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Two recent formulations of nuclear reaction theory have been based on the reactance operator K. Ex-
pressions given in these formulations for the reactance operator are identical in form with those that hold
for the transition operator T, except that the scattering Green’s function is replaced by the standing-wave
Green’s function. We have used formal scattering theory to find the formal solutions to the Lippmann-
Schwinger equations for K and T'. We find that the solution for K differs from that used in these two formula-
tions. The discrepancy appears to be significant for one of the formulations but not for the other.

I. INTRODUCTION

ECENTLY, Bloch and Gillet! (BG) have proposed
a formulation of nuclear reaction theory based on
the reactance operator K. An alternative formulation
of nuclear reaction theory in terms of K has been
suggested by MacDonald and Mekjianz (MM). In
both of these treatments, the expressions given for K
are identical in form with corresponding expressions
which hold for the transition operator 7" when the
standing-wave Green’s function is replaced by the
scattering Green’s function. By using formal scattering
theory, suitably generalized for nuclear reactions, we
will show that the relationship between K and T is
somewhat more complicated than this. We apply our
results to the simple solvable case of scattering by a
separable potential. It appears that the discrepancy we
have found is significant for the BG treatment but not
for the MM treatment.

In Sec. II, we define the reactance operator K and
transition operator T" as solutions of their corresponding
Lippmann-Schwinger equations. Formal solutions to
these equations are derived.

In Sec. III a generalized Heitler equation is derived.
This is used to provide a direct relationship between
K and T It is also used to provide formal solutions for
K and T in terms of reduced reactance and transition
operators K and 7', respectively.

Section IV is devoted to a comparison of our formal
solutions for K with those used by BG and MM. Our
conclusions are illustrated by applying the formalism
to the simple solvable case of scattering by a separable
potential.

II. FORMAL SOLUTION IN TERMS OF
THE INTERACTION

The Hamiltonian H for a given system of nucleons
can be decomposed into two parts

H=Ha+Va=Hﬁ+Vﬂ+"' (1)

* Supported by the U. S. Atomic Energy Commission.

1C. Bloch, Lectures of the Varenna Summer School, 1965
(unpublished). C. Bloch and V. Gillet, Phys. Letters 16, 62 (1965).

2W. MacDonald and A. Mekjian (to be published).
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in a different way for each channel available to the
system. The channel Hamiltonian H, is the kinetic
energy and the internal interactions for the nuclides
that constitute channel « while the channel interaction
Ve is the sum of the mutual interactions of these
nuclides. Because of the necessity of dealing with
distinct channels we are forced to generalize somewhat
the standard formulation of formal scattering theory?
which applies only to elastic and inelastic scattering.
We first define the scattering Green’s function

Go(E)=(E—H,+ie)! (2)
and the standing-wave Green’s function
Prx(E)z (E—HQ)E(E_Ha)L*_Ez]—I- (3)

E is the energy of the system and e is a small positive
constant which will be allowed to approach zero in the
final expressions. The difference between these two
Green’s functions is just

To(E)—Go(E)=1irA.(E), (4a)
Ao(B)=er [ (E—H,) &1, (4b)
We note that
1
ling I'o(E)=Princ. part , (5a)
liir(} AL (E)=6(E—H,). (5b)

The transition operator T and the reactance operator
K will now be defined as solutions of the Lippmann-
Schwinger (LS) integral equation.t

Tup® (E)=VutVGa(E)TssP(E),  (6a)
Tasg™ (E)=Vs+Taa O (E)Ga(E)Vs,  (6b)
Kap® (E)=VotVLs(E)KssD(E),  (7a)
Kap D (E)=V g+ Ko T (E) V5. (7b)

3 M. L. Goldberger and K. M. Watson, Collision Theory (John
Wiley & Sons, Inc., New York, 1964); T. Wu and T. Ohmura,
Quantum Theory of Scaitering (Prentice-Hall Publishing Company,
Inc., Englewood Cliffs, New Jersey, 1962); Roger Newton,
Scaitering Theory of Particles and Waves (McGraw-Hill Book
Company, Inc., New York, 1966).

