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Nuclear-Magnetic-Resonance Spin Echoes in Alloys*
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In disordered alloys, the Knight shift and the quadrupolar coupling vary from one nuclear site to the
next. These variations have a strong inhuence on the shape of the spin-echo envelope of a given nuclear
spin species. A general calculation has been developed involving 90'-180' pulse sequences. Two types
of modulation of the spin-echo envelope are predicted under certain conditions. The erst is related to quad-
rupolar effects, the second to spin-spin interactions. Experiments on Pb'" (I=-,') have been performed at
liquid-helium temperature in various lead solid solutions. The shape of the experimental echo envelopes
agrees with the theoretical predictions. In particular, there is no dependence of the modulation period on
the nature of the solute or on its concentration. The value of this period (2rM =305 &15p sec) together with
the exchange-narrowed linewidth in pure Pb metal is used to determine the indirect spin-spin-interaction
coupling constants. The values of these coupling constants between 6rst-nearest neighbors are, respectively,
J/2z. =4.8 kHz for the indirect exchange and b/2m. =2. 2kHz for the pseudodipolar interaction. Similar
results are analyzed for platinum. An attempt is made to interpret the results in terms of the band structure.

I. INTRODUCTION

N nonmetallic solids, the NMR linewidth is mainly
. . due to the dipolar interaction between nuclear
spins. In metals and alloys, however, the conduction elec-
trons induce indirect nuclear spin-spin interactions.
Ruderman and Kittel' have shown the existence of a
scalar interaction between nuclear spins, the origin
of which is the contact interaction with conduction
electrons. Another indirect coupling, related to the
dipolar interaction between the nuclei and the electrons,
was proposed by Bloembergen and Rowland. ' Its ten-
sorial form involves an angular dependence similar to
that of pure dipolar coupling. It is therefore called the
pseudodipolar coupling.

In pure metals, the NMR lineshape generally has
no magnetic Geld dependence. The pure dipolar con-
tribution to the linewidth is easily calculated. ' The
pseudodipolar coupling gives rise to an additional
broadening. The exchange term narrows the line for
like spins, but broadens it for unlike spins. Thus,
various continuous-wave (cw) NMR techniques have
made it possible to measure these coupling constants in
some particular cases.' ~' Since the spin-echo envelope
is in general the Fourier transform of the absorption
cw lineshape, v no further information is gained from
spin-echo studies' in pure metals.
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In disordered alloys, the linewidth varies strongly
with the applied magnetic Geld. This is a consequence
of the spatial variation of the electronic density'"
which induces a spread of the Knight shift for the dif-
ferent nuclei of the material as well as a distribution
of quadrupolar effects. Such a microscopic distribution
of the resonance frequencies changes the contribution
of the spin-spin interactions to the hneshape, since the
spins become "unlike". However, this cannot be ob-
served in a cw experiment because the Knight shift
and quadrupolar broadening is overwhelming. The spin-
echo method partly eliminates this last broadening
and thus yields results sensitive to the change of the
contribution of the spin-spin couplings. This has been
illustrated in Pt—Au and Pt—Ir solid solutions. "There
the spin-echo envelopes are modulated at a frequency
equal to the Ruderman-Kittel coupling constant.

Calculations of spin echoes in pure solids have been
performed for the case of spin-spin interactions alone' "
and for the case of quadrupolar effects.""In alloys
the inhuence of quadrupolar interactions, " or of the
exchange coupling between nuclei of spin ~,

"has been
studied. In the present paper, Sec. II is devoted to a
more general treatment of spin-echo envelopes in alloys
for 90'—180 pulse sequences. This calculation assumes
that the line broadening is much larger than the con-
tribution of the spin —spin interactions. It shows that
the echo envelope can be represented by a product of
two factors, one involving the quadrupolar effects and
the other the spin —spin couplings. Each of these factors
may have an oscillatory behavior. Experimental results
obtained in some lead alloys are presented in Sec. III.
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In these systems, both indirect couplings were thought
to be of the same order of magnitude. "The spin-echo
envelopes are found to be modulated. Several features
of the theoretical model can be checked with these
experiments as well as with those on platinum alloys. "
Section IV contains a determination of the values of the
indirect coupling constants for lead and platinum
metals. The data of Sec. III are used together with those
obtained from a study of cw lineshape of the pure
metals, based on the theory of exchange narrowing. '~

The lead results are discussed in terms of the band
structure of this metal.

II. CALCULATION OF THE SPIÃ-ECHO
ENVELOPE

A. Hamiltonian

In a high magnetic 6eld, the principal term in the
Hamiltonian for the resonant spins I is the Zeeman
term 3(',z' —— ceo+;I;*—, where the Oz axis is along the
magnetic 6eld Bo and cop is the central resonance fre-

quency. The distribution of the Knight shift values
introduces an additional term Xz'= —g;bc';I, *. The
resonance frequency of the spin j is tct =&ce+8~;. In the
total Hamiltonian X, only the terms commuting with
the principal part Xg will be taken into account. Thus
one has

X=3t'-z'+Xz'+X, +3t'-ca+3('-.*+Xrs+Xs
=3('z'+3('z'+ Q tt (I *)'+—' Q B. (r& tf

—
I 3I *It,*)

i

+z Q I,v 1; Jk+ Q C;a ~;*&a"+&s

X~ represents the quadrupolar couplings, and a; is
defined by

a, = [3eQ/8I (2I 1)A]etb (—3 cos' e;—1) .

Here eQ is the quadrupolar moment of the nucleus and

eq; is the electric field gradient which is assumed to
have axial symmetry around an axis s; which makes
an angle e; with the magnetic fieM Hp. X~~ involves
both dipolar and pseudodipolar interactions between
spins I.Here

tion is not important and can easily be removed. Xz
includes the Zeeman, quadrupolar, and spin —spin
terms for S spins.

