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A model for Mossbauer radiation is developed which includes both radiation and lattice-relaxation
processes. The model describes an initially excited nucleus in an excited lattice. Both radiation and relaxa-
tion phenomena are treated in lowest order, so that a quantum-mechanical solution is possible. It is found
that under certain conditions, M&ssbauer lines result which are narrower than the natural line, although
line broadening is the more usual effect of lattice relaxation. The maximum narrowing in this approximation

never exceeds 369, of the natural width.

ECENTLY, Dash and Nussbaum! proposed that

it might be possible to observe a narrowing of a
Mossbauer line due to lattice relaxation phenomena.
They consider a radiating Mossbauer nucleus which
is vibrating in a long-lived localized mode. It is as-
sumed that the vibrational amplitude is initially greater
than the equilibrium value. As time progresses, this
amplitude damps down to the equilibrium value with
some characteristic relaxation time. Since the recoil-free
fraction f depends on the amplitude of vibration, the
emission of a recoilless photon becomes relatively more
probable as time increases (as the vibration amplitude
becomes smaller). They argue that the effect of this
relaxation mode is to impose an additional time de-
pendence on the usual amplitude for recoilless photon
emission. They predict line shape narrowing in all
cases and under certain circumstances, the resulting line
may attain a limit of zero width (although, unfortu-
nately, with zero intensity).

Although their treatment is simple, it is open to some
serious criticism. Since there exist two competing mech-
anisms, nuclear photon emission and lattice relaxation,
it is not clear that one can simply consider the photon
to be modulated by the relaxation process as they have
done. Also, it is dubious that one can simply use the
positive square root of the time-dependent recoil-free
fraction when calculating the photon amplitude. In
particular, we find that the phase of the recoil-free
amplitude (the square of which gives the recoil-free
fraction) influences the line shape greatly. We have
constructed a simple model which includes both photon
emission and lattice-relaxation processes and has the
added advantage that it possesses a quantum-mechani-
cal solution.

We consider a nucleus in a two-state lattice. If we
allow the nucleus to possess one excited state, then
there are a total of four possible states for the system,
lattice and nucleus both excited, both in their ground
states, etc. For the sake of simplicity, we will consider
space to be one dimensional although our conclusions
will in no way depend on this restriction. Units are
chosen so that i=c=1.
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The lattice relaxation is handled by introducing the
phonon concept. The lattice de-excites by phonon
emission which allows energy conservation. We con-
sider a Hamiltonian,

H=H,+H,+H,. (1)

H, contains the pure-nuclear, pure-lattice, and free-
photon and phonon-radiation-field Hamiltonians. H,
is the interaction term which leads to photon emission
(nuclear de-excitation); Hg leads to phonon emission
(lattice relaxation). Eigenstates of Hy are easily written
since Hy is completely separable into nuclear, lattice,
and radiation parts. An eigenstate is represented by a
four-product wave function. The operators H, and Hpg
are responsible for transitions between eigenstates of
H,. Hg has nonzero matrix elements between states
which differ only in phonon and lattice composition.
H, matrix elements are nonzero for states which differ
in nuclear and photon quantum numbers and may
or may not differ in lattice composition. If the lattice
quantum number does not change, we are led to recoil-
less photon emission. If the lattice quantum number
changes, we obtain photon emission accompanied by
nuclear recoil.

We consider our system to be initially in an eigen-
state of Ho in which both nucleus and lattice are ex-
cited with no photons or phonons present. Only those
amplitudes will be considered which are of zeroth or
first order in phonon and photon coupling constants;
we never consider states with more than one photon
and/or phonon present. We rationalize this limitation
on the basis of the weakness of the coupling constants
involved. This approximation is the usual one for
photon emission. Since we expect the interference be-
tween lattice relaxation and nuclear de-excitation modes
to be most significant when the lattice-relaxation time
and nuclear lifetime are comparable, it seems consistent
to limit ourselves to one-phonon states also.

