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A study is presented of scattering invariant under any of the groups G=0(), S, (), or SU (n), n>>1, the
scattered multiplets transforming as products of at most two n-quarks plus #-antiquarks. The low-energy
dynamics is studied in ‘“first approximation,” and in addition it is assumed that total cross sections oot at
high energies are determined by Regge poles and/or cuts, and that the Regge parameters upon which oot
depends are determined mainly by the low-energy dynamics. It is then shown that as # — «, oot usually
remains positive, as unitarity requires. This conclusion is not obvious; it requires detailed calculation to
establish and is the main result of the paper. Unitarity is initially in doubt for these systems because in the
limit # — o« the crossing matrix elements governing the contributions from the vacuum and other singlet
trajectories go to zero; and it is the singlet contributions which keep total cross sections positive for the
observed case of small #. It is found that oy remains positive only because the low-energy dynamics re-
quires nonsinglet trajectories to be produced in pairs, such that each negative contribution to o from one
trajectory is almost exactly canceled by a corresponding positive contribution to oot from its twin trajectory.
Occasionally this cancellation does not occur: If one of the initial multiplets is a representation of G which
is not equivalent to its complex-conjugate representation, then in at least one of the direct channels, even
after paired contributions are taken into account, ot goes slightly negative, otot=0(n™1) <0. This number
is small enough that if the electromagnetic vertex for G transforms as a singlet rather than as one of the
generators of G, then the contribution to ot from photon exchange will drive oot positive again. It is then
assumed that at least one of the initial particles has spin. It is shown that so long as the leading nonsinglet
trajectories obey en,= -1 (e= signature, n,=intrinsic parity), it is not possible to change the sign of a1t by
flipping the helicity of one of the incoming particles from A to —X\. A generalization (to arbitrary spin) of the
Wagner—Sharp rules for “line reversal” is also derived: In elastic scattering, if one scattered particle is re-
placed by its antiparticle, then the contribution to ot from a given exchanged multiplet changes by a
factor of n.n=charge-conjugation parity of the exchanged multiplet. A fairly complete discussion is given
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of the dependence of a1 on the C, P properties of the exchanged multiplets.

I. INTRODUCTION

N this paper we continue to investigate the stability
of high-rank and high-dimensional symmetries
within the framework of first-approximation S-matrix
dynamics. We turn from high-isospin scattering (the
subject of paper I)! to scattering of multiplets trans-
forming as the lowest-dimensional representations of
one of the high-rank simple Lie groups G=S,(n),
O(m), or SU(n), n>1.

Crossing matrix elements C(ug,u) for such scattering
can be calculated readily enough by well-known tensor
techniques.? (uq,uc label the irreducible representations
occurring in the direct and crossed channels.) It is by
now clear that there are many elements of order unity
left in the limit % — 0 .3-5 This is just to say that an
investigation in the style of Pt. I, but with high rank

*Work performed under the auspices of the U. S. Atomic
Energy Commission.

1Donald E. Neville, preceding paper, Phys. Rev. 163, 1582
(1967), hereafter referred to as I.

2R. E. Behrends, J. Dreitlein, C. Fronsdal, and B. W. Lee;
Rev. Mod. Phys. 34, 1 (1962); M. Hamermesh, Group Theory
(Addison-Wesley Publishing Company, Inc., Reading, Massa-
chusetts, 1962), Chap. 10.

3 Donald E. Neville, Phys. Rev. 132 844 (1963); Phys. Rev.
Letters 13, 118 (1964).

4R. E. Cutkosky, J. Kalckar, and P. Tarjanne, in Proceedings
of the 1962 Annual International Conference on High-Energy
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1962), p. 653. These authors also noted a special case of the pair
formation described in Sec. II.
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replacing high isospin, has already been carried out,
with similar negative results.

Paper II therefore considers an entirely different
argument based on the assumption that high-energy
(s or ), small-momentum-transfer (¢) behavior of
scattering amplitudes is determined by Regge poles
and/or cuts. Hence one has for total cross sections

lim oot (wa= ps)

=1lim (4r/ks'?) ImA (uq; (= 0)
=limr/ksV?) Im 3 C(ua,pmea)A (uis; t=0)  (1.1a)
=% ClunpsadBisei®,

and

lim Utot(ﬂd:uu):Z C(paue)Biuxi @ 1e; . (1.1b)

Kt 1

in the simplest case of negligible Regge cuts. We have
used the optical theorem; oo is the cross section for
pipe —> everything, while ImA is the imaginary part
of the elastic scattering amplitude uius— pips. B:, €,
and a;(f) are the residue, signature, and trajectory of a
Regge pole in the crossed ¢ channel u,. When the requi-
site C(ua,uz:) are calculated and inserted into the left-
hand side of Eqgs. (1.1) along with reasonable estimates
of the parameters 8; and «;(0), then for some choices
of pu, us, and pg the sum over 7 goes negative (hence
010t<0), in violation of unitarity.
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The sums go negative because the large contributions
from crossed singlet trajectories keep total cross sections
positive in the observed case, broken SU (n=23), while
going to a high-rank group amounts to ‘“turning off”
this singlet contribution. That is, the singlet contribu-
tion u,=E (E for ein) contains a number which de-
creases steadily as the rank of G increases;

C(ﬂd’ﬂt_—— E) = (NINZ)_1/2 )
N ,=dimension of u,,

(1.2)

where the direct and cross channels are uius — g — pius
and uifiy — p; — pofiz. Note that the singlet contribu-
tion can be positive for every choice of uq if the residue
of the leading singlet trajectory is positive, since the
sign in Eq. (1.2) is positive for all ug. The nonsinglet
columns C (ug,u:%E), on the other hand, must oscillate
in sign in order to satisfy the orthogonality constraints
implied by a very useful and powerful formula derived
by Capps?;

C(ud,NC) = (Nc/Nd)l/zo (:ud;“c) )

X O (ua,uc) orthogonal. (1.3)

Furthermore, the numbers C(uq,u,5%E), though often
small also, are on the average much larger than C (uq4,FE)
because of the factor (N./Ng)'/? in formula (1.3);

Cluam,#E)/C(ua,E)=Ni=orderr.  (1.4)

The bars mean rms averages over O(ug,E) and
O(ua,u,%E). r, the rank of G (number of simultaneously
diagonalizable generators), is n—1 for SU(xn), and
in or 3(n—1), whichever is integer, for S,(z) and O(x).
In the limit 7, » — oo, therefore, the singlet contribution
is negligible and the remaining terms oscillate in sign.

Our reasoning in the previous paragraph follows that
of Foldy and Peierls.” These authors, who were con-
sidering isospin, proved that, whenever one crossed
i-channel exchange dominates, it must have I,=0, or
total cross sections will go negative.

Of course, it must be verified that the various 3,
«;(0) do not fall off in some way so as to make up for
the falloff in C(ug,E). If it is assumed that those param-
eters are determined largely by the low-energy dy-
namics, then it is plausible that there will be no falloff
in the 8;, a;(0) (at least not by factors of 7), because:
(a) every multiplet in the low-energy region can exert
a force on the annihilation channel; e.g., if u. is coupled
to ueup, then it can exert force on u, via u, exchange in
Mafia — upfis scattering (the annihilation channel is
unique in this respect) ; and (b) direct calculation shows
that the elements C(uu.) through which these forces
are exerted, i.e., the elements given the forces into

6 Richard H. Capps, in Proceedings of the Twelfth Annual
International Conference on High-Energy Physics, Dubna, 1964
(Atomizdat, Moscow, 1965).

(1; IB(;slie L. Foldy and Ronald F. Peierls, Phys. Rev. 130, 1585
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¢ channels, do not fall off with 7, but remain of order
unity.

One must evaluate the sum (1.1) at a value of s just
large enough that the background integral no longer
contributes, and not, strictly speaking at s= oo . Other-
wise the singlet contribution will presumably dominate
no matter what the value of C(ug,E), since the C(us,uc)
which control low-energy dynamics in G suggest that
a singlet will again have the largest a(0), just as in
SU@3).

