . Further-
more, the Born approximation is expected to give
a reasonably good value for the scattering cross sec-
tion for the range of values of E;„covered by the
measurements.

Over the experimental range, our calculated mobility
has the same dependence on E; as does the measured.
mobility, and is larger by about a factor of 2. Since our
approximations are not expected to have very high
accuracy, and since there are no adjustable parameters
in the calculation, the agreement is quite good. Corn-

pensation, either in the interface scattering charges or
in the bulk doping, is not unlikely, and will tend to
bring the calculated and observed mobilities into closer
agl cement.

As the family of curves in Fig. 8 suggests, the calcu-
lated mobility for a single sub-band is not very sensitive
to the bulk doping; for Ez——2.6&(10"cm ', only about
10% of the calculated scattering is due to ions in the
depletion layer, the remaining 90% being due to the
interface charges.

The mobility calculated from the scattering cross
section given by Kawaji and Kawaguchi is smaller
than the observed mobility at 4.2'K if their value for
the number of interface scatterers is used, and thus is

INVERSION LAYER ELECTRON CONCENTRATION (cm )

Fxo. 9. Calculated and measured low-temperature mobility of
electrons in inversion layers on (100) Si-Si02 interfaces. The two
upper curves are calculated for 4X10" interface scatterers per
cm' and for the indicated bulk-acceptor concentrations, using
Kq. (51}.The curve for E~= I0" cm ' is terminated where the
Fermi level enters the next-higher electric sub-band. The experi-
mental data are taken from the work of Fang and Fowler (Ref. 4),
for a sample with Eg=1&j.0" cm '. The lower dashed branch
of the experimental curve is obtained from the surface conductance
at 4.2'K, assuming that the carriers do not freeze-out. The upper
dashed branch is obtained by extrapolating the exponential
dependence of conductance on 1 ' to zero reciprocal temperature.
It represents the estimated mobility if the exponential dependence
is ascribed to freeze-out of carriers into inversion-layer bound
states, as discussed in the text.

hard to reconcile with the experimental results. "
They used the classical Coulomb cross section (C29)
for coplanar electrons and scatterers, and cut off the
angular integration at a value corresponding to an
impact parameter about half of the distance between
scatterers. Their method gives a mobility p S;
and our method gives p S; '-4 for the parameters cor-
responding to their experiments. Only the latter result is
consistent with the observed variation, p A;

The agreement between calculated and observed
mobilities for InAs must be viewed with caution because
of the narrow range of values covered by the data.
Other scattering mechanisms may well become im-
portant outside this range, and extension of the data
to both higher and lower values of E;„ is highly
desirable. Rut we may conclude that over the range
of values covered by Kawaji and Kawaguchi, ' screened
Coulomb scattering by the known interface charge can
account for the measured inversion-layer mobility of
InAs.

Slllcon surfaces, particularly the (100) surface of Si,
have been investigated extensively through transport
measurements in metal —oxide —semiconductor struc-
tures. The annealed oxides used in such structures
generaBy show no sigru6cant evidence of trapping and
typically have axed-positive surface-charge densities
S„ofa few times 10" cm '. Although this number is
an equivalent interface charge and may actually arise
from a distribution of positive charge throughout the
oxide, we assume that this charge is due to Coulomb
centers at the interface and thus identify Ãi t in (51)
with the experimental quantity Ã„.

Figure 9 shows the calculated mobility versus
inversion charge in (100) surfaces for the case S; ~
=4g 10 /cm wl'tll two different substrate doping
levels. The factor n, in (51) has been taken as 1; that
is, no intervalley scattering is assumed. This follows
from the effective-mass approach.

The Qatness of the curves at low inversion charge
densities reQects the importance of screening in Si. On
the other hand„our approach does overestimate
screening at low charge densities. "As with InA, s, we
have terminated the calculated curve for X~=10'4
cm ' where the Fermi level enters the next higher

"Instead of using the average of the dielectric constants of the
semiconductor and the insulator, as would be appropriate for a
scatterer at the interface, the calculation in Ref. 3 used the.
dielectric constant of the semiconductor in calculating the cross
section. In addition, Kawaji and Kawaguchi appear to have
integrated the differential cross section only from 0 to m, instead
of from —x to x. If the indicated changes were made, their calcu-
lated mobility would be reduced, and would be in poorer agree-
ment with experiment both in its magnitude and in its dependence
on inversion-layer carrier concentration.

