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The superconducting transition temperature T, of SrTiO3 has been measured for specimens having elec-
tron carrier concentrations n. from 6.9X10" to 5.5&(10' cm '. The curve exhibits a maximum in T, for
n, near 9)&10"cm '. The transition temperature has also been calculated using one adjustable parameter
(, the intervalley deformation potential, in addition to the known normal-state properties of SrTi03. A good
6t to the experimental curve is obtained.

I. INTRODUCTION

FOLLOWING the application of the theory of super-
conductivity to the case of degenerate semiconduc-

tors and semimetals, ' superconductivity was observed
in the semiconducting compounds GeTe, ' SrTiQ3, ' and
SnTe.4 A brief discussion of the variation of the super-
conducting transition temperature T, with electronic
carrier density e, for SrTi03 has been presented. ' In
that paper we pointed out that the curve of T, versus
e, for SrTiO3 contains a maximum value of T„al-
though a rough application of the simple BCS expres-
sion' T, eD expI —1/LN(0) V)I would predict a mon-
atonic dependence of lnT, on (n, )Its through the rela-
tion" N(0) ~n, tt' We a.lso mentioned that the observed
dependence of T, on n, could be explained qualitatively
through the proper inclusion of screening of intervalley
and intravalley interactions. We now have found the
transition temperature at a larger number of concen-
trations in order to fix the curve T, versus m, more
accurately, and, in addition, we have performed quan-
titative calculations which show that the experimental
curve can be Q.tted quite closely using the measured
properties of the system in the normal state and both
intervalley and intravalley interactions.
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Strontium titanate has been found to have a super-
conducting transition temperature greater than 0.05'K
for electron concentrations in the conduction band be-
tween 8.5&(10' and 3.0&10 cm . This is the widest
range of charge carrier concentrations over which any
superconductor has been shown to be superconduct-
ing. In addition, these concentrations represent the
lowest concentrations at which superconductivity has
been observed. s

Because superconductivity occurs at such low carrier
concentrations, we may assume a parabolic behavior
of the conduction band near the Fermi surface which
will be near the minima of the conduction band, and
use the normal-state properties of the material to cal-
culate the superconducting properties. The values for
the normal-state properties used, along with references
to the experiments by which they were measured, are
given in Table I.

Since the complete curve of superconducting transi-
tion temperature as a function of carrier concentrations
has been obtained, we can use the wealth of informa-
tion contained in this curve to test our knowledge of
the normal-state properties of SrTiQ3, and also to test
the theory of superconductivity. Since the deformation
potential for intervalley processes is not known for
SrTi03, a value for it will be taken which gives a
superconducting transition temperature near the ex-
perimental transition temperature at a given electronic
concentration. The same value of the deformation po-
tential will then be used to calculate the transition
temperature at all concentrations. All other physical
properties entering into the calculations will be taken
within the experimental uncertainty in their measure-
ment in the normal state. Since the transition tempera-
ture increases, reaches a maximum, and then decreases
vnth increasing concentration, a one-parameter fit to
the curve is quite demanding on the many norma]. —

state parameters. Any substantial variation in the

SAddition of a few percent BaTiO3 reduces the minimum
carrier concentration for superconductivity by more than an
order of magnitude thus increasing the superconducting range
even further. See J. F. Schooley, H. P. R. Frederikse, W. R.
Hosier, and E. R. Pfeiffer, Phys. Rev. 159, 301 (1967).
380



SUPERCONDUCTING TRANSITION TEMPERATURES

TABLE I. Parameters used in transition temperature calculations.

Property

Renormalized efFective mass
Band efFective mass
Number of valleys in conduction band
Total renormalization
Electronic contribution to normalization
Width of conduction band
High-frequency dielectric function at small

wave vector
High-frequency dielectric function for intervalley

processes
Wave-vector difFerence between minima of

conduction band
Volume of unit cell
Mass in unit cell
Frequency of intervalley phonon
Damping of intervalley phonon mode
EfFective charge parameters

Damping of intervalley phonon modes

Transverse optic phonon frequencies
Lowest transverse optic phonon frequency
Degeneracy of intervalley phonon mode
Intervalley deformation potential

Symbol

en*
SSg

V

ZP

Z P

~max
rs

el'

gp

UQ

M
er
Yp

Zlp Zg~ Z3

Ply P2) +3

Value

2.5 mp
2.0 mp
3.
1.66—1.75
1.3
0.125 eV
5.2

2.0

1.1395X10'cm '

5.927&10 "cm'
3.0686X10 "g
1.2X10"cps or 0.0497 eV
0.015 eV
0.0584 eV, 0.00805 eV,

0.0238 eV
0.0544 eV, 0.000855 eV,

0.00298 eV
0.0214 eV, 0.0675 eV
0.00129+0.0585 q/gs
1

15.0 eV

References

17, 26, 27

19, 21

21

12, 19, 21

12

25
25
16

16
25, 28

~ W. G. Spitzer, R. C. Miller, D. A. Kleinman, and L. E. Howarth, Phys. Rev. 126, 1710 (1962).

II. EXPERIMENTAL

A. Samples

The samples were cut to the desired size from single-
crystal boules of pure strontium titanate (except for
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1'&c. 1. Resistivity and Hall coeKcient as a function of 1/2'
for sample HR6.

values of the normal-state parameters leads in general
to a quite different curve of transition temperature
as a function of carrier concentration. In addition, the
fitting requires both intervalley and intravalley proc-
esses, and neither intravalley nor intervalley processes
alone can account for the shape of the curve.

the specimens "Nb") and ground on all faces withf 600 carborundum abrasive. In order to introduce the
desired carrier concentration, they were treated by one
of several methods at temperatures ranging from 800
to 1400'K and for times ranging from 2 to 90 h. Sam-
ples labeled HR were heated in Bowing H2 gas and
cooled to room temperature under He gas. Samples
labeled TiR were sealed in evacuated quartz capsules
with small known amounts of Ti metal, which acts as
an oxygen getter. This technique produced somewhat
greater reductions with lower temperatures. Samples
labeled Nb were obtained from boules grown with
appropriate amounts of Nb, O, powder added to the
SrTi03 powder. They were grown by the Verneulli
process but were largely polycrystalline. All Nb-doped
samples were oxidized under 02 gas at 700'K to 800'K
for 10 h or longer.