From what has been said thus far, especially from
Egs. (1.2)-(1.4), there is no reason to suspect any
dependence on the scattered multiplets u; and po;
i.e., the argument might well be universal, applying to
all high-rank scattering processes. On the contrary,
for all but certain of the SU(xn) scattering processes
studied, the dynamics forces the nonsinglet Regge
trajectories to appear in pairs in the crossed ¢ channel,
such that every negative contribution to sum (1.1)
from one member of a pair is almost exactly canceled
by a positive contribution from the other member. The
two members of a pair have almost identical residue
and trajectory functions but opposite signatures, so
that

ﬁtlsau(o)____f\f;ﬁmsatzw) ;

(1.5)

In this paper the notation A=2Bmeans 4/B=140(r").
Similarly, there is close agreement between the crossing
matrix elements C(uguea) and C(ua,ue) occurring in
Eq. (1.1) [cf. Egs. (1.6a)-(1.6c) below for a detailed
example] so that the cancellations result. The dy-
namical mechanism which produces the symmetry
(1.5) is described in detail in Sec. II.

We have not checked every possible G-symmetric
scattering process for pair cancellation, but only those
processes involving multiplets of dimensionality N<
order #2. In terms of tensors or quarks, the multiplets
studied transform as tensors with <2 subscripts plus
superscripts, or equivalently, as products of <2 quarks
plus antiquarks. One could describe this paper as a
study of tensors of low rank (<2), but groups of high
rank (r— ). O(z) and S,(») have three such low-
rank representations each (the n-dimensional repre-
sentation plus two rank-two representations transform-
ing as tensors Ty, Ty=-4Tj;, and Ty=—T;:). SU(n)
has the same three, plus three more distinct, in equiva-
lent representations obtained from the first three by
complex conjugation (usually written with upper in-
dices, as T*=T%), plus the adjoint representation
T%. The number of processes studied, though not large,
is presumably large enough for gauging the range of
applicability of the argument under discussion.

Basically, the cancellation, when it occurs, always
occurs because of symmetry (1.5); but the detailed
manner in which the cancellation occurs varies from
process to process. For all the O(z) and S, (n) scattering
processes investigated, as well as for the SU () scatter-
ing process with u;=pu,=adjoint representation, the

€117 — €42,
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twins have different G quantum numbers (a7 puee),
and in about % of the direct s channels the crossing
matrix elements satisfy

C(uapn)=—C (ua,mez) - (1.6a)

Therefore, the two contributions (1.5) nearly cancel,
giving a resultant one power of  smaller than expected,
and of the same order as the singlet contribution. In
another % of the direct s channels the two contributions
do not cancel,

C (pa,ui)=C (a,pu2) >0, (1.6b)

but there is nothing to prevent the resultant from being
positive always, if the residues (8;; are positive. In the
remaining § of the direct s channels the C(ugu)
fluctuate far below the rms value predicted by Eq.
(1.4), and are in consequence too small to exceed the
singlet contribution:

IC(”dnU'ﬂ) I/C(“dyE)
| C(pape)|/C(ua, E)=0(1). (1.6c)

In the # channels ug=pu,, the contribution from one
twin changes sign because of the e factor in Eq. (1.1b);
but the crossing matrix factors also change sign,

1.7)

that is, we obtain the crossing matrix elements for the
u channel by relabeling u, — u, (the same irreducible
representations occur in s and # channels, for the proc-
esses we are at present considering) and multiplying by
a factor of ncg which is +1 or —1 depending upon
pei. Twins have opposite ncg. Therefore, if the Lorentz
and G quantum numbers are correlated, such that

C (uopes) =nceC (s= pae) ; neca==1,

(1.8)

then there will be no negative cross sections in the #
channel either. n¢q is the interchange parity of the
Clebsch-Gordan coefficient at the p;; — fiaus vertex:

NCG= €5,

(BamMapama| wesm i) =noclpaemafiais | pumy . (1.9)

There seems to be no dynamical argument which could
exclude correlation (1.8);indeed, if the external particles
ue and fs are spinless and identical, Eq. (1.8) is the only
possibility allowed by Bose statistics.

[We give a brief derivation of Eq. (1.7). The s
channel is pjus— piue, the # channel is uific — wife,
and p, is equivalent to f, for the processes presently
under consideration. Hence the same multiplets ug
occur in both the s and the # channels. Crossing matrices
C(s,t) and C(u,t) are, however, not identical because
C(s,t) interchanges the second and third multiplets
in the ¢ channel pifi; — fisus whereas C(u,f) interchanges
fi2 <> pg, then interchanges the second and third multi-
plets. The additional interchange fs<> us gives rise
to the factor of ncq difference in Eq. (1.7).%]

8 There may be an additional factor of (—1) difference in Eq-
(1.7), if the “antiparticle rule” factor for multiplet us is (—1)-
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Tasre I. Columns of C(ug,ue) for exchange of a singlet (1) or
the adjoint representation (35, F- or D-coupled) ; the reaction is
3544 — g — 354, with crossed channel 354-35 — p; — gtu.
w=15 or 21. G=SU (), n>1. All rank <2 representstions of

SU(n) are labeled by their dimensionalities for #=6. |x|=1,
|y| =2, xy<0.
m=1 35p 35r
pa=15 21/2,2 2-1/2 —9-1/2
21 21/2n—2 2-1/2 —_— 2—1/2
(Rank 4) 2122 271y 2712y
(Rank 4) 202y 23121y 2-1/tyly

The calculations needed to verify Eqs. (1.6a)—(1.6c)
were carried out by means of an approximation pro-
cedure described in the Appendix. This procedure gives
the leading term in an expansion of C(ug,uc) in powers
of r1,

Similar miraculous cancellations occur for the SU (#)
scattering processes such that both yu; and u,>4adjoint
representation. For these processes ug=pui, so that
contributions from both twins are multiplied by one
and the same coefficient C(ug,u;). Hence the twins
cancel in the # channel because of ;1= —e€;. In the s
channel, either C(ug,u:) is always positive, as in Eq.
(1.6b); or, when negative, it is too small, as in Eq.
(1.6¢).

No pair cancellation occurs for the SU(n) scattering
processes such that pss£u;=adjoint representation,
ue Dot a singlet. up is then inequivalent to its complex
conjugate fis. For these processes the multiplets occur-
ring in the # and s channelsftransform as the complex
conjugates of one another (u,=f,), both twins have
the same interchange parity nce at the uy—> faus
vertex, andy C(uu= fis,si)=C (uo,uues). Hence, twins
cancel in either the s or the # channel, but not in both.

Tables I and II list the C(ug,ue) for the SU () proc-
cesses not affected by pair cancellation. It is convenient
to label the SU (%) representations by their dimension-
alities for n=06: T;j="T; becomes the 21, T;;=—T}
the 15, T the 35, and T'; the 6. [The corresponding
SU(3) dimensionalities are 6, 3, 8, and 3. SU(3)
dimensionalities are not suitable as labels because for
n=3 T; is equivalent to T';j=—T;;.] The tables were
calculated using Eq. (1.2) or the method of the Ap-
pendix, except that elements depending on x and y

TasrE II.
(Same as Table I, except p=6.)

pme=1 35p 35
ua=0 n8/2 (n/2)1/2 (n/2)12
(Rank 3) 032 — (2n)1e (2n)1
(Rank 3) el (2n)-12 — (2n)

For a discussion of the antiparticle rule see Ref. 11. The dis-
cussion there is for SU(2), but an analogous rule applied to self-
conjugate representations in G. The antiparticle rule factor for
all the low-dimensional multiplets we shall be dealing with is
always (+41).
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were calculated using constraints (1.3). Twins occurring
in the ¢ channels of the processes covered by Tables
T and II both transform as 35, yet do not have identical
SU(n) quantum numbers because one twin is always
F-coupled, the other always D-coupled to the external
35 35 pair. [For SU(n) as for SU(3), 35 occurs twice
in 35X35; F-type (D-type), coupling is odd (even)
under the interchange 35« 35.] Table I is missing a
fourth column, referring to the exchange of a rank-four
multiplet p,. In passing over this multiplet we have
anticipated the lemma of Sec. II, which implies that
rank >2 channels will not contain any Regge poles.
Note that for the processes covered by Table I, it is
not even necessary to switch from s to # channel in
order to obtain a negative gir. No matter what the
signs of the B,;, they are bound to add to a negative
result in at least one of the four direct channels.

