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Reggeized Bootstrap of the K* Meson
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A bootstrap of the E*meson is attempted in the ICm channel via a representation due to Abbe, Kaus,
Nath, and Srivastava. Here a total amplitude is constructed purely in terms of Regge trajectories, and
crossing is used to determine the parameters. An unknown coupling constant G,~g enters the caluclation.
When we take its SU(3) value, our bootstrapped values are mrs& =960 MeV (experimental value is 890 MeV)
and I'x+= 28 MeV (experimental value is 50 MeV). When we choose for G,err two times its SU(3) value, a
simuttaneous bootstrap of vs~+ and I'~+ occurs at the experimenta/ value. We have also plotted the S-, P-,
and 8-wave phase shifts for the Em system in the low-energy region. The scattering lengths for I=-', 5 and
P waves are found to be: ao= —0.078 and a1=+0.017.

1. Dt'TRODUCTION
' T is by now well-known that single-particle exchange
~ - forces coupled with the JV/D partial-wave dispersion
relations fail to produce any reasonable quantitative
agreement for mesonic amplitudes. In particular, such
models appear oversimpli6ed in their handling of the
exchange forces to generate narrow widths for the
mesonic resonances. Among other things, these models
leave much to be desired in the way of a consistent
tlcatmcnt of partlclcs as dynamic ln thc dilcct as
well as the cross channels. A truly dynamic approach
was 6rst attempted by Chew' based on bootstrapping
entire Regge trajectories. Various refinements of Chew's
proposal (the strip approximation) have recently
appeared in the literature. The strip approximation,
however, introduces arbitrary parameters (e.g., the
strip width) into the theory and also mutilates the
Mandelstam analyticity for the scattering amplitudes.
As a consequence, for instance, the imaginary part of
the scattering amplitude fails to develop the correct
threshold behavior.

Recently, a theory was proposed for bootstrapping
the entire Reggc trajectories. ' In this scheme the total
scattering amplitudes are constructed such that they
are unitary, respect Mandelstam analyticity, and are
free of any arbitrary, undetermined parameters.
Furthermore, this bootstrap program involves the
Regge trajectories alone, in contrast to the earlier
proposals which also involve the Regge residues as
extra input. A prerequisite for any practical theory of
Reggeized bootstraps is that it must converge very fast
in terms of the top few trajectories. The encouraging
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feature of I is that in situations where comparisons
with the exact results were possible, the representation
converged very rapidly in terms of the number of
Reggc trajectories included.

The program in I involves evaluation of the back-
ground integral in the Regge continuation, since we
need the amplitudes A(s, f) for s, f)4ns s for the s.rr
case; and in this region the partial-wave expansion
fails to converge. The computation of the background
integral, on the other hand, is rather hard because it
converges on the cut in f (t&4trr ) only in a limiting
sense as one approaches the real axis from the complex
t plane. Thus, a simpli6cd version of the full program
proposed in I was applied to calculate the p-mcson pa-
rameters self-consistently. ' The simpli6cation basically
consists of replacing the f cut (due to the 2w continuum)
beginning at k=4m ' by that due to p and f' mesons.
This calculation produced a width for the p meson which
was 125 MeV in contrast to about 600-MeV width
produced by the usual X/D calculations. s

In view of this signi6cant reduction in the width of
the p meson, we attempt here a similar calculation for
the E*bootstrap. In brief, the procedure is as follows:

%c construct the partial-wave amplitudes for the
err system via the modified Cheng representation [see
Eqs. (2.7), (2.9), and (2.10)g derived in I. As can
easily be checked, irrespective of the number of
trajectories included, the representation is unitary and
posscsscs thc coricct thrcshoM and asymptotic be-
haviors. The total amplitudes LEq. (2.3)j constructed
through these partial-wave amplitudes converges up
to cos8, =1+2m s/ks, where es and k denote the pion
mass and the c.m. momentum in the s (rrÃ) channel.
However) to impose crossing sylnmctryq a wldcl lcglon

4%'. Abbe, P. Kaus, P. Nath, and, Y. N. Srivastava, Phys. Rev.
154, 1515 (1967).' A survey of various X/D attempts to bootstrap the p meson
is made by F. Zachariasen in Lectures on Bootstraps, given at
the Pacinc International Summer School in Physics, 1965,
Honolulu, Hawaii (unpublished).
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in coso,, is needed. In order to implement it without
recourse to the background integral evaluation, which
is hard to do numerically, ' we approximate the be-
ginning of the cut;s in cose, given by the 2z and xK
continua by p and E*exchange singularities. The Regge
parameters are then determined by the maximum
satisfication of crossing (s&—+u) via a 6gure-of-merit
method discussed in the text.

We have investigated the self-consistency of both
the mass and the width of the K~. The calculation
requires a knowledge of G,zz, which is unknown.
Initially, choosing the SU3 value, we 6nd the boot-
strapped E*width to be smaller than the experimental
value while the corresponding mass is larger. However,
if G,~g is taken to be about 2 times its SU3 value, then
both the mass and width are found to be remarkably close

to the experimental value This .seems to us to be an
interesting result.