The Hall and normal conductivity measurements
were made using the standard dc techniques. Contact
arrangements were such that the Hall emf could be
measured at several places along the sample to check
for homogeniety in reduction or doping. Figure 1 shows
a plot of logRI~ and of logp versus 1,~T for sample
HR6 which is typical data for all samples. Both RI&
and p remain nearly invariant with T from 10'K down
to 1.'K. Because of contacting difficulties and resulting
noise, e, values derived from RH measurements have
an accuracy of &10o/o.

In repetitive superconductivity and Hall effect meas-
urements, it was discovered that in certain specimens
an apparent diminution of carriers occurred which
seemed to be a function of the handling process before
measurement. For this reason, most of the data illus-
trated in Fig. 2 were taken on the slab-shaped speci-
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TABLE II. Properties of SrTi03 specimens.

Specimen

HR5
HR52 slab

TiR2b
TiR10 slab
HR51 slab
HR22
HR28 slab
Nb8 slab
HR27c slab

TiR11 slab
HR70 slab
Nb9 slab
HR6 sph
HR6 slab
HR72 slab

HR3
TiR19 slab

HR33 stress
HR33 slab
HR57

HR24 sph
HR61 slab

TiR13 slab
Nbio
HR73 slab
HR74 slab
TiR2c slab
HR69 slab

HCR2

e, (4.2'K)
(cm ')

6 9X10'8
7 6X]018

('I.6X10")
7.8X10j8
8 5X10'8
9.4X10"
1.0X10»
1.3X10»
1.3X10»
1.4X10»

1.5X10»
1.66X10»
1.89X10'

(2.5 X 10&9)d

2.5X10»
2.7X10ia

3 1X10»
4 9X10»

(6.3X10»)~

6.3X10»
6.7X10»

(7.2X10»)
(1.0X10")d
1.1X10'o

i.2X10M
1.5X1Q'o
1.66X10so
1 95X102o
2.1X10so
3.OX102o

(4 OX1P0)
5 5X10'o

(5 5X1P')

p (4.2'K)
(n cm)

3.8X10 4

2 7X10 4

3.6X10 4

3.4X10 4

4.2X10 4

2.8X10 4

2.4X10 4

9.0X10-5
2.9X10-4

3.2X10 4

3.3X10 4

7.5X10-5
(2.3X10 4)
2.3X10 4

2.6X10 4

4.0X10-4
2.6X10 4

(2.8X10 ')
2.8X10 4

2 ~ 3X10 4

(2.8X10 4)
2 ~ 6X10 4

2, 4X10-4
6.1X10 5

2.2X10 4

2.3X10 4

2.6X10 4

2.1X10 4

1.7X10 4

& (4.2'K.)
(cm'/V sec)

2440
3120

2280
2210
1620
2280
2050
5470
1580

1330
1170
4510

(1110)
1110
912

516
504

(364)
364
415

(280)
224

222
699
175
143
117
102

68

Measured
r. ('K)

&0,06
(0 ~ 05) ~

&0.07
0.06—0.07
0.085

&0.05
0.12
Q. 09
0.057

0.07
0.127
0.183
0.146
0.166
0.213 o

0.204
0.166
0.273

0.278
0.273
0.275

(0.290)$
0.268
0 280 o

0.283
0.285
0.41
0.198
0.120
0.295
0.06

(0 030)a

&0.05
(0 020) s

Calculated
T, ('K)

&0.07
0.07

0.07

0.09

0.10 b

0.10

0.1496
0.1477
0.15

0.17
0.25 b

0.26

0.26
0.30
0.30

0.26
0.21

0.15
0.12
0.04
0.01
0 ' 002

Transition temperatures assumed for purposes of the calculation.
Double value indicates the range of purely computational uncertainty in the numerical calculation.

o Values found experimentally in two separate experiments.
~ Normal-state properties measured on companion samples.

mens on which Hall and resistivity measurements had
been made and which thus required no further special
handling.

Table II contains a summary of normal-stat|'. and
superconductivity data for the specimens discussed in
'this paper. Note that the mobility p of the Nb-doped
samples is 2 to 3 times larger than that of HR- or
TiE;reduced specimens for a given carrier concentra-
tion, in spite of the fact that the Nb-doped samples
were polycrystalline. The degeneracy temperature for
even the most lightly reduced sample is near 3'K,
assuming a "density-of-states" mass m&*=5m0.' The
mobility also becomes constant with temperature at
low temperatures which, assuming impurity scattering,
suggests complete degeneracy.

B. T, Measurements and Results

T, Meuslrements

The temperature dependence of the magnetic sus-
ceptibility of each specimen was observed from about

'H. P. R. Frederikse, W. R. Hosier, and W. R. Thurber, J.
Phys. Soc. Japan Suppl. 21, 32 (1966).

I I j I I I I I I I I I I III

Tc

0.2—

0.1—

~ Experimental
0 Theory ('I) 0 ~ ~

g-o—d,g+

e~S
~go 0

~ Og

O~
o f$

I I I

10

,a8-
~(~)

10 10

FIG. 2. Transition temperature as a function of carrier con-
centration. The plain solid circles represent experimental data.
The bracketed solid circles are fictitious data used as input
in the transition temperature calculation. The open circles show
the results of the calculation, and the smooth dashed curve was
drawn for illustrative purposes.

0.05'K through T„using a mutual inductance appa-
ratus operating at 270 Hz.

A schematic drawing of the low-temperature portion
of the apparatus is shown in Fig. 3.For ease of handling,
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FIG. 3. Schematic drawing of low-
temperature portion of mutual-induct-
ance apparatus. nno« M
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'0 E. Ambler, J. H. Golwell, W. R. Hosier, and J. F. Schooley,
Phys. Rev. 148, 280 (1966).

the apparatus was made top loading, so that specimens
could be changed without raising the Dewar tempera-
ture above 4.2'K. The general cryogenic technique
was similar to that described recently elsewhere, '
with magnetic cooling pills L~ and L2 mounted so as
to be thermally isolated from the pumped He4 bath 3
at 1'K when He' exchange gas is removed from the
vacuum jacket V. After adiabatic demagnetization, pill
Lr acts as a thermal reservoir at T~0.14'K, and pill Ls
acts as a thermal reservoir for the thermometer pill T,
an oriented single-crystal sphere of cerous magnesium
nitrate (CMN), and for the specimen S. The mutual
inductance pair P is composed of a 10:1:length:
diameter primary coil and magnetically opposing 2100-
turn secondary coils magnetically isolated by a factor
of about 2500:1 from pill L2.