34To show that our expressions overestimate the screening
at low charge densities, we note that at absolute zero the screening
constant of Eq. {25) is independent of inversion-layer charge
density. Thus a single mobile electron would fully screen an
arbitrarily large number of Coulomb centers if this result were
correct.



electric sub-band. " For E~= 10'7 cm ', the crossover
occurs at E; =1.2&10" cm '.

The measured mobility in Si at low temperatures is
more diflicult to describe than that in InAs, but we
shaB try to summarize the results of Fang and Fowlcr. 4

First» Rt high chal gc dcnsltlcs thc Dloblllty dl ops fairly
rapidly, approximately as E;„»and in this region it is
rather insensitive to ten1pcrature below ~20'K. This
region we show as a heavy solid line in Fig. 9. It is clear
from the divergence between this line and our calculated
curves that the 6rst Born approximation for scattering
by charged Coulomb centers within a, single sub-band
cannot explain the measured mobility at high inversion-
layer carrier concentrations. The mobility turns down
even before the inversion-layer carrier concentration
is high enough that the Fermi level enters a higher
electric sub-band, making possible real transitions
between sub-bands and a reduction in mobility. "This
discrepancy may be due to higher-order scattering
involving virtual transitions to higher-lying electric
sub-bands. %C are at present attempting to evaluate
the magnitude of these terms.

Another possible cxpla, nation of the decrease in
mobility at high inversion-layer carrier concentrations

.may bc RQ RddltlonRl lntcI"fRcc-scRttcllng mechanism
unrelated to the Coulomb centers. " Such interface
scattering would become more pronounced at higher
values of Ã;, as the inversion layer is drawn closer
to the interface. It might also af'feet the boundary
coDditloDS for tllc wave fuDctloDs Rt thc 1QtcI'fRcc.
Thc RppRI'cnt Rbsc11cc of lntclfacc scRttcI'1Dg ln the
InAs data of Fig. 8 is not inconsistent with such a
madel, sine----as shown in Table III—the inversion
layer is considerably wider in InAs than in Si.

Below about 10" electrons/cm' the surface conduct-
ance o„and thus the surface mobility p,ff=a,/E;„c, —
is a strong function of temperature. If one simply
takes the results at 4.2'K and assumes that all the
inversion-layer electrons are mobile, then one obtains
the lower dotted curve of Fig. 9, implying a strongly
increasing mobility with increasing electron density.

On the other hand, we have pointed out in Scc. 4
thRt 1D Sl sUIfRccs thc boUQd stRtcs RssoclRtcd with thc
interface Coulomb centers should be important. Thus
one expects at low temperatures and low-electron
densjtlcs sonic frceze-out or' blDdlDg of clcctloDs with
its associated thermal-activation behavior. However,
as shown in Pig. 5, the binding energy should depend
strongly on the amount of screening present.

Fang Rnd Fowler4 have found that for constant
surface charge in this low-temperature, low-density
region, the surface conductance varies approximately
as exp( —6/ET) over fairly wide ranges of temperature,
with th activati e gy 6 dcpe di g p tot 1

"Indications of such scattering frere also found by E. Arnold
slid G. Abowltz pAppl. Phv8. Lct'ters 9q 344 (1966)g 1Q tllcll'
room-temperatgre measurements.

charge density and decreasing rapidly with increasing
charge density.

AQ intrlgui11g quantitative result of this analysis
is that the binding energy obtained. for the lowest
charge levels measured. (for which the measurements
actually were extended above 200'K) is about 20 meV.
As seen in Fig. 6, the binding energy for a Coulomb
center when d= 2u* and in the limit of no screening is
0.54 Ry* or about 23 meV. Although the evidence
is by no means conclusive, the closeness of these
numbers suggests that the bound states of Sec. 4 do
play a role in the conductance of Si inversion layers.
If we assume that the exponential factor in the conduct-
ance is associated with the number of mobile electrons
and extrapolate the exponential regions to T '= 0, then
the intercept conductances or mobilities, as indicated
by the upper dotted curve of Fig. 9, give a slowly
varying function of charge density. The proximity of
the calculated. mobility curves to the upper dotted
curve is consistent with our model, which assumes that
Coulomb scattering within a single electric sub-band
is the dominant scattering mechanism in (100)-Si
surfaces except at the highest values of inversion-layer
carrier concentration.