¢B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950).
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The transition operator is to be distinguished from
the elements of the T-matrix 7" which are in fact the
transition amplitudes for the various possible reactions.
The two are directly related:

Tav™® (Eo,Ev) = (pa(Ea) | Tap™® (Ev) |po(Er)), (8a)
Tav T (BayEv) = {$a(Ea) | Tap™ (Ea) | $3(Es)), (8D)

where ¢, is an eigenstate of H, with eigenvalue E,
and ¢, is an eigenstate of Hg with eigenvalue E;.
The K matrix is related to the reactance operator in
a similar fashion. Thus, solution of Eq. (6) provides a
determination of the transition amplitudes. Since, as
we shall see in Sec. ITI, the transition operator can be
written in terms of the reactance operator, solution of
Eq. (7) also determines the transition amplitudes.

To simplify notation we will suppress the argument
E in what follows.

The formal solution of Egs. (6) and (7) can be
achieved by formally summing the infinite series that
results from iterating these equations.

Tog®=Vo(1= GV )"

=Vot+V.GVp, (9a)
Ta;}('")——— (1—‘ VaGa)"IVg

=Vs+V.GVs, (9b)
Kog®P=V,(1—TsVp)?

= Va-}— VaFﬂVﬁ, (10&)
Ko =(1—=V, o) Vg

=Vs+V.I.V5. (10b)

The operator G that appears in Eq. (9) has a simple
interpretation.
G=(1—GgVp)'Gs=Gp(1—V sGp)™*
=(Gg Ve
= (E—H+ie)™. (11)
The operator G is just the scattering Green’s function

for the system Hamiltonian H.
The operator I's that appears in Eq. (10),

L= (1—TsV)'Ts=Ts(1—Vel'p)™, (12)

cannot be simplified in the same way because the
inverse of I's does not exist. However, we can simplify
Eq. (12) somewhat by introducing the operator

9s=G ' Te= (E—Hp)[E—Hg—ie]*  (13)
in terms of which we find
Tp=(E—Hz—qsVst+ie)qs. (14)

The operator ¢z is the “off-the-energy-shell” projection
operator for Hg. It gives 0 when operating on the
eigenstate of Hg having eigenvalue E, and it gives 1
when operating on any other eigenstate of Hg. The
interpretation of I's remains somewhat obscure. One
thing, however, is clear; I'g is not the standing-wave
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Green’s function for the system Hamiltonian H, which
is given by

I'=(E—H)[(E—Hy+eT. (15)

We will now present an alternative procedure for
constructing a formal solution for K,z This solution
will be in terms of V,, Vg, I', and A, where

A=—ir1(I~G)

= e[ (E— H)* 4. (16)
We start by observing that from Eqgs. (2) and (11)
Gl=G,'—V,. an
It follows that
Go=G—GV.Goa=G—G,V.G. (18)

Now we use Eq. (4) to replace G, and Eq. (16) to
replace G. Equating separately the Hermitian and anti-
Hermitian terms in the resulting equation gives the
following two relationships: :

Po=T—TV ot AV A,

=T =T,V I+7A VA, (19a)
Ae=A— AV Io—TVoAq
= A—ToV A—AV.T. (19b)

Substituting Eq. (19a) into Eq. (7), the LS equation
for K, gives

Kog® =Vt Vol Vt+m?V AV gAsK 54, (20a)
Kapg© = Vg VoIV s -mK ae AV AV 5. (20b)

By using Egs. (19b) and (7) we can reduce the last
term on the right to the required form. We observe that

ApK gD =A(1—Vplp)Kps™—TVsAK g™

= (14TVp) AV, (21a)
Ko he=Kaa® (1=TaVe) A=K 0 O AV T
=V A(1+V,I), (21b)

which, when substituted into Eq. (20), yields the final
result

Kopg® =Vt V'V s+12V AV (14T V ) AV 5, (222)
Kos© =V sVl Va2V A1+ V)1V, AV . (22b)

We note that the formal solution for K, Eq. (10) or
(22), cannot be gotten from the formal solution for T,
Eq. (9), by simply replacing the scattering Green’s
function G by the standing-wave Green’s function I'.