The CMN thermometer sphere and the specimen
were joined to the cooling wires C by daubs of vacuum
stopcock grease, so that it was conceivable that sub-
stantial thermal gradients might exist between them.
In order to measure this gradient, we placed a second
CMN sphere at S during one experiment, and we com-
pared the temperatures at S and T at nine temperatures
between 0.06 and 0.6'K. The temperatures in each
case were derived from extrapolations of the usual
Curie-Law calibration curves of susceptibility versus
temperature of pumped He' (using the Tss He' vapor-
pressure —temperature relation) from 2 to 1'K. We
found that the temperatures at S and at T so obtained
agreed within 3 mdeg over the whole range of tempera-
ture measured, indicating quite good thermal equilib-
rium. We also found that equilibration times varied
from 10 min at 0.06'K to (3 min at 0.12'K for the
paramagnetic salt. One might expect faster thermal
response from SrTiO3 specimens as a consequence of
their reduced heat capacity, so that one can safely
regard thermal equilibration to be determined by the
response of the paramagnetic thermometer T.

The susceptibility measurements were made in dc

I.O —~ ~ 0 ~ X
X —I.O

.75— —75

R/RN

.50— —.50

~ 25 ~ 2 5

0
0 .2

o+-~x—
.3 4

T ('K)
.6

FIG. 4. Temperature dependence of the magnetic susceptibility
and resistivity for sample HR24 slab.

magnetic fields of less than 0.020 Oe and in ac measur-
ing fields of a few millioersted. After adiabatic demag-
netization of the system, a capacitor was discharged
through H, a 1000-0 Evanohm heater wire wrapped
on the specimen. Use of this technique momentarily
warmed the specimen to T&T, in order to expel
trapped Qux before the initial susceptibility measure-
ments were made.

We found that the susceptibility was quite sensitive
to the ac Geld amplitude near T,. To avoid errors in
this region, we restricted B„to about 1 mOe.

T, Eesllts

A typical curve of ac susceptibility versus tempera-
ture is shown in Fig. 4. For illustrative purposes, the
reduced resistance as measured in the same experiment
by the four-lead method is included. One can see in
Fig. 4 that the superconducting transition curve is
rounded on both the low-temperature and the high-
temperature side, and that the specimen shows no
resistance until yet a higher temperature is reached.
Thus the assignment of a single T, value, as in Table
II and Fig. 2, is to some extent arbitrary. However,
we have defined "T," for the purposes of this paper as
the extrapolation to zero susceptibility of the steepest
slope of the susceptibility curve. The following con-
siderations entered into this choice: (1) Experiments
with single-crystal SrTiO3 specimens of various shapes,
dimensions, and carrier concentrations have indicated
that, as expected, ' the zero-temperature superconduct-
ing penetration depth X(0) attains values greater than
10 p, in SrTi03."Penetration depths of this magnitude
produce a noticeable rounding o6 of the susceptibility
curve below T, in specimens of the dimensions studied
in this work, so that the T, as defined above is essen-
tially that determined by considering penetration depth
effects. (2) The extrapolation to zero of H,r(T), which
has been measured for some of the specimens, and the
observation of the superconducting heat capacity anorn-
aly" produce values of T, in good agreement with the

"J. F. Schooley and W. R. Thurber, J. Phys. Soc. Japan
Suppl. 21, 639 (1966).
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present definition. (3) Preliminary measurements indi-
cate that T, is very sensitive to strain, so that strains
arising either from specimen handling or from the small
phase transitions which are seen in SrTi03'2 can be
expected to produce the magnetic and electrical effects
shown in Fig. 4 above the bulk superconducting transi-
tion temperature.

Table II gives the results of over thirty experiments
of the type discussed above. In two cases, specimens
were rerun to check on reproducibility of the experi-
mental apparatus. The differences in T, in the two
reruns amounted to 5 and 1%. In two other cases,
different specimens cut from the same preparation were
run. In these cases, T, differed by 1 and 15%, the latter
being specimen HR6, in which a change in e, is sus-
pected (see Sec. II. A) . We estimate that exclusive of
such changes in e., the errors in T, and n, are &5 and
&10%, respectively.

III. THEORETICAL

We will now describe the methods used in the corn-
putation of the transition temperature in terms of the
normal-state properties. After doing this, we will dis-
cuss the normal-state properties of SrTi03 that were
used to calculate the superconducting properties.

The gap equation solved was

smax sE D(g&~)
D(G&) = Z(F&) '— — E(c, 3)

-s~ ~(g')

E(g«)
Xtanh dgs. , (1)

2 gT

which, except for the renormaljzation Z(G«) and the
limits of integration, has been given previously by one
of the authors. ' E(gs) = (Bs'+d is) '~' is the quasiparticle
energy, D(8&) = (k/kz) A&, D(8& ) = (k /kz) As, c= k/k&,
3=h~/8& (g& —8-&)/8&, ——and ds is the energy gap. g,„
is a maximum energy determined from the band struc-
ture of the material and is of the order of the energy
width of the band. Since the eGective-mass approxi-
mation is used in the calculation of K(c, 6) and the
effective-mass approximation is not valid for energies
near the maximum bandwidth, 8, is expected to be
less than the average width of the band.

The kernel E(c, 3) is given by

E(c, 3) =Ers(c, 3)+Eoer(c, 6)+E»~r(c, 3), (2)

where E' (c, 3) arises from intravalley interactions
(both Coulomb and phonon), Eo"(c, 6) a.rises from
intervalley Coulomb interactions, and E»"(c, 3) arises
from the intervalley interaction between electrons
through phonons. We find that each of these kernels
makes an appreciable contribution to the total kernel
and agreement between the calculated and experimen-
tal T, versus e, curve can only be obtained if all three

il F. Qr. Lytle, J. Appl. Phys. 35, 2212 (1964) .