It must be conceded that our interpretation of the
conductance curve is in apparent contradiction to the
results of the Hall-CGect measurements on these
surfaces, 4 which indicate that the strong variation of
conductance near the conductance threshold is domi-
nated by a, mobility change rather than a change in
ca,ITlcr' density. Howcvcl impurity-band coDductloD
RssoclRtcd with thc lnvcI'sion-lRycI' bound stRtcs ls
likely, especially after some carriers are induced and
screening by these carriers increases the overlap of the
bound-state wave functions. In such a case the interpre-
tation of the Hall c6ect becomes very dificult, and
further experimental and theoretical work is required
to distinguish between carrier-concentration changes
and mobility changes in the surface conductance near
the conductance threshold.

An.other manifestation of the thermally activated
domain of conductance is the observed shift of conduct-
ance threshoM to higher gate voltages with decreasing
temperature. This is expected within the framework
of our model, with each positive interface charge
having a bound state. Indeed the total shift from room
temperature to, say, liquid-helium temperature, when
converted to the equivalent charge, should equal the
density-of-interface charges. If our identihcation of
E;~~ with F„is correct, then the threshold shift is a
measure of E„,and the threshold at low temperatures
is simply the voltage required to induce a charge
density equal to the integrated charge per unit area in
the depletion layer. For (100)-Si-Si02 interfaces, this
appears to be the case.4 Other surfaces-show' some extra
positive chRlgc w'hlch docs not tlap clcctI'ons Rt, law'

temperatures.
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The observed4 temperature dependence of the
threshoM shift does not fit the simplest model of a
single unscreened binding energy of 23 meV corre-
sponding to ions right at the interface. One must
accept, rather, a distribution of ions near the interface,
yielding a distribution of bound states with a maximum
binding energy of 23 meV. Such a situation would

require that the calculated mobility curves of Fig. 9
be revised upward.

Freeze-out effects can also account for some ob-
served' structure in the Geld-effect mobility p, pz
= do/dQ, where o is the surface conductance and Q is
the induced charge. This can be seen from the following
considerations: If at low to moderate temperatures
one begins to add charge to a surface channel, initially
there is no screening, binding energies are large, and
most of the charge goes into bound states. As one
continues to add charge, the fraction which goes into
the band begins to screen the centers. The resulting
decrease in binding energy of the localized states in
turn leads to an increased fraction of electrons in the
band. When enough carriers have been added to the
inversion layer, the screening is sufFicient to bring the
binding energy down to such a small value that overlap
effects lead to energy levels merged with the band, and
bound states no longer exist.

We have attempted to model this situation numeri-

cally for the case N j~g 4g 10"cm ' by using the bound-

state energy Et,=0.54 exp[—2.8(a*a)' "jRy* found for
d=2m~ in Sec. 4, taking the screening constant 8 from

(25) with ~ replaced by R. Assuming the density of
states in the lowest electric sub-band to be unperturbed. ,
one can calculate the free-carrier concentration 1V in

this sub-band as a function of the total (free plus

bound) inversion-layer electron concentration Ã~„and
the absolute temperature T.

The calculated results generally yield a peak in the
derivative of the inversion-layer free-carrier concen-

tration with respect to total (free plus bound) inversion-

layer electron. concentration near the onset of inversion-

layer conduction. This will also produce a peak in the
field-effect mobility, and such peaks are generally
observed at intermediate temperatures near the onset

of conduction in Si-Si02 inversion layers.
At some temperatures our calculations indicate bi-

stability for Ã, i.e., two stable values of X for a single

value of E;„.Such bistability would, among other

things, manifest itself in an abrupt increase in the

surface conductance as the inversion-layer charge

increased beyond a critical value. This behavior may

be related to the sharp conductance jumps found in

some early experiments. '6 Ke intend to pursue this

question with an improved calculation of the bound-

state energies with varying screening, using the more

realistic potential given by Eqs. (39)—(816).

Ifl W. E. Howard and F. F. Fang, Solid State Electron. S, 82
(1965).

Our treatment of the inversion layer near the onset
of conductance is inadequate for a number of reasons.
First, we have used the simple screening relation (25),
which is invalid at low inversion. -layer carrier concen-
trations. Second, we have ignored the perturbation in
the density of states of the electric sub-band which
results from the presence of the attractive Coulomb
centers which produce the bound states. Third, we
have based our analytical modeling of freeze-out on a
single curve of bound-state energy versus screening
constant, ignoring the change in inversion-layer thick-
ness with inversion-layer charge, and have used the
curves of Fig. 6, which are based on a rather crude
model potential. Finally, we have not treated the
Coulomb scattering for the case in which some of the
interface centers are ionized, while others have in-
version-layer electrons bound to them, and are neutral.
SpeciGcally, when the screening parameter 8 is small,
the bound electrons are tightly bound and provide a
significant amount of screening. At higher inversion-
layer carrier concentrations, electrons either are no
longer bound [see Eq. (44)] or are so weakly bound
that they provide a negligible amount of screening.
Some of these approximations can be improved rela-
tively easily, while others require major improvements
in the theory. We are continuing the analysis of the
freeze-out effects, and hope to present improved
calculations later.