In this Hamiltonian the spin —spin interactions give
rise to what will be called a homogeneous broadening
of the NMR absorption line. An inhomogeneous broad-
ening is produced when the resonant spins of the sample
are coupled with electric field gradients or effective
magnetic fields which are not identical. In such a case,
the contributions of the jth spin I to Xz' and X~ vary
with the index j. According to this definition, ' only
the terms which are functions of I,' alone can con-
tribute to the inhomogeneous broadening. In alloys,
such effects can originate from several sources: e.g. ,
the anisotropy of the Knight shift, ' the demagnetizing
fields in the case of a strong paramagnetic suscepti-
bility, " or the spatial oscillations of the Knight shift
or of the electric field gradients. The last two effects
differ from the two others in the sense that they produce
inhomogeneities on a microscopic scale. The distinction
is essential in the calculation which follows. As the spin—
spin interactions decrease as 1/r', one can roughly
define a critical radius E, beyond which these inter-
actions can be neglected. If within this radius the
terms of Xz' and X, introduce variations bigger than
the strength of the spin-spin interactions, the broaden-
ing is microscopic or local. Otherwise it is macroscopic.

B. Basic Assumptions of the Model

The temperature is assumed to be low enough so
that there is no atomic diffusion in the sample, and the
spin lattice relaxation time Tj is suSciently long so as
not to contribute to the linewidth. Further the intensity
of the rf pulses H~ should be large enough so that the
whole NMR spectrum of the spins I can be flipped.
This last condition may be dificult to fulfill for spins
bigger than —', . In such cases, the distribution of quad-
rupolar satellites may extend far away from the central
line.

The calculation applies to a 90'—180' coherent pulse
sequence with a variable time r between the two pulses.
The spin echo occurs at a time 27 and its intensity is
given by

B;~ rs (yr'h/r, s'+b——;~) (3 cos' its—1), with

Z(2r) ~ (I,),„~Tr fp(2~)I, I, (2)

where r;I, is the distance between the jth and kth nuclei
and 8;I, is the angle between r;~ and the Os axis. The
radial part of the pseudodipolar interaction is b;I,.
X, is the indirect exchange coupling between the spins
I. Xga represents all interactions between resonant
spins I and the nonresonant nuclear spin species. It
is also truncated in order to commute with XgP. In this
paper only one type of S spin is assumed. This restric-
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tating frame, I,=pt Itc, and the trace is taken in
the space of the spins I and S. Before the 6rst pulse,
the spin system is at thermal equilibrium and its den-
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sity matrix is

p(0) ~ exp ( —AX/kT)

f 1 I + (ficoeI, +fno'o S,) /k T.

The term I 1I and the term involving the Zeeman energy
of the S spins fico'OS, =Xz do not contribute to the
signal because they are not affected by the pulses
which act only on the spins I. Thus p(0) can be taken
as being proportional to I,. In the rotating frame, the
rf pulses correspond to rotations of the coordinate
system about the Oy axis. Before and after the pulses,
the density matrix obeys an equation of motion in-
volving the Hamiltonian Be'=X—Xz' —(yI/ys)Xzs.
One finds that"

p(2r) ~ exp( —iX'7) exp( iX'r)—I,
&& exp(iX'r) exp(iX'r), (3)

where 3C' is deduced from X' by the 180' rotation, and
where the Xz~ terms cancel out. The combination of
(2) and (3) gives an expression for the echo envelope
E(2r) which is impossible to calculate in the general
case because the diferent terms in X' do not commute.

Case +here Xlq caw be Neglected

In this situation all the terms involving the spins
S disappear in (3) . The only term which varies in the
passage from X' to X' is Xg', which changes its sign.
This is because the 180' rotation changes I,' in —I,'
and I.* in —I-'. Then

X' =Xz'+Xi,

X'= —Xz'+Xi,
where

Xl Xo+Xdd+Xex

Notice at this point that if Xg' were to commute
with X&, it would disappear completely from expres-
sion (3) . This fact is related to the distinction. between
a macroscopic and a microscopic inhomogeneous
term Xz'.

For a macroscoPic inhomogeneity, Xz' is proportional
to g;I,' in a volume R,s, where 2, was defined by
the range of spin-spin interactions. In this volume
PCz', Xi)=0 and the calculation of E(2r) leads to
the usual result for the echo envelope in pure solids

E(2r) cc TrI exp( —2iXir) I, exp(2iXir) I,I. (4)

This expression is also true for the whole sample. The
magnetic inhomogeneity terms have dropped out while
those of quadrupolar origin have been kept. For a spin
I=~, this corresponds to the reduced autocorrelation
function which is the Fourier transform of the absorp-
tion lineshape. ~

In the case of alloys, the inhomogeneous broadening

s' A, Abragain, The PrinciP/es of iV nciear 2gagneiisrn (Clarendon
Press, Oxford, England, 1961), p. 499.

occurs at a microscopic scale and the above simpliiica-
tion is no longer valid. Assuming the broadening is
strong enough, one may have for any pair of spins

or
I »s —"o~e )&&b,v, Iia, (yrVi/r, ~'), (3)

~
a; —aa (»b,7„J,a, (pr'fi/rsrs) . (5')

These conditions mean that the intensity of the spin—
spin interactions is weak compared with the variation
of the Zeeman or quadrupolar energy. If either is ful-
filled, X, and Xdg can be taken as perturbations rela-
tive to Xz' or X,. In this approximation the terms I, II,*

and Ip Ip are neglected, as they do not commute with
the principal Hamiltonian Xg or X,. In either cases
Xz' is again eliminated from expression (3) . Thus one
has

