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where
B =3X; BoF=(6/1)X; Bif=(9/14)X,
Bi®=(9/70)Y; Bi®=(4/5)YV; Bs®=(25/7)V, (B2)
with
X =/ (el+1)+22/(e241),
XoX3
V= (14 ees). (B3)
(e+1)(e2+1)
In (B1) and (B3), x2, e refer to the ¥1*(1760) and 3, e to the ¥¢*(1820).
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An infinite class of chiral-invariant pion-nucleon Lagrange functions is discussed. Each member of this
class is shown to be equivalent, under canonical transformation, to the one in which the commutator of the
axial current with the meson field is an isotopic spin scalar. If the chiral symmetry is broken in this special
canonical frame in a manner that ensures the partial conservation of the axial current, then the theory

is unique.

HE application of chiral SU(2)®XSU(2) current
algebra techniques to processes involving the
emission and absorption of a large number of soft pions
can become very cumbersome. Recently, Weinberg?! has
pointed out that this computational complexity can b.e
reduced by employing an effective Lagrangian? that is
chiral symmetric save for a part that yields a partially
conserved axial current. Since such an effective
Lagrangian satisfies all the constraints imposed t?y
current algebra, it may be used in lowest order to obtain
the kinematical and isotopic spin structure of the
current algebra results for the behavior of scattering or
decay amplitudes when the four momenta of various
emitted (or absorbed) pions vanish. Higher-order cor-
rections cannot alter this structure; they can only
produce renormalization of coupling constants. The
correct values of the coupling constants can be inferred!
from the general structure of the current algebra
method. ) _
Weinberg! obtained an appropriate effective ].Ja—
grangian by first performing a canonical transformation
on the o model® and then sending the mass of the un-
* Supported in part by the National Science Foundation and
the U.'S. Atomic Energy Commission.
T§r%;2?§ba£§fe§iys. Rev. Letters 18, 188 (1967).
2 The utility of an effective-Lagrangian method has also been
advocated, without regard to current algebra, by J. Schwinger,

Phys. Letters 24B, 473 (1967). See also J. A. Cronin, Phys. Rev.

1483 (1967).
16}’], Schvsinger), Ann. Phys. (N. Y.) 2,407 (1957); M. Gell-Mann

and M. Levy, Nuovo Cimento 16, 705 (1960).

physical ¢ particle to infinity so that it is removed from
the theory. It is the purpose of this note to investigate
an infinite class of chiral-invariant pion-nucleon
Lagrange functions of the type introduced by Giirsey.*
This class is restricted only in so far as the canonical
pion-field momentum is required to involve the first but
no higher derivatives of the pion field, with no depend-
ence on the nucleon field. We shall show that in the
limit of perfect chiral symmetry® every member of this
class is equivalent, under canonical transformation,® to
the one in which the commutator of the axial charge
with the pion field is an isotopic spin scalar, a com-
mutation relation characteristic of the ¢ model. Thus,
in this limit, the physical scattering amplitudes are
uniquely defined, although their off-mass-shell values

* F. Giirsey, Nuovo Cimento 16, 230 (1960); in Proceedings of the
Tenth Annual International Conference on High-Energy Physics at
Rochester, 1960, edited by E. C. G. Sudarshan, J. H. Tincot, and
A. C. Melissions (Interscience Publishers, Inc., New York, 1961),
p. 572; Ann. Phys. (N. Y.) 12, 91 (1961).

&It is perhaps worthwhile to observe that if the theory is taken
to be of a fundamental kind, not simply an effective Lagrangian
that is used in lowest order, then in the perfect-chiral-symmetry
limit the nucleon state occurs as a degenerate mass doublet of
opposite parities. The symmetry-breaking interaction will remove
the mass degeneracy and could possibly extinguish one of the
states. There are presently two (3) candidates for a chiral partner
to the nucleon: N (1520) and a less well established N (1700)
[Rosenfeld et al., Rev. Mod. Phys. 39, 1 (1967)].

¢ The importance of canonical transformation was emphasized
to me in conversation with W. A. Bardeen and B. W. Lee. They
have independently obtained results similar to those of this paper.
Their work will appear in Canadian Summer Institute Lectures
(W. A. Benjamin, Inc., New York, to be published).