Note that a system will not be free from pair cancella-
tion unless it contains both a multiplet u7#i and a
multiplet transforming as the adjoint representation.
However, this second requirement seems to be satisfied
automatically since an SU(#) system containing only
rank <2 us#p multiplets, and perhaps some singlets,
does not appear to be self-consistent. See the discussion
of low-energy dynamics in Sec. II, especially the corol-
lary to the lemma.

Unfortunately, it seems quite possible to construct
a low-dimensional SU(z) system which contains only
multiplets transforming as the adjoint representation
or as singlets.? Some SU (n) systems are free from pair
cancellation, but definitely not all. Presumably the
SU(3) octuplet model, if generalized to SU (n), would
exhibit pair cancellation, whereas a generalized Sakata
model would not.

Even though the processes covered by Tables I and II
are not affected by pair cancellation, it could happen
that total cross sections for these processes would re-
main positive because of contributions to oy from
exchange of weakly interacting particles, e.g., a con-
tribution from photon exchange. If the residues B;; of
the leading nonsinglet trajectories are positive and the
35r twin has negative signature, then from Tables
I and II the direct channels where o4,;<0 all have very
small cross sections oyt =order #~!=order 1. In such
a situation contributions ordinarily dismissed as
“weaker” could swamp the ‘“‘strong’ contribution and
drive o104 positive again. Section ITT shows that if the
v — pi vertices transform as singlets with respect to
rotations in G, then photon exchange contributes the
same amount to each direct channel as does the vacuum
trajectory, but does not fall off with » the way the
vacuum trajectory does. [At first glance, the contribu-
tion to sum (1.1) from v exchange appears to be infinite,
since the Coulomb amplitude calculated from a potential
« 1/R blows up in the forward direction. It is physically
more realistic, however, to assume a shielded Coulomb
potential « exp(—aR)/R, in which case the y contribu-
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tion becomes finite and perfectly well behaved every-
where.] The v — ug vertex must transform as one of
the generators of G or electromagnetism will drive total
cross sections positive. These statements are discussed
in full detail in Sec. III. Here we shall merely note that,
a priori, the electromagnetic interaction could trans-
form either as a generator or as a singlet; and present
knowledge of both electromagnetism and the strong
interaction is not complete enough to rule out the latter
possibility.

Section IV investigates the dependence of g0t 0n the
helicities Ay and A, of the incident multiplets u; and po.
The Lorentz quantum numbers of the leading exchanged
trajectories must obey certain constraints [cf. Eq.
(4.26)7] or it will be possible to change the sign of a40; by
varying the A; or changing a u; to ;. These constraints
do not seem severe enough to rule out spinning particles
in a G-symmetric universe.

II. MECHANISM OF PAIR FORMATION

It may help some readers to follow the discussion of
the present section if it is noted that pairing of trajec-
tories occurs even for the observed symmetry SU (n=3).
Pignotti® has pointed out that the exchange of the vector
octuplet trajectory V= (p,K* K*w) in low-energy
pseudoscalar-meson scattering produces not only V
but also a twin trajectory having the same Lorentz
quantum numbers and approximately the same «a(f)
and B but opposite signature and inverse D/F ratio.
Arnold® has proposed a symmetry in which all SU(3)
meson multiplets are signature-doubled in this fashion.
The twins we shall be discussing are likewise signature
doublets with, in general, different G quantum numbers
(e.g., inverse D/F ratios); however, in G, for » large
enough, the Lorentz quantum numbers of the multiplet
are irrelevant as far as twin formation is concerned:
Every low-dimensional nonsinglet representation of G
has a twin, baryon multiplets included.

We begin our analysis of low-energy dynamics in G
by proving the following lemma.

Lemma: Let ug occur in the direct channel of some
scattering process uiue —> ua— msps and let p. be a
crossed exchange. Then a necessary condition that the
element C(ug,u.) giving the force on pg due to u, ex-
change be >order unity is

Ni/Na21, NJ/N.>1. (2.1)

N ,=dimension of u,, and 1<7<4.
The multiplets we are presently studying have di-

9 A. Pignotti, Phys. Rev. 134, B630 (1964). The Pignotti
trajectory lies too high in the J plane to produce physical 0*
mesons; but some meson resonances observed in the >1 BeV
mass region fit nicely the 2% assignment appropriate to its first
Regge recurrence. [ See Arthur H. Rosenfeld ef al., University of
California Radiation Laboratory Report No. UCRL 8030,
1965 (unpublished).]

10 Richard C. Arnold, Phys. Rev. Letters 14, 657 (1965).
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mensions N=order r¥, where k=rank of multiplet
<2. Hence for them, Eq. (2.1) becomes

ki/ka>1, ko/ka>1. (2.2)

For example, singlets are always dynamically negligible
(ki or k.=0), while the only multiplets effective in
producing rank-two multiplets are other rank-two
multiplets (kg=2).

A version of this lemma was proved for isospin
scattering in Sec. II of I, and the proof given there
generalizes immediately to G-invariant scattering.!
As in I, it is assumed that self-consistency imposes
upper bounds upon coupling constants. The bound
required for our present application to low-dimensional
scattering, is very mild: It suffices to assume that there
is no dynamical mechanism which could cause a
coupling constant to diverge as order #'/2 or faster as
the rank of the group increases. The requirement
(No/Ng)>1 of Eq. (2.1) follows immediately from the
presence of the (IV./Nga)'/? factor in Capps’s formula
(1.3); while if any of the external multiplets u; satisfies
Ni/N4sK<1, then the strong coupling g(u:u; — pa) can
be vertex-crossed to give a divergent coupling
|g(Ban; — Bi) | = (Na/No)"2| g(win; — pa) |31, in viola-
tion of the assumption of bounded couplings. [For a
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discussion of vertex crossing see Eqs. (12.4)ff.; or the
introduction to Ref, 11.]

Corollary : Every SU (n)-symmetric system containing
only rank <2 multiplets must have at least one multi-
plet transforming as the adjoint representation. Proof:
In a G-symmetric system with only rank <1 multiplets
there is no two-body reaction which could produce the
rank-one multiplets, since rank-one-rank-one scatter-
ing produces only rank-even multiplets, while rank-one
singlet scattering is unsuitable for producing rank-one
multiplets because of the lemma. Therefore, the system
must contain at least one rank-two multiplet u, and
from the lemma it must be produced in some rank-two-
rank-two scattering process. If u is not an adjoint
representation, then a straightforward enumeration of
rank-two-rank-two scattering processes with u in the
direct channel reveals that the adjoint representation
is always one of the scattered multiplets. Q.E.D.

We need one more piece of background information.
[Readers familiar with the concent of “signature” may
glance at Eq. (2.4) for the notation, then pass on to the
next paragraph.] In a Regge calculation it is necessary
to continue into the complex J plane not one, but two
amplitudes per J value. As input to a non-Regge calcu-
lation one uses the discontinuity of the following func-
tion (calculated for spinless external particles):

! I [C(S1,SD[A (uss) Iz
> Pi(3)dz ~I:/“( A (us )]IJ
He SZ/'_S2

—1 7l'

/0(51,53)[/1 (ks3) o
Sy/+ JS;J}
AS'gI___ Sli

> / Pi()dz (g dz'{

2 —2

C(SL,S2[A (ws2) e C(S1,S3)[A (uss) I

24z

= (2779d2)_12/dzl QuE{C(S1,S2)[A (us2) I+ (— 1)'C(SL,S3)[A (usa) e}y . (2.3)

[AJr=left-hand discontinuity of 4. The discontinuity
of Eq. (2.3) cannot be used for a Regge calculation,
because the factor (—1)! is not analytic in /. Instead,
one constructs two potentials and calculates two ampli-
tudes by substituting in turn

Vi&E s§g3 {C(Sl,SZ)[A (ﬂsg)][,
£C(SLSI)[A (uss) 1} (2.4)

for the curly brackets in Eq. (2.3). The amplitudes
A4 (S1) are physical at alternating values of . The
form of Egs. (2.3) and (2.4) is unchanged when the
external particles have spin; the V. and 4 (u.) merely
acquire helicity subscripts, while P; and Q; are replaced
by functions which are essentially Jacobi and associated
Jacobi polynomials.’? The factor +1=¢ in Eq. (2.2)

11 Donald E. Neville, Phys. Rev. 160, 1375 (1967).

2 M. Gell-Mann, M. L. Goldberger, F. E. Low, E. Marx, and

I'. Zachariasen, Phys. Rev. 133, B145 (1964); F. Calogero, J. M.
Charap, and E. J. Squires; Ann. Phys. (N. Y.) 25, 325 (1964).

is the “‘signature” of the amplitude, or of any trajectory
which contributes to the amplitude.