General Case @here Xlg cm~zot be Neglected

Here, difhculty arises from the fact that X» does
not commute with Xgd, X, , or X8. In this situation a
completely different approach has been put forward. ""
The spin —spin interactions are represented by Auctu-
ating local fields. The inQuence of the spins S on the
spin-echo envelope of spins I then depends upon the
relaxation rate E of the local fields due to the spins S.
If Er))1, these fluctuating fields are nearly averaged
out. There is only a small e8ect of the spins S on the
spin-echo envelope and on the free precession decay.
It is essentially a case of "motional narrowing. " If,
on the contrary, the spins S relax very slowly (R=O),
the local fields are nearly time-independent and they
act in the same way as an inhomogeneous Zeeman
term. The cases of interest are intermediate. X~8 inter-
actions act partly as inhomogeneities. This explains the
existence of solid echoes."Such echoes are observed in
solid xenon in an homogeneous external field for a
90 —j.80' sequence. "Another similar example is given
by metallic silver. "In this case, the spin-echo envelope
of a given species decays more slowly than does the

~ M. Emshwiller, E. L. Hahn, and D. Kaplan, Phys. Rev.
118, 414 (1960).
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E(2r) o- Tr{exp( —2iXi"r) I, exp(2iXi"r) I,), (6)

with the truncated Hamiltonian

X,"=-', Q Pil ((y—r'h /r, i') +b; e) ( 3cos' H, e 1)jI;*Ii'—
j., I Q

+Z ai(Ii')'
j

g J,7,I Ie*+g a, (I,*)'. (i)
j,kQ

Here the bracket is simply designated by J,&. In Sec.
II C the calculation of this final expression will be
carried out.
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free precession in a homogeneous field. However, the
decay is faster than what is calculated on the basis of
interactions between like spins only. Thus for alloys
one should expect that the coupling between unlike
spins will produce a damping of the spin-echo envelope
given by expression (6). The latter will now be cal-
culated.

C. The Separation of Quadrupolar and Spin-Spin
Interactions in E(2r)

In this calculation, no attention will be paid to con-
stant factors which can be taken out of the trace opera-
tion. At the end, the multiplicative constant will be
determined by the condition E(0) =1. From (8) and

(7) one has

E(2r) ~ Tr{expL—ir P J,gI,'Ig'5
j,kQ

X exp} —2ir P a~(I~*)'5 P I&' expL2ir P a (I ')'5

X expLir g J;qI,'Iq*5 g I„*}.

As [I *, Ip5=0 for m/l, all the terms with m/l dis-

appear from this expression. The same thing happens
to the terms which have both j/l and k43. Conse-
quently, one obtains

E(2r) ~ Tr{g exp{ —2ir P J,iI;*I~*5
l j&l

X exp{ —2ir g ai(I~*) '5Ip exp} 2ir p a~ (Ii*)'5
l l,

X expL2ir P J,~I,*It'5 g I„*}.

+ Tr({ApIt'} Tr,yt{sini'i}5.

Now one must calculate Tr,yi{cosl'i} and Tr;@t{sini'i}.
For this calculation one introduces y;l =2~J;l, so that

cosI't =cos(g y, ~I,')
j&l

exp(iy, ~I )+s P exp( iy, iI,')—,
j&l j&l

sini'~ = sin(g y, ~I,*)
jul

=(2i) 'lie-p(iv I*)—(I/») II

Also
X exp( —iy, ,I,').

Tr{g exp(iy, ~I, *) } =Q Tr;{exp(iy; I;*)}

+l
exp (imp; i)

j~l m—r

= Tr{Q exp( iy, g,—') },

where Trl ...,„ indicates that the trace is taken over a
complete space of eigenfunctions of Il, ~ ~ ~, I . Since
Trt{A p} = Tri{Ip}=0, one finds that the terms con-
taining Ap disappear from the summation for lAp.
This is also true for the term in A p. Thus one ends up
with a simple summation

E(2r) p { Tr{Ai* cosi'~I~*}+Tr{Ap sinl'tIp}5
l

~ g LTri{A pIp} Tr,@i{cosl'i}

Defining I'&=2r g;yt J,& and a&=2ra&, one may write

E(2r) ~ Tr{P expL —in&(I&')'5 exp{ —il'tIi'5Ii*
l

X exp{ il'iIi'5 e xp {in (iI~*) ' 5P I„*}

~ Tr{p expL —ia~(Ii*)'5}Ii* cosi't+Ip
l

X sinri5 exp{ ini(Ii*)'5 Q I,*}.

Here exp( —ii'iIp) has been treated as a rotation
operator acting on Il, since Fl is independent of the
spin Il. For this reason one can also write

E(2r) ~ g Tr{At* cosl'iI„*+A p sini'iI„"},

where

A p= exp{ —ini(I~')'5Ip exp} iai(Ii')'5,

A p= exp{ iai(I~')'—5Ip expLini(Ii')'5.

In the last summation, the l spin is only found in the
A p and A p operators for terms with p/ /. Thus the
trace factors in the following way:

Tr{Ap cosl'iI„*}= Try{A p} Tr;y~{cosl'tI,*},

+J
Tr{cosl'i}=Q Q exp(imp, i),

j&l m=-I

Tr {sin I't } =0.

This simplifies the expression of the echo amplitude,
which becomes

E(2r) ~ g Trt {exp{ —iai(Ii*) '5Ip expLiai(Ii') '5Ip}

jul m=I

where one remembers that the parameters y, l and nl
are related to the coupling constants by

y;l =—2vJ,l

= 27 {J, i [(yr'fi/r, P) +b;i) (3 c—os'8, i —15},
0'l= 27 Cl

=—2rL3eQ/SI(2I —1)fc5eq~(3 cos'ei —1) .