2. FORMALISM

We consider the reaction

~(pi)+K(ki) ~ m(p2)+E. (k2)

and define the usual Mandelstam variables

(2 1)

(p +k )2 (p +k )2 L(k2+m 2)1/2+ (k2+m 2)1/2j2

t= (pi —p2)'= (ki—k&)'= —2k'(1 —cosa, ) (2 2)

u= (pi —k2)'= (ki—pg)'=+2mrc'+ 2m. '—s—tl

where k is the s-channel c.m. momentum, 0, the scatter-
ing angle, and m~, msgr are the masses of E and x
mesons, respectively.

new representation obtained in I. Thus we can write

4&*( ) (Z'—Z)52( )8
InS/-'-r ——Q

~nPI (8)

dt' +lnB -"(s) (2 7)

B&(s) is computed by projecting out the p and K* ex-

changes in 3 and u channels, respectively, and then the
next singularity in the cos8, plane is replaced by the
K*m threshold in the u channel. This obtains for $~(s),
the form given by (2.8). The computation of the Born
terms is straightforward~; we just quote the relevant
results. For the even-signature trajectory we choose
the K**trajectory (cx~ trajectory), and for the odd one,
the K* trajectory (o/& trajectory). '

Then, for the I=-,' and —,
' channels we can write down

the final expressions.

I—2

(i) Odd partial waves:

1nS/ '/'(s) =
e" ' i%2k Gp~17Gp~~

+ - a(s)
t' —t Qs 4m

e-«+»~- ~k G . .~

X Q/(cosh(, )——
1+1 3+s 4x

~
—(Z+1)$2-

where the Born terms, B/+r(s), are obtained via par-
ticle exchanges in the crossed t and I channels. Here
+ (—) stands for even (odd) signatures. $,(s) is defined

as
s+ (mi*+m. )' 2—mP 2—m '

cosh/~(s) =-— ——i. (2.8)
2k2

A, r(s, t,u) =P (2t+1)A/r(s)P/(cose, ), (2 3) Xk(s) Q/(cosh(, )— (2.9)

where

S,'(s) —1
A, '(s) =

2ip(s)

(2.4)

1nS/~'" (s) =
ag +(s)

e(Z Z)&' iV2k G ~E-G
dl' +-

i' —t gs 4'

(ii) Even partial waves:

The crossing matrix (s ~ u) reads

A'(s, u) =P X'r'A '(u, s), (2 5)

~
—(Z+I) $p-

X a(s) Q/(cosht3)—
3+1

Gz*z~
+

3+s 4'

where

( 3 3
(2 6)

here I stands for the isotopic spin.
Now the Regge continuation of the partial-wave

amplitudes has to be made for odd and even /'s sepa-

rately. We represent the 5 matrix in terms of the direct-
channel Regge poles Pa (s)j and the Born terms via the

'Methods to numerically evaluate the background integrals
for t values on the cut are presently under investigation.

~
—(Z+~) I2-

X k(s) Q/(cosh)i)—
E 1

—5/p . (2.10)

I= —,'. Here we just take the Born terms, since there

appear no well-established particles with I= -', (at least
none seem strongly coupled to the elastic K7r system).
We have for both odd- and even-parity cases the

See, for instance, B.Diu, J.I . Gervais, and H. R. Rubinstein,
Nuovo Cimento 31, 27 (1964); 31, 341 (1964}; R. H. Capps,
Phys. Rev. 131, 1307 (1963).

8 A possible trajectory due to the enigmatic ~ meson is ignored.
Even if it were to exist, its width appears to be rather small and
hence its coupling to this channel should be weak.
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following solution (iii):

ik

G,zzG, .
&( a(s)Q~(cosh/s) . (2.11)

2ik
InSP~'(s) = (—1)'+' G~~rr 'h(s)Q~(coshb)—

3/s V2+s

I.O .

0.9 .

0.8-

0.7 .

The various symbols in (2.9)—(2.11) are defined as
follows:

0.6 .

0.5-

s+mls +'—2m'' —2m. '—1
cosh/t(s) —=

2k'

0.4.

0.3 .

18p2

cosh/s(s) —= 1+
2k'

2s—2m'' —2m '+m, '
a(s) —=

2k2

(2.12)

0.2 .

O. l

0,0
30 36 42 48 54 60 66 72 78

2
m„„

2s —2m'' —2m '—(mlr' m'—)jm~~'+mar ~'

k(s) =—

2k'

The 6's and m's stand for the various coupling
constants and masses.

The Born terms due to spin-2 exchanges have not
been included in the modification, since then contribu-

0.9-

FIG. 2. sin e is plotted against vs~*' with a 6xed value of
1"yq'=0.36m and G,~g =0.5G~ ~. The lower and the upper
curves are as in Fig. 1.

tion in the low-energy region is only a few percent of
the vector exchange.