We must consider six amplitudes which correspond
to eigenstates of Hy:

A, both nucleus and lattice excited, state vector
| N*L*);
B,, nucleus de-excited, lattice excited, photon present
with momentum p, | NL*p);
280
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Ci, nucleus excited, lattice de-excited, phonon &,
| N*LE);

D, nucleus and lattice de-excited, photon p, phonon
k, | NLpk);

F,, nucleus and lattice de-excited, photon p, | NLp);

Gy, nucleus de-excited, lattice excited, photon p,
phonon %, | NL*pk).

The energy scale is fixed by taking the state | NL) to
have zero energy. Nuclear and lattice-excitation ener-
gies are denoted by wy and wy, respectively. The ener-
gies associated with a photon of momentum p and a
phonon with momentum % are w, and .

We approach this problem via the time-dependent
Schridinger equation,

(Ho+H')¥ () =i(3/00) ¥ (2). (2)
We attempt a solution in terms of eigenstates of H,
¥() =3 an(Den(t), 3)

where
Hﬂﬁom(t) =wm‘Pm(t)° (4)

Upon substitution of (3) into (2), we obtain a coupled
system of differential equations for the amplitudes,

ida(t) = zm: an(f) expli(wn—wm) ] (@ny, H om) 16000 (2) .
(5)

In (5), the time dependence of the matrix element has
been explicitly displayed. The inhomogeneous term
expresses the boundary condition that @.(0) =8.0; at
t=0, the system is in the pure state denoted by the
index 0. H' is the operator that leads to transitions be-
tween eigenstates of Ho.

It is simpler to use the Fourier transform of (5) than
the differential equation itself.>® If we introduce the
Fourier transformed amplitudes a,(w) by

ar(t) = (i)t [ o expli(en—a) (@), (6)

then Eq. (5) becomes
(0—wnti€) an(w) = 2 am(w) (¢ H'om) +8m0.  (7)

The introduction of +ie in (7) insures that the system
will display the correct behavior for <0 and leads to
the proper causality conditions.

This formalism is easily applied to the current
problem. We obtain six coupled equations using (7),

(0—wy—wr+ie) 4 (w)
=142 By(w) (N*L* | H, | NL*p)

+; Ci(w) (N*L* | Hy | N*LE)
+2 Fp(w)(N*L* | H, | NLp), (82)

*'W. Heitler, The Quantum Theory of Radiation (Oxford Uni-
versity Press, New York, 1954).
3S."M. Harris, Phys. Rev. 124, 1178 (1961).
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(w—wr—w,~+ie) By(w)

=A(w)(NL*p | Hy | N*L*)

+ ; Dy (w) (NL*p | Hg | NLpk), (8b)
(w—wy—wr+1i€) Cr(w)

=A(w) (N*Lk | Hg | N*L*)

+> Dyi(w) {N*LE | H, | NLpk)

+> G (w) (N*LE | H, | NL*pk), (8¢c)
(w—wp—wr—+1i€) Dpp(w)

=B,(w){(NLpk | Hg| NL*p)

+Ci(w) (NLpk | H, | N*Lk), (8d)
(0—wptie) Fp(w)

=A(w)(NLp | H, | N*L*)

+‘k£, Gu(w) (NLp | Hg | NL*pk), (8e)
(w—wr—wp—wrti€e) Gpr(w)

=Ci(w) (NL*pk | H, | N*LE)

+Fp(w) (NL*pk | Hg | NLp). (8f)

These equations can be written more concisely if we
introduce the following definitions:

(Np | Hy | N*)=r, (%)

(Lk | Hg | L*)=8, (9b)
(NL*p | Hy | N*L*)=furv, (%)
(NLp | Hy | N*L*)=fuar, (9d)
(NLp | Hy | N*L)=fay. (9e)

Here v and B are the photon and phonon radiative
matrix elements, respectively. The square of the mag-
nitude of fi; and fss yields the recoilless fractions for
photon emission from lattice states L* and L. The
square of the magnitude of f1» yields the fraction of
off-resonance photons (emission accompanied by nu-
clear recoil).