Thus in the expression for E(2r), two factors appear
under the sign gi. The first involves the intensity
and orientation of the electric field gradient at the
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site l only, while the second is characterized by the
spin-spin interactions with a given con6guration of
the neighboring spins I. As the resonating spin system
contains a large number E of spins, the sites with a
given configuration of the neighboring spins can be
submitted to various electric 6eld gradients de6ned by
q and e. One may assume that the distribution of q and
e is the same for all possible spin con6gurations. This
approximation is good for a strong isotopic dilution
of the spins I, as well as for high concentration alloys.
As a consequence of this, E(2r) splits into two factors

E. EBect of the Spin-Spin Interactions on the
Spin-Echo Envelope

The computation can be restricted to the 6rst-nearest
neighbors, as the spin-spin interactions decrease as
1/r'. Thus one has

r;o-—d,

with
E(2r) =Er(2r) XE2(2r),

when j represents a first-nearest neighbor of the central
spin 0 and J;o——0 otherwise. Thus for first-nearest
neighbors

Er(2r) =Cr ' Tr~IexpL —2iar(I~')'$Ip

&& expL2iar(I&')sjIpIf(q, e) sine dqde, (10)

where f(q, e) is the distribution function of the electric
field gradients normalized to unity, and

+I
E (2 ) =C ' g g g exp(2z mj,o), (11)

where the summation over X is a summation over all
possible spin con6gurations around the central spin
with index 0. Both C& and C2 can be determined by
putting Er(0) =Es(0) =1.

J;s I 8(3 c——os'O—,s —1),

where J3=yrsA/d'+b. The effect of more distant neigh-
bors will be studied at the end of this chapter.

An integration over angular dependence of formula
(11) must be carried out. The spins having the same
configuration of first-neighbors spins I form a group
with a contribution to the echo envelope which can be
evaluated separately. The spins I having a concentra-
tion c are supposed to be randomly distributed on the
lattice sites. The probability for a spin I to be sur-
rounded by r like neighbors is

D. Quadruyolar Effects on the Syin-Echo Enveloye

E&(2r), given by (10), describes the quadrupolar
effects on the spin-echo envelope. The same expres-
sion follows directly from (4) if the spin —spin inter-
actions are neglected, i.e., by putting 3C& ——Kq. In the
case of a unique 6eld gradient of intensity qo and orien-
tation es, the function E&(2r) is periodic, its frequency
depending upon the parameter a& ——as as defined by (8) .
This effect has been observed in ferromagnetic com-
pounds" and cobalt." In a disordered nonmagnetic
alloy, the distribution of electric 6eld gradients is very
wide, and experimentally it turns out to be dificult —if
not impossible —to make the rf pulse big enough to Rip
the whole spectrum. In the cases where the difficulty
could be overcome. The Er(2r) term should only intro-
duce a damping of the spin-echo envelope.

Finally, it should be mentioned that the multiple
quadrupolar echoes of Solomon" cannot be observed
in alloys with a large enough magnetic inhomogeneous
broadening. " The only echo which occurs is the one
we have calculated for the time 27-. No further discus-
sion of quadrupolar effects will be given as these have
been extensively discussed in the above references. The
important point of the calculation of Sec. II C is that
these effects appear separately in the expression for
E(2r).

~ P. C. Riedi and R. G. Scurlock, Phys. Letters 24A, 42 (1967).

where rp is the total number of next-nearest neighbors
(rs ——12 for a fcc lattice), and („"') is the binomial co-
eKcient. For a given value of r, there are m„geometrical
configurations C„„with a weight factor p„„normalized
to

n=1
Pn,r= j

If i, j, k is a frame of reference de6ned by the lattice
the r sites of the C„,„configuration are in positions de-

Ho

FzG. i. Dodecahedron of the erst-nearest neighbors in a fcc
lattice. A con6guration C,3 of three spins around the central
spin 0 is represented as an example.
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FIG. 2. Calculated echo envelopes for various values of the
parameter y= J/8 and for a concentration c=0.2 of the resonant
spins I =&. These curves show how the dipolar interaction aGects
the modulation frequency and introduces a damping.

0.2

of the same group may thus be written as
r +I

E..(2)=, , II Z4~(2I+1)"
X exp(2irrN(J+B 3B co—s'8 „)$ sin8d8dg. (12)

Finally Es(2r) is the sum of all contributions of the
above form"

rp SrI

E,(2.) =P I'„P&„„E„,„(2 ). (13)
~O n=i

This formula is the general result for the contribution
to the echo envelope of the spin-spin interactions be-
tween first-nearest neighbors only. Three distinct cases
can be analyzed, depending upon the strength of the
indirect exchange coupling relative to the dipolar
coupling s.

Case H/"here J))B
In such a limiting case the angular dependence dis-

appears and one has

so g
+I'

Es(2r) =gP„g exp(2imrJ). (14)

1For I=a, this formula reduces to the earlier results":
0'p

Es(2r) =g P, cos'(Ir).
r=o

Gned by the unit vectors:

Za, a =&a,n&+ba, n]+&a,nR, (&= 1, ' ', &).

Such a configuration is illustrated in Fig. 1. The total
contribution E„,„(2r) to the echo envelope of the
central spins of a configuration C„,„ is derived from an
integration over the angular orientation of the i, j, k
frame relative to the magnetic field. This is identical
to a fixed frame of reference and an integration over
all orientations (0, P) of the magnetic field. The angle

O,„ofZ,„with Ho is given by

8,„=Z,„Hp/IIp
=a,„sin0 cosP+b, „sin0 sinP+c, „cos0.