Since the proof that representation u of G must have
a twin is essentially the same for every u and G, we
shall go through the proof only for G=SU(x), p=ad-
joint representation. Note that the only nonsinglet rank
<2 representation which can occur in the annihilation
channels of an SU (#) process is the adjoint representa-
tion, so that anyway u=adjoint is the only representa-
tion of SU(n) which is of interest in the present con-
text. As at Tables I and II, we label the rank <2
representations of SU(n) by their SU(6) dimension-
alities: 6, 15, 21, and 35 correspond to tensors T,
Tij=—Tj;, Ti;j=+Tj, and Ty, respectively, with of
course, 6 — T, etc.

We next ask what scattering processes could produce
a 35. From the lemma, we can neglect 66 channels
even though they can link to a 35, because the 6 is
rank-one while 35 is rank-two, However, there are
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plenty of other channels, since 35 occurs
once in 15®15, 21®21, 15®21, 21®15, (2.5a)
twice in 35®35=3574+35p+---. (2.5b)

The 35®35=35r and 35®35=35p vertices have
nce=—1 and -+1, respectively. We now prove

Vi (ua=35)2V_(ua=35) (2.6a)

for processes with both the initial and the final channels
in list (2.5a);

Vi(ud=35D)~N_:V¢(/.Ld= 351?) (26b)

for processes with the initial or final channel, but not
both, in (2.5a); and

Vi (pa=35p0)=2V+(na=35rr) ,
Vi (ua=350r)=2V+(ua=35rp)

for the process 3535— 3535. The notation in Egs.
(2.6b) and (2.6c), 35pr, for instance, means that the
intermediate 35 is D-coupled to the initial 3535 pair
and F-coupled to the final 35 35 pair. Evidently, Egs.
(2.6a)-(2.6c) imply just what is wanted : If the potential
is such as to produce a 35 resonance with signature e,
it will also produce a 35 with signature —e, and all
D/F ratios inverted. Proof of (2.6a): From the lemma,
we need consider only crossed rank >2 channels, since
35 is rank two. As in Eq. (2.4), we label the crossed
channels S2 and 53, such that V,(d)4+V_(d)x.S2-
channel exchanges and V.,(d)—V_(d)«=S3-channel
exchanges. For a process with the initial and final
channels in (2.5a), there is one rank-two and one rank-
four representation in channel S2, while channel S3
contains only rank-four representations. From the
lemma, the rank-four channels can not be resonant,
because we have input only rank <2 representations.
Hence [4 (uss)]r is negligible in Eq. (2.4), and Eq.
(2.6a) follows. (We have glossed over a fine point:
Actually, [4 (uss) ] must be not only negligible, but
negligible of order 72, since from Capps’s formula (1.3)
the C(51,53) multiplying [ 4 (us3)] is order 7. The forces
into the S3 channel are order »~%, from Capps’s formula
again with N,=order 2 and Ng=order #*. Hence
A (uss)=order 1, while its discontinuity=ImA4 = |4 |2
will be of order 72, as required.) Proof of (2.6b): Again,
from the lemma and the discussion just preceding, we
need consider only the contributions to V. from crossed
rank-two channels. There are two such in each of S2 and
S3, so that ¥, will contain crossing matrix elements
from the following 2X2 sub-blocks of C(51,52) and
C(S1,53) (these sub-blocks were calculated by the
method of the Appendix):

(2.6¢)

1521
35p 1 1
C(51,52)== ne/ 2%, (2.7)
3Bp|l—1 —1
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3Bpl 1 1
C(51,53)= s/ 2872 (2.8)
Bpf 1 1
The S1, 52, and S3 channels are defined by
M1y —> ps1 > i3,
H1M3 —> [Sg —> Mo, (2.9)
Mifla —> W83 = tofl3
unue=15 or 21;  usus=35,
n:=-+1 (—1) for u;=21 (15). (2.10)

[There are two more matrices, identical to (2.7) and
(2.8), for processes with the 3535 pair in the initial
state of the direct channel.] No matter which of the
channels ugs, and ug; are resonant, the desired result,
Eq. (2.6b), follows immediately, merely from the
pattern of signs in Eqs. (2.7), (2.8), and (2.4). Proof
of Eq. (2.6c): Similarly, the desired result follows im-
mediately from the pattern of signs in the sub-blocks
of C(51,52) and C(S1,53) such that ugi, use, uss are
rank two. With the channels as in Eq. (2.9), and
1= pe=ps=us=35, the relevant sub-blocks are

35pp 35rr 35pr 35pD
35pp[ 1 1 ]
N35pp 1 1
20(S1,52)24, " | W)
35FD —1 '_1_
T 1 =1
weLsy L | e
L 1 -1

Elements left blank in matrices (2.11) and (2.12) are
identically zero.

One can continue in the same fashion, through the
rest of the low-dimensional representations of SU (n),
O(n), and Sp(n). The results desired always follow
either from the lemma alone, or from the lemma plus
analysis of the pattern of signs in relevant sub-blocks
of C(dc).

Incidentally, we have also proved in passing another
statement made in the Introduction: There are plenty
of order-unity elements C(d,c) mediating the forces
into the annihilation channel (labeled S1 above).
Note that twins are not expected to cancel one another
at low energies, the way they do at high energies. At
low energy the amplitude for exchange of u. is very
signature-dependent. This means (fortunately) that
the forces producing the nonsinglet annihilation channel
multiplets should remain finite even after the presence
of twin forces is taken into account; it also means
(unfortunately) that twin formation will not destroy
the stability of the low-energy region.



163

III. COULOMB EFFECTS

This section amplifies the few remarks made about
the electromagnetic interaction in the Introduction.

The contribution to eyt(ra) from photon exchange
can exceed the contribution from exchange of a strongly
interacting particle if the p;fi; — v vertex transforms
as a singlet. The strength of the v pole in the ¢ channel
of pius— piue is measured by the quantity

€1620 (m1,M1)8 (mo,Mz) ,  (y=singlet) (3.1)

where m; and ; index the particles in multiplets u;
and f;.!® Equation (3.1) simply says that for y=singlet
the charge e; is the same for each particle in multiplet
ui. For exchange of a strongly interacting singlet, the
e; in Eq. (3.1) are replaced by coupling constants g; of
strong-interaction magnitude, while the &(m,m;) are
replaced by G Clebsch-Gordan (CG) coefficients for
wi® pi=singlet:

21820 (M1, M) N172/28 (mg, ) N 57112, (3.2)

It is the factors of N;/2 which cause the force from
exchange of a strongly interacting singlet to “turn off”
as 7 — o [cf. Eq. (1.2)]; the expression for y singlet
exchange, Eq. (3.1), does not have these factors, hence
stays order unity (or more precisely, order 137-1) in
the limit »— . Indeed, the group-theory factor
multiplying the ¥ exchange amplitude for y=singlet
is Eq. (1.2) times (V1N5)7'/ i.e., unity. The contribu-
tion from nonsinglet Regge pole u;, on the other hand,
goes as C(ug,u) < order (V,/Ng)'2, and can vary from
order unity, for N4 small, to order r—2<order 1371
for N, large.