It is shown in Appendix A that fy; and fa are real if
the lattice wave functions are eigenstates of parity.
Furthermore, we have

fa=mfr, (10)

where 7 is the product of the parities associated with
L and L*. If L and L* have the same (different) parity,
then r=-1(—1). fi» can always be made real by a
proper choice of relative phases of lattice wave func-
tions. Assuming that the matrix elements do not de-
pend strongly on the momenta p and %, we can take
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them outside of the summations, so that (8) becomes
(0 —wy—wrtie) A =147 j; B A6 2. Ch
7% E; Fp, (11a)
(0—wp,—wpie) By=Ayfu+B6* ‘kL Dy, (11b)
(o= —witie) Ce=AB+7'fee 2. Dy

+’Y*f127r Z Gpr, (11c)

(w_wp_wk—l_ie) Dyt =BBp+vf2Ch, (11d)
(0—wptie) Fp="fed+7B 2 Gy, (11e)
&
and
(w—wr—wp—wit1€) Gpp =" rawCr+B*rF. (11£)

Everywhere G, occurs, it is preceded by = so that we
can redefine this amplitude 7Gp—Gp. Making this
substitution, = explicitly disappears from our set of
coupled equations.

These equations can be handled in a manner similar
to the treatment used in our earlier discussion of time-
dependent Mdgssbauer transmission.® Details of the
solution of (11a)-(11f) are given in Appendix B. The
results are

A(w) =[w—wy—wr+3i(T,+Tp) I, (12a)
By(w) =vfulw—wr—w,+5iTa]™
X[w—wy—owr+3i(Ty+Ts) 17, (12b)
Cr(w) =plw—wy—wr+3iT, ]
X[w—wy—wr43i(T,+Te) 7, (12¢)
Dyi(w) = (BBy(w) +vfuCi(w) Jw—wp—witie]™,
(12d)
Fp(w) =vfele—w,+3iTs]?
X[w—wy—wr+5i(Ty+T5) I,  (12e)
and
G () = (7f1Ci(w) +B8*Fp(w) Jw—wr—wy—witie ™.
(126)

In the above, T, and TI's are the natural radiative and
lattice linewidths. The nuclear lifetime is 7,=1/T).
The lattice-relaxation time is 73=1/Is. We are in-
terested in the Fourier transforms of these amplitudes
at large time (¢—). The time-dependent amplitudes
may be calculated from (6) using (12.2)-(12.f). Thus,
for example, | 4 (¢—) [? is the probability of finding
the state | N*L*) populated at large times. All Fourier
transforms can be evaluated easily by calculating resi-
dues, since only simple poles enter into our integrals.

Looking at (6), we see that at &> only those
terms will survive for which (w,—w) does not contain
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a positive imaginary part. Thus a pole for which w
has a negative imaginary part will not contribute to
a,(t—c0). If we return to (12), we see that all poles
in 4, By, Ci, and F, lie in the lower half-plane, so that

A=) =By(t—® ) =Ci(t—o ) =F,(t—» ) =0.
(13)

The amplitudes D, and G each contain one pole in
the lower half-plane which moves up to the real axis
as e—0. These amplitudes will therefore remain finite
as f—oo.,

To obtain the time dependence of D, we must
evaluate

Dou(t) = — (2mi) 1 f_ ” do

exp[it(wptwp—w) ]
(w—wp—witie) (w—wy —wr+3iT,+5iT)
Jfu , Sz J
(0—wr—wy+5iTs) | (0—wy—wrt3ily) |

(14)

XBy [

All poles are in the lower half-plane. For >0, we must
close our contour of integration in the lower half-plane.
[For t<0, we must close our contour in the upper half-
plane which contains no poles, so that D(¢<0)=0, a
requirement of causality.] At large time, only the pole
at w=wp+w,—ie which is very close to the real axis
can contribute. The result, after performing the inte-
gration specified in (14), is