This is the angle which appears in the dipolar coupling
between the central spin and its Grst neighbor in the
direction Z,„. The contribution of all central spins

'I
I
I

0,3
I
I
I

O
I

0.2

E

~o 0,1

UJ

4
JT

6 8

FIG. 3. Calculated echo envelopes for various concentrations c
of the resonant spina I=as and for a 6xed value J/8=2. The
modulation frequency has only a slight dependence upon c,
except for a frequency doubling phenomenon occurring near
c=1.The damping increases strongly with c, however.

———LJ—
0 . -~-"

I
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I
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0.25 .~
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FIG. 4. Calculated value of the echo envelope modulation
period 2rsr, in units of 4s/J versus the parameter J/8 for three
different concentrations c and I=-,'. For c=i, a double curve
has been plotted: one at the true period and one at twice this
value. The latter does not depart very much from the curve
drawn through the points corresponding to small c values.

For any spin value the echo envelope is a periodic func-
tion. One may easily deduce from (14) that the period
is rr/I for integer values of I and 2e/I for half integer
va, lues of I.Es (2r) is always positive and its value oscil-
lates between 1 and a very small minimum. For a large
value of I, Es(2r) appears as a succession of spikes at
the times rse./I for integer values of I, and at 2m./I
for half-integer values. When I is a half integer, the
proportion of second harmonic becomes important as
the concentration c of the spins I increases. Thus the
period is divided by a factor of 2 when c approaches
unity.

Case S'here J amd 8 Are About Equal

In this case E~,,(2r) must be computed. This has
been done for I=—,. The results, illustrated in Fig. 2

for a given value of c, exhibit damped modulations at
a frequency depending upon the parameter y=J/B.
This frequency decreases when 8 decreases, its lower
limit being I/2e. . It varies only very slightly with c, as
is shown on Figs. 3 and 4. The frequency doubling for
c~i occurs here as well as in the preceding case.
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Pure Dipotar Case J=O III. EXPERIMENTAL RESULTS

Here the calculated echo envelopes do not present
noticeable features in the preceding case. The envelopes
oscillate very slightly with an amplitude which is too
small to be significant when compared with the inAuence
of further neighbors. The decay time of the echo en-

velope T2 is expected to be larger in the alloy than in
the pure metal in the case 1=0. This is due to the de-

coupling of the spins by the local inhomogeneity, which
inhibits the inhuence of the Rip-Bop terms I,+II, .

Interacts orIs with the Secorld-lVearest arId Further
hei ghbors

The general expression (11), with the spin-spin
interactions restricted to first- and second-nearest-
neighbor interactions only, can be written as

& (2 ) g II $ P exp(»~ &;o) 7 lyj m=I

X) g exp(2inzrJqo)7.
m=I

Here j and k are product indices over the first and
second neighbors, respectively. The X summation is
taken over all possible configurations of the first- and
second-nearest neighbors. These two types of configura-
tions being uncorrelated, the expression factors into
the product of two distinct summations

I m=I

The first bracket of (15) is the starting formula for
first-neighbor couplings only. The interactions with
the second neighbors appear similarly in the second
bracket. The latter factor, represents a superimposed
modulation characterized by the couplings with the
second-nearest neighbors. The frequency of this modu-
lation is generally expected to be smaller than that due
to the first neighbors. This result can easily be extended
to further groups of neighbors. Experimentally, how-

ever, it is likely that only the highest modulation fre-
quency will be observable.

In conclusion, it turns out that quadrupolar and
spin —spin interactions have distinct influences on the
shape of spin-echo envelopes, assuming that the local
inhomogeneous broadening is strong enough. In par-
ticular, the exchange coupling produces a modulation
of the spin-echo envelope. The frequency of this modu-
lation has been related to the spin —spin coupling con-
stants J and B.

The experiments have been performed in various
lead alloys. Lead was chosen as a solvent for several
reasons. First, it has only one isotope with nonzero
spin: Pb' (I=-', ), with a natural abundance of 21%.
Second, in the pure metal the strength of both exchange
and pseudodipolar indirect spin-spin couplings were
thought to be about equal and one order-of-magnitude
stronger than the ordinary dipolar interaction. Third,
the Knight shift is large; 1.47%. Thus strong inhomo-
geneous broadening occurs in the solid solutions"
which lead forms with many other metals. In all the
experiments described below, the %MR was performed
on Pb" at liquid-helium temperature. The external
magnetic field was varied between 10 and 14 kG so
that the samples were always in the nonsuperconduct-
ing state.

A. Samples

The samples were powdered solid solutions of In,
Hg, Tl, and Bi in lead. The constitutents were 99.999%
pure. The powders were obtained by filing the ingots.
Optical spectrography showed that this method intro-
duced no ferromagnetic impurities in the samples. The
particles were regularly shaped, of maximum diameter
(2t) less than 40 u. The skin depth 6 for the samples
studied was always bigger than 30 p for a frequency of
10 MHz at liquid-helium temperature. Thus the ratio
2t/8 wa, s always smaller than 1 so that the penetration
of the rf field was practically complete and there was
almost no distortion of the NMR lineshape. This was
not true for the pure lend sample obtained by chemical
means with a particle size less than 5p. In this case, the
residual resistivity was very low and 2t(8 was of the
order of 3. The effect on the cw lineshape for this case
will be studied in more detail in Sec. IV.