~i2i.+(~+")"i «r" (P 6) dP
(3)

Usl~ —(&+~'i'i'I i (P~ 3) +«& (0) 6) j3

Here m~* is the effective mass of a single electron in
the conduction band when the ions are held rigid. We
will call this the band mass. When renormalizat. 'on
and vertex corrections are included, m&* in Eq. (3)
will be multiplied by a vertex function and divided by
L1+(dx/dE)], where x is the Hartree-Fock energy.
We will, however, absorb these modifications into our
definition of m&*. In Eq. (3), P=-q/2k', ks is the Fermi
wave vector, and the subscripts 1 and 2 on the intra-
valley dielectric function c" refer to the real and imag-
inary parts, respectively. The intravalley dielectric
function includes all processes, both Coulomb and
phonon, which screen an electron. The total electron-
electron interaction used in obtaining Eq. (3) is then

V"(g (u) =4se'/Qqs«"(q «e)

where 0 is the volume of the crystal.
The real part of this interaction was taken as an

approximation so that the kernel is taken to be real.
«"(q, cu) can be written as a sum of electron and phonon
polarizabilities as long as the interaction is not too
strong. This addition of polarizabilities has been dis-
cussed for the case of a degenerate polar semiconduc-
tor. '4 The screening by electrons can be further broken
down into screening by electrons in the valence band
and screening by electrons in the conduction band.
For electrons in the valence band, it has been shown"
that, for frequencies much less than the gap frequency
t which, for SrTiOs, is 3.4 eV and is much larger than
G,„appearing in Eq. (1)$, their contribution to the
dielectric function, which arises from interband transi-
tions, approaches a constant value as the momentum
transfer fiq approaches zero, contrary to what would
be expected from a free-electron model of the valence
band. Reference 15 gives the dielectric constant «(q)
arising from interband transitions as a function of q
over the entire Brillouin zone for a model band struc-
ture. We have used the notation «(g) since, for fre-
quencies much higher than all phonon frequencies and
much higher than the plasma frequency of the elec-

'3 J. Appel, Phys. Rev. Letters 17', 1045 (1966}."B.B.Varga, Phys. Rev. 13V, A1896 (1965)."D. R. Penn, Phys. Rev. 128, 2093 (1962).

contributions are included. This is in contrast to some
recent calculations done in the high-carrier density
limit, " indicating that only intravalley interactions
may be responsible for superconductivity in SrTio3.

We will consider each contribution to the total kernel
and discuss it in more detail. The kernels can be ob-
tained from the interactions using Eq. (II.11) and
Eq. (II.12) of Ref. 1. The intravalley kernel is given by

mg*e'
E"(c, 3) =

2m kgb (8+c')"
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trons in the conduction band, yet smaller than the
gap energy over Planck's constant, the only contribu-
tion to the dielectric function arises from interband
transitions, and is given by e (q) .

Because the Fermi surface of the free electrons in
the conduction band takes up a small part of the
Brillouin zone, we are interested. primarily in two small
regions of momentum space, near q=0 and near q= qo.

In these regions, e (q) can be approximated by two
constant values e "for intravalley transitions and t. "
for intervalley transitions.

We note the limits of the integral in Eq. (3) run
from (2k~) '

~

k —k'
~

to (2k~) '
~

k+k'
~

rather than
from 0 to 2k~, as we would have if the energies of
interest were much less than the Fermi energy, that
is, 8(&1. For strontium titanate, the highest concen-
tration at which superconductivity was found was

e,=3.0)&10'. Using three equivalent minima in the
conduction band and the measured effective mass Lnot
including renormalization (see Table I)], the Fermi
energy was calculated to be 0.0314 eV. The ratio of the
two strongest intervalley phonon energies to the Fermi
energy at this highest concentration were 1.7 and 2.7.

The ratio for the intervalley phonon of interest was
1.6. Therefore, the high-density approximation Ep»AMph
is not valid over any range of concentrations studied,
and the correct limits on the integrals must be main-
tained.

As Eq. (4) implies, the electrons in the conduction
band. can be treated as plane waves. If we approximate
the wave function of an electron in a given valley by
0 'I' expt i(k —kp) 'x), a plane wave with wave vector
referred to the minimum of the valley ko, and use a
random-phase dielectric constant, we obtain a dielectric
constant for a material with v valleys which is similar
to the one-valley plane-wave dielectric constant 6rst
obtained by Lindhard. We have

ra(p 6) e ra

r 3s-e'n,fP, 1+P+(8/4P)
1—P+8 4P s ln

32m*By'P' 1—P—(8/4P)

+I"~—(p &i4p)'1 -~~ +40} ' (5)1-p+(~/4p)

saba(p 6) s= —(p3gr e m„fp/32m*gasp ) )&8, when P(1 and 8( j
4P' —4P

~

&&51—(P-~/4P) 3, wh. n
I 4P -4P

I
&~& l4P+4P I

X0,

X0,

when 5)
~

4p'+4p [

when P) 1 and 8(
~

4P' —4P ~,

where e„ is the number of carriers in one valley, m is
the e6'ective mass including renormalization eBects,
and e,~' (p, 5) r is the real part of the dielectric constant
arising from screening by all electrons of intravalley
processes, which we call e,P'(P, 5). e,P (P, b)s is the
imaginary Part of ea&"(P, 8). A corresPonding form for
the dielectric function valid for the screening of inter-
valley processes will be given later.

In the case of SrTi03, the phonon contribution to
the total dielectric function has been obtained near
q=0 by infrared reQection measurements. "The polar-
izability of the phonon modes takes the form

(7)

where the Z; are the effective charges of the transverse
modes co;. The y; are the damping of the ith mode and
the sum over i goes over the three optically active
modes of SrTiQ3. For q near zero, which is important
for calculating the intravalley kernel, Eq. (7) should
be a good approximation.

We note that for q=0 the acoustic phonons make

'a A. S. Barter, Jr., Phys. Rev. 145, 391 (1966).

no contribution to the dielectric function. For the small
wave vectors of interest the contribution from acoustic
phonons to intravalley processes will be smaller than
the contribution from optic modes. We therefore will

neglect the contribution of acoustic modes.
The total dielectric function can be obtained by

adding the polarizabilities of the electrons in the con-
duction band, the electrons in the valence band, and
the polarizability arising from the displacement of the
ions. Since Eq. (5) already contains the polarizability
of the valence-band and conduction-band electrons,
we only need to add the ionic polarizability to this
to obtain the total dielectric function;

(g (d) =e p (g hl) +A g(M) =e p (g, CO)

+Z, (g)
i r~P ~ +=~'y~

The total intravalley interaction given in Eq. (4)
can be separated easily into a Coulomb interaction
screened only by electronic processes and a Bardeen-
Pines interaction between electrons through the phonon
Geld screened by electronic processes. Inserting Eq. (8)
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into Eq. (4), we have

%re'
V(V M)=

Qq'[e 1"(q M)+ Q 42rZ2/(M2 —M'+i' )$.