Dy (t— 0 ) =By (wptwr —wy —wr+3iTp)
X[ fu(wr—wr+35iTs) 7'+ fo(wp—wy+3iT,) 1]
(15)

where I'y =T, is the total width for decay from the
initial state. The probability of finding the nucleus and
lattice both de-excited at large time with one photon p
and one phonon k& present is given by the square of the
amplitude in (15). Since we only observe the photon,
not the phonon, we must sum over all unobserved
phonon states, k. The same techniques are used in
performing the % sums here as in Appendix B. The
result is

2 F'Y
kz I Dpk(oo) IM_ZL(F,Y"FF@)
X{fm(f‘vfn'{'f‘ﬂfzz) ( fu—fa) fu(Ty+2T) ‘[
(Wp—own)*+iT5*  (wp—awy)?+5(T)+2Tp))

(16)

The spectrum given in (16) is the sum of two Lo-
rentzians centered about the natural frequency wy.
The first term gives a line of width T',, the natural line-
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width. The second line is broadened to I',42Ts by
the effect of lattice relaxation. This result can be
written more concisely if we introduce the parameters
a=Tp/T\=7,/75, x=(wp—wn) /Ty, and a=fu/fa,

fad?

@) =T | Du(e) =gy (1+)"
(a+a)  ala—1)(142a)
e et (7

In a similar manner, we can evaluate the photon dis-
tribution due to Gy,

(D \ e
2| Gplt—) lz—(rﬁrﬁ) 2L

XA{L(wp—wy+wr) -+ T2+ (T +2Tp) /T
X[(wp"wN“wL)2+%(F7+2Pﬂ)2]—1} . (18)

This is the probability that the nucleus is de-excited,
lattice excited, photon p, and an unobserved phonon
present at large time. Since we have limited ourselves
to one phonon processes, there is no mechanism avail-
able for the lattice to relax back to its ground state.
The amplitude G yields two lines centered about
wp=wy=dwr. These are the nonresonant lines corre-
sponding to one-phonon transitions. In addition, there
is a cross term present in (18) which we have dropped.
This latter contribution will be small if the two lines
included in (18) do not appreciably overlap.

Returning now to the expression for resonant emis-
sion, (17), we see that the special case of =1 leads to
an especially simple result,

£(x) = (f’/21,L) (@41~ (fora=1). (19)

This is just the natural line shape which would be ob-
tained in the absence of lattice relaxation (Is=a=0).
Similarly, we obtain the natural line shape if a=c0.
This case corresponds to immediate lattice relaxation,
so that resonant photon emission always occurs while
the lattice is in the ground state. For other combina-
tions of ¢ and @, we can obtain lines which are either
narrower or wider than the natural line*

For a true two-level lattice, we must have | fu |=
| fe2| (Appendix A), so that a=z1. In the previous
paragraph, we saw that a=-1 leads to the natural
line shape. For the other possibility, a=—1, the line
is always broadened. The line shape is plotted as a
function of x for various values of ¢ («=—1) in Fig. 1.

4By linewidth, we mean the maximum width of the line be-
tween points with amplitude equal to half of the central ampli-
tude. Because our line shape is in general not a simple Lorentzian,
alternative definitions may be used. We could have used the max-
imum width between points with amplitude equal to half of the
maximum amplitude (since in some cases maximum amplitude
does not occur at the central frequency) or the width which
includes half of the area under the spectral curve. For a pure
Lorentzian, all of these definitions yield the same width. The
choice of definition may alter our numerical values slightly,
but the qualitative results do not depend on definition.
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INTENSITY

Fic. 1. Resonant line shape as a function of #= (v—wx) /T,
for various values of ¢ (o= —1). All curves are normalized to
have the same value at x=0.

The curve for =0 corresponds to the natural line shape
of width T',. For 0<e<1, the line has a double hump
with a minimum at x=0. The case a=1 corresponds
to a pure Lorentzian of width 3T,. For > 1, we obtain
a non-Lorentzian line peaked at x=0 (only one maxi-
mum). The linewidth varies between I, and 3.3T,.
In this case, the line can only be broadened by lattice
relaxation.