B. Spin-Echo Experiments

In the alloys under study, the inhomogeneous width
was usually big enough so that spin echoes were ob-
servable in a homogeneous external magnetic field.
The echo width was of the order of 20 to 40 @sec, which
was several times longer than the duration of the ap-
plied pulse for which the rotating rf field H~ was be-
tween 50 and 90 G. The pulse sequences were 90'—180'
with the two pulses separated by a variable time ~.
The free precession decay signals were not always ob-
served, since the dead time of the spectrometer receiver
was about 15 psec. The technique used in recording the
spin-echo envelope has been improved over that re-
ported previously. '7 The signal-to-noise ratio was in-
creased by means of a boxcar integrator. The input to
the boxcar was taken from the receiver output, gated
so 'as to present the maximum of the echo amplitude.
"H. Alloul and C, Froidevaux, XIU'" Colloque 2 m pereIjzrbtjuna 1066 t'North-Holland Publishing Company, Am-

sterdam 1966) .
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TABLE I. Intensity of the couplings between the resonant spinsI and nonresonant spins S in two platinum alloys. The peak-to-
peak width AFI of the derivative of the absorption line has been
measured in an external field of 14 kG at 1.2'K. The accuracy
is 10/q. The parameters S and 8 are defined in the text. The
calculation of 8 is based upon the values of the hyperfine struc-
ture constants derived from optical spectra.
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FIG. 5. Experimental spin-echo envelopes of Pb"' for different
types of alloys taken at 1.4'K in a magnetic field of 13.6 kG.
The modulation frequency is independent of the nature of the
solute. This is in contrast to the variation of the over-all decay
time T2* from one sample to the next.

The gate was maintained at time 2r after the initiation
of the 90'—180' transmitter sequence by a circuit
similar to that described by Clark. " The data were
read out on an X-Y recorder: The boxcar output was
fed through a logarithmic converter to the I' axis input
of the recorder, and a voltage proportional to the pulse
spacing 2r was used to drive the X axis input. The re-
sulting curves shown in Fig. 5 and 6, are of the echo
amplitude on a logarithmic scale, plotted versus 2w.

The spin-echo envelopes all exhibited a modulation,
except for two cases: Pb0~9—T102I, for which the en-

velope decayed too abruptly and pure lead, for which
the envelope is exponential. The important experi-
mental features were that the period of the modulation
was independen. t of the temperature (from 1.2 to
4.2'K), the magnetic field, the nature of the solute
and its concentration. within experimental error the
value of this period was found to be 2~.~ ——305~15
@sec. These observations indicate that this value of
the period is directly related to the physical properties

of the pure metal matrix. However the over-all decay
time T2* of the echo envelope varies from one sample
to the next as is shown in Fig. 5. I'urthermore, the
amplitude of the modulation increases with the con-
centration of the solute. This is pictured on Fig. 6.
These experimental facts will be explained on the basis
of the above theoretical model. The same treatment
will be applied to the earlier experiments" carried out
on platinum alloys.

C. Comparison between Theory and Experiments

Both Pb" and Pt'" have a spin ~, so that there are
no quadrupolar eQects. The 6rst condition for the
validity of the above calculation is given by (5). It
requires a strong local inhomogeneous broadening.
Very crudely, this means that the absorption linewidth
must be at least an order-of-magnitude bigger in the al-
loy than in the pure metal. The relevant data are given
on the first line of Tables I and II. A second hypothesis
of the calculation is that the interactions with the non-
resonant spins be smaller than the interaction between
I spins. To check this, an estimation of the relative
importance of the spin-spin interactions between I
and S spins as compared to those between I spins is
necessary. For the pure dipolar part one considers the

0.1

0,01

0.001

TABLE II. Intensity of the couplings between the resonant spins
I and nonresonant spins S in various lead alloys. The peak-to-
peak width AFI of the derivative of the absorption line has been
measured in an external field of 14 kG at 1.2'K. The accuracy is
&O% The parameters S and g are de6ned in the text. The cal-
culation of 8 is based upon the values of the hyperfine structure
constants derived from optical spectra. The experimental over-all
decay time T2 is determined as in Fig. 5.
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Fzc. 6. Experimental spin-echo envelopes of Pb"' for two differ-
ent concentrations of mercury of the alloy at 1.4'K in a magnetic
field of 13.6 kG. The amplitude of the modulation varies strongly,
whereas its frequency and the over-all decay time T2* remain
unchanged.

I

~'Alt. 6, &lark, Rev, Sci. Instr, 35, 316 (1964).
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ratio of the respective contributions to the second
moment

KP =6Mrs /AMrr

4 ys scs S(S+1)
9 yr cr I(I+1)

where &8, p&, cz, and cl are, respectively, the gyromag-
netic ratios and the concentrations of the spins 5 and I.
For the exchange interaction, one can define an anal-

ogous parameter

g2 !cs

S(S+1) f&rs '
cr I(I+1) t Ill

where JIq and J~~ are the Ruderman-Kittel coupling
constants between first-nearest neighbors.

From

0'rN'(;(;a, (s) a;(s)
4(2~) sasr, ,4

)&L2krr;; cos(2krr, ,) —sin(2krr, ,) j, (16)
where

t'= (I 0'(0) I')/0 "(o),

4= (I A(0) I')/0»'(0)

are the ratios between the electronic density at the
nucleus in the alloy and in a s state of the free atom,
and where a;(s) and a;(s) are the hyper6ne structure
constants. In this last expression, 0 is the volume of
the atomic cell, m* the effective mass of the electrons,
kp the wave vector at the Fermi level, and r;; the dis-
tance between the ith and jth spins. It follows immedi-

ately that

&rs $s as(s)
III $? ar($)

where the subscripts refer to the spin species I and S.
The values of 8 given in Table I are based on the com-
monly made assumption"" that Q=$z. Thus

cs S(S+1) as(s) '
cz I(I+1) ar (s)

One assumes that the results for the pseudodipolar cou-
plings will not diff'er considerably from those illustrated
by'X) and 8.