II1. FORMAL SOLUTION IN TERMS OF
THE REDUCED OPERATORS

Comparing Egs. (6) and (7), we see that 7 and K are
solutions of LS equations having the same interactions
but different Green’s functions. This carries the implica-
tion of a set of relationships connecting K and 7" which
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we will now derive. Solving Eq. (6) for V gives
Va=Tap™® (1+GsTpsHP), (23a)
Vo= (14Taa™Ga) Tas. (23b)

This expression for V is now substituted into Eq. (10),
the formal solution for K. After a few algebraic manipu-
lations we arrive at the following result:

Kog® =T P[14+(Gs—Tp)Tss T, (24a)
Koap© =[14Taa™ (Ga=To) I Tas™, (24b)

Eq. (24) is just the formal solution of the Heitler
equation®

T'up® =KD —irKog P AgTpsH

Tos@ = Kapg O —imTaa ™ DaK s

(25a)
(25b)

The inverse of this relationship results when we solve
Eq. (7) for V,

Ve=KapgP (14T sKgsH), (26a)
V= (14K el o) K19, (26b)

and substitute the result into Eq. (9), the formal solu-
tion for T, namely,

Tap® =KogP[1+(Ts—Gp)Kpp®T™, (272)
TapO=[14Kua® (Ta=Go) ' Kas ™. (27h)

This is just the formal solution to the equation
Ko™ =Tas®+irTag®AsKps™,  (28a)
KasgO =TapO+irKaa©BaTas™ . (28b)

From Egs. (25) and (28) we see that K and T are
related to each other by LS equations having Green’s
functions equal to == (G,—TI's). We will call the relation-
ships expressed by Eqs. (24), (25), (27), and (28) the
Heitler relation. These relations hold between any two
operators that satisfy LS equations with the same inter-
action but different Green’s functions.

Note that our results depend on the existence of the
inverses that appear in Eqgs. (9), (10), (23), and (26).
Thus our results will be valid only for those values of
the energy E for which the operators T'qVa, (Val'a)l,
(—TeKae™), and (—KaTo)! do not have eigen-
value 1.

_ We now introduce the reduced transition operator
7' and the reduced reactance operator K which are
defined by the following LS equations:

TP =VatVouGePT s, (29a)
Tus O =Vs+Taa PGV, (29b)
Kap®=Vo+VIsPKgsH, (30a)
RogO=Vs+Koa@PT,Vp. (30b)

The reduced operators K and 7" satisfy LS equations
§ W. Heitler, Proc. Cambridge Phi.. Soc. 37, 291 (1941).
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identical to those for K and T except that the Green’s
functions have been multiplied by a projection operator
P?=P. The Heitler relation can be used to express K
and T in terms of K and T, respectively. The result is

Tos™ = Taﬁ(+) ( _GﬂQTﬁﬁH—))_l

=T s P+ T PG PQTgs®,  (31a)
TapO'= (1=T0a@0G,) T 0™

=T, p(“)+Taa“)Q(§a(‘)Ta s, (31b)
Kog® =K 5P (1—T 0K 55)1

=Kaﬁ(+’+Kap(+)f‘,e(+)QKag(+), (32a)
Kos©=(1— Kaa(—)QPa)—l K. 5

=K, NONE KM(~—)QI"a(-—) K. 5, (32b)

where Q is the projection operator complementary to P,
Q=1—-P=0. (33)

The reduced operators provide us with the oppor-
tunity of finding a solution K or 7" valid in one portion
of Hilbert space, and then on the basis of Eq. (31) or
(32) treating transitions between the two portions of
Hilbert space to low order in perturbation theory.26

The quantities G, that appear in Eq. (31) are en-
hanced scattering Green’s functions.

Cot= (1-Go0T5s) Gy

= (E—Hp—QTpsD+ie) ™, (34a)
éa = Ga(l - Taa (_)QGa)—l
=(E—Ho—T 0 Q+ie) 1. (34b)

In applications Q is often chosen so that it commutes
with Hg or H, and T is approximated by V+VGPV so
that
Gs Q= Q(E—Hs—QV50—QV sGsPV50)7Q
~QGpO.
Then the real and imaginary parts of
QVsGpPV sQ=QV I'sPVs0—1mQV sAsPVsQ  (36)

can be interpreted as the level shift and level width
operators, respectively.