None of the approximations we have described is
lik.ely to invalidate the qualitative consequences of
our freeze-out model, and we expect a peak in the
Geld-effect mobility at intermediate temperatures to be
present in any theory which includes screening effects
on the inversion-layer bound states.

'7. DISCUSSION AND CONCLUSIONS

In this Gnal section we summarize some of the limi-
tations of the approach we use to describe the inversion
layer, indicate some directions in which the present
calculation should be extended, and summarize the
nature of the results already obtained.

The approximations used to derive the results of the
present paper include the following:

(a) The effective-mass approximation, which may
not be valid in the inversion layer because the potential
there varies considerably in a distance of the order of
10 atomic spacings.

(b) The assumption. that a charged center near the

surface causes a weak perturbation of the average
smooth surface potential. This assumption fails in the
immediate neighborhood of the center, except when

the center is in the insulator, and is also rather poor
when the concentration of the centers and of the in-

version-layer carriers is small.

(c) The linearized treatment of screening employed

to construct the effective potential, which ignores the
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oscillatory terms that would arise from a more exact
treatment, " and which is likely to fail altogether at
low inversion-layer carrier concentrations.

(d) The first Born approximation for treating the
scattering, which —like our screening model —fails at
low inversion-layer carrier concentrations. In addition,
the higher-order scattering terms which we have
ignored may become important when the Fermi level
approaches the bottom of the first excited electric
sub-band.

There are a number of directions in which our
present results should be extended. First, the higher-
order scattering terms mentioned in Sec. 6 and in (d)
above should be evaluated. Second, a more realistic
potential than the model potential of (819) should be
constructed to calculate the energies of bound states
in the inversion layer for arbitrary screening constants.
This might make possible a more quantitative treat-
ment of the freeze-out effects discussed in Sec. 6. And
third, the calculation should be extended to higher
temperatures, both by the including lattice scatter-
ing'~" and by taking into account the population of
more than one electric sub-band. When many electric
sub-bands are occupied, it should be possible to relate
the calculation to a conventional surface-scattering
calculation. ' "We are at present working on the erst
two of these extensions.

In this paper we have studied some properties of
thin semiconductor inversion layers under conditions
such that they are eGectively two dimensional. In
particular, we have investigated the additional potential
associated with charged centers near the inversion

layer, including the contribution of screening to the
potential. We have found some properties of bound
states in the inversion layer associated with attractive
charged centers, and have calculated the effect of
charged scattering centers on the mobility of inversion-

layer electrons at low temperature. The results appear
to explain the low-temperature mobility in InAs
inversion layers and some of the properties of (100)-Si
inversion layers. Our approach has the advantage of
simplicity, and can be applied to other inversion layers
as experimental results become available.

Because of its location just under the surface of a
semiconductor, the inversion layer provides a very
useful tool for probing the surface. We believe that
further study of semiconductor inversion layers will

lead to new quantitative information about semi-

conductor surfaces and interfaces.

VV. Ya. Demikhovskii and B. A. Tavger, Fiz. Tver. Tela
6, 960 (1964) /English transl. : Soviet Phys. —Solid State 6, 743
(1964)j.

's L. V. Iogansen, Zh. Eksperim. i Teor. Fiz. 50, 709 (1966)
/English transl. : Soviet Phys. —JETP 23, 470 (1966)g.

'R. F. Greene and R. W. O'Donnell, Phys. Rev. 14?, 599
(1966).

APPENDIX A' LANDAU LEVELS

We give here an approximate treatment of the
Landau levels associated with a single-ellipsoidal
energy surface in the bulk when both a strong electric
6eld perpendicular to the surface and a magnetic
induction of arbitrary orientation are present. Electron
spin is not considered.