163

can be altered by canonical transformation. The chiral
invariance can be broken in only one way if the di-
vergence of the axial current is to be proportional to the
pion field. The theory is therefore ambiguous essentially
only to the extent that this strict hypothesis of a
partially conserved axial-vector current (PCAC) is not
maintained. For the most part we shall make use of the
freedom of canonical transformation and exhibit the
theory in its simplest form. Nevertheless, its more
general structure is also of interest, particularly with
regard to its extension to larger chiral transformation
groups such as SU(3)QSU(3). This general structure
is outlined in the Appendix.

We begin by considering a free, massless nucleon
Lagrange function’

1
exO=— -0, 1)
(]

It is invariant under not only constant isotopic spin
rotations

a2 @

but a constant chiral isotopic spin transformation as
well:

i 7 ®)

it is thus invariant under a chiral SU(2)®SU (2) group
of transformations. The chiral invariance is upset by
the addition of a nucleon mass term myy. However,
it can be restored if the mass constant m is replaced by
a function M of the pion field ¢,, if the latter transforms
appropriately. We shall require that no derivatives of
the pion field occur in M so that the canonical pion field
momenta m,° are simply related to d¢p,. Invariance
under isotopic spin rotations and parity conservation
require that M be a function of ysz- g, so we write

1
onm —&[vfamw-m]w. @)
1

In order that the Lagrange function be Hermitian,
M (2) must be a real function,®

M@E*)'=M(). )

Chiral invariance is maintained if the pion field ¢ is
transformed into a new field ¢’ which satisfies

Mlyse§)=c My gebnrs,  (0)
or, within an eigenstate of ys with eigenvalue ys'=1,
M (ix-¢")=e¥7"M (in-g)eti™. (7)

[The transformation law Eq. (6) in the other eigenstate
vs'=—1 is just the Hermitian adjoint of Eq. (7).]
The implications of the transformation law Eq. (7)

7 We use a metric tensor g with g?= —1, and vy matrices in a
representation such that +° is Hermitian, 7t =49, while v¥t= —~%,
and yS=2"ylylyi=—vl. .

8 We consider such functions as defined by formal power series.
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are made clear if we define a real, unitary function

M(z) 2 .
V=[] =vevey, @
so that
M@E)=U(x)H(*), )
with
H(2%)=[M ()M (—2)]". (10)
If this decomposition is inserted into
M (ix-¢") M (ix-¢") = e¥r* M (ix-¢) M (in-¢)le b7, (11)

we find that H(—¢?) is invariant under the chiral

transformation
H(—¢')=H(—¢?. (12)

Since only isotopic spin rotation can preserve the length
of the meson field that can take on arbitrary values,
this demands that H be a constant, which by a parity
convention may be taken to be positive,

H(—¢?)=m>0. (13)

Accordingly,

1
Ly= -—J['Yja-i-mU (st-¢):|¢, (14)
(2

with the chiral transformation property of the meson
field depending upon the choice of the unitary function
U(z) and defined by

Ulin-¢')=ebir>U (iz-g)ebi, (15)

The unitary matrix U(ix-¢) represents a continuous
group of SU(2) transformations. The various different
choices of the unitary function U(z) correspond to
different parameterizations of this group which are
related by canonical transformation of the meson field.
We may exhibit this by noting that the unitary matrix
may be written as

Ulie-¢)=[1—f"¢%(@) ] *~ifz-gg(¢?), (16)

where f is a scaling parameter (coupling constant)
introduced in order to make the function g dimension-
less. This arbitrary function defines a canonical trans-
formation of the meson field from the old field ¢ to a
new field ® by

Pa=0ag(¢?)=VeaV", an
with

V=exp{"i / (d)ma'dalg(¢%)— 1]} . (18)

Thus the entire class of Lagrange functions which we
have considered are equivalent under canonical trans-
formation to one with

Ulir- @) =0(®)—ife-@, (19a)

where

o(®?)=[1— for]'2, (19b)
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and we may restrict the discussion to this standard
form. The simplicity of this standard form is made clear
by the structure of the infinitesimal chiral response

b =D 50D (20)
defined by the infinitesimal version of Eq. (15)
U(in-@')= U (iz- ®)+bife-ov, Ui ®)}
namely,
5 OB, = ——;0'(@2)51/“. (21)