From Tables I and II, it is clear that the assumptions
of the theoretical model are much better fulfilled in the
platinum than in the lead alloys. In the platinum case,
the interactions with the nonresonant spins are truly

W. D. Knight, in Solid State Physics, edited by F. Seitz
and D. Turnbull (Academic Press Inc., New York, 1956) Vol. 2,
p. 93.

'o E. Daniel, J. Phys. Chem. Solids 10, 174 (1959).

negligible, and the observed linewidth is much bigger
than the contribution of spin-spin interactions which
can only be of the order of a few G. In the case of lead,
the total Knight shift being smaller than in platinum,
the inhomogeneous broadening is less important.
Furthermore, the Xzz couplings are relatively strong
and do affect the echo envelopes according to expecta-
tions. Thus the bigger the values of 5) and 8, the more
the over-all decay time T2* departs from the value of
T2 in pure lead. However, this eGect is of moderate
magnitude and has been shown on Fig. 5 not to modify
the modulation frequency. On the other hand, the
increasing amplitude of the modulation, shown in
Fig. 6, illustrates a case where the e6ect of the BC~8

terms remains small but where the inhomogeneous
broadening increases strongly with the concentration.
Thus the conditions of the model are more nearly ful-
filled for the Pbp. 83 Hgo. ]7 samples than for the other
lead' alloys.

So far, all the qualitative features of the experi-
mental echo envelopes have been found to be in agree-
ment with the theory. A quantitative comparison is
presented in Fig. 7 for a platinum alloy. The agreement
is satisfactory. The fact that the theoretical damping
is too weak is related to the absence of the interactions
with spins outside the first-nearest neighbors shell in
the theoretical model used in the computation. Formula
(15) predicts such an additional damping. Finally,
one should notice that although the linewidth is large,
the condition for LocaL inhomogeeeogs broadening is
surely not fulfilled for all pairs of spins. Thus some
spins may give rise to an unmodulated contribution
to the echo envelope. This raises the value of the total
echo at the minima of the echo envelope. This e8ect
is particularly marked in the lead alloys, but it is seen
to be quite small in the case of platinum alloys, illus-
trated in Fig. 7. There, less than 10% of the signal
strength appears to be unmodulated.

),
'

The most important quantitative experimental re-
sults are the measured modulation frequencies of the

1

E \

Q2

O
h3

0.1

Theory

o o Experiment

exp(-2t/Tq')

0.2 0.4 0.6 0.8 1
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FIG. 7. Comparison between the experimental spin-echo en-
velope of Pt'" in a Pto, 94—Auo. 06 sample and a theoretical curve.
The latter is based on a model where only the spin-spin inter-
actions between first-nearest neighbors are taken into account.
It implies a value of 8 for the parameter J/8 in agreement
with the results presented in Sec. IV.
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8(0 = 27I oP =(oy /M~, (17)

echo envelopes. They will make it possible to determine
the strength of the indirect spin —spin couplings.

IV. THE INDIRECT SPIN-SPIN COUPLING
CONSTANTS IN LEAD AND PLATINUM METALS

The results of the calculation presented in Part II
yield a relationship between the modulation period
2m~, J, and B. In order to determine separately the
coupling constants J and 8, one has to use a second
relationship derived from the observation of the cw
1.ineshape in the pure metals.

A. Exchange Narrowing in the Pure Metal

The natural isotopic abundance of Pb' and Pt"'
are c=0.21 and c=0.33, respectively. In such cases,
and in the presence of pure dipolar couplings only, one
would expect the absorption lineshape to be Gaussian. "
The fact that in both lead and platinum the experi-
mental lines are Lorentzian is connected with a strong
exchange interaction between like spins. This increases
the value of the fourth moment of the absorption line
without modifying the second moment. The half inten-
sity linewidth 28~ has been calculated by Anderson
and Weiss" for the case I/B) 1

0.8
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0.4

0.2

/
P ~ .e s & i I

1 2 3 4 5 6

"/s

FIG. 9. Graphical detereination of both coupling constantsJ and J3 for lead and platinum. The parabolas are based on for-
mula (21) using the experimental modulation period 2rsr and
absorption line halfintensity width 28v given in Table III.

assumption than b,s varies as 1/r;ss, one has

(u„' = scI(I+1)B' Q (d/r s) '

where d is the distance between 6rst nearest neighbors.
For an fcc lattice and a spin I= ~~, this becomes

o)„'=6.5cB'.

The fourth-moment calculation was carried out" for
the case where only the first neighbor interactions are
taken into account. It leads to

where or„and co, are defined by the expression of the
second and fourth moments

1AM 2M 2 —77 5j2Bsc2 (19)

The second moment is given by

'I(I+1)-c Q B' s'

where B';I, differs from the above parameter B,& only
by a numerical factor B';&———3B;&. If one makes the

Combining (17), (18), and (19),one finds the required
second relationship between J and B

Ro =2.36(B'/I) Qc. (20)

Thus a measurement of 8~ is necessary. Formula (18)
indicates that a measurement of the second-moment
absorption line could yield the value of B.This method
however, is extremely inaccurate because of the strong
contribution of the wings to the second moment.

B. The NMR Lineshaye in Pure Lead Metal

i0 gaum rnoduhtion arnphtude

The pure lead sample has been studied at 1.2'K with
a cross-coil spectrometer having its measuring head
in the liquid-helium bath. Both the in-phase and
out-of-phase signals ys(a&) and x&(~), respectively, de-
parted slightly from their usual symmetric shapes
(Fig. 8). This is due to the fact that the skin depth is
smaller than the size of the metallic particles. For a
nonsaturating IIr, one can express X'(cv) and x"(~)ss:

The ratio as/ur has been determined empirically by
admixing x&(co) and xs(~) in order to symmetrize their

Fra. 8. Experimental in- and out-of-phase NMR signals of
Pb~' in a powder of pure lead. The particles are roughly spherical
with a diameter of about 5 p. The magnetic field is 5 kG and the
temperature 1.2 K. "R.E. Walstedt, Phys. Rev. 138, A1096 (1965).