If we were to relax our conditions on the matrix ele-
ments so that | fu |71 fae | would be allowed, then our
formalism could predict narrowing under certain con-
ditions. We would expect | fu |<| fa2 |, since the recoil-
less fraction should be larger for states of lower excita-
tion. We would then be interested in cases for which
| @ |<1. The linewidth as a function of a is plotted for
various values of o in Fig. 2. It is apparent that
narrowing is only possible for >0. The minimum line-
width possible is 0.869T',, which occurs for a=0.238
and ¢=0.108. Thus even though narrowing is possible,
it is a small effect, never larger than about 139. The
condition | fi [#]fee | might arise in the multilevel
lattice where only two levels are important for resonant
emission, so that our formalism still applies.

A calculation of the multilevel lattice has been per-
formed in the same approximation as above, namely,
considering only amplitudes up to first order in photon
and phonon emission. The calculation and results are
similar to the two-level case. The resonant line shape
is given by the sum of two Lorentzians,

A n B
241 2241 (142a)2’
in analogy to (17). The coefficients 4 and B are given

£(x) = (20)
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as complicated sums of products of photon and phonon
matrix elements between all permissible levels and
are strongly model-dependent. In this case, @ is the ratio
of total phonon width to photon width.

If A, B, and @ in (20) are treated as independent
parameters subject to the constraints that £(x) is posi-
tive definite and ¢>0, then one finds narrowing only
when 4>0 and B<0. The minimum obtainable line-
width is 0.644T,, a reduction of 369%,. Note that this
narrowing is greater than the optimal 139, effect for
the two-level system. In the latter case, 4 and B were
determined by @ and «, so that 4, B, and a could not
be varied independently. Also, the condition |« |<1
restricts the possible value of 4 and B for given a.
Consequently, it is possible that slightly sharper lines
will result for the multilevel system, but narrowing
should not exceed 36%. The effect of higher-order
phonon processes (multiple phonon emission) is diffi-
cult to estimate. Models which can deal with this ques-
tion are now being considered.

APPENDIX A

The amplitude for photon emission (momentum p)
accompanied by a lattice transition from state i—yj is
proportional to®

Ja={jl e |q). (A1)

If we assume that the lattice states are eigenstates of
parity, then

Pli)=m:| i), (A2)

This situation would exist in our simple model where
we consider the lattice to be one nucleus bound in a
potential well. Using (A1) and (A2), we obtain

fi*=(jle | i)*
=(iler=|j)
= (i | P le~w=P | §)

=7l"i7rj<1: | g—ip= l])

mi===1.

= fii. (A3)
If we consider diagonal components, then =7, and
Ji*=fu; (A4)

the diagonal amplitudes are real.
Using the completeness relation, ., |m) (m|=1,
we can show that

2 fmfim= 2 (m | = L i)* (m | o= | )
=2 Gler [ m) (m| e 1j)

(AS)

For the case of a two-level lattice (AS5) yields three

relations among the fs,
fui =1,
feHfid=1,

§ W. E. Lamb, Jr., Phys. Rev. 55, 190 (1939).

=6“j.

(A6)
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and
Jra(ryms frutfae) =O0.

In the above, we have used the result that fi and fo
are real and that phases can be chosen such that fi,
is also real. If f1,=0 (only recoilless emission is pos-
sible), then (A6) has a solution fu, fa===1. If f1,50,
then fos= —myms fuu. Thus in both cases we have

|f11 |=|f22|-

APPENDIX B

We will solve the set of Egs. (11a)—(11f). We use
(11d) to eliminate the amplitude D, from the remain-
ing equations. From (11d), we get

D= (0—wp—wr+i€e) [BBp~+vfnCi].
Substituting (B1) into (11b), we obtain
(w—wr—wytie) By

=Avfu+B* ; (w0—wp—witie) [BBp+vfuCi].

(B2)
B, is independent of % so that the first sum is simply
; (w—wp—anie) L.