We may now easily construct a meson Lagrange
function that is invariant under the chiral transforma-
tion (21) in addition to the usual isotopic spin invariance

B, — P,/ =P, +6DP,, (22a)
dDP,= — epedwrPe. (22b)

We shall write this Lagrange function in first-order form
so that the correct canonmical variables are clearly
defined. Since

8(09,B,= 0,0 (DY) fP49,Ps, (23)

the kinematical term II,#d,®, that occurs in this func-
tion will be invariant if the conjugate field transforms as

S (OI k= — Pua (P~ forpI1*, (24a)
SDII = — €apedwpPe. (24b)

We shall restrict the meson Lagrange function to
depend at most quadratically on the conjugate field
1I,.* so that this field is linearly dependent on 9#®,. With
this restriction, and a conventional normalization of the
field variables, the Lagrange function is uniquely deter-
mined by the chiral and isotopic spin invariance:

Lo=—#0,Pa+ 3T 4o — 5 fL P11, P (25)
The fields Ios, ®, form a canonically conjugate pair
[P0 (%), Mo (5") Jimr = 18ard (1—1') (26)

while the spatial component II,* is a dependent field
variable. It is defined by the action principle as

- 6’€<1>a—|— Hak— f2<I>akuCI)b= 0 )

or

%= o(D2) I (PP ]. 27)

Vector and axial-vector current operators can be
defined in the usual fashion by replacing the constant
infinitesimal isotopic spin and chiral transfon.natlon
parameters by space-time functions and computing the
response of the total Lagrange function to this extended
variation. We compute in this way

5(£N+ £1r) = Va“answa'—A a“anaya ) (28)
with

Vaﬂz \Z'YM% Ta¢_ Hb"ebm-,@c ) (29)
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and

1
A =PyHiysirab ——}0(@2) 1L~ (30)

The time components of these current operators satisfy
local commutation relations appropriate to the chiral
SU2)QSU(2) group. The naive application of the
canonical commutation relations gives the more general
equal-time commutators

LVao(#), V(") Jomvr = ieaneV () 8(r—1') ,

LVo0(«), Vo (2") Jimr = teane Vo k(%) 6 (r—1)
—10*{6(r—1")[845P2— P, Dy ]},
(31b)

(32a)

(31a)

[Vao(x)aA s (x/):]t=t' = T€aped c"(x)5(r— r’) ,
[Vao(x)yA bk(x’)]t=t’ = €gped ck(x)a(r'— 1'/)
F-10:{8(r—1") €ano(1/ ) (%) .},

(32b)

[A4a°(®), Vs (x") J1mv = l€abod () 8(r—1’)
—101{8(r—1")emnc(1/f)a (2D},

(33)

[4.0(x),48°(%") Jimv = teaneV O (%) 8(r—1') (34a)
[4.°(x),40%(") Jimrr = teaneV H(%)8 (r—1')

—i0{o(r—1)[(1/f)o(®?)*S0r+ BB ]} .  (34b)

The quantities that involve the spatial gradient are the
so-called “Schwinger terms.” The structures that we
have listed are those that follow from a straightforward
application of the canonical commutation relations.
However, this method yields no Schwinger terms that
are associated with nucleon field, a result in contradic-
tion to general principles, and one that shows that great
care must be exercised in handling the bilinear forms
that compose the current operator. Therefore, our re-
sults must be taken only as a heuristic indication of the
nature of the Schwinger terms. We note that the
Schwinger term which occurs in the axial-vector
commutator [ 4,%4 %] differs® from that which occurs
in the vector commutator [ V,%,V*¥]. Thus the special
canonical frame that we have chosen is such that the
fields (®q,0) form a linear (%,3) representation of the
chiral SU(2)®SU (2) algebra.

The commutator of the time component of the axial
current with the meson field operator reproduces the
structure of the chiral field alteration Eq. (21),

[4.°(x),@6(x") Jimrr = — 8as(1/ o (@%)id(x—1).  (35)

The special canonical frame that we have used simplifies
this commutator, for in general it also contains terms
involving ®,®; and is not an isotopic spin scalar. This

% Presumably the corresponding vacuum expectation values also
differ, and hence our model does not satisfy a condition employed
by S. Weinberg [Phys. Rev. Letters 18, 507 (1967)] in deriving a
sum rule on the spectral weights of the vector and axial-vector
vacuum correlation functions.
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simplicity is reflected in the algebraic closure!