42re2 42rZ 2/(M, 2—Ms+i', )re
/t M 1

QIII eel (ij/, M) [eel (g, M) + g 4rZ/ /(Mj M +2M'y/) j

or

Qq e 1' (q, M) Q, (q, M)2 M2+iMy;—

where the strength of the ith mode is given by
4me' 4n-Z,~

+i g)M
Qg eel (g) M) 0 le(g) M)

and the ith renormalized longitudinal optic phonon
frequency is given by the condition Q,s(q, M) = M iory, , —
where

~ [47rZ/ /eel e(g, M) j(Me —M +2M'yi)
Qe (jf) M =Me + ~

Mr M 2M'y/

(12)
We note that Eq. (10) is not exactly in the Bardeen-

Pines form, since 0;(g, M) depends on the frequency M,

and the longitudinal modes of the system occur when
the denominator of Eq. (10) vanishes. In general, the
denominator of Eq. (10) does not give a simple pole
as does the Bardeen-Pines form [02(g, M) independ-
ent of Mj. These differences between the second term
of Eq. (10) and the simple Bardeen-Pines form, al-
though they are most important at small wave vector,
do introduce modifications into the kernel and into the
transition temperature as a function of e,."

The above discussion serves to emphasize the basic
differences between superconductivity as it exists in
metals and as it exists in degenerate semiconductors
such as SrTi03. Although the density of states is com-
parable to that of a metal (y=1.60 mJ deg ' mole '
when n, =1.4&&10'0)," the carrier concentration I, is
much smaller than for a typical metal and the effective
mass is larger. This means that the Fermi energy is no
longer much larger than the phonon energies as is the
case for metals, and also that electronic screening will
be more important. These considerations must be taken
into account in the calculation of the superconducting
transition temperature.

Since the actual form of the intravalley interaction
is known, that is, the known dielectric function Eq. (8)
can be inserted into Eq. (4) and the interaction com-
puted, the actual interaction was used in computing
the kernel. This is, of course, an approximation to the

j./2[c+(5+c ) &"(F0 P 3)1

1/2jc-(jj+cr)y/rj [0 (j(4& j8& 3) lg +[0 (j90& j(/& 3) 2g

where p0 ——/t0/2k/;, and v is the number of equivalent
minima in the conduction band, separated from each
other by the wave vector go. The wave-vector separa-
tion between electrons in different valleys is taken to
be approximately equal to qo. The interaction used in
calculating Eo"(c, |j) was taken to be

4xe2
V"(g, M) =

Qqo'0" (jfo, jf, M)
' (14)

where the screening, which is due only to electrons
since the phonon contributions to the interaction be-
tween electrons is included in E,he'(c, 3), is approxi-
mated by

0 (j(4 P 3) —e er+2 (P2/P 2) [0 1 e(P 3) 0 r ]. (15)

In obtaining Eq. (15), the electrons were taken to be
plane waves centered in momentum space about the
three equivalent valleys. The factor of z arises be-
cause for a given wave vector only —,

' of the valleys
are connected by the wave vector. The factor p2/p02 ——

q2//f02 arises from the reduction of the bare Coulomb
interaction occurring in the random-phase approxima-
tion to the dielectric function.

Eliashberg form for the kernel. ' To obtain the Eliash-
berg form for the kernel, we would have to make ap-
proximations for the phonon spectral weight function
in the kernel (which would vary with concentration I,) .
This process could introduce errors as large as would
the approximation of the Eliashberg kernel by the
kernel obtained from the normal-state electron-electron
interaction. For this reason, the actual interaction,
Eq. (4), was used in the calculation of the intravalley
kernel Ere(c, 3).

The Coulomb contribution to the intervalley kernel
is given by

(1 —1)ms*c22)0/E "(c, 3)=
Kgo2fl2 (3+c2)1/2

'~ M. L. Cohen and C. S. Koonce, J. Phys. Soc. Japan Suppl.
21, 633 (1966). See also M. L. Cohen, in Superconductivity, '2 G. M. Cliashberg, Zh. Eksperin. i Teor. Piz. 38, 966 (1960)
edited by R. D. Parks (to be published). LEngiish transl. : Soviet Phys. —JETP 11, 696 (1960)g.
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The intervalley phonon interaction is given by

(~ —1)rlo*4(e ")2qo'~P

22r2(M/e ) (5+c2) '/2to '

1—(8/8. ,)'
X

L1 (3—/~-) '7+ (8~o/8-')'

(1/2) [c+(2+c ) [ eer(p p 3) 2 Ocr(p prg) 2

X , , pdp,
(1/2) [c-(2+cc)1/r[ E6 (Pop Ppl 8)1 +e (Po& Pr 3)2 ]

(16)

where 3f is the ionic mass, v, the volume of a unit cell,
and 8o ——yo/82. Here yo, the damping of the intervalley
phonon mode, is includ. ed to approximate the effects
of the dispersion of the phonon mode over the range
of wave vectors in the integration as well as the decay
of quasiparticles by phonon emission. B„=f1~„/Gr,
where co„ is the frequency of the intervalley phonon
allowed by symmetry. n is the degeneracy of this
phonon mode and P is the intervalley deformation po-
tential.

Equation (16) is obtained by using a screened
Bardeen-Pines interaction between electrons through
exchange of a phonon for the one phonon mode allowed

by crystal symmetry and time reversal:

—2'~(, ) ~ m(q) ~2

E"'(qo q ~)/e-"Zt ~(.&'—~'j

Since the Fermi wave vectors of the electrons in each
valley are small compared to the wave-vector differ-
ence between minima in the band, qo, the intervalley
dielectric function is approximated by Eq. (15), the
matrix element M(q) is approximated by M(qo), and
the effect of the dispersion of the phonon mode over
the range of q used in the calculation of the kernel
Eoh" (c, 3) is roughly included by inserting a damping
term into Eq. (17).