If the magnetic induction has components (B„B„,B,)
in the coordinate system used in Sec. 2, in which the s
direction is normal to the surface, then the Hamiltonian
is

2 rl w»(p +e~ /c) (p +e~ /c)+ ~(s) (A1)

where A is the vector potential and V(s) is the surface
potential well. We use the gauge

A= (B„s B,y, B—,s, 0). — (A2)

For simplicity we introduce b;=eB;/c.
The Hamiltonian (A1) with the gauge (A2) does not

contain x, so that we may choose a wave function

f= exp(ik. x)f(y, s) .

The Hamiltonian acting on f then becomes

(A3)

H = -,'wssp, s+ V(s)+ wss(p„—b.s)p,
+-',wit(hk. —bgy+ b„s)'+-',wss(p„—biz)'

+ rsiwssb, b. (A4)

We use coordinates such that m~2=m~3=0, which we
can do without loss of generality provided the constant-
energy ellipsoids of the semiconductor are ellipsoids of
revolution.

We first 6nd an approximate eigenfunction associated
with the first three terms of (A4), which are the domi-
nant terms, and then replace the remaining three
terms by their expectation value. This treatment wiQ
only be valid if the Landau level spacing is small
compared to the separation between the electric
sub-bands, as is the case experimentally. ' o

The approximate eigenfunction associated with the
first three terms of (A4) is

expL —iw (p"—:b.s')/ws be (s), (As)
«'F. F. Fang and P. J. Stiles, Bull. Am. Phys. Soc. 12, 275

(1967); also (to be published). We are indebted to Dr. Fang and
Dr. Stiles for discussions of their vrork.
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E +z(w22 —w23/~as)(py biz) av

+-',~»D k.—b,y —(~»/~») b,z+b„z5', , (A6)

where we used exp(iap„/k) f(y)= f(y+a) exp(iap„/k)
Equation (A6) can be simplified if we introduce the

new variable y'= y+ L(w23/@ 33)—(b„/b, )5s,„—kk /b„
and if we introduce into the approximate eigenfunction
a factor exp(ib z, y'/k) to eliminate the term linear
in p„. The expectation value of (A4) then is

riil b y +zrN2 p ' +(zmi p (re23/ni»)b 5
+-', rN2 'b,') (s'„—s', )+E", (A7)

where m~ and m2 are the principal effective masses of
the constant-energy ellipse, as in Sec. 2.

The first two terms of (A'/) give the harmonic
oscillator Hamiltonian for the Landau levels, and the
two terms in braces are small correction terms. The
approximate eigenvalue of the ith Landau level relative
to the energy of the bottom of the lowest electric
sub-band in the absence of a magnetic Geld is

E= (I+-,') (e
~
B.[

k/mi'"m '"e)+-', (e'/e') (s',v —s ')
X([B„(w»/r—e»)B,5'/mi+B. '/r02) . (AS)

where the exponential factor is introduced to eliminate
the term linear in p, in (A4),

andi�

(s) is the solution of
(12) belonging to the lowest eigenvalue F.". The
expectation value of (A4) for the wave function (AS) is

with i= j have been given by Duke, "and are consistent
with the results given here.

APPENDIX 8: SCREENED COULOMB
POTENTIAL

g(z) =-,'b's' exp( —bs) (32)

gives the approximate distribution of inversion-layer
charge, as in (18) and (21);

4(r z)g(z)dz, (33)

as in (23); and « is the dielectric constant, which equals
«„ in the semiconductor (z) 0) and equals «;„ in the
insulator.

To solve (31) we take advantage of the cylindrical
symmetry to write

Ke want to 6nd the additional potential produced
by a charge in the oxide, in the semiconductor, or at
the interface between them, for a structure like that of
Fig. 1. For a charge Ze located at r= (x'+y—')'"=0
and s=zo, the additional Coulomb potential (in the
quantum limit, when only the lowest electric sub-band
is occupied) must satisfy

'Pp(r, s) —2'(r)g(s) = —4zZeb(x)8(y)b(s —so)/«, (31)

as shown in Sec. 3. Here s is the screening constant
given in (25);

The principal results embodied in (AS) are that the
Landau-level spacing depends only on the component
of the Geld perpendicular to the surface, and that the
cyclotron mass which enters in the level spacing is
(min&)'", which is the density-of-states mass. These
results are consistent with the interpretation of the
oscillatory magnetoresistance experiments. ' "

Even when the magnetic induction parallel to the
surface is 10' G, the correction terms in (AS) are only
of the order of 0.1 meV if m~=m2 ——0.2m. These terms
do not affect the level spacing, and they do not appear
to be easily observable; however, for some surfaces
with degenerate energy ellipses, a tilted magnetic field
can lift the degeneracy. We do not expect our neglect
of higher sub-bands to lead to signiGcant errors until
high enough magnetic quantum numbers e are reached
to place the energy (AS) near the beginning of the
second electric sub-band.