[4.°(x),1/)o(@(x")?) Jime =18(r—1") P, ().

If we require that the chiral symmetry be broken in a
manner that makes the divergence of the axial current
proportional to the pion field, and if we also require that
the commutators of the axial charge with the meson
field close in the sense illustrated above, then our model
remains unique. We obtain this strict PCAC if we add
to our Lagrange function

Lp= (/o (2?),

for then the chiral variation of the complete Lagrange
function is

(36)

@37)

8O ( Ly~ Lt L5)=—A4#u0va+ (W?/ f)Pudva,
and the principle of stationary action gives
9,4 4= —(u/f)®,.

The expansion of the symmetry-breaking Lagrangian
(37) in powers of the meson field gives a meson mass
term and multiple meson scattering terms,

Lp=const—3u2®,P,—% 2P, P.) 2+ - .

(38)

(39)

The lowest-order meson-meson scattering term which
occurs here, together with that contained in the chiral
symmetric meson Lagrangian (25), yield immediately
the current algebra result of Weinberg!! for pion sca.-
tering lengths. These differ from the scattering lengths
computed by Schwinger? using an effective-Lagrangian
method. This discrepancy arises because the axial-
current-meson field commutator in Schwinger’s model
is not an isotopic spin scalar, and hence the model does
not possess the commutator closure illustrated in
Eqgs. (35) and (36). A canonical transformation can be
performed on this model so that the commutator closure
is obtained, but then the PCAC condition is destroyed.

I have enjoyed stimulating discussions on this topic
with F. Giirsey, W. A. Bardeen, and B. W. Lee.

APPENDIX

We shall outline here a method which does not employ
the special canonical frame used in the test. It may
prove useful for the extension of the theory to larger
chiral symmetry groups. This general treatment requires
first a discussion of the properties of the matrix U that
occurs in the nucleon Lagrange function (4).

10 Tt has been observed by Bardeen ef al. [ Phys. Rev. Letters 18,
1170 (1967)] that Eq. (30) follows directly from Eq. (35) if the
Jacobi identity isapplied to the double commutator [44°,[4+°%¢.1],
and the axial-vector commutator Eq. (34a) together with isotopic
spin transformation property

[Va0(),06(x") Jemer = G€abepe(®)8 (r—1')
is used.
11§, Weinberg, Phys. Rev. Letters 17, 616 (1966).
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The matrix U(iz-¢) is not only unitary,
Ulie-¢)'=U(—ix-¢)=U(ix-¢)7, (A1)
but also unimodular;
detU(iz-¢)=1. (A2)

The latter is easily established by noting that the
determinant is invariant under isotopic spin rotations,
so that ¢, may be taken to be nonvanishing only for
a=2 where

detU(imqh) = detU(iTz(bz) T= detU(—- ’iT2¢2)
= [detU(iTQ(ﬁg)]—'l )

which, with U(0)=1 and continuity in ¢, implies the
unimodularity. If we write, to first order,

ULz (¢-+0¢) ]=[1+1idh(4)JU (iz-9) ,

then the unitarity condition (A1) requires that &% is
Hermitian, while the first-order formula

det[1416k(¢) ]=1+1 troh(e)

and the determinantal constraint (A2) require that 6%
have a vanishing trace. Hence'® '

(9/09a)U (i - §) = idar($)7U (% - ¢) .