(A7)

(B1)

This sum can be handled by converting the sum to an
integral (plane waves normalized in a length L)

> (w—wp—cp-tie)
P
L ©
=——/ dk(w—wp—awy+ie) ™
2rJ
L [
=-—/ dk(w—wp—oyt1€) ™!
™0
L [
=—/ dos(w—wp—wytie) 1
T
L (=
r"U"/ dwk(w—-wp—wk—]—ie)“l
T —o

L @
== / den[ @ (w—wp—wr) 1 —im8 (w—wp—awy) ]

(B3)

The principal value integral is usually small and con-
tributes a line shift which will be neglected. Thus we
get

> (w—wp—onie) IR —iL. (B4)
k

Using (B4), we can write (B2) as
(w-—-wL—wp—}-%iI‘g)B,.
= AvfutB*vfn 2 (0—wp—wtie)~ICi, (BS)
k
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where Tp=2L|B[? is the rate for lattice relaxation
from the initial state.

In a similar manner, we can use (11f) to eliminate
Gy from the equations with the result

(w —WN -—-wk—l-%iI‘.,) Ck

= AB+foy™B Z (w—wp—wi+1€) 1B,

Ffev*8* 2, (w—wr—w,—wit-ie) 'F, (B6)

P

and
(w0—w,+3iT3) Fyp
=Yfd +Bvfr* kz (w—0wp—wp—wy+i€) Cr.
(B7)

In obtaining (B6) we have used the result fo?+fif=1,
so that only the total radiation width I, appears.
In calculating A (w), we require D ,Fp > #Ck, and

> »B,. Using (B7), we get
2 Fp=2 (o—w,+}ilp) !
» V4

X[vfred+Bvfie* 2 (0—wr—wp—wrtie) ICi].
%
(B8)
The only p dependence in the bracketed term in (B8) oc-

curs in the energy denominator (w—wz—w,—wy+ie)L.
The first term can be summed in analogy with (B4),

Z (w—wp—w,—wi+1€) X —iL.

r

(B9)

The second sum over p can be performed by reducing

LINEWIDTH (UNITS OF Ty)

Fi1G. 2. Linewidth (in units of T,) as a function of ¢ for various
values of , 1>a> —1. The dashed curves indicate the envelope
for all accessible values of linewidth.
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to partial fractions,
2 (=0, -3iTp) " (0—wr—wp—witie) !
P
= (wrtwit3iTs) ™ 2 [— (w—wp+§ils)
4

(0 —wL—w,—wi+i€) 1]

0, (B10)
since both sums are approximately equal.
We can evaluate (B8) using (B9) and (B10),
> Fp=—ilnfud. (B11)
»
Similarly, we obtain
> Co=—ilB4 (B12)
k
and
> Bp=—ilyfud. (B13)
¥4

Substituting (B11)-(B13) into (11a), we obtain a
solution for the amplitude 4,

A () = (0—wy—wr+5iT,+3iT) "L (B14)

The decay rate from the initial state is simply the sum
of the rates for radiative and relaxation processes.
To calculate Ci from (B6), we need sums like

Z (w—owp—wi+ie) B,
»

and
Z (0—wr—wp—wr+tie) “F,.
p

The first of these can be rewritten using (B5),
Z(w——wp—-wk—kie)"‘(w—wL-—wp-I—%il’p)‘l
P

X[A'qu‘i"ﬁ*')/fzz ; (0—wp—oy+ie)ICx]. (B15)

The first term vanishes by (B10). The second sum
over p is a sum over a product of three energy denom-
inators which can again be handled by partial fractions
and also is equal to zero. Thus the term (B15) does
not contribute to Ci. A similar treatment yields a
similar result for D_,(w—wr—w,—wy—ie) LF,,.

Setting the last two terms in (B6) equal to zero,
we obtain

Ck(w) = (w—wN—wk+%iF7)‘1Aﬁ
= (w—-wN—-wk—I-%iI‘.,)"l
X(w—wN—wL—{—%iI‘.,—l—%iI‘g)"lﬁ. (B16)

Treating the remaining amplitudes in the same way
we obtain the solutions (12a)-(12f).