We then have

2a., ~m(q, ) ~'

Ee (qo, q, co)/e 3 (co —co +2'yond)

(18)

Where
~ M(qc) ~2= crfPqo2P/2 (3II/2 ) Q/rtto„, and Where oo„

is the frequency of the intervalley phonon of wave
vector qo. The intervalley phonon kernel Eq. (16) is
then obtained from the intervalley phonon interaction
Eq. (18) using Eq. (II.12) of Ref. 1. In general, the
interaction through the phonon field given by Eq. (18)
would contain a sum over phonon modes. For the
case of SrTi03, however, only one phonon mode is
allowed by symmetry to couple electrons near two dif-
ferent minima in the erst Brillouin zone.

The calculations of Kahn and Leyendecker" indi-
cate that the minima of the conduction band lie at the
points X of the cubic Brillouin zone of SrTiO3 and

' A. H. Kahn and A. J. Leyendecker, Phys. Rev. 135, A1321
(1964).

that the electrons have symmetry X3 of the group OI„
where the notation used is that of Bouckaert, Smolu-
chowski, and Wigner. " The positions of the minima
have been veri6ed by magnetoresistance measurements"
and Shubnikov —deHaas eGect.22 The number of equiva-
lent minima in the conduction band v is therefore 3.
This is supported by the large values of the "density-
of-states effective mass" (see discussion later). The
origin of coordinates in real space is chosen by Kahn
and Leyendecker to be the titanium atom. This is
convenient since the electrons transforming as X3 are
made from titanium 3d orbitals in the tight-binding
approximation.

The wave vector qo connecting two equivalent minima
at X lies at the edge of the Brillouin zone which is
labeled M. Using the results of Lax and Hopfield" and
Lax, '4 we can 6nd the requirements on a given phonon
mode of wave vector qo imposed by symmetry and time
reversal which must be met if the matrix element
/M'(qe) is to be nonzero.

The matrix element M(qo) describes a phonon
transforming according to the group M between elec-
tronic states transforming like X3 in two diferent
equivalent directions. From symmetry requirements,
we have that only phonons of symmetry M3 and M4
(using BSW notation) are allowed. Time reversal rules
out M4, so that only M3 is allowed.

The phonon spectrum of SrT~O3 has been measured
in the L100) direction and calculated in other direc-
tions by Cowley" who uses the strontium atom as the
origin of coordinates and a somewhat different notation
from that of BSW. From the compatibility relation
given in Ref. 25, one can determine that the phonon
transforming as M3 using the titanium atom as the
origin of coordinates transform according to M~ using
Cowley's conventions.

Although other intervalley phonon modes are not
strictly forbidden for go not at M, the low concentra-
tions of electrons over which superconductivity occurs
indicates that the contribution to the kernel Eoq"(c, 5)
of phonon modes forbidden at qo will be much less
than the contribution of phonons allowed by symmetry
and time reversal at qo. Only the one allowed phonon
mode was therefore used in the intervalley phonon
interaction.

Having obtained expressions for the kernel in Eqs.
(2), (3), (13), and (16), we proceed to calculate the
superconducting transition temperature from Eq. (1).

The renormalization Z(G&) was approximated by a
constant, which we will call Z, over the width of the

~OL. P. Bouckaert, R. Smoluchowski, and E. Wigner, Phys.
Rev. SO, 38 (1936). This reference will be referred to as BSW.

~'H. P. R. Frederikse, We R. Hosier, and W. R. Thurber,
Phys. Rev. 143, 648 (1966).

~H. P. R. Frederikse, W. R. Thurber, W, R. Hosier, J.
Habiskin, and P. Siebenmann, Phys. Rev. 158, 775 (1967)."M. Lax and J. J. Hop6eld, Phys. Rev. 124, 115 {1961).

2c M. Lax, ROPort of the Exeter International Conference on the
Physics of Semiconductors {The Institute of Physics and The
Physical Society, London, 1962), p. 39S.

n R. A. Cowley, Phys. Rev. 134, A981 (1964) .
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band. Actual calculations of Z(8I,) indicate that this
is a good approximation (within 20%) for all Bq and
an even better approximation to the average Z(gq).
The constant Z' was obtained from a two-square-well
model. Although this is crude by the standards of the
method of solving the integral equations, the errors
introduced into the calculated transition temperature
by using a two-square-well approximation in the calcu-
lation of Z are much smaller than the errors introduced
by using a two-square-well model to calculate the tran-
sition temperature from Eq. (1).

We use the relation

Z'= Zo'+ (Zpg' —1),
where Zc and Z»' are the Coulomb and phonon con-
tributions to the renormalization, respectively. Z»
was determined from the two-square-well approxima-
tion as

Z,g' = 1+(log 1.14fior„/kp T,)
2'�(0)

1+2Ec(0) log (g,„/5a&„)

Eo(0) is the total Coulomb kernel, given by the sum
of Eo"(0) and E'o"(0). Eo"(0) is easily obtained
from the first term of Eq. (10), and Eo"(0) from
Eq. (13).The phonon frequency in Eq. (20) is taken
to be the intervalley phonon frequency.

The Coulomb contribution to the renormalization
Zc' is estimated for a typical concentration and held
constant over the range of concentrations studied.

A feature of this method of calculating the renormal-
ization is that it uses an estimate of the transition
temperature (usually the experimental value) to cal-
culate Z,h'. A high estimated T, leads to a large value
of Z» while a low estimated T, leads to Z»' nearer
The value of Z» obtained in this way is then used in
Eqs. (19) and (1) to obtain a theoretical T,. Since
Z' appears in the denominator of Eq. (1), a large Zo

lowers the theoretical T, more than a smaller value
of Z'.

If the experimental value of the transition tempera-
ture were too large, for example, the value that we
would obtain for Z' would also be too large. This value
of Z would lead to a theoretiecal T, which would be
too small. Also, if the theoretical phonon kernel in
Eq. (16) were in error, the method that we use to
obtain Zph' would not affect the corresponding error
in the transition temperature. This is in contrast to
the method of calculating Zph from erst principles,
in which case errors in the phonon kernel tend to be
reduced by corresponding errors in Zph for purposes of
calculating transition temperatures.

We have calculated T, for both HR6 spherical and
for HE6 slab. (See Table II.) The difference in the
theoretical values of T, arises entirely from the differ-
ent experimental transition temperatures obtained for
these samples. Also, to illustrate the range of uncer-

tainty arising from computational approximations in-
volved in the calculations, we show two theoretical
transition temperatures for samples HR27c and TiRj.9.
These approximations mill be discussed later.