If the y— uii; vertex transforms as one of the
generators of G, then on the average v exchange is
always order 137! weaker than nonsinglet Regge-pole
exchange, even when the latter is order »'/2 or L.
The electromagnetic (EM) vertex for v — u,i; trans-
forming as a generator M of G is

X | M O | wymy )| M | pams); - (3.3)

M® is the N;QN; dimensional representation of
generator M. We suppose M is diagonal, and nor-
malized that all its matrix elements are integers. M @
is proportional to a CG coefficient for u;® g;=adjoint
representation, so that Eq. (3.3) can be rewritten

X fiativy | paaym)trM O 2 puomofistig | paaim)
XM, (34)

if M is the mth generator of G. In the form (3.4), v

13 As pointed out in Sec. II of Ref. 11, sometimes it is necessary
to distinguish between states |u*m) and states |u,7): The former
have the simple properties under crossing and are rotated by
matrices D*eG if lp,m is rotated by D; the latter have the correct
phases for use with Clebsch-Gordan coefficients and differ only
by a unitary transformation from the former. To be absolutely
correct in notation, one should replace the labels g, 7; in Eqs.
(3.1)-(3.5) by labels u¢*, m;, then carry out a unitary transforma-
tion to g;, 7, states just before Eq. (3.6).
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exchange is easier to compare to u, exchange, which is

gl'gd 3 (wampohy|pom)  (uamopaiis| pom) . (3.5)
J

We now switch from charge space to states of definite
ua, ma by multiplying Egs. (3.4) and (3.5) by appro-
priate CG coefficients

(3.6)

and summing over mymymqhe but not mg. Equation
(3.5) becomes simply

(uamapaie| pama){piapams | pama) ,

(3.7)

The same holds for every mq value because of G in-
variance. Equation (3.4) becomes an expression which
varies with m, because there is no sum over » in Eq.
(3.4). We average over m, in order to estimate a typical
value for this expression; i.e., we operate upon it with

N1y (3.8)

md

£1'85'C (ua,he) -

The averaging (3.8) yields a CG sum which is inde-
pendent of m, for the same reason that C(ugpu’) is
independent of m4. Hence we can average over m as
well as over mq, and Eq. (3.4) becomes

e trM 2 trM @Y C (ugyps= pag;)/Naai]-  (3.9)

The result of applying operator (3.8) to Eq. (3.7) is
just Eq. (3.7) again. Hence, on the average, v and u,
exchange differ by a factor

(6¥/ g1 g [ trMD2 trM @212
X Naai'[C (papaas)/C (uaue)]. - (3.10)

The only processes for which Coulomb effects are of
interest are those SU (r) processes not affected by pair
cancellation; for such processes p;=paq; and the last
bracket is =1 (it is usually +1, but can be —1 if
s is D-coupled while paq; is F-coupled). Further, unless
the particles in multiplets uy and us are highly charged,

[teM ;@2 ¢rM ;@] 2= order (N1Ng)'/2

<order 72. (3.11)

Since N,qi'=order 2, ratio (3.10) is of order (¢®/g:'g>")
independent of u4. Q.E.D.

Dashen and Frautschi*!® have shown that the trans-
formation properties of the electromagnetic and other

4 Roger F. Dashen and Stephen C. Frautschi, Phys. Rev.
143, 1171 (1966) ; 145, 1287 (1966).

1 These equations have the same group-theoretical structure
as Dashen and Frautschi’s equations for computation of first-
order mass splittings, and this structure is such as to favor mass
splittings (or weak currents) transforming as the lowest-dimen-
sional representations of G. [See Donald E. Neville, Nuovo
Cimento 43A, 995 (1966).] Therefore, even if the entity being
exchanged does not couple to a conserved current, it is neverthe-
less likely to couple to hadrons via a vertex transforming as a
rank-two multiplet or singlet. The discussion given in the present
section for the electromagnetic current would then apply to non-
conserved current as well,
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weaker currents are constrained by the unitarity equa-
tions which such currents must obey. Thus even though
the weaker interactions are not bootstrapped, it is
plausible (if not provable in first approximation) that
the weaker currents might be constrained to transfer
purely as generators and not at all as singlets.

The difficulties with electromagnetism described in
this section are significant for two reasons. Firstly, the
hope of S-matrix theory is to solve the strong-inter-
action part of the elementary-particle problem without
having to solve the entire problem, weak, electromag-
netic, and strong; yet in the present instance we have
not been able to do this. Secondly, the present calcula-
tion is very crude; anyone who has considered the
matter expects that at some stage in the S-matrix
program the effects due to the weaker interactions
will have to be included; but it is unexpected to find
such effects coming in already at the first-approxima-
tion stage.

DONALD E. NEVILLE
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IV. DEPENDENCE OF oyt ON SPIN

Let us assume that the external scattered particles
have spin indices which are not averaged over in com-
puting aiot, S0 that oo, 8, and ImA depend on helicity
arguments:

Tiot (a) = Trot(ka; MiN2)
A=A \\ahs\a)

B=B(AA2Ns\4).

(4.1)

\: is the helicity of scattered multiplet z;. In the optical
theorem the non-spin-flip amplitude must be used :

M=\s, Ma=\i. (4.2)

We define a quantity B(u;) as the result of applying
a helicity crossing matrix H=H (AAahsha; M'ANs'N ;5 51)
to the amplitude A4 (u,) for p, exchange:

Ttos(pa) © TmA (ua; M) = 3 C(d, 1) ImB (i3 Nhohihe) =2, C(d,15) Tm[HA (mer; M'N'NN) ]

ti,Ng

« S C(d 1) IM{H g Ergrnw Linrsr @0 (m—0,) (= DM+ eidnir e (00 1}
Nin' =N — Ay

(4.3)

A=A =i (4.4)

The last line of Eq. (4.3) is the expression given by Muzinich! for the contribution from exchange of one Regge
pole, except that we have dropped some irrelevant functions of £ only. The residue 8(A'As'As"\¢') has been factorized
into coupling constants £,y Ey, Using unitarity. The d* are rotation matrices, and at infinity,

Im lim dyar, e ®(m—0) (— 1M or Tm lim dyu e ®(8:) =real constX (s or ) Im exp[—ima+Fir(\in'—Ai")1;

Im lim dy uorg #(r—0,) (—= DM or  Im lim dy,rnp*(0:) = real const X (u or 5)* Im exp[Fir (\in'—\¢')].

This section considers three questions about the be-
havior of the ImB (u):

(a) What happens to ImB(u:;;) when particles ue
and w4 are replaced by their antiparticles; i.e., what
happens under “line reversal,” as Wagner and Sharp!
term this replacement;

(b) what happens when one of the helicity argu-
ments, say, A\;=A2\3, is left fixed but the other argument,
A2=M\y, is allowed to vary; and

(b") [a less ambitious version of question (b)]
what happens when the sign of A=\, is changed?

For the purposes of this paper we are interested only
in the case that u.; is a Regge trajectory. Every equa-
tion derived in this section, however, is valid also for
a non-Regge exchange, provided that the equation does
not involve a factor of e somewhere.

As to question (a), if only crossing symmetry is
assumed, then

lim ImB (e ; Mrahihg) =lim
XImB (e ; Mi—AAi—Ao)e,  (¢=0).
161, J. Muzinich, J. Math. Phys. 5, 1481 (1964).

17W. G. Wagner and David H. Sharp, Phys. Rev. 128, 2899
(1962).

(4.6)

4.5)

The amplitudes B and B are crossed to the wis—
pia(s) and pafis — pia(u) elastic scattering channels,
respectively; e is the signature of Regge trajectory u..
If charge-conjugation invariance is assumed, relation
(4.6) is true without the helicity-flip;

B(ﬂc; >\1>\2>\3>\4) =B(ﬂc; )\1)\2)\3)\4)7](.1, . (47)

Here e is the charge-conjugation parity of exchanged
trajectory .

Equations (4.6) and (4.7) suffice if we are working
in charge space; otherwise, we must consider also the
change in the factor C(s,c) = C(u,c). As in the Intro-
duction, Egs. (1.7)-(1.9), when the scattered multiplet
is equivalent to its complex conjugate, C(s,c) and C(u,c)
are simply related; either C(s,c)=nce C(u=s,c) or
C(s,¢)=nccC(u=35,). In such cases it is not possible
to change the sign of o if the leading trajectories
satisfy the constraint

(4.8)

NcG = €=1ch,

where nog===1 is the interchange parity at the u,—
Aaue vertex, as in Eq. (1.9).