Not considered here is the eGect of slight energy
splitting between levels assumed to be degenerate
in our work. , like the doubly degenerate lowest electric
sub-band of (100)-Si surfaces, as shown in Fig. 3. Such
splittings cannot be treated within the framework. used
in this paper.

The Landau levels for the special case of a magnetic
field normal to the .surface and ellipsoid orientations
such that the Hamiltonian (A1) contains only terms

y(r, z) = Jo(k'r)Ap (s)k'dk'. (34)

The potential will satisfy (31) if

d'A i,/dz' —k'A i,
—2sA (k)g(s) = —2Ze8 (z—so)/«, (35)

where

A(k) = (36)
0

Equation (35) is easily found from (B1) if we multiply
the latter by rJO(kr) and integrate over r, noting that4'

A p (s)g (s)ds.

J„(kr)J„(k'r)rdr=k '8(k k')—(37)

Both Ai, and «(dA i/dz) must be continuous across the
discontinuity in ff: at 2;= 0.

The impurity potential @ will go to zero at the
metallic contact to the insulator, and in the semi-

conductor bulk, because of screening by free carriers.
Such screening effects are absent in the insulator and
in the semiconductor depletion layer. Since both the
insulator thickness and the depletion-layer thickness
are considerably greater than the surface screening

"C. B.Duke, Phys. Letters 24A, 461 (1967).



length s ' and the carrier wavelength, which are the
characteristic lengths of our problem, we can with
negligible error use the approximate boundary conditions

A, (s) ~ 0 as
~
s(~~ . (Bg)

The solution for Aq(s) under these conditions is
straightforward, and will not be given here. Only
2{k) enters in any of the calculations for which we
need the potential, so we quote only the results for this
average over the inversion-layer charge distribution.
Charges located in the insulator or at the interfa, ce, or
in the semiconductor, respectively, we 6nd

3 (k,so) = (Ze/»)Po exp(kso)/D, so&0, (89)

A(k, so) = (Zs/», .)LP(so)+bPO exp( —ks,)j/D,
so& 0, (810)

where

(811)

(812)

(313)

(814)

D=k+sP, +sbPP,

b = (»„—»;„,)/(», .+»;„)= (»so »;„)/—2»,

Po=b'(b+k) ',
P,„=(Sb'+9b'k+3bk') (b+k) '/8,

P(s) = b'(b —k) ')exp( —ks)
—exp( —bs) (ao+ais+ais')], kgb,

co= 2k(3b'+k') (b+k) ',
ai=4bk(b —k)(b+k) ',
ay= k(b —k)'(b+k) ', (315)

P(s) = (1/g)$1+2bs+2b's'
+ (4/3) b's'] exp( bs), k=—b. (316)

We hnd from these results, that

ry(r)dr =Ze/»s,

where S=s»„/». This integral enters in Eq. (37) in
considering bound states. Note that (317) is in-
dependent of the location of the Coulomb center and
of the thickness of the inversion layer. This is a conse-
quence of (37), which shows that only the value of
A (k, so) for k=0 enters, and of (89)—(816), which show
that A (O,so) is independent of so and of b.

The expressions (89)-(316) simplify considerably
when g(s) = b (s), i.e., when the inversion-layer thickness
goes to zero. Ke reach this case in the limit 5 —+~, for
which we 6nd, for any impurity location so,

For numerical purposes it is useful to transform
(818) to~

(»/Ze)y (r)

('d'+r') '"—s exp(sd) L(~/2) (Ho(rs) —Fo(rs))

(s'+r') —'" exp( —ss)dh]

(d'+r') '" sexp—(ud)

X (s'+r') '" exp( —8s)ds

in which H(x) and I'(x) are the Struve function and
the Bessel function of the second kind, respectively.
They have been tabulated by Watson, ~ and approxi-
rnate numerical formulas for Ho —I'0 have been given
by Luke, ~ but numerical values are easily obtained
directly from (819). Values of »rp(r)//Ze for various
values of sd are shown in. Fig. 4.