We will now briefly discuss the normal-state proper-
ties used in the evaluation of the kernels in Eqs. (3),
(13), and (16).

The conduction-band structure of SrTi03 has been
approximated by parabolas centered at the minima of
the conduction band and extending upward in energy
to a maximum energy 8, . The partially renormalized
density of states to be used in the integral equation
can then be described by an isotropic effective mass
independent of energy m&*. The effective mass near
the Fermi energy is then the same over the entire
range of concentrations studied. This approximation
is probably the most serious in the calculation of the
transition temperature over a wide range of concen-
trations, since a change in the effective mass near the
Fermi energy at different concentrations mould lead to
changes in 2", at some concentrations relative to T,
at other concentrations. It is expected that the effec-
tive mass varies with increasing energy above the band
minima, but sufhcient experimental data were not avail-
able to determine this precisely, and theoretical calcu-
lations of the effective mass do not have high enough
accuracy at this time to warrant their use. The band
effective mass my* was therefore determined at one
point near the peak of the T, versus e, curve (n, =
1.4)&10") and taken to be constant over the range of
concentrations studied.

The mass occurring in the dielectric function m*
includes the effects of renorrnalization and is related
to the "density-of-states effective mass" determined
from measurements of the density of states for a de-
generate semiconductor with v equivalent valleys by
the relation v'~'m*= m&*, where m&* is the "density-of-
states effective mass. "The "density-of-states effective
mass" has been determined through a measurement
of the electronic contribution to the normal-state spe-
ci6c heat at low temperatures. ' These measurements
yield y= 1.60 mJ deg ' mole ' for e,= 1.4X10" which
gives m* near 2.5mo. This value of m* was used in the
dielectric screening for all concentrations and, in addi-
tion, was used to estimate a value for m~*.

The effective mass can also be obtained from spin
susceptibility measurements, but since the renormaliza-
tion modifies the mass in a different way, this mass is
expected to be less than m*. The effective masses ob-
tained from spin susceptibility measurements" are 2.45
and 2.38mo for m, = 7.5X10"and 5.3&(10",respectively.
These measurements, made at 4.2'K, give effective
masses slightly smaller than the specifi. c-heat effective
mass, and the effective mass at the Fermi energy ap-
parently does not change rapidly with concentration.

~H. P. R. Frederikse and G. A. Candela, Phys. Rev. 147,
583 (1966).
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The effective mass has also been measured through
measurements of transport properties"; however, these
measurements have been carried out only at higher
temperatures. At 78'K, these experiments yield re*
near 3.3~.

The eccentricity of the e11ipsoids which are the form
of the Fermi surface in SrTiO3 has been determined
from magnetoresistance measurements. '" The ratio
of the longitudinal (parallel to the k, direction if the
minimum lies at the face of the Brillouin zone in the
k, direction) to the transverse (perpendicular to t's,)
direction, trtt/tlat, is 4.0. The elliptical nature of the
Fermi surfaces does affect the transition-temperature
calculation through the fact that, for a given concen-
tration, some electrons in diRerent valleys are closer
together in momentum space than they would lie if
the valleys were spherical. This causes an increase in
Coulomb repulsion and a more rapid screening of the
interactions at high carrier concentrations, and hence
a smaller T, at large concentrations for elliptical rather
than spherical valleys. For rett/rttt ——4.0, however, this
effect is relatively unimportant and the curve of T,
versus n, was fitted using spherical valleys about the
minima of the conduction band.

The phonon contributions to the renormalization

PEq. (20)) was found to vary from 1.36 for n, =
9.4&10" to 1.45 at e,=3.0)&10'0, always increasing
with increasing carrier concentration over the range of
concentrations studied.

The kernels were cut off due to band-structure effects
before the natural cutoff of the Coulomb kernels. The
width of the conduction band 8, has been estimated
to be 0.13 eV."Due to our parabolic approximation, a
smaller value of 0.125 eV was used in our calculation.

In the cubic Brillouin zone, the wave vector con-
necting diferent nonopposite faces lies at M and has
mag»«de tto= v2s./as, whereas the lattice constant was
determined from the x-ray measurements of Lytle" to
be near 3.899)&10 cm (assuming the crystal to be
cubic near 1'K). This lattice constant was also used
to And the volume of the unit cell 'U, .

As we mentioned previously, the eBective charges,
damping, and transverse optic (TO) phonon frequen-
cies entering into the phonon polarizability LEq. (7) $
have been obtained near q=0 from infrared reQection
measurements. ' These measurements were made at
300 and 90'K. As the temperature is lowered below
90'K, the static dielectric constant increases rapidly,
reaching a value near 22 500 at 0.3'K."In accordance
with the suggestion of Anderson" and Cochran, ' the
lowest transverse optic phonon frequency decreases

~7H. P. R. Frederikse, W. R. Thurber, and W. R. Hosier,
Phys. Rev. 134, A4421 (1964}.

Ksturo Sawaguchi, Atsichi Kikuchi, and Yoichi Kodera,
J. Phys. Soc. Japan 17, 1666 (1962) .

P. W. Anderson, in Pisika Dielektrikov, edited by G. I. Ska-
navi (Akad. Nauk SSSR Fizicheskii Inst. Im. P. N. Lebedeva,
Moscow, 1960).

es W. Cochran, Advan. Phys. 9, 387 (19M) .

with decreasing temperature, the phonon frequency
being proportional to e '~'. Therefore, while all other
intravalley parameters were approximated by the meas-
ured values at 90'K, the lowest TO phonon frequency
at q= 0 was adjusted to give the observed value of the
static dielectric constant.

The marked decrease of the lowest TO phonon mode
occurs only very near q=0, and the frequency of the
mode varies appreciably over wave vectors of the order
of kg for typical electron concentration, as can be seen
from the neutron-scattering measurements of Cowley. "
The wave vector dependence of the lowest TO phonon
mode must be considered, therefore. The approxima-
tion to its dispersion used is given in Table I.

After performing the integrals indicated in Eqs. (3),
(13), and (16) numerically with the aid of a computer,
the total kernel, Eq. (2), was obtained. Using the total
kernel, the transition temperature was obtained from
Eq. (1) using an extension of the square-well model
proposed by Tolmachev" to many wells, again with
the help of a computer.