Since the derivative operation is commutative,

(A3)

Jd 0 Jd 0
— —U(ir-¢)=——U(ix"9g),
0o Iy Oy Ia
and

[Taﬂ'b]: 2i€abeTe )

the derivative function dau(¢) must satisfy the inte-
grability condition

]

fé]
—“dbc(¢) - "“dac(d’) = 2dad(¢')dbe(¢) €dec »

A4
0. Lo 49

Combined infinitesimal isotopic-spin rotations of the
meson field (22a), (22b) and the nucleon field (2) leave
the unitary matrix invariant,

U(%.¢)-—_—e—%’ir~5wU({ﬁ.¢”)e%ir.5w’ (AS)
and imply that
LU (ix-8),70]= eanchodea(ep)Tal (ix-g). (A6)

If we use these results to express
a .
o V8= el Yiril (¢)

12We could equally well write
(0/0a)U (ir-) = U (ir- $)iday(@) 7,
but the unitary restriction (A1) shows that d is simply related to d,
das($) =dar(—o).
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in terms of the field ¢, we learn that the derivative
matrix is an isotopic-spin-invariant in the sense that

€cdePa(9/ 0e)dar(®) = €acadar(9)+ evcadaa(®). (A7)

We are now in a position to determine the nature of
the meson field response

bo — ¢al =¢st+ 6(C)¢a (AS)
to the infinitesimal version of the chiral transformation
defined by Eq. (15). We have
8O¢a(8/0a)U (ix-¢) =5i{ U (ix-¢),0v-x}
=1dv-zU(ix-¢)

+3i[U(ix-¢),0v-=], (A9)
and, employing (A3) and (A6), secure
8O dudas() = dvy+ Ovacadcbades(d) ,
or
) (C)¢a =0y b[d ba_l(¢) + 5bca¢c:| . (AlO)

The structure of this transformation law can be
clarified considerably. To this end, we multiply the
isotopic spin invariance statement (A7) and the integra-
bility condition (A4) by appropriate numbers of the
inverse derivative matrix d=1(¢) to get

ecdcd’d (a / a¢ e) da b_1 (¢) = e»acddal b--1 (¢)

+ fbcddad—1 (¢) ) (Al 1)
and
9 d
doi M ($)—db () — dva($)—das(9)
O¢a O
=2epadac? (¢) . (A12 )

The isotopic spin invariance (A11) implies that d-1(¢)
may be expanded as

da b~1(¢) = aabA (¢2)+¢a¢bB (¢2) + eabc¢cc(¢2) I} (A13)

while the integrability condition (A12) requires that the
scalar coefficients satisfy

(4+¢*B)(C—1)=0, (Al4a)
B(C—1)—(4+¢°B)(d/d¢$*)C=0, (A14b)
AB+C?—2C—2(4+¢B)(d/dp?)A=0. (Aldc)

These equations possess a solution only if C=1, or
C=2 with A=B=0. The latter case must be excluded,
for it gives a singular matrix d='(¢). Hence C=1 and

6(C)¢a= 6VaA (¢2)+¢a6Vb¢bB(¢2) ) (AIS)
with
2[4 (¢?)+¢*B(¢%) 1(d/dp*) A(¢?)
=A(¢*)B(¢*)—1. (A16)
We turn now to the construction of a first-order
meson Lagrange function. Since

6(C)ap¢a= 6Vb[(a/a¢c)dba_1(¢)— ebcﬂjan¢c ) (A17)
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the kinematical term 7,#d,¢, that occurs in this function
will be invariant if the conjugate field =,* obeys the
chiral transformation law

8Oyt = — vy (8/a)dve () — €vca Jrc*.  (A18)

One can verify, with the aid of the integrability condi-
tion (A12), that the quadratic structure

Wa”Nab(¢)7rpb )
with
Nab(¢) = dca—1(¢)dv b.-l(d)) ) (Al 9)

a symmetrical, positive-definite matrix, is a chiral-
invariant. Accordingly, using a conventional normaliza-
tion of the field strengths, the chiral-invariant meson
Lagrangian is given by!3

Lr= =1 0uPat 5T N 01(@) 5. (A20)

The vector- and axial-vector-current operators are
identified by the response Eq. (28) of the complete
Lagrange function to isotopic spin rotations and chiral
transformations whose infinitesimal parameters are
extended to space-time functions. We find

Va”=‘z7l%'ra¢'_ Tb“ebac¢c y (A21)
At =Pyriyssrabtdoy  ()To T epache.  (A22)

In order to verify that the time components of these
operators indeed generate a spatially local group of
chiral SU(2)QSU(2) transformations, we couple the
currents to external, classical gauge fields B,* and W .*:

&= Cx+ Lr+A4*Bust VW o (A23)

It is a simple matter to verify that under an isotopic

spin rotation
0D A = — eapodwpd o* (A24a)

DY b= — €abclwp V H. (A24b)

A moderately lengthy calculation that makes use of
(A11) and (A12) gives the chiral transformation

properties
804 #=— €tV VH y

5@ Va“-—- - eabcaVbA- .