Asymptotic expressions for the potential (818) can
be given in a number of cases:

(»/«s)4 (r)

E»1, (320a)

-(1+i')E '+h (&~)l t&&p&&1

-Z-i+ (1+i.) ln(2t/C), p«t«1,

(820b)

(820c)

P;,= )A (5,0) ('= (e/»)'Po'/D', (821a)

where p= Rr, t'= 8d, R'= p'+P, C=-' exp(y) =0.891, and
7 is Euler's constant. At large distances p falls off as
g-', apart from oscillatory terms associated with a
sharp Fermi surface, '3 while in three dimensions the
corresponding screened Coulomb potential decays
exponentially.

Finally, we give the coeflicients winch enter in (51)
in the Born-approximation calculation of the scattering
rate associated with E; ~ singly charged scatterers
per cm' at the interface, and E;„, and S„singly
charged scatterers per cm' in the insulator and the
semiconductor, respectively. They are

@(r)= (Ze/») k(k+8) 'Jo(kr) exp( —kd)dk, (818) jA (S,so) t'«0=8;.t/2S, (821b)

where d =
~
so

~
and 8 is the screening constant calculated

from (25) using a dielectric constant equal to». In the
absence of screening this gives $(r) =Ze/»(rs+d2)'~, as
expected for that case from simpler considerations. "

4' See Chapter 14 of Ref. 32.
4'See Table I of Ref. 32.
44 Y. L. Luke, Integrgls of Besser Functions (McGraw-Hill Book

Company, Inc., New York, 1962), pp. 80, 92; Y. L. Luke, J. Soc.
Ind. Appl. Math. 3, iB (1955).
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%'e 6
8 = (A(s,so)('dso

= (&/.„)~(C,+C,8I,+8 )/2SD', (B21c)
and

A =~ exp{i'd )

C,= {2b+14b S)/{b+S)', (B21e)

Co ——(2b'+ 24b'S+ 485'S'+43b'S'

11+'S'+3bs')/2(b+S)', (B21d}

f(8)= (2i/sk)'" Q exp(ig„) sing exp(im8), (CS)

from which the differential cross section is given by
(C2). The total cross section is obtained by integrating
oVel' IT{8) floIY1 K to 'll, glVing

where 5=2k sin-'H is the momentum transfer in the
scattering process, and the remaining symbols have
the same meaning as in (B9)—(B16). 0=(4/k) g sin'g (C9)

APPENDIX C: TWO-DIMENSIONAL
SCATTERING

The conventional treatment of elastic scattering in
three dimensions" must be revised for two-dimensional
scattering. %e give here a number of results for po-
tentials with circular symmetry.

At large distances from a scattering center the wave
function can be written as a plane wave plus an out-

going wRve:

y(r, 8) exp(ikx) +r-'"f(8) exp(ikr), {C1)

Comparing (C8) and (C9), we And that the two-
dimensional form of the optical theorem" is

(r= (Sm/k)'" Imr f(0) exp( —-', jw)7. (C10)

The momentum cross section, needed for transport
calculations, is

0 (8)L1—cos87d8

= (4/k) Q sin'(g„—g~g) . (C11)where r=(g+g)'" is the radial coordinate in two
dimensions Rnd s= f cosH. The scRtteI'lng cI'oss section ls

~(8)= I f(8) I' ~

The phase shifts can be calculated in Born approxi-
(C2) nation. We put

If the solution of Schrodinger's equation is expanded
ln R Fourier selles

E. (r)=A 'LJ (kr)+x„,(r)7. (C12)

y(r, 8)= g Z.(r) exp(~m8) If the potential is treated as a perturbation, we can
write

=Jr '"P (r) exp(im8), G (r,r') U(r') J (kr')r'dr', (C13)

then P„(r) satishes

& "+5(~—m')» '+k' —U(r)3'-(r) =0 (C4)

where k'= 2m*X/k' and U{r)= 2m'&(r)/&'.
The expansion of a plane wave in two dimensions is

G„(r,r') =-,'~J„(kr~) F (kr&)

is the solution of

(C14)

exp(ikx)= Q i I (kr) exp(im8), (CS)
d'G /dr'+r 'dG /dr+(k' —m'r ')G„(r,r')

=r'-&8(r —r'), (C15)

J (k ) {2/ k )'"c (k —-' —-' )

and rg and, r~ are the smaller and larger, respectively,

(C6} of r and r'. We compare (C12) with (C7} and Gnd that
the phase shift is given in Born approximation by

At large distances from the scattering center the
phase is shifted by g, and we can write

8 (r) A (2/~kr)'" cos(kr —qm~ —xm+g ). (C/)

By comparing (C3) and (C1), and using (CS}-(C7),

4' See, for example, Chapters V and VII of Ref. 17, or Chapter
XIV of Ref. 18.

tang =—-', m J„'(kr) U(r)rdr.