The quantities T, that appear in Eq. (32) are similar
to the T', we encountered in the previous section.

TpH = (1—T QK g5)"'Ts

(35)

= (E—Hp—qsQK ssP+ie) s,  (372)
O =T,(1—K 00T,
=(a (E'"Ha_Kaa(_)QQQ"*"ie)wly (37b)

where ¢, is defined in Eq. (13). Again we note that the
Green’s function T' is not the standing wave Green’s
function associated with the scattering Green’s function

S H. Feshbach, Ann. Phys. (N. Y.) 5, 357 (1958); 19, 287
l(\/}%%)); Ll.d SNR?dl;)eﬁg, I;%ység\%{e(\i 6124, 210 (1961); W. M.
acDona, ucl. Phys. 54, 964); W. Tob Phys.
Rev. 136, B1825 (1964). ) orocman, TS
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G. We can express K in terms of K and I' and A where

Pe = (E—Hp—QK 55")
X[(E—Hs—QR psP)+e1, (38a)

1, O = (E—H,—Koa™Q)

X[(E—Hg—R .00+, (38b)

and
ApH = e [(E—Hp—QKpsP) 411,  (3%)
Aa(—)= 67!'_1[(E—'Ha‘_Kaa(’—)Q)2+€2:]_l) (39b)

by following the procedure we used to derive Eq. (22).
This will now be done.
First we rewrite Eq. (32) in the form of an LS

equation.

Ko™ =Kaa(+’+Kaa(+’I‘anfﬁa‘+’ , (40a)
Ko =Ko+ Koo DQTaKap™,  (40b)
From Egs. (2) and (34) we get
QR 55 =G5 =G, (412)
R oaOQ=Ga =GO, (41b)

Operate with G, and G.. on both sides of Eq. (41).
Ge=GsP—GsPOR 55HGs=GsP

—GﬁQKﬁB(+>Gg(+> ,  (42a)
Gou=Goa O =Ga K 4a0G0=Go™
—GoK 2o ™06, . (42b)
Now we use Eq. (4) to replace G, and we use
G =T, —ixA,H (43a)
GO =1, —irh, O, (43b)

to replace G,. Equating the Hermitian and anti-
Hermitian parts separately yields

Pﬁ=f‘ﬁ(+)(1_QKﬂﬂ(+)PB)+7r2Aﬂ(+)QKﬂﬂ(+)A6

= (1—T4QR s )P +12A50K 55 DB, (44a)
T.= f‘zx(_) (1 —Kaa <_)Qra)+7rzaa(_)Kaa(_)QAa

= (1-*I‘aKaa(“>Q)f‘a(“)+7r2AJ§'m(‘>Q[Sa(“’ ,  (44b)
AB=Aﬂ“)(l—QKﬂﬁ(“L)I’ﬁ)“f‘ﬁ(+)QKﬂﬁ(+)Aﬂ

= (1—TQR 5sP)As P —AgQK 53T, (45a)

A=Ay (1=K (a0l ) — 1 OK 1a QA

= (1 TR eV QAT = 8K e O0TO. (45b)
Equation (44) is now substituted into Eq. (40).
Ka,3<+>=I§'.,g<+>+Kag<+>f‘g<+>QKﬁg<+>
+7r2Ka,s(+)AaQKﬁs(+’5ﬂ(+)QKﬁﬁ‘+), (46a)
Ko =Ko+ R 00 OO0, OK
F 71K 0a 0B OR 0 QALK o5, (46b)

The last term on the right of Eq. (46) is reduced with
the help of Egs. (45) and (40).
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Kafs(‘L’Aﬂ”—‘Kaﬁ(“Aﬂ(*)—Kaﬂ(+)ABQKBa‘+)f‘B(+)

=R gMAsH (14HQK 55D pH)1, (47a)
AKasO=A R s =T OK 00 O0AK 157
= (141 OR Q) "B, OR 5™, (47b)

Substituting Eq. (47) into Eq. (46) gives us the final
result.
Kog® =R g 4K oI HOK 55

+ 12K s PAH (140K 55T )1

XQKﬁB(+)AB(+)QK6ﬂ(+), (48a)
Ko =K O+ K,,a<—>Qf‘a<—) R oas

_|_,,2[€m<—>QAa =) Kaa(_)Q

X (141K e @0 1A, DK 5. (48b)

Equation (48) is the formal solution of the reactance-
operator LS equation in terms of the reduced reactance
operators. Equation (31) is the formal solution of the
transition-operator LS equation in terms of the reduced
transition operators.