[Throughout this section we shall treat only the
simple case in which C(s,c) and C(u,c) differ only by
-41; the discussion for the general case is the same,
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except that C(s,c) and C(u,c) are completely unrelated,
it is necessary to calculate the latter from scratch, and
contributions to o4t from u, may change in magnitude
as well as in sign when s <> #.]

Conceivably, both members of a trajectory pair could
satisfy Eq. (4.8) simultaneously, since twins have
opposite nen as well as opposite e. [Proof: if one trajec-
tory gives rise to resonance in a particle-antiparticle
channel with orbital angular momentum L, total spin
S, then nen= (—1)+8, The twin trajectory can produce
resonances only at L1, hence has opposite 7. ]

To prove Eq. (4.6), one simply calculates H, first
for t— s, then for {— # crossing, using the recipes
for H derived by Trueman and Wick?!® or by Muzinich¢;
one then compares results. According to these authors,
H is of the form

H= dh’h“ (‘*’l)d)\z’)\zsz(wZ)d)\a’Msa
X (w3)d)\4’7\4s4(w4) (— 1)" .

S; is the intrinsic spin of u;. In the physical region of
the direct or crossed channels, the w;=w;(s,) are real
angles. In the special case of forward elastic scattering
(t=0, external masses my=ms, Mmo=m4), w;=%m. The
following choice of phase agrees with the Trueman-
Wick choice up to unobservable factors of (—1)2%:

2(t— 5)= =N )+ A=\ )+ —N\),
(= u)= (A'—=Xs")+ (A= Ns)+ (A=)

The first set of parentheses in each case is the difference
of the helicities of the particles which are crossed (us
and us are crossed on going from £ to s; us and uz on
going from ¢ to u). The second set of parentheses is
the difference of the helicities of the particles which are
“particle 2” in the crossed ¢ channel (i.e., coupling order
is significant; the amplitudes for uifis— fisus and
uifis — pafip differ in phase, and we have chosen the
first of these as the amplitude for the crossed channel
reaction.) The third set of parentheses is the difference
of the helicities of the particles which are “particle 2”
in the direct channel. Equation (4.10) implies

1(t—= w)=n(t— $)+\'—\).

Hence, except for a factor (—1)»-M4 H({—s) and
H(t— u) are identical. This phase factor may be
removed by applying the identity

dan\® (w) (— 1))‘,_"= d\%, (7!'—0.)) , (4:12)

to both d**(z/2) and d*(x/2). Equation (4.6) then
follows.

Equation (4.7) is proved by invoking T'=U"'TU.,,
U, is the unitary charge conjugation transformation
which reverses charge labels but does nothing to spin

(4.9)

(4.10)

(4.11)

(1;861‘)' L. Trueman and G. C. Wick, Ann Phys. (N.Y.) 26, 322
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and momentum, hence does nothing to helicity:

<ﬂm2u7}$4; jM)\2)\4{ T|u,m,; JM>=< e iUc_lTUci o >
=nen{umafiig; IMNoNe| T | prioe; IM ). (4.13)

| @n;) and |@an,) are the antiparticles to |um;) and
|ummy), u=u2=puqs® Since pj are particle-antiparticle,
their charge-conjugation parties cancel each other;
7Nen is the charge parity of w,. |agh,) and |um) belong
to the same multiplet [or if they do not, as for 10
and 10 mesons in SU(3), then linear combinations
|10m)= |107) should be used in the kets of Eg.
(4.13)]. From G invariance, the 7T-matrix elements in
Eq. (4.13) are proportional to CG coefficients, so that
the last line of Eq. (4.13) can be rewritten

(umafinius| Bame)
nch——'——
(uwmgamg| poms)

X(,ume'u, JM}\Q)\41 T[ytmt; JM) (4:14—)

The initial T-matrix element, first line, Eq. (4.13) is
used in computing B(u.), while the final T-matrix
element, Eq. (4.14) is used in computing B (u.). Hence
all that remains to be shown is that the CG ratio in
Eq. (4.14) is +1 independent of the m;. It is certainly
independent of the m; because the Wigner-Eckart
theorem for G may be used to write the initial and final
T-matrix elements as the same tensor times perhaps
different reduced matrix elements, with all the m;
dependence contained in the tensor.

The ratio is certainly 41 whenever there exists a
set of m; m;=mq, such that (umeimao|piig)==0,
| Bergo)= |mwemao), and mag=may (i.e., whenever u; con-
tains a self-conjugate particle my which can couple
to a particle-antiparticle pair #.0, M40). In every case
we know of such m; exist (or can be constructed from
linear combinations of the m,). Consequently, we have
stated our result as at Eq. (4.7). If the ratio should
turn out to be a constant #1 in a given case, then this
constant would multiply the right-hand side of Eq. (4.7).

Wagner and Sharp!” derive symmetry (4.7) for the
special cases 5,<%, and our result agrees with theirs.
The agreement is not obvious for the s;=% case since
these authors use a Dirac y-matrix formalism and
express their result as e times the sign change of
each Dirac covariant under charge conjugation. In
order to establish the agreement, it is necessary to
evaluate each Dirac covariant in the #-channel center-
of-mass frame, determine thereby the values of L and
S allowed at the vertex, and then relate n. to € via
nen=(—1)I+8 e=(—1)7 for bosons, J=L or L+1
depending on the parity. Formula (4.4) is much easier
to remember than is the formula given by Wagner and
Sharp.

As for question (b) [how does ImB(ue; MA2Ai\g)

19 Again (compare Ref. 13) to be absolutely correct in the nota-
tion, the labels f;, 77; should be replaced by w;*, ;.
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vary with A\o], we suspect it is far too general to be
answered in any model-independent way. The A, de-
pendence of B(u.) comes from the factor

gy (1) 2)dr 22 (— 1) M/ =MD 2y (4.15)

Because of the constraint Ao=2»\y, there are only (25,41)
linear combinations (4.15) of the £,,,,» which contribute
to total cross sections. Yet there are (2S;41)? inde-
pendent £,,»y [or roughly (25,41)2/4 independent
Eyag, if parity and charge-conjugation invariance are
taken into account]. Hence there should be no diffi-
cultyfin finding a set of £, such that every linear
combination (4.15) will have the same sign.

Evidently, from the preceding discussion there is no
point to relaxing any of the C, P, T constraints, since
negative cross sections would then be harder, not easier,
to obtain. If we invoke either C or P we can determine
the behavior of B(u.) when \s— —A, [question (6')].
Invoking C:

A (pe; MMM 2) =4 (pe; Mi—AoA1—Ae) (— 1) nen

(t=0). (4.16)
Invoking P:
A (pe; MM 2) =4 (e ; A1—AA1—As) (— 1) 7,

(t=0). (4.17)

np is the intrinsic parity of .. J is any spin value at
which the amplitude of signature e reduces to the
physical amplitude in the ¢ channel. For boson trajec-
tories, it happens that (—1)7=e¢; hence parity con-
servation implies a constraint

(4.18)

just as charge-conjugation invariance implies constraint
(4.8).

Evidently Egs. (4.16) and (4.17) also require
Neh=1p, 1.€., CP parity=-1, or u, will not contribute
t0 o0t. This selection rule following from CP invariance
is doubtless familiar to many readers. The pion is a
good example: It has ne=—n,=1, and the non-spin-
flip amplitude from pion exchange vanishes in the
forward direction. Hence, given CP conservation, con-
straints (4.8) and (4.18) are not entirely independent.

Equations (4.16) and (4.17) are proved using the
constraints

€=M,

E)\z’)\a’ = E-)\2’:—7\4"7p77p277p4(_ 1)J~82—N (4-19)
= E—M’;—M”?P(_ 1)J ’ (420)

and
E)\z'h'=$>\4')\2'77ch(_1)',; (4'21)

imposed by P and C conservation, respectively. Equa-
tions (4.20) and (4.21) are true in particle-antiparticle
channels only. Equation (4.21) is presumably a known
symmetry, although it is not listed by Jacob and Wick.?