«See, for example, '-A. Messiah, Qgggtun Mechegks (North-
Holland Publishing Company, Amsterdam, 1962), VoL II. Chap.
XIX, Sec. 31;or Kq. I'19.14) of Ref. 17; or Eq. (117.7) of Ref. 18.
The extra phase factor in Kq. (810) arises because of the asymp-
totic form of Jp(x), Eq. (86).
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Jp(Sr) = g J„'(kr) exp(im8),

5= (lt—11') =2k sin-,'8

(C17)
I"(~p+iG)I'(1 —iG) =w/cosh(s G), (C25)

I'(iG) I'(—iG) =pr/G sinh(s. G), (C26)

me 6nd the differential scattering cross section for
two-dimensional Coulomb scattering to be

is the change in wave vector upon scattering&
= ~k'~ =k, and cos8=k IL'/kP, and if we assume that
all phase shifts are small, we can substitute in (CS) and
(C2) to obtain

o.(8)= (s/2k) U(r) Jp(Sr)rdr . (C19)

~+(k'+2kGr L)/=0,

mhere P is the two-dimensional Laplacian, and

(C21)

where LL" is the effective Bohr radius, deined in (36).
If wc llltlodllcc (=r—s Rs R coordinate, wc find that a
wave function of the form k($) exp(ikx) satis6es
(C20) if

k(t) =F(iG,—,','k~),

where F(a,b, s) is the confluent hypergeometric func-
tion. 4' The asymptotic form of f for large $ is

P(r,8) exp(ikx —iG int kr(1 —cos8)j)
+f(8)r '" expLikr+iG ln(2kr) j, (C23)

I'(-',—iG) exp(2iG ln sin-', 8)
f(8)=

I'(iG) (2ik) L1' sin-,'8
(C24)

4~ See Sec. 11.2 of Ref. 32.
'8 See, for example, Sec. 29 of Ref. 17.
4' See, for example, Sec. 20 of Ref. 17, or Sec. 112 of Ref. 18

for the three-dimensional calculation, which vm follower.

This is the Born-approximation result for the scattering
cross section, and can be obtained more directly
without introducing the phase shifts. 4'

An exact solution of the scattering problem is possible
for the Coulomb potential energy V(r)= —Ze'/Rr. 4P

The Schrodinger equation then is

o (8) =G tanh(s G)/2k sin'-,'8.

In the limit of large carrier velocity wc can replace
the hyperbolic tangent by its argument and obtain

o (8) (pr/2k) (Ze'/Kko)'/sirP-, '8, s G&&1, (C28)

which is exactly the result obtained for this case from
the Born approximation. This can be seen if we let the
distance so and the screening constant 8 go to zero and
the inversion layer width constant b go to inhnity in
(B9), and substitute this result in (49), using N, =1.

In the limit of smRH carrier velocity the argument of
the hyperbolic tangent in (C27) goes to infinity, and
thc CI'oss scctlon becomes

o (8) (~Z~ e'/2krw*o')/sin'-, '8, prG))1. (C29)

This is the classical diBerential cross section, ' given by
fdb/d8~, where b=(Ze'/km*v') cot-', 8 is the classical
'

pactpa ete.
Two-dimensional Coulomb scattering thus provides

a case in which the Born, exact, and classical cross
sections are all diGercnt, while in three dimensions they
happen to be the same. The conditions G&&i, or G&&1,
are conditions for the validity of the Born and the
clRsslcRl Rpproxlmatlons) 1cspcctlvclyq Rs ls Qlccly
con6rmed by our example. It is interesting that the
exact cross section for unscreened Coulomb scattering
is independent of the sign of Z. This is not true for a
general potential, as shown for example in Fig. 7.

To estimate the value of xG, we suppose that there
RI'c 3+10 lnvcrslon-layer clcctlons pcI' cm ln InAS
and 10" cm ' electrons in the (100) surface of Si, and.
use the parameters of Table II. Then KG=1..3 for
InAs, and mG= 8 for Si, which mould mak. e the classical
cross section slightly better in the forIner case, and
csscntiaHy exact in the latter case if the unscreened
Coulomb potential were valid.

~ E. Ja»&e and F. Emde, 1'eMes of Fgncff'dies (Dover Publi-
cations, Inc., Neer York, 1945), 4th ed. , p. 11.» See Eqs. (45.7') and (49.10) in Ref. 18.