Regarding the trajectories, we choose them to be
straight lines, since the experimental data up to date
seems to indicate that the trajectories in the meson-
meson and meson-baryon system are remarkable
straight lines. ' In any case, for our present analysis,
we need the trajectories only in the elastic region, and
hence the detailed asymptotic behavior is not of great
import. We choose for n (above thereshold):

0.8.
Ren;(k) =np;+Ct;k', (np) ',)-

=np;+Ct, k' "+' (np(-') (2.13)

0.7-

0.6-

0.5 ..

Imn, (k) =Cs;k' '+'.

This form for the trajectory ensures the correct thresh-
old behavior.

The width of a resonance (I') is given by

0.4-

0.3--

Imn(S„)r—
(QS„)Ren(S„)

(2.14)

0.2-.

O.I-

0.0
0.0 O. I 0.2 03 0.4 0.5 0.6 0.7 0.8

Now the constants C~„C2, can be eliminated in favor
of the masses and widths of K* and K** mesons. In
the bootstrap for the E* parameters, we vary 0.&
over reasonable values and by direct computation 6nd
that the results are not very sensitive to its chosen value.

From Eqs. (2.9)—(2.13), we can construct the total

FIG. 1. sin e is plotted against F~' with a Gxed value of
m~" ——41.7m ' and G~~~ ——0.5G, „~.The lower curve corresponds
to the crossing for real part of the amplitude while the upper
curve corresponds &o the full amplitgdg,

' K. V. Vasavada, Phys. Rev. 144, 1351 (1966).
"M. N. Focacci, W. Kienzle, B. Levrat, B. C. Maglic, and

M, Martin, Phys. Rev. fetters 17, 890 (1966).
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l.o.-

0.9.-

merit as follows:

iA~(s, u) —A~(s,u) i

sine(s, u) =—

, (3.4)
v2(PA ~(s,u))'+ PA ~(s,u))'}'"

0.8-

07-

0.6.-

0.5-

a 04,

03-

0.2.-

O. l

0.0
OO O.l 0.2 03 0.4 0.5 0.6 O.? 0,8

Pro. 3. Same as in Pig. 1 but with GpIt-g' =2.16, „'.

amplitudes Ar(s, u) LEq. (2.3) on which crossing (2.5)
has to be imposed to determine the paranieters). This
is performed in the next section.

3. CALCULATIOQAL DETAILS

Various couplings that occur in Sec. 2 are obtained as
follows: G, and GK*K are related to the widths of

p and E* in the equations

where A~ and A~ denote the left- and the right-hand
sides of the equation (3.3). Since both A~ and A~ are
complex, we calculate sin e~ and sin ~1 for the real and
the imaginary parts of A~ ~ separately. We choose a
one mesh of points for the s and I in the region men-
tioned above and compute sin eg and sin ~q for each
(s,u) pair. For crossing to be satisfied exactly, sining, z=0.
So, the average

(sine), = —,
' ((sinai')„, +(sinai), ,

where (sinai'), and (sinai), „are themselves averages
over the real and the imaginary parts, denotes the
deviation from the satisfaction of crossing.

(sine),„ is calculated from (3.5) for 6xed values of
Gpz'z' and Gp and diferent choices for the masses
and coupling constants for E*. A minimum value of
(sine), corresponds to a maximum satisfaction of
crossing s~~metry and is in fact our bootstrapped
solution.

4. RESULTS AND DISCUSSION'

Initially, we choose the SU(3) value for G,xir'
(=0.5G, '). Figures 1 and 2 show the figure of merit
curves for the cases when I'K* is varied holding mK~
Axed and vice versa. The minima in the curves corre-
spond to our bootstrapped values for the parameters.

2 Gp 'kp'
F =-—

3 4m mp'

2 GK~K~ ~K*
~K*=-

3 4m mK*'

(3 1)
i.o-

09-

08-

where kp and kK* are the c.m. momenta in zm. and xK
channels at the p and E*meson masses, respectively.

G,xg is a priori unknown. However, invoking SU(3),
we can relate it to G„„:

0.6.-

GpKK gGpn ~ ~ (3.2)
05-

After the left-hand cut is shifted, our representation
for A (s,u) converges (via the partial-wave expansion)
for s, u values between the threshold, (m„+m )'
=21.1m ' and m, '=30m ' (see last section). Thus, we
can construct A (s,u) for 21.1&s,u&30.

The crossing equations are explicitly given by (2.5)
and (2.6). Eliminating A'"(u, s) we obtain

0,4-

0.3 .-

02-

O.l--

4A'I'(s, u) —A'"(s,u) = 3A'i'(u, s) . (3 3)
0.0—

30 36
i

42 48 54 60 66 72 78
2

ITl~g

For the satisfaction of crossing, we de6ne a figure of Pro. 4. Same as in Fig. 2 bgt with Gp~g'=2. 16& ~'.
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