From Table II, we see that two theoretical values
for T, were calculated for samples HR27c and TiR19.
These diGerent values of T, resulted from evaluating
the wells at diGerent energies and thus sampling the
kernel at different energies. The different values of T,
give the approximate magnitude of the error in T, aris-
ing from the use of a 6nite number of wells.

IV. DISCUSSION

Figure 2 and Table II give the transition tempera-
tures obtained experimentally and theoretically as a
function of carrier concentration e,. The most notice-
able deviation between the theoretical and experimen-
tal transition temperature is the large value for T, of
0.41'K in sample Nb10 having a carrier concentration
of 1.5&(10"cm—'. A peak in this region was not found
theoretically. The theoretical curve lies within the
scatter of the experimental curve at all concentrations
and at low concentrations shows a positive curvature
(when plotted as a function of loge, ) which is not
apparent from the experimental points, but which is
within the probable experimental uncertainty.

It should be noted that the transition temperatures
were calculated for the normal-state parameters listed
in Table I, which we believe to be well within the
present experimental error in the determination of these
quantities. If other values are chosen for the normal-
state properties, in general, the 6t of the experimental
and theoretical points is not as good. In addition, we

may have compensated, to some extent, for approxima-
tions in the calculation of the transition temperature
by a choice of normal-state parameters diQerent from
their true values. For example, the assumption of a

3'N. N. Bogoliubov, V. V. To1machev, and D. V. Shirkov,
New Method irt the Theory of Sttperoorldmettotty (Consultants
Bureau, New York, 1958).
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constant mass my* may have caused an overestimation
of the transition temperature at high concentrations
which might be compensated in part by a underestima-
tion of e " and an overestimation of $. On the other
hand, the plane-wave approximation for the electrons
has caused the matrix elements normally appearing in
Eqs. (4), (6), (14), and (15) to be equal to one. Both
band-structure eGects and renormalization would tend
to reduce these matrix elements. This approximation
caused the theoretical calculation of T, at high carrier
concentrations to be too small relative to those at
lower concentrations, arising from the overestimation
of Coulomb interactions and Coulomb screening. The
error due to this approximation is, therefore, cancelled
to some extent by the constant-mass approximation.
The error due to the plane-wave approximation could,
therefore, be compensated in part by an underestima-
tion of c ".

It was found, however, that it was quite difficult to
obtain even a crude 6t to the curve of transition tem-

perature as a function of concentration using normal-
state values noticeably different from those given in
Table I. In general, the variation of one normal-state
parameter would produce a change in the T, versus
n, curve which could not be compensated by any choice
of other normal-state properties within the bounds of
experimental knowledge.

From the calculations of the transition temperature
as a function of carrier concentration, we can state
that the principal attractive interaction over most of
the carrier concentration range studied is the inter-
valley phonon interaction. The inclusion of both intra-
valley and intervalley processes is necessary to Qt the
measured T, versus e, curve, the intravalley processes
being relatively most important at the lowest concen-
trations studied. In addition, the normal-state proper-
ties are probably close to the values chosen in Table I,
since large variations from the values in Table I pro-
duce T, versus m, curves which lie outside the limits
of the experimentally determined curve.
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The London model of bulk type-II superconductors is used to derive the dynamical equations of quantized
Qux lines. These equations are rewritten in a Hamiltonian form, and the system is quantized by interpreting
the conjugate variables as quantum-mechanical operators that obey the canonical commutation relations.
Diagonalization of the Hamiltonian yields the exact dispersion relation for small-amplitude waves propa-
gating with arbitrary wave vector in the vortex lattice. This formalism allows a straightforward calculation
of the specific heat associated with thermally excited lattice vibrations and of the mean-square displace-
ment of the vortex cores. Similar features are shown to occur in the mixed state of a thin superconducting
Glm in a perpendicular magnetic Geld.

I. INTRODUCTION

r 1HE mixed state of a bulk type-II superconductor
is characterized by a regular array of quantized

Qux lines. ' These lines lie parallel to the magnetic held
H and consist of a core of radius $ (the coherence
length) surrounded by circulating supercurrents con-
6ned to a larger radius )i (the penetration depth). In
an extreme type-II sample ()~))$) well below its upper
critical field (H«H, s), the mean distance li between
flux lines is much larger than f The core reg. ions there-
fore occupy a negligible fraction of the total volume
and may be replaced by singularities in the superfluid
velocity field. This approximation represents the funda-

~ Research sponsored by the Air Force Ofhce of Scientific
Research Office of Aerospace Research, U.S. Air Force, under
AFOSR Contract No. AF49(638) 1389.' A. A. Abrilrosov, Zh. Eksperim. i Teor. Fiz. 32, 1442 (1957)
LEnglish transl :Soviet Phys. .—JETP 5, 1174 (1957)g.

mental assumption of the London model' "; it allows

a simple description of the quantized Qux lines as

i F. London, Snperftitids (Dover Publications, Inc. , New Yo»,
1961),Vol. I, Sec. B.' J. Friedel, P. G. de Gennes, and J. Matricon, Appl. Phys.
Letters 2, 119 (1963).

4P. G. de Gennes and J. Matricon, Rev. Mod. Phys. 36, 45
(1964) .

~ J. Matricon, Phys. Letters 9, 289 (1964); J. Matricon, in
Proceedings of the Ninth International Conference on I.ow Tern-
perature Physics, Columbus, Ohio, 1964 edited by J. G. Daunt,
D. O. Edwards, F.J.Milford, and M. Yaqub (Plenum Press, Inc. ,
New York, 1965), p. 544.

6P. G. de Gennes, Superconductivity of Metals and Al/oys
(W. A. Benjamin, Inc. , New York, 1966), Chap. 3.

s B.B. Goodman, Phys. Letters 18, 8 (1965); B. B. Goodman,
Rept. Progr. Phys. 29, 445 (1966).

s B.B. Goodman and J. Matricon, J. Phys. Radium 27, Supp&.
C3, 39 (1966).

A. L. Fetter, P. C. Hohenberg, and P. Pincus, Phys. Rev.
147, 140 (1966).' A. L. Fetter and P. C. Hohenberg, in Superconductivity,
edited by R. D. Parks (M. Dekker, Inc. , New York, to be pub-
lished),