20 M. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959).
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Probably the easiest way to derive it is to write
l JM)\z')\/;,) = Z <Sz>\2/S4‘“ )\4’ { S}\f/><LOS}\fI l ])\jl>
LS
X|LSTM) (2L+1)/ 2T+ 1) 2, (4.22)

and then use the known action of charge conjugation on
|LSTM);

U LSIM )= (—1)¥+S|LSTM). (4.23)

Repeated use of the following SU(2) CG symmetries
replaces the factor (—1)%+5 by a factor of (—1)7 and
interchanges Ay’ <> A4 :

(= 1)THTI8( T ymy joma | Jsms)
= (ji—mija—ma| js—ms) (4.24)

= (,7'2”’12].1’}%1[]'37}13),
so that one gets

Ud| TMNN Y= (=17 | TMNN). (4.25)

The action of U, on &yAy= (IMu,|T|TMN/N\/), Eq.
(4.21), then follows.

In summary, the highest-lying trajectories must
obey either na=—n, (in which case they do not con-
tribute to oot) or else

Neh=Np=— €= (— 1)J=7]CG. (426)

It is noteworthy that these constraints do not depend
explicitly on the spins of the external multiplets; how-
ever, if the external particles are spinless and identical,
then the constraints are automatically satisfied because
of Bose statistics.

In view of our belief that low-energy dynamics in
SU(3) and G will be much the same, it is worthwhile
pointing out that both leading nonsinglet trajectories
in SU (3) satisfy constraints (4.26). The vector octuplet
trajectory has n,=e=—1, and the Pignotti octuplet
trajectory has n,=e=-1.

Since we have already seen one miracle, pair cancella-
tion, it is perhaps not untoward to speculate that a
second miracle will take place and force all pen=1,
trajectories to obey Eq. (4.26). In other words, perhaps
there is a general dynamical principle which would rule
out leading trajectories with axial-vector resonances.

V. CONCLUSION

(Please note also the concluding paragraph to each of
Secs. IIT and 1V.)

We conclude not only that two particular arguments
are invalid (one against high-isospin scattering in I;
and one against high-rank low-dimensional scattering
in II); but also that there exist no further arguments
which can be evaluated at present. We reason to the
latter conclusion as follows. The systems studied appear
stable in both the low-energy region (cf. I; and the
first two paragraphs of IT) and the high-energy region
near the forward direction (cf. IT). [The high-isospin
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systems of I cannot be proven unstable by the Regge
argument of IT because the specific example discussed
in Sec. IV of I has no high-isospin resonance in any ¢
channel; hence the high-isospin analog of Eq. (II1.4),
is not satisfied by that example.| These two energy
regions constitute the full range of applicability of
present-day first-approximation dynamics; there are
no other energy regions left to examine. Hence there are
no other arguments left to be evaluated.

The state of dynamical ignorance just described could,
of course, change overnight.

The present treatment is far less complete group-
theoretically than dynamically. If we have covered
every energy region, we certainly have not covered
every symmetry. In particular, some knowledge of sym-
metries which are both of high rank and high dimen-
sional would be useful for putting the present results in
perspective. Is it possible to establish the stability of
a G-symmetric system, no matter how high-dimensional
the multiplets it may contain? Or are the systems thus
far studied merely a tiny minority, the stable limits,
as group rank or multiplet rank — 1, of a much larger
class of systems all of which are unstable? The present
results at one and at the same time stand by them-
selves, yet are, so to speak, only the outer edges, or the
frame, to a picture which has not yet been completely
drawn.

It is possible to write recurrence relations which
determine SU(2) crossing matrix elements C(l4,1.).
Presumably recurrence relations can be written for a
higher symmetry C(ugp.) as well. It is not clear at
present whether such equations will be tractable; but
doubtless they will be so in enough special cases that
the rest of this picture can be sketched in.2

The argument of II works for low-dimensional
systems only under special circumstances (presence of
non-self-conjugate representations, weaker currents
transforming as generators) ; but for higher-dimensional
systems the argument may very well not work at all.
Either the electromagnetic vertex for these systems
transforms as a singlet, in which case photon exchange
will keep total cross sections positive as in Sec. III,
or the electromagnetic vertex transforms as a generator,
in which case many states will be so highly charged that
it becomes meaningless to talk about G invariance any
longer. [Compare the increasing irrelevance of SU(2)
invariance for nuclear dynamics as atomic number
increases. | Therefore, the stability of high-dimensional
systems should be tested against the ideas of I, rather
than those of IT. In particular, the discussion given for
isospin in Sec. II of I should also be valid for high
dimensional scattering in G, with an appropriate change
in notation I;— u;: In order for the low-dimensional

2 For the higher groups, as for isospin, it is possible to construct
highly correlated “strong-coupling” models analogous to those
discussed in Sec. II of paper I, especially Ref. 11 of I. Therefore,
for the higher groups, as for isospin, it will not be obvious how to

remove the first-approximation restriction to systems having a
small number of multiplets.
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region to be stable, there must exist an element
Cgl)=(Ne/No)'POI41.) such that O(I41,) is of
order unity even though O is a large matrix.
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APPENDIX:
CROSSING MATRIX CALCULATIONS

In order to illustrate an approximation technique
useful in the limit » — oo, in this Appendix, we derive
enough elements C(d,c) to verify pair cancelation for
scattering of any four rank-two self-conjugate (u and
p equivalent) representations of G. The various channels
are coupled in the orders

Mipe —> Mg —> U3l4,
M1fi3 —> e —> fopa,

Mafia—> poy —> p3lia.

(A1)

The following derivation is sketchy ; it will be assumed
the reader is already somewhat familiar with the tensor
technique for calculating crossing matrices. Ordinarily
calculations using this technique are lengthy because
tensors must be made traceless. To begin with, it is
necessary to calculate a complicated set of trace-re-
moving terms to add on to each tensor; and then their
presence in turn complicates all further manipulations
with the tensor, such as the calculation of its normaliza-
tion constant. In the limit # — o, however, the trace-
removing terms (abbreviated TRT in the formulas
below) fall off as ! and can be neglected. Therefore
the discussion which follows is lengthy only because it
is necessary to explain all the symbols and conventions.
The actual mathematics involved is a matter of some
six lines of straightforward manipulation.

The states in multiplets yy, - - -, u4 transform under
G like the components of tensors 4%, B¢, C;%*, and D;™*,
The asterisks denote complex conjugation, necessary
because u3 and u4 are final states in the s channel. We
adopt this channel as the direct channel. Strictly
speaking, the one-upper-, one-lower-index notation is
necessary only for SU (). Tensors for the two rank-
two representations of Sp(n#) and O(xz) can be written
with two lowered indices, Ti;=-+T}j;, because for
these groups upper and lower indices are equivalent.
However, since we want the same notations and deriva-
tion to apply to all three groups, we will not use the
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T; forms. For O(n) we simply write the second index
as an upper index (Ty=T==4T}"); while for Sp(n)
we raise the second index using the nXn skew sym-
metric form g#*=—gk preserved by the group
(T=g™*Ty).

We now calculate the group-theory factor P, which
appears in the amplitude for exchange of p.2

Only amplitudes P, such that u;,,=rank two are of
interest since only these will contain Regge trajectories;
a=1, 2, 3, --- indexes the irreducible representations
e occurring in the ¢ channel; the rank-two Py, are of
the form

N Pio= Y, (47C 4 niad #*C;i)

1jkm
X (BimDmk+7)ta’BmkDim)*+ (TRT) ) (A2)

i.e., all have one index on each 4 contracted with one
index on a C; and similarly for B and D. 7, and 7./
are the interchange parities ncg of the particles in the
initial and final states of the ¢ channel. We have intro-
duced the notation

Tj=Tw* [SU@m)Spn)],

Tir=4Ty* [0n)] (A3)

to emphasize that under symmetrization and contrac-
tion an upper index on an asterisked tensor is equivalent
to a lower index on an unasterisked one, and vice versa.
For O(n), the == sign applies according as T/==T%".
For a given G the normalization constants Ny are
independent of & up to terms of order unity:

Nz [SU@m)],
N '=4n [0(n),Sp(n)].