~ A. C. Chapman, P. Rhodes, and E. F. W. Seymour, Proc.
"C. Kittel and E. Abrahams, Phys. Rev. 90, 238 (1953). Phys. Soc. (London) 'FOB, 345 (1957).
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TABT.K III. Experimen tal resul ts and derived values of the
spin-spin coupling constants in metallic platinum and lead. The
value of Bv for Pt is deduced from the measured spin--spin relaxa-
tion time T2=1.1 ms (Ref. 32).

Metal

Bv (kHz)
27~ (@sec)
J/B
J/2z. (kHz)
y'b/d' calculated value (kHz)
b/2 r(kHz)

0.143
480m 10
6.1

4.0&0.2
0.265

0.39a0.08

1.22~0.04
305&15
2.2

4.8&0.5
0.124

2.2~0.2

shapes. This correction is small and corresponds to
as/at ——0.30.

The obtained shape for y"(~) is I.orentzian. The
peak-to-peak width of dx"/d~ is found not to differ
from that of dxs/da& which is DII =1.60+0.10 G. This
value agrees with the predicted results from measure-
ments at 77 and 300'K." In these last cases, T» con-
tributed to the linewidth. There is also a good agree-
ment with the observed value of the decay time of the
echo envelope; T2= 130&4 @sec.

V. DISCUSSION

This paper has shown that the shape of the spin-echo
envelopes observed in alloys can be interpreted in
terms of the model. Most features of the theoretical
model have been checked in the experiments carried

C. Values of the Coupling Constants

The two relationships for J and 8 can now be com-
bined. The first is obtained from Fig. 3 and is given
by the same curve for Pt (c=0.33) and Pb (c=0.21)
on Fig. 9. It shows the variation of Jr~ versus the pa-
rameter J/B. In this coordinate system, the second
relationship" becomes

Jr'/27r = (bvr~/2. 36+c) (J/B) . (21)

This is a parabola, for which the coeIIIicient depends
upon the experimental values 7-~, bv, and c. The two
cases of Pb and Pt are plotted in Fig. 9. The intercept
of each parabola with the other curve yields the solu-
tions for J/B and J/2 gziven in Table III. There one
also finds the calculated pure-dipolar coupling con-
stants and the deduced value of the pseudodipole
coupling constant b/27r

As J/B) 1 in both cases, one may remark that the
use of the Anderson-Weiss model was justified. For
Pt the value of J differs only by 5crc from that derived
with a simplified model. " The same conclusion is not
valid for Pb, because of the low value of J/B. There
the strength of both indirect spin —spin interactions
is several times bigger than that derived earlier from
a measurement of the second moment. "This is not sur-

prising in view of the uncertainty of this last method.

out with platinum and lead alloys. In both cases, the
resonant nuclei have a spin -', so that these experiments
could not test the quadrupolar effects. This method
should thus be very useful in studying the electron-
induced spin —spin interactions. It is complementary to
to the steady-state methods. For lead and platinum,
the Ruderman-Kittel and pseudodipolar coupling con-
stants have been obtained.

The problem now is to relate these data to the elec-
tronic band structure in both metals. Unfortunately,
the models at our disposal are very crude and allow
only a qualitative discussion. For platinum it has been
argued'4 that the main contribution to the indirect
exchange coupling J is related to the s band. Thus, in
this case, there is very little variation of J with the
concentration of the alloy, in contrast with the drastic
change of the Knight shift, the relaxation time T~, and
the susceptibility. Thus the present discussion will
be limited to lead.

One may discuss the value of J on the basis of formula
(16) which assumes a spherical Fermi surface and
can be written for the case of first-nearest neighbors

fiJ = pn're"'pa'(s) /8trk'd4]F (kFd)

where F(k&d) =2kpd cos(2kpd) —sin(2kpd).
The simplest way to estimate F(krd) would be to

take the free-electron value of the wave vector kl.
Unfortunately, it happens that this accidentally cor-
responds to a node of the function F. It is well known, "
however, that a slight departure from a spherical Fermi
surface will strongly affect the shape of this function.
This certainly applied to lead. "As 2kpd is about equal
to 11 or 12, one may take F(kr:d) to be of the order
of 6. With the experimental value of J and m~=m, an
order of magnitude estimate for fa(s) =0.5 cm ' is
obtained. This is about two times bigger than the value
derived from the Knight shift. For $ close to unity,
this is also in fair agreement with the value of a(s) de-
rived from optical spectra. " One will notice that the
present theoretical calculations of nuclear indirect
exchange interactions in metals are too simplified to
allow a useful quantitative discussion in the case of
lead. The same remark applies to the discussion of the
strength of the pseudodipolar interactions. Qualita-
tively, the apprecia, ble value of the ratio b/J=O 45.
shows that the p character of the electronic wave func-
tion at the Fermi surface level exceeds the s character.
It can be compar ed with b/J =0.075 obtained in
metallic thallium, 4 which represented the only quanti-
tatively studied case prior to the present work.

~ C. I'roidevaux, I'. Gautier, and J. Weisman, Proceedings of
the InternutionaL Conference on 3/magnetism, 1Votti ngham, 1964
(Institute of Physics and The Physical Society, London, 1965),
p. 390.

"G. Gousseland, J. Phys. Radium 23, 928 (1962) .
~ J. R. Anderson and A. V. Gold, Phys. Rev. 139, A1459

(1965).