(A25a)

(A25Db)
Hence
0L=—TV;*3,0w;— A 49,07,
- ByaA H€ancdwp— Bpa Vc"eabcaV b
- W;xaVc"fabc&h'b"‘ WuaA c“fabcal’b )
and the principle of stationary action gives the di-
vergence conditions

6u Vu“ = eachnb Vc"_ eal;\cB;;bA &
apA o= eachn pA F— €za.chyb Ve,

(A26a)
(A26b)

BTt is not difficult to show that this first-order function is
equivalent to the manifestly chiral-invariant second-order
Lagrangian that is proportional to

%' tl'a“U(’L.T . ¢) 6,.U(1'1- . ¢)—1 = a"¢adac (¢)dbc (¢) au¢b~
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These divergence conditions imply!*

[V20(%),V2(s') Jimer = teane Vo2 (%)8(x—1"), (A27a)
[Vao(x);A bo(x/):lt=l’ =1i€aped co(x)a(r_ r,) , (A27b)
[A4a2(x),4 (%) Jimy =€ Vo (®)8(x—1"),  (A27c)

the local chiral SU(2)QSU(2) commutation relations.

The commutator of the time component of the axial
current with the meson field reproduces the chiral
meson field transformation

[A a()(x) y¢b(xl)]t=l' = {dab_l(d’) + t?b(ra.c¢c} 15(1’—- l'/)
= {3204 (¢%)+dasB(¢?)}i6(r—1').
(A28)

It is not difficult to show that the validity of the Jacobi
identity applied to [4.%[4%¢.]] is equivalent to the

14 See, for example, D. G. Boulware and L. S. Brown, Phys.
Rev. 156, 1724 (1967).
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constraint (A16). This double commutator is generally
a complex structure involving various isotopic spin
values. However, if we require that B=0, the axial
vector-meson field commutator is an isotopic scalar,
and the double commutator closes back to the meson
field. With B=0 the constraint (A16) requires that

A@) ==/~ ) == (1/Dole?), (A29)

and we recover precisely the special canonical frame
used in the text. This is made explicit if we use (A3) to
construct the unitary matrix U. We may “integrate
along a straight line”” using

(9/0M)U (i - §N) = icbadar(@N) 73U (ix - g))
=A(N) - gU(ix-9N) (A30)
to obtain immediately

U(ir-¢)=(1— f¢)'*—ix-gf. (A31)
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Isoscalar Nucleon Form Factor from O(4,2) Dynamics*

HAGEN KLEINERT
Department of Physics, University of Colorado, Boulder, Colorado
(Received 26 April 1967; revised manuscript received 2 June 1967)

The most general theory of isoscalar form factors with 0(4,2) as dynamical group and a purely algebraic
current operator has been constructed for a fermion representation space. Adjusting one free parameter
appropriately, we obtain for the J?=4% ground state

us 3 £/0.71
s GE5(f)= 1 .
ey O ey s RN Rty

u8 is determined to be u¥= —#. The agreement with experiment is excellent for Gaz$/u$, moderate for GzS,

Gus ()=

and bad for uS.

I. INTRODUCTION

N a previous paper,! the dynamical features of the
two maximally degenerate unitary representations
of 0(3,1) have been extensively discussed. The electro-
magnetic form factors have been calculated, and they
are found to decrease too slowly as a function of the in-
variant momentum transfer ¢. If one uses the other uni-
tary representations of O(3,1), one can improve the
shape for small momentum transfers.? Indeed, when re-
stricted to this range, the theory has been able to re-
produce the regularity in the pionic decay widths of
baryon resonances astonishingly well.® For larger ¢, how-
ever, the form factors start oscillating, a feature that one
does not expect on general grounds.

* Research supported in part by the Air Force Office of Scien-
tific Research, Office of Aerospace Research, United States Air
Force, under AFOSR Grant No. AF-AFOSR-30-65.
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