C(ugmie) is calculated from Py, by expanding Pi,
in direct channel amplitudes P, and then reading off

coefficients;
Pta=z C(Msﬁyﬂta)Psﬂ'
sB

(A4)

(AS)

Equation (A2) must therefore be rearranged from
ACBD (t-channel) order to ABCD (s-channel) order:

Nta—lea_%J (A iiji) (ijDmk)*+77tanta,(AjkBkm(CjiDim)*
+11a(4;*Bu’) (C;'Dn?)*
+nia’ (Ai7By™) (Ci’Dim)* . (A6)

The TRT have been dropped. The first two terms are
amplitudes for rank-two transitions in the direct channel
(because of the contraction between 4 and B, and C
and D) ; the last two are amplitudes for rank-four transi-
tions. The first two terms can be broken up into irre-

2 The P, should be called projection operators or amplitudes,
according as the tensors 4%, - -+, D;** are taken to transform as
annihilation operators for states or as states. The latter con-
vention is adopted here; either convention gives the same final
answer for C(d,c). The P, used in Ref. 3 should also be called
amplitudes.
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ducible amplitudes by expanding each set of parentheses
in tensors having definite parity under interchange;
e.g., for the first set of parentheses,

A iiji= % (A miBij’i'A iiji) —% (A miBz'j"' A z’iji)

=1[T,(4B)—T_(4B)]. (A7)

The last two terms of (AS) are reduced by breaking up
each set of parentheses into tensors of definite parity
under interchange of upper or lower indices; e.g.,

A Bpi=1(A#Bi+ A But— A p*Bji— AniBi¥)
+21(odd, even)+2(odd, odd)-%(even, even)
=1[To?(AB)+Tr%(4B)

+T0%(4B)+TE"(AB)]. (A8)

The first set of parentheses, first line of Eq. (A8) is
(even, odd), i.e., even under interchange of ¢ and #,
and odd under interchange of j and m. When Egs.
(A7) and (A8) are inserted in (A6) cross terms like
To?(AB)Tg°(CD)* vanish because anitisymmetric in-
dices cannot be contracted with symmetric ones; the
remaining terms are

N1 P12 (14 n1anea’) [ T4 (A B) T4 (CD)*
+T_(AB)T_(CD)* ]+ (— 1+nwna’)
X[T4(4B)T-(CD)*+T_(4B)T+(CD)*]
+i (et )[T6"(AB)T5*(CD)*
—T6°(AB)To® (CDY* 144 (nia—1ea)
X[ToE(AB)To*(CD)*—Tg?(AB)Tx(CD)*]. (A9)

The rank-two representations of G which occur in the

crossed channel also occur in the direct channel; thus

the amplitudes in the first two brackets of (A9) are

form-identical to the amplitudes NP, of Eq. (A2).
Hence we set

T+(A.B)T+(CD)*=PsBNsﬁ_1 ) B= 1 3

and similarly for 8=2, 3, 4. Using N,5'=N 5" as well
as Eq. (AS), we get

C (popybita) =23 (E1+n0amia’)
(ksp,te Tank two) .

(A10)

The last two sets of brackets of Eq. (A9) contain
amplitudes N3Py, mep=rank four, N being
normalization constant of order unity. Hence
C (1spybrta) = (Mtaztnia )N aN o™,
(usp rank four, pi, rank two).

(A11)

Whenever (n1a=t11a’)5%0, elements (A11) are of order
7~ because N o Vo5 is of order n'=order 2.
Formulas (A9)-(A11) simplify considerably for
G=Sp(n) or O(n), because T.(4B) is always orthogonal
to T4(CD), whether the s channel is inelastic or not.
Hence there are only two rank-two multiplets in each
channel (a,8=1, 2); the second bracket in Eq. (A9)
always vanishes; nia="ma"=+1(—1) according as a=1
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(2); Eq. (A10) is always +3; and Eq. (A11) simplifies
to either 1N, V,7%, or a number of order 2.

For SU (n) [necessarily elastic; SU(n) has only one
rank-two self-conjugate multiplet; p1=po=ps=pus=35]
the discussion is similar except that there are four rank-
two amplitudes in each channel (o, B=1, - -+ 4); they
are the generalizations to SU (%) of the D— D, F—
F,D— F, and F— D transitions of SU(3). The sign
N (respectively n4’) is +1 or —1 according as the
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initial (final) state in the crossed ¢ channel is D- or
F-coupled.

Equations (A11) and (A10) lead to crossing matrix
elements of type (1.6a) and (1.6b), respectively, when
the nog are such that the parentheses in Egs. (A10)
and (A11) do not vanish; when the parentheses vanish,
Eqgs. (A10) and (Al11) yield crossing matrix elements
of type (1.6¢). Elements of type (1.6c) depend on the
TRT neglected at Eq. (A2).
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The differential cross sections for the reactions pn — np and pp — ## have been investigated. It is found
that besides the p and R(4s) trajectories, the = and B trajectories must be included. A variety of schemes
suggested by four-dimensional symmetry have been investigated. The existence of various daughter tra-
jectories does not suffice to explain the data, though the data can be fitted with a parity doublet, of which
the pion may or may not be a member. In the former case some structure must be introduced into the pion

residue function.

INTRODUCTION

E have investigated the differential cross sections
for the two charge-exchange processes (I)
pn— np, and (II) pp— ni within the framework of
Regge-pole phenomenology.! In the absence of cuts
these reactions are presumed controlled by the exchange
of I=1, B=0, V=0 trajectories. The main features of
the data which must be explained are (a) the excep-
tionally sharp peak in the differential cross section of
process I with a width of about 0.01 GeV? (b) the
fact that this sharp peak persists to very low energies
and the width is almost energy independent, (c) the
large difference in the magnitudes of the cross sections
for processes I and IT at the same value of energy and
momentum transfer (for [¢|>0.02 GeV?), and (d) the
energy dependence of pp— nii data. Feature (c) can
be explained only by the existence of both positive and
negative G-parity trajectories which interfere with
opposite signs in the two processes.

It has been known for some time that the data cannot
be satisfactorily explained with only p and R(4,)
trajectories. Even if rapidly varying residue functions
are chosen so that the sharp peak of process I is fitted

* Work supported in part by the U. S. Atomic Energy
Commission.

1 National Science Foundation Predoctoral Fellow.
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D. H. Reading, D. G. Ryan, B. D. Jones, J. Malos, and N. H.
Lipman, Nuovo Cimento 41, 167 (1966); P. Astbury, G. Brautti,
G. Finocchiaro, A. Michelini, D. Websdale, C. H. West, E. Polgar,
W. Beusch, W. E. Fischer, B. Gobbi, and M. Pepin, Phys. Letters

23, 160 (1966); J. L. Friedes, H. Palevsky, R. L. Stearns, and
R. J. Sutter, Phys. Rev. Letters 15, 38 (1965).

(and this can be done), the difference of magnitude of
the two cross sections I and II cannot be explained,
since the p and R trajectories are roughly equal over
the region of interest, and having opposite signature,
yield little interference. Moreover, small residues for
p and R amplitudes are suggested by the total cross-
section differences? (opp,—0pn and opp—ops) which
(while possessing large experimental errors) are con-
sistent with zero in the high-energy region under
consideration. Since only #-channel sense-sense triplet
amplitudes which do not vanish at /=0 can contribute
to s-channel total cross sections, in this analysis only
the p and R contribute to these differences. It is there-
fore to be expected that lower-lying I=1 trajectories
which have not been considered in the usual analysis of
data up to the present time will play a prominent role
here.

Qualitatively one might expect the pion trajectory
to be an important factor in determining the sharp peak
of the pn — np cross section, because of the proximity
of the pion pole to the forward direction. Extrapolation
of the pion residue to the known pion-nucleon coupling
constant indicates in fact that the pion contribution
must be large near the forward direction (whether or
not the pion amplitude vanishes at {=0), and thus
should be included in the analysis. Until recently, it
was assumed that the amplitude to which the pion
contributes must vanish at {=0, and thus it was diffi-
cult to see how the pion could give rise to a sharp peak.
The recent developments in the understanding of

* W. Galbraith ef al., Phys, Rev. 138, B913 (1965),