IV. COMPARISON WITH PREVIOUS RESULTS

Both BG and MM use expressions for the reactance
operator K which are of the form of Eq. (48) with the
last term deleted. Let us restrict ourselves to the case
where only elastic and inelastic scattering are possible,
as do the above-mentioned authors. Then Eq. (1) will
be replaced by

H=Hy+V, (49)

and Egs. (7) and (48) become
K=V+VIK=K+K,, (50a)
K,=K+KIQK, (50b)
K,=mKA(1+QRDM)QKAQK , (50c)

where now

K=Ve+VIoPK, (51a)
To=(E—Ho)[(E—Ho)*+&17, (51b)
P=(E—H—QR)[(E—Hy—QK)*+¢T*, (51c)
A= er'[(E—Ho—QK)+€T. (51d)

Both BG and MM retain K; and drop K,. We will
refer to K, as the discrepancy between our result at
the results of these authors.

It would appear that the discrepancy K, is not
significant for the MM formalism but is non-negligible
for the BG formalism. In the MM treatment Q is
taken to be the projection operator onto the discrete
eigenstates of Ho. Thus the factors AQ that appear in
K, will go to zero in the e=0 limit except at those
values of E which coincide with the eigenvalues of one
of the discrete eigenstates of Hy or of Hy+QK. A dis-
crepancy which is nonvanishing only at isolated energies
in the continuum will not affect a practical calculation.
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The BG treatment, on the other hand, takes Q to
be a projection operator onto the continuum eigen-
states of Hy. For this choice of Q there does not seem to
be any reason for discarding Ko.

To illustrate these conclusions let us apply our
formalism to a simple model. We will consider a system
such that Hy has a discrete spectrum consisting of a
single state

(Wo—Ho)[0)=0, (52)
and a continuous spectrum of states
(W—Ho)|W)=0. (53)
The interaction will be taken to be separable.
Vo= 7| (54)
The reactance operator is then just
K=|y){y| (1+ToK)
= (1—{y[Tol ) V5. (55)
Similarly, the reduced reactance operator is
K=|v)(v| 1+ToPK)
= (1—{y[ToP|¥))Vs. (56)

Having explicit expressions for both K and K, we can
immediately display their relationship.

K=Kk,
k= (1—{y|ToP|7)) (1—{y|To|¥)) .
Consider next the expression for K;:
Ky=K+4KIQK =Kk,
k= (1= {y|ToP|v)+{v | TQ[ 7))
X (1A= |ToP 7)),
and the expression for K.

(57a)
(57b)

(58a)

(58b)

Ky=mRAQ+QRD)QKAQK =KFEy, (59a)
kay=n%y|AQ|v(1— (¥ | ToP | v)+{v | TQ|v))
X (1A—={y|ToP|v))*. (59b)

Evidently, we expect the following relationship:

k=kytks. (60)
For convenience let us introduce the following
abbreviations:
w(E)=(v|To(E)P|7), (61a)
2(E)=(y|To(E)Q]r), (61b)
y(E)=(v|T(E)QlY), (61c)

2(E)=n(y|A(E)Q|7).
Then we can write

(61d)

k=(1—w)(1—w—ax)1, (62a)
k= (1—wt+y)(1—w)?, (62b)
ke=22(1—w+y) 1 (1—w)L. (62c)
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Q0=10)0}, (63a)

P=/dWlW)(Wl . (63b)

This leads to
w= / AW | Vo| W) (E—W)L(E—-W)+eT,  (64a)

x=(1—w)U(E—W)[(E—W)*+€17,
y=1—w)U(E—W—U)[(E—W,—U)*+€&171, (64c)

(64b)

2= (1—w) U (E—Wo—U)+e], (64d)
U= (0] Vo|0)(1—w)". (64e)
Combining Eqgs. (62) and (64) gives us
k=[(E—Wo)*+€]

XL(E-Wo—U)(E-Wo+eT?, (65a)

k1= [(E— W()) (E‘— Wo— U)+62]
X[(E-Wo—U)+-€]7,

ko= @U (E—Wo)(E—W,—U)+€]?
X[(E-W,—U)y+eT*. (65¢)
The relationship k=k,+ks is readily verified. This
corroborates our claim that the expression used by BG
and MM is incomplete.
We note that in the limit as e approaches zero, &,

will vanish for all values of E except two. These are
E=W, for which

EWo)=1, (66a)
E(Wo)=0, (66b)
Es(Wo)=1, (66¢)
and E=Wo+U for which
EWotU)=22=w (67a)
E(Wot-U)=1, (67b)
k(W U) == o . (67¢)

Since k2 is nonvanishing only at isolated energies, it
will not have an observable effect.
Now let us turn to the BG treatment in which

Q=/dW]W)(W| ) (68a)

P=10)0]. (68b)
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This leads to

w= (0] Vo| 0)(E—Wo)[ (E—WoP+eT, (69a)

5= / AW W | Vo[ W) (E—[(E—W)+eT1,  (69b)
y=de{(UJVOIU>~(UIO><OJVOJU»(E—U)

X [_-(E-‘ U)2+ 52]_1 ’
s=m{(E|Vo|E)— (E|0){0| Vo] E)},

(69¢)
(69d)

where we have used the round bras and kets to represent
the eigenstates of Hy4+-QK=H,. In Eq. (69¢) the symbol
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& denotes that a sum over the discrete eigenstates of

H, is to be added to the integral over the continuum.

We see that the expressions for w, x, v, and 2 become
more complicated in the BG treatment of this system
than the corresponding expressions for the MM treat-
ment. The relationship 2= k3%, is not readily verified.
However, it is apparent that z(1—w+v)™ will not in
general vanish, so that there is no justification for the
neglect of k.

ACKNOWLEDGMENTS

The authors are grateful to K. Kowalski, L. L.
Foldy, and C. Bloch for helpful conversations.

NUMBER 4 20 NOVEMBER 1967

Shell-Model Theory of Nuclear Reactions in Deformed Nuclei*t

IrAy R. AFNANE

Department of Physics and Laboratory of Nuclear Science, Massachuselts Institute of Technology,
Cambridge, Massachusetts

(Received 10 April 1967)

A theoretical study has been made of the intermediate-structure resonances observed in neutron scattering
and proton capture by I in terms of simple excitations of the compound nucleus using Feshbach’s formalism
for nuclear and photonuclear reactions. The simple excitations were taken to be particle-hole states in the
deformed-level scheme, including the excitation of rotational bands. The average resonance widths, and
spacing, and average total cross section (AE=0.5 MeV) observed for #-+I""® with neutron energy between
0.5 and 2.5 MeV is reasonably well reproduced by the model. In particular, the agreement with the average
total cross section indicates that an optical potential can be derived from the above model. In proton capture
by F%, though the calculated widths of the resonances are of the correct order of magnitude, the relative
spacing of the resonances and magnitude of the cross sections is not in agreement with experiment.

1. INTRODUCTION

ECENT neutron-scattering experiments! have re-
vealed resonances in average cross sections with
widths (=200 keV) that are too large to be due to com-
pound-nucleus formation, yet too small to be described
by an optical model. It has been suggested®—* that such
resonances might be due to the excitation of particularly
simple states of the compound system. In light nuclei,
we can hope to describe these simple excitations in
terms of single-particle excitations (e.g., particle-hole

*This work is supported in part through funds provided by
the U. S. Atomic Energy Commission under Contract No.
AT (30-1) 2098.
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states). Such calculations have already been performed
for neutron scattering on N and C'2,5: using a particle-
hole description for the excited states of the compound
system. Widths of the order of 100-500 keV are ob-
tained, in good agreement with experiment.

Another possible example of such intermediate struc-
tures, as these resonances have now been called, has
been observed in neutron scattering on F9.7 In the
same energy region above the ground state of Ne*
(16-20 MeV) the cross section for F¥(p,y)NeX is